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ON THE ROBUST DYNKIN GAME

BY ERHAN BAYRAKTAR! AND SONG YAO?
University of Michigan and University of Pittsburgh

We analyze a robust version of the Dynkin game over a set P of mu-
tually singular probabilities. We first prove that conservative player’s lower
and upper value coincide (let us denote the value by V). Such a result con-
nects the robust Dynkin game with second-order doubly reflected backward
stochastic differential equations. Also, we show that the value process V is a
submartingale under an appropriately defined nonlinear expectation & up to
the first time 7, when V meets the lower payoff process L. If the probability
set P is weakly compact, one can even find an optimal triplet (IPy, 74, yx) for
the value Vj.

The mutual singularity of probabilities in P causes major technical diffi-
culties. To deal with them, we use some new methods including two approx-
imations with respect to the set of stopping times.
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1. Introduction. We analyze a continuous-time robust Dynkin game with re-
spect to a nondominated set P of mutually singular probabilities on the canonical
space €2 of continuous paths. In this game, Player 1, who negatively/conservatively
thinks that Nature is also against her, will receive the following payment from
Player 2 if the two players choose T € 7 and y € T, respectively, to quit the game:

TAY
(1.1) R(t,y) :=/(; gsds +1z<yyL: + 1, -y U,,.

Here, 7 denotes the set of all stopping times with respect to the natural filtration F
of the canonical process B, and the running payoff g, the terminal payoff L < U
are F-adapted processes uniformly continuous in sense of (1.7).

As probabilities in P are mutually singular, one cannot define the conditional
expectation of the nonlinear expectation infpep Ep[-], and thus Player 1’s lower
value process V and upper value process V, in essential extremum sense. Instead,
we use shifted processes and regular conditional probability distributions (see Sec-
tion 1.1 for details) to define

V. (w):= sup inf inf Ep[R"“(z,y)],
Yil@) e yeT PeP0) PR (@)

Vi(w) = Peg}tf’m Vig[ rsguﬁt Ep[R"“(z, y)]. (t,w) €[0,T] x Q.
Here, 7" denotes the set of all stopping times with respect to the natural fil-
tration F’ of the shifted canonical process B’ on the shifted canonical space
Q!, P(t,w) is a path-dependent probability set which includes all regular con-
ditional probability distributions stemming from P [see (P2)], and R"“(z,y) :=
J 80 ds + 1pey) Ly + 1y <ry UG,

In Theorem 4.1, we demonstrate that Player 1’s lower and upper value pro-
cesses coincide, and thus she has a value process V;(w) =V, (w) = Vi(w), (t,w) €
[0, T] x €2 in the robust Dynkin game. We also see in Theorem 4.1 that the first
time t, when V meets L is an optimal stopping time for Player 1, that is,

1.2 Vo = inf inf Ep|R(t4, ,
(1.2) o= inf inf P[R(T«, )]

and that processes V; + fé gsds,t €10, T]is a submartingale under the pathwise-
defined nonlinear expectation &,[£](w) := infpep(r,0) Ep[E"?], (1, w) € [0, T] X
Q up to time T,.

Since a Dynkin game is actually a coupling of two optimal stopping problems,
the martingale approach introduced by Snell [54] to solve the optimal stopping
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problem was later extended to Dynkin games; see, for example, [1, 11, 42, 45,
47]. In the current paper, we will adopt a generalized martingale method with
respect to the nonlinear expectations & = {&, };¢0,77- The mutual singularity of
probabilities in P gives rise to some major technical hurdles: First, no dominating
probability in P means that we do not have a dominated convergence theorem
for the nonlinear expectations &. Because of this, one can not follow the classic
approach for Dynkin games to obtain the &-martingale property of V. + [, gs ds.
Second, we do not have a measurable selection theorem for stopping strategies,
which complicates the proof of the dynamic programming principle.

Our martingale approach starts with a dynamic programming principle (DPP)
for process V. The “subsolution” part of DPP (Proposition 3.1) relies on a
“weak stability under pasting” assumption (P3) on the probability class
{P(t, ®)}t,0)e[0,T1x2, Which allows us to construct approximating measures by
pasting together local e-optimal probabilistic models. We show in Section 5 that
(P3), along with our other assumptions on the probability class, are satisfied in the
case of some path-dependent SDEs with controls, which represents a large class of
models on simultaneous drift and volatility uncertainty. We demonstrate that the
“supersolution” part of the DPP (Proposition 3.2) by employing a countable dense
subset I" of 77 to construct a suitable approximation. This dynamic programming
result implies the continuity of process V (Proposition 3.4), which plays a crucial
role in the approximation scheme (to be described in the following paragraph) for
proving Theorem 4.1.

The key to Theorem 4.1 is the &-submartingality of process {V, +
f(; 8s ds}iefo,1] up to 7. Inspired by Nutz and Zhang [49]’s idea on using stopping
times with finitely many values for approximation, we define an approximating
sequence of value processes V"’s to V by

V' (w):= inf inf sup Ep[R"“(r,y)] < Vi(w), (t,w) €[0,T] x 2,
PeP(t,w) yeT? €Tt (n)

where 77 (n) collects all 7"-stopping times taking values in {t v (i27"T)}?_,,. By

(P3), Proposition 3.1 still holds for V", which leads to that for any § > 0 and k > n,
the process {V/" + fot 8sds}icio.1] 1s an &-submartingale over the grid {z'Z_I‘T}iZiO
up to the first time v™9 when V" meets L+ [see (A.14)]. Letting k — co,n — 00
and then ¢ — 0, we can deduce from lim,,_, o 1 V" =V (Proposition 3.3) and the
continuity of V that the process {V; + fé 8sds}icio.1] 1s an &-submartingale up
to 7. Theorem 4.1 then easily follows. It is worth pointing out that our argument
does not require the payoff processes to be bounded.

At the cost of some additional conditions such as the weak compactness of P
and the stronger pasting condition of [55] (all of which are satisfied for controls of
weak formulation, see Example 6.1), we can apply the main result of [7] to find in
Theorem 6.1 a pair (P, yx) € P x T such that

(L.3) Vo = Ep, [R(T*’ V*)]
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Relevant literature. Since its introduction by [18], Dynkin games have been an-
alyzed in discrete and continuous-time models for decades. Bensoussan and Fried-
man [8, 9, 23] first analyzed the games in the setting of Markov diffusion processes
by means of variational inequalities and free boundary problems. Bayraktar and
Sirbu in [4] had a fresh look at this problem using the Stochastic Perron’s method
(a verification approach without smoothness). For a more general class of reward
processes martingale approach was developed under Mokobodzki’s condition (see,
e.g., [1, 10, 11, 47]) and certain regularity assumption on payoff processes (see,
e.g., [40, 42]).

Cvitani¢ and Karatzas [16] connected Dynkin games to backward stochastic
differential equations (BSDEs) with two reflecting barriers L and U. Along with
the growth of the BSDEs theory, Dynkin games have attracted much attention in
the probabilistic framework with Brownian filtration; see, for example, [6, 13, 22,
25, 26, 28-30, 32, 60]. Among these works, [6, 13, 22, 26, 28, 32] only require
“L < U” rather than Mokobodski’s condition via a penalization method.

In Mathematical Finance, the theory of Dynkin games can be applied to pricing
and hedging game options (or Israeli options) and their derivatives; see [17, 21, 25,
34, 38, 43] and the references in the survey paper [39]. Also, [2, 21] analyzed the
sensitivity of the Dynkin game value with respect to changes in the volatility of
the underlying. There is plentiful research on Dynkin games in many other areas:
for examples, [25, 28-30, 32] added stochastic controls into the Dynkin games to
study mixed zero-sum stochastic differential games of control and stopping; [12,
24,36, 58] and [15, 56] studied some Dynkin games through the associated singu-
lar control problems and impulse control problems, respectively; [41, 53, 59, 61]
considered the Dynkin games in which the players can choose randomized stop-
ping times; and [9, 14, 27, 31, 33, 46, 50] analyzed nonzero sum Dynkin games.

However, there are only a few works on Dynkin games under model uncer-
tainty: Hamadene and Hdhiri [28] and Yin [62] studied the Dynkin games over
a set of equivalent probabilities, which represents drift uncertainty (or Knight-
ian uncertainty). When the probability set contains mutually singular probabilities
(or equivalently, both drift and volatility of the underlying can be “manipulated”
against Player 1), Dolinsky [17] derived dual expressions for the super-replication
prices of game options in the discrete time, and Matoussi et al. [44] related the
Dynkin games under G-expectations (introduced by Peng [51]) to second-order
doubly reflected BSDEs.

In this paper, we substantially benefit from the martingale techniques developed
for robust optimal stopping problems by [3, 37] (which analyzed the problem when
‘P is dominated), [19] (P is nondominated but Nature and the stopper cooperate)
and [5, 49] (in which P is nondominated and Nature and stopper are adversaries.)
Especially the results of [7] are crucial for determining a saddle point. (The latter
results also recently proved to be useful for defining the viscosity solutions of fully
nonlinear degenerate path dependent PDEs in [20].)
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The rest of the paper is organized as follows: In Section 1.1, we will introduce
some notation and preliminary results such as the regular conditional probability
distribution. In Section 2, we set the stage for our main result by imposing some as-
sumptions on the reward process and the classes of mutually singular probabilities.
Then Section 3 derives properties of Player 1’s upper value processes and approx-
imating value processes such as path regularity and dynamic programming prin-
ciples. They play essential roles in deriving our main result on the robust Dynkin
games stated in Section 4. In Section 5, we give an example of path-dependent
SDEs with controls that satisfies all our assumptions. In Section 6, we discuss the
optimal triplet for Player 1°s value under additional conditions. Section 7 contains
proofs of our results while the demonstration of some auxiliary statements with
starred labels (in the corresponding equation numbers) in these proofs are deferred
to the Appendix. We also include in the Appendix a technical lemma necessary for
the proof of Theorem 4.1.

1.1. Notation and preliminaries. Throughout this paper, we fix d € N. Let
S; O stand for all R¢*?-valued positively definite matrices and denote by Z(S 7 0y
the Borel o -field of S; O under the relative Euclidean topology. We also fix a time
horizon T € (0, 00) and let t € [0, T'].

We set Q' :={w € C([t, T]: R?Y) : w(t) = 0} as the canonical space over period
[t, T] and denote its null path by 0 := {w(s) =0, Vs € [t, T]}. Forany s € [¢, T},
lwllrs := sup,c.51 l@(r)], Yo € Q! defines a semi-norm on . In particular,
| - |l,7 is the uniform norm on Q.

The canonical process B’ of Q' is a d-dimensional standard Brownian mo-
tion under the Wiener measure P{, of (@', 7). Let F' = {F{}se[r, 1, with F :=
o(BL;r € [t,s]), be the natural filtration of B’ and denote its ]P’f)—augmentation
by F = (F.}ser.r), where Fy :=o(FLUA') and A ={N CQ : N C
A for some A € Fj with P{(A) = 0}. The expectation on (Q’,]_-"tT, Py) will be
simply denoted by E,. Also, we let &' be the F’-progressively measurable sigma-
field of [z, T] x ' and let 7" (resp., 7_'f) collect all F (resp., FI)-stopping times.

Given s € [t,T], we set T/ :={t € T" : t(w) > s5,Vw € Q'}, 7_‘2 ={reT :
T7(w) > 5, Yo € Q'} and define the fruncation mapping IT, from Q' to Q* by
(Hg(a)))(r) =w(r)—w(s), V(o) €ls, T] x Q'. By Lemma A.1 of [5],

(1.4) (M) eT] VreT"
For any § > 0 and w € Q',

Oj (@) :={o' € Q" o' — 0|, , <4}
(1.5) :
is an F -measurable open set of ',
and O3(w) == {0’ € Q' : |0 — wl|;.s <8} is an F!-measurable closed set of Q!

(see, e.g., (2.1) of [S]). In particular, we will simply denote O(ST (w) and 55T (w) by
O;s(w) and O;(w), respectively.
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For any n € N and s € [t, T], let T'(n) denote all F’-stopping times taking
values in {tl."}l.znz0 with

(1.6) i =1tV (i27"T), i=0,...,2",

and set 7/ (n) :={r € T"(n) : t(w) > 5, Vo € Q'}. In particular, we literally set
T"(00) :=T" and T/ (c0) :=T.

Let 3, collect all probabilities on (£, .7-"’T). For any P € 93;, we consider the
following spaces about IP:

(1) For any sub sigma-field G of F%., let L' (G, P) be the space of all real-valued,
G-measurable random variables & with [|£] 1 g p) := Ep[|§]] < co.

(2) Let S(F, IP) be the space of all real-valued, F'-adapted processes { X }se[r.7]
with all continuous paths and satisfying Ep[X,] < oo, where X, := || X|; 1 =
Sup, epr, 77 1 X -

We will drop the superscript ¢ from the above notation if it is 0. For example,
(Q,F) = (0 F0.

We say that a process X is bounded by some C > 0 if | X;(w)| < C for any
(t,w) € [0, T] x Q. Also, a real-valued process X is said to be uniformly continu-
ous on [0, T'] x 2 with respect to some modulus of continuity function p if

| X1, (01) — X, (02)|
< p(doo((t1, @1), (12, w2)))  V(t1,01), (2, 02) € [0, T] x L,

where doo (71, 1), (12, @2)) := |f1 — 2| + |1 (- A1) —w2(- Af2)lo,7. Forany ¢ €
[0, T'], taking t; = 1o = ¢ in (1.7) shows that | X;(w1) — X (@w2)| < p(llo1 —@2]lo,¢),
w1, wy € Q, which implies the F;-measurability of X;. So

(1.7)

X is indeed an F-adapted process with all continuous paths.

Moreover, let 91 denote all modulus of continuity functions p such that for
some C > 0and 0 < p; < po,

(1.8) p(x) < C(xPt v xP?) Vx € [0, 00).
In this paper, we will use the convention inf @ := oo.
1.2. Shifted processes and regular conditional probability distributions. In

this subsection, we fix 0 < ¢ <s < T. The concatenation ® ®; & of an w € Q'
and an @ € Q° at time s:

(0 ®;s @)(r) := (N 1rep.s)) + (@(s) + &) Lirers. 1) Vrelt, T]

defines another path inNQt. Set w ®; F = and w Qg A= {w®sw:we K} for
any nonempty subset A of Q°.

LEMMA 1.1. IfA € F., then » @3 Q° C A forany w € A.
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For any F!-measurable random variable 7, since {&’ € Q' : n(0') = n(w)} €
F!, Lemma 1.1 implies that
(1.9 0®; Q' C o €Q (o) =n(w)] that s,

' n(w s @) = n(w) Yo e Q°.
To wit, the value n(w) depends only on w|[; s

Let w € Q. For any A C Q' we set AS? :={® € Q' : w Q; & € A} as the
projection of A on 2° along w. In particular, &*“ = &. Given a random variable
& on Q', define the shift §* of & along w|[; 5] by §5?(®) := &(0 Q5 @), V& € Q°.
Correspondingly, for a process X = {X,},¢[r, 7] on ', its shifted process X*® is

X2 (r, @) = (X)" (@) = X, (0 Qs ®) V(r,)el[s, T] x Q°.

Shifted random variables and shifted processes “inherit” the measurability of
original ones:

PROPOSITION 1.1. LetO0<t<s<T and w € Q':

(1) If a real-valued random variable & on Q' is F!-measurable for some r €
[s, T1, then £ is F?-measurable.

(2) Forany n e NU {00} and t € T'(n), if t(w Qs 2°) C [r, T] for some r €
[s, T'], then ©>¢ € T’ (n).

(3) Given t € T, if T(w) < s, then T(w ®s Q°) = 1(w); if T(w) > 5 (resp.,
> 5), then t(w Q; @) > s (resp., > s), Yo € QF, and thus 5% € T5.

(4) If a real-valued process {X,}rer. 1) is ¥'-adapted (resp., F'-progressively
measurable), then X* is ¥*-adapted (resp., ¥* -progressively measurable).

Let P € ;. In light of the regular conditional probability distributions (see,
e.g., [57]), we can follow Section 2.2 of [5] to introduce a family of shifted proba-
bilities {IP*®},cqr C Py, under which the corresponding shifted random variables
and shifted processes inherit the P integrability of original ones.

PROPOSITION 1.2. (1) It holds for Py-a.s. w € Q' that (Py)*>® =P},
() If € € L'(FL,P) for some P € B;, then it holds for P-a.s. w € Q' that
£ e L' (F}, P*) and

(1.10) Epso[£5°] = Ep[£| F](0) € R.

(3) If X € S(F', P) for some P € B, then it holds for P-a.s. w € Q! that X*“ €
S(FS, ]P’S’w).

As a consequence of (1.10), a shifted P,-null set also has zero measure.

LEMMA 1.2. Forany N € 71, it holds for Pj-a.s. w € Q' that N*® € s
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This subsection was presented in [5] with more details and proofs. In the next
three sections, we will gradually provide the technical setup and preparation for
our main results (Theorem 4.1 and Theorem 6.1) on the robust Dynkin game.

2. Weak stability under pasting. To study the robust Dynkin game, we need
some regularity conditions on the payoff processes.
Standing assumptions on payoff processes (g, L, U).

(A) g, L and U are three real-valued processes that are uniformly continuous
on [0, T] x € with respect to the same modulus of continuity function pg and
satisfy L;(w) < U;(w), V(t,w) € [0, T] x Q.

For any (f,w) € [0, T] x € and s, s’ € [t, T], we technically define R(z,s, s,
) = f[S/\S gr(w)dr + l{sgs’}Ls (w) + 1{s’<s}Us’(a))- By (1.7),
|R(t, 5,5, 1) — R(t,s,5, w)|

SAs’
5/ I8 (@1) — gr (@2)] dr
t

+ 1<y |Ls(w1) — Ly(@2)| + 1y <3| Ug (@1) — Uy (@2)]

= (1+S/\S/—t),0()(||a)1 _a)Z”O,s/\s’) Vor, w; € Q.

2.1

Let the robust Dynkin game start from time ¢ € [0, T] when the history has
been evolving along path w|[o ;] for some w € €2. Players 1 and 2 make their own
choices on the exiting time of the game. If Player 1 selects T € 7' and Player 2
selects y € T', the game ceases at T A y. Then Player 1 will receive from her
opponent an accumulated reward ftmy gh®ds and a terminal payoff L"® (resp.,
U}";“)) if T <y (resp., y < ). Here, negative f,my gh®ds, LL® or U)’/"" means a
payment from Player 1 to Player 2. So Player 1’s total wealth at time T A y is

TAY
R"“(t,y):= / ghds + 1z <) L0 + 1{y<r}U;,’w
t

TAY
= /t 850 ds + Liz<y) LR, + 11 <y Uy,

Since Proposition 1.1(4) shows that g"®, L"® and U"® are F'-adapted processes
with all continuous paths,

(2.2) R"(t,y) € Fyp, vi,y eT".
Also, it is clear that
(2.3) (Rt’“’(r, V) (@) = R(t, (@), Yy (D), w ®; (T)) Vo e Q.

Next, we define ¥, := (—L;) VU, Vv 0, t €10, T]. By (1.7), one can deduce that
(24)  |Y(w1) — Yi(w2)| < po(llor — w2llo,r) Vi e[0,T],Vor,w € Q
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(for the reader’s convenience, we provided a proof in Section 7.1).
It is clear that

t,w Y t,w d lI,t,a)
05 |R (r,y)\ft g ds + WY,

Y(t,w)e[0,T] x Q,Vr,y e T".

The following result shows that the integrability of shifted payoff processes is
independent of the given path history.

LEMMA 2.1. Assume (A). For any t € [0,T] and P € B,, if ¥"® ¢
S(F*, P) and EpftT |g5®ds < oo for some w € Q, then W € S(F',P) and
Ep [ |80 |ds < oo for all o' € .

We will concentrate on those probabilities P in 3; under which shifted payoff
processes are integrable:

ASSUMPTION 2.1. For any 7 € [0, T], B; := {P € P, : ¥ € S(F', P) and
Ep [ |80 ds < 0o} is not empty.

REMARK 2.1. (1) If W € S(F, Py) and Ep, f§ |gs|ds < 0o, then P}y € B, for
anyt €[0,T].

(2) As we will show in Proposition 5.1, when the modulus of continuity pg in
(A) has polynomial growth, the laws of solutions to the controlled SDEs (5.1) over
period [z, T'] belong to ‘ﬁt.

Under (A) and Assumption 2.1, one can deduce from Lemma 2.1 that for any
t€[0,T]and P € 33,

T
(2.6) v e S(F',P) and E]p/ lgh®|ds <0 VweQ.
t

Next, we need the probability class to be adapted and weakly stable under past-
ing in the following sense:
Standing assumptions on the probability class.

(P1) For any ¢ € [0, T'], we consider a family {P(¢, w)},eq of subsets of ‘I?t
such that

(2.7 P(t, w) =P(t, w2) if wilj0,1] = w2l[0,1]-

Assume further that the probability class {P(t, )}, w)ec[0,7]x o satisfy the fol-
lowing two conditions for some modulus of continuity function py: for any
O0<t<s<T,weQandP e P(t, w):
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(P2) There exists an extension (', F',P') of (', 77, P) (i.e., F; C F' and
IP”|frT =P) and Q' € F' with P’(®’) = 1 such that P*“ belongs to P(s, w ®; @)
for any @ € Q'.

(P3) (weak stability under pasting) For any § € Q4 and A € N, let {A j}?zo
be a F!-partition of Q' such that for j =1,...,A, Aj C 05;‘ (@;) for some §; €

((0,8]NQ) U {8} and @; € Q'. Then for any Pj € P(s,0 ®; &;), j=1,..., A,
there exists a P € P(¢, w) such that:

(i) P(ANAg) =P(AN Ap), VA € F}.

(i) Forany j=1,...,Aand A€ F{,P(ANA;) =P(ANA)).

(iii) For any n € NU {oo} and g € T, there exist 50;’ €T}, j=1,...,1such
that for any A € F} and t € 7/ (n)

A

Y Es[Lana R (. 97)]

j=1
2.8)

A N s
< Ep[l{aGAnA,}( sup By, [R%7(c, 0] + [ g;"”@)dr)]
j=1 SET*(n) t

+ Po(8).

REMARK 2.2. (1) By (2.7), one can regard P(t, w) as a path-dependent subset
of 3. In particular, P :=P(0,0) = P(0, w), Vo € 2.

(2) Both sides of (2.8) are finite as we will show in Section 7. In particular,
the expectations on the right-hand side are well-defined since the mapping & —
SUP 75 (n) E@[RS’“’&‘T)(S‘, )] is continuous under norm || ||; 7 for any n e NU
{oc0}, Iﬁ’e‘ﬁs and p € T°.

(3) Analogous to (P2) assumed in [5], the condition (P3) can be regarded as
a weak form of stability under pasting since it is implied by the “stability under
finite pasting” (see, e.g., (4.18) of [55]): forany0 <t <s <T,w € 2,P € P(t, w),
5€Qyand A €N, let {.Aj}?:() be a F!-partition of Q such that for j =1,..., 4,
A C O§j(c7)j) for some §; € ((0,8] N Q) U {8} and @; € Q'. Then for any P; €
P(s,0®; @j), j=1,..., A, the probability defined by

A
(2.9) P(A) =P(AN Ao) + Y Ep[lizea,)P;(A%°)]  VAeF;
j=1
isin P(t, w).

As pointed out in Remark 3.6 of [48] (see also Remark 3.4 of [5]), (2.9) is not
suitable for the example of path-dependent SDEs with controls (see Section 5).
Thus, we assume the weak pasting condition (P3), which turns out to be sufficient
for our approximation scheme in proving the main results.
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3. The dynamic programming principle. Consider the robust Dynkin
game with payoff processes (g,L,U) and over the probability class
{P(t, ®)}(,0)e[0,T1xx as described in Section 2. If Player 1 conservatively thinks
that Nature is also against her, then for any (¢, w) € [0, T] x €2,

V,(0):= inf inf Ep[R"“(z, d
V(o) Tseuﬁt et p[R"“(t,y)] an

Vi(w):= inf inf sup Ep|R"?(z,

(@)=, inf " inf, sup Ep[R"(z.y)]
define the lower value and upper value of Player 1 at time ¢ given the historical
path ®l[0,7]- .

As we will see in Theorem 4.1 that V coincides with V as Player 1’s value
process V, whose sum with [ g; ds is an &-submartingale up to the first time 7,
when V meets L. For this purpose, we derive in this section some basic properties
of V and its approximating values including dynamic programming principles. Let
(A), (P1)—(P3) and Assumption 2.1 hold throughout the section.

For any (¢, w) € [0, T] x 2, following Nutz_amd Zhang’s [49] idea, we techni-
cally define approximating value processes of V by

V' (w):= inf inf sup Ep[R"“(z,y)
! PeP(t,w) yeT! TGT’I?n) [ v ]
(3.1 . _
< inf inf sup Ep|R"“(x, =V Vn e N,
= BePl,0) y €T pemr PR ] = Vi@ "
and set in particular V°(w) := V().
Let n € NU {oo}. It is clear that
VN (T,w)= inf inf sup Ep[RT*(z,y)]

PeP(T,0) yeTT T
(3.2) teTt(n)

= inf Ep[RT(T,T)]=Lr(w) VYoeQ.
PeP(T,w)
And we can show that
(33) —Vi(w) < Li(w) < V' (w) <Ui(w) <V (w) V(t,w) €[0,T] x €.

For the reader’s convenience, we provide a proof in Section 7.1.
We need the following assumption on V"’s to discuss the dynamic program-
ming principles they satisfy.

ASSUMPTION 3.1. There exists a modulus of continuity function p; > pg
such that for any n € N U {00}
(34) |V (@) = V()| <pi(lor —w2lloy)  Vt€[0,T], Vo, o € Q.

REMARK 3.1. If P(t, w) does not depend on w for all ¢ € [0, T'], then As-
sumption 3.1 holds automatically.
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REMARK 3.2. Assumption 3.1 implies that V" is F-adapted for any n €
N U {o0}.

We first present the sub-solution side of dynamic programming principle for
V*’s:

PROPOSITION 3.1. Foranyn e NU{00},0<t<s<T and w € Q,

VM (w)< inf inf sup E [1 R"“(z,
t( ) PeP(t,0) yeT! re’]’flzn) P {r/\y<s ( V)

+ 1{-[/\y>§‘}< —'l—/ gt C()dr):|

Conversely, we only need to show the super-solution side of dynamic program-
ming principle for V®° = V.

3.5

PROPOSITION 3.2. Forany0<t<s<T and w € €,

V,(w)> inf inf sup Ep|1 R"?(z,
(@) > PeP(t.w) yeT Te,][_’[ ]P’|: {tAy <s) (T, )

e (74 [ ioar)]

As a consequence of Propositions 3.1 and 3.2, the upper value process V of
Player 1 satisfies a true dynamic programming principle.

We rely on another condition to further show the convergence of V" to V and
their path regularities in the next two propositions.

ASSUMPTION 3.2. For any o > 0, there exists a modulus of continuity func-
tion p, such that for any 7 € [0, T')

sup sup sup Bp[pi(8+  sup |B!—BL|)] < pu(d)
(3.6) we0L(0) PeP(t,w) T rels,(¢+8)AT]

Vé e (0,T].
PROPOSITION 3.3. Letn e N, t €[0,T] and o > 0. It holds for any w €
0.,(0) that
BT Vi@ < V(@ +pa27) + 27" (|g0(@)] + pu(T —1)).
PROPOSITION 3.4. (1) For any n € N U {00}, all paths of process V" are
both left-upper-semicontinuous and right-lower-semicontinuous. In particular, the

process V has all continuous paths.
(2) Forany (t,w) €0, T] x Q and P € P(¢t, w), Ve S(F', P).
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4. Main result. In this section, we state our first main result on robust Dynkin
games. Let (A), (P1)-(P3) and Assumptions 2.1, 3.1, 3.2 hold throughout the sec-
tion.

Given 1 € [0, T], set .%, := {random variable £ on Q : £§"'® € Ll(]-"’ ,P), Yo €
Q, VP € P(t, w)}. Clearly, .%; is closed under linear combination: that is, for any
1,6 € 4 and ap, a0 € R, a1&) + apéy € Z,. Then we define on .%; a nonlinear
expectation:

EilEl@) = Ep[¢"*] VweQ,VEec.%.

inf
eP(t,w)
Forany n e NU{oo}and t € T,

T
4.1 both V* and / grdr belong to .%;.
0

T

(We demonstrate this claim in Section 7.3.)

Similar to the classic Dynkin game, we will show that V coincides with V as
the value process V of Player 1 in the robust Dynkin game and that V plus f; gs ds
is a submartingale with respect to the nonlinear expectation &.

THEOREM 4.1. Let (A), (P1)—(P3) and Assumptions 2.1, 3.1, 3.2 hold:
(1) Forany (t,w) € [0, T] x €2,
4.2) Vi) =V, (0) = V()

in the robust Dynkin game starting from time t given the historical path |0 .
Moreover,
V;(w) = inf  inf E]p[Rt’w(‘L’:; o V)]
(4‘3) yeT! PeP(t,w)
where ©(; , :=inf{s € [t, T]: V/* =Ly} e T".

(2) The F-adapted process with all continuous paths Y; := V; + fé grdr,t e
[0, T is an &-submartingale up to time T, := ‘L'EB’O) =inf{r [0, T]:V;, =L} T
in sense that for any ¢ € T

(4.4) Tengnt(@) < E [ Tencllw) V(i w) €[0,T] x Q.

5. Examples: Controlled path-dependent SDEs. In this section, we pro-
vide an example of the probability class {P (7, @)}, w)e[0,71x in case of path-
dependent stochastic differential equations with controls.

Letk >0andletb:[0,T] x Q x R¥*? - R? be a & @ BRI*?)/B[RY)-
measurable function such that

b(t, ., u) —b(t, 0 u)| <k|w—o],, and

b(t,0,u)| <k(1+u]) Vo, €, u)€l0,T]x R
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Fix t € [0, T]. We let % collect all S; O_valued, F’-progressively measurable
processes { s }sepr, 71 such that |us| <k, ds x d]P’f)—a.s. Letw e Q, 0", @, u) :=
b(r,w®; @, u), (r,&,u) € [t, T]x Q' x R¥*? s clearly a 7' @ B(RI*?) | B(R?)-
measurable function that satisfies

b8 (r, &, u) = b"(r, &, u)| <«||@—&|,, and

|6 (r, 0, u) | < k(14 ollo. + |ul)
Vo, & € QL (ryu) €1, T] x R4*.

Given u € %, a slight extension of Theorem V.12.1 of [52] shows that the
following SDE on the probability space (', F., Pp):

S S
(5.1 stf b, X, ,u,)dr+/ W, dB!, selt, Tl
t t

admits a unique solution X"“-*_ which is an l_Tt—adapted continuous process satis-
fying E,[(X Lo.u )P] < oo for any p > 1 (or see the complete ArXiv version of [5]
for its proof).

Note that the SDE (5.1) depends on w|[o /] via the generator b"“. Without loss of
generality, we assume that all paths of X"*®*# are continuous and starting from 0.
(Otherwise, by setting N := {w € Q" : X" (w) # 0 or the path X"“**(w) is not
continuous} € ¥, one can take X5 = 1ye X" s € [t,T]. Tt is an F -
adapted process that satisfies (5.1) and whose paths are all continuous and starting
from 0.)

Applying the Burkholder—Davis—Gundy inequality, Gronwall’s inequality and
using the Lipschitz continuity of b in w-variable, one can easily derive the follow-
ing estimates for X"“#: for any p > 1,

B[ sup |xpot — x|

relt,s]
(5.2)
<Cplw- a)/”g’l(s — 1P Vo' € Q,Vse[t,T], and
E[ sup [xXpes— xper|?]
relg,(C+8)AT]
(5.3)

< gp(lollo)sP’? for any F' -stopping time ¢ and § > 0,

where C), is a constant depending on p, k, T and ¢, : Ry — R is a continuous
function depending on p, k, T (see the complete ArXiv version of [5] for the proofs
of (5.2) and (5.3)).

For any s € [7,T], we see from [5] that F| C QSXW’M ={A C Q' :
(X" ~1(A) e F,}, that is,

(5.4) (x")"NA)eF, VAeF.
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Namely, X"®H is ?Z /F!-measurable as a mapping from Q' to Q’. Define the law
of X"® under PP{, by

phO(A) ==Pho (X )TN a)  vAegr",
and denote by P"-*# the restriction of p"“* on (Q', F}).
Now, let us set P(t, w) := {PH?H : u € %} CB;.

PROPOSITION 5.1. Let oo be a modulus of continuity function such that for
some w > 1, 00(8) < k(1 +6%), V6§ > 0. Assume that g, L, U satisfy (A) with
respect to oo and that fOT lg:(0)|dt < oo. Then for any (t,w) € [0,T] x Q, we
have P(t, w) C *P;. And the probability class {P(t, ®)},w)e[0,T1x0 Satisfies (P1)—
(P3), Assumptions 3.1-3.2.

REMARK 5.1. (1) When b = 0, Proposition 5.1 and the result (4.2) verify As-
sumption 5.7 of [44] (particularly for r = 0). Then we know from Theorem 5.8
therein that in case of controlled path-dependent SDEs with null drift, Player 1’s
value V is closely related to the solution of a second-order doubly reflected back-
ward stochastic differential equation.

(2) Similar to [5], the reason we consider the law of X**®** under ]P’6 over g%‘ he
(the largest o -field to induce PP{, under the mapping X"“-*) rather than F7. lies in
the fact that the proof of Proposition 5.1 relies heavily on the inverse mapping
Whel of Xt According to the proofs of Proposition 6.2 and 6.3 in [5], since
W@l is an F'-progressively measurable processes that has only p”®**-a.s. con-
tinuous paths, it holds for p"®*-a.s. & € Q' that the shifted probability (P">®-#)5®
is the law of the solution to the shifted SDE [and thus (P"®-*)5® € P(s, w ®; @)].
This explains why our assumption (P2) needs an extension (2, ', P) of the prob-
ability space (Q', F), P).

6. The optimal triplet. In this section, we identify an optimal triplet for
Player 1’s value in the robust Dynkin game under the following additional con-
ditions on the payoff processes and the probability class:

(A’) Let g =0 and let L, U be two real-valued processes bounded by some
My > 0 such that they are uniformly continuous on [0, T'] x € with respect to the
same pg € M, that L, (w) < U;(w), V(t,w) € [0, T) x Q, and that L7 (w) = Ur(w),
Yo € Q.

Also, let a family {P;};c[0, 7] of subsets P; of ‘ﬁ, =, t € [0, T] satisfy:

(H1) P :="Py is a weakly compact subset of 3.
(H2) For any p € 90, there exists another p of 2 such that

sup  Ep[p(s+ sup |BI—BL|)] <5)
P, 0)ePr xT! relg, (E+8HAT]

vVt e€[0,7T),V6é € (0, 00).
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In particular, we require py to satisfy (1.8) with some C > 0 and 1 < p; < p5.
(H3) Forany 0 <t <s <T, w € Q and P € P, there exists an extension
(Q', F,P) of (@, F},P) (ie., Fj C F and IP’/|frT =P) and Q' € F' with
P’(2') = 1 such that P*® belongs to P for any & € Q'
(H4) Moreover, let the finite stability under pasting stated in Remark 2.2(3)
hold.

The next example shows that controls of weak formulation (i.e., P contains all
semimartingale measures under which B has uniformly bounded drift and diffu-
sion coefficients) satisfies (H1)—-(H4).

EXAMPLE 6.1. Given ¢ > 0, let {Pf}te[o,T] be the family of semimartingale
measures considered in [19] such that Pf collects all continuous semimartingale
measures on (', .FtT) whose drift and diffusion characteristics are bounded by
¢ and /2¢, respectively. According to Lemma 2.3 therein, {Pf}te[o,T] satisfies
(H1), (H3) and (H4). Also, one can deduce from the Burkholder—Davis—Gundy
inequality that {Pf},e[oj] satisfies (H2); see the proof of [7], Example 3.3, for
details.

Remark 2.2(3) and a revisit of the proof of Remark 3.1 show that the path-
independent probability class {P:};c[0,1] satisfies (P1)—-(P3) and Assumption 3.1
with p1 = pg, while Assumption 3.2 is clearly implied by (H2) with py, = oy,
Yo > 0. So Theorem 4.1 still holds for the robust Dynkin game over {P;}:c[0,7]-
In addition, (H1) enables us to apply the result of [7] to solve (1.3).

THEOREM 6.1. Under Assumptions (A’) and (H1)—(H4), there exists a pair
(Ps, yx) € P x T such that Vo = Ep,[R (T4, Yx)].

REMARK 6.1. Theorem 4.1(1) and Theorem 6.1 imply that
Vo= EP* [R(T*» V*)] = IPig;EP[R(t*’ )/*)] > )}Ielg_lp}fel%E]}b[R(T*, )/)] =V,

which shows that Vo = infpep Ep[R (4, yx)] = &l R(t4, ¥«)]. Hence, we see that
the pair (4, yx) is robust with respect to P € P, or (t4, %) is a saddle point of the
Dynkin game under the nonlinear expectation &.

7. Proofs.
7.1. Proofs of technical results in Sections 1.1, 2 and 3.
PROOF OF PROPOSITION 1.1(2). Let n € N and t € 7T'(n). Assume that

T(w ®s 2°) C [r, T] for some r € [s, T]. For any i =0,...,2" such that ' =
tVv(@E2™"T)>r,sincer >s>t,onehas7:=tVv (@27"T) =@V (i27"T)) Vs =
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sV (i27"T). Setting A := {o' € Q' : 1(o)) < T} € F£, we can deduce from
Lemma 2.2 of [5] that
e :°°@) <F}={@e Q' 1(0w®; &) <T}
={oecQ we;pecAl=A""c F}.

So %% is an F*-stopping time valued in {t v (i27"T) € [r,T]:i =0,...,2"} C
{sv(@2™"T)e[r,T]:i=0,...,2"}, thatis, %% € T (n).
For the case of n = oo, see Corollary 2.1 of [5]. U

PROOF OF (2.4). Lett [0, T] and w;, wy € 2. We see from (1.7) that
—Li(w1) < —Li(@2) + |Li (1) — Li(@2)| < Wi (@2) + po(llwr — @2ll0.1)
and
U(w1) < Ui(@2) + |Us(w1) — Ur(02)| < Wi (w2) + po(llo1 — @2]l0,r)-
It follows that W, (w1) = (—L¢(w1)) V Ur(w1) V 0 < Wi (w2) + po(llor — @2llo,:)-

Then exchanging the roles of w; and w, proves (2.4). U

PROOF OF LEMMA 2.1. Let t € [0,T] and P € 3;. Suppose that W"® ¢
S(F’,P) and Ep ftT |gh“|ds < oo for some w € Q. Let ' € Q. For any (s, ) €
(£, T] x 2, (1.7) implies that

|88 (@) — 81 (@)] = |8 @ B) — gs( @, B))|

(7.1) o N /
< ro(l|e' ® & -0 ]y ,)=ple -,

so Bp [ g0 |ds <Bp [ g |ds + (T — Dpo(lle’ — wllo,) < oe.

Proposition 1.1(4) shows that both L*® and U"*" are F'-adapted processes
with all continuous paths, so is the process lIJAﬁ""/ = (—L?“’/) v US”‘”/ vO,selt, T].
Similar to (7.1), we see from (2.4) that

(Wi (@) — W @)] < pol|0 —ly,)  Y(s.@) el T1x .

It follows that Ep[llliv‘”/] = Ep[supse[,j]lll{ﬁ’“’/|] < Ep[supscp,.7) W9l +

po(l’ = wllo.0) = Ep[W1?] + po(llo’ — wllo,s) < co. Therefore, W' € S(F', P).
O

PROOF OF REMARK 2.1(1). Let ¢ € [0, T]. Proposition 1.2 implies that for
Po-a.s. w € Q, W' € S(F', (Pp)"*) = S(F, P) and

T T t,w T t,w
E[F’f)‘/; |g;’w| ds = E(]po)t,w[(‘/; |gs|ds> :| < ]E(]P)O)I,w[<‘/(; |gs|ds> ]

=IEPO[/OT |gs|ds‘]-}](a)) < 0.
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It then follows from Lemma 2.1 that W% e S(F, IP{,) and Epz ft 1gh0ds < .
Hence, P}, eP,. O

PROOF OF REMARK 2.2. (2)Fixr€[0,T]andletw;,wy € 2,7,y € T'. By
(2.3) and (2.1),
[(R“!(z, ) (@) — (R"“*(7, ¥))(@)]
= |R(t, T (@), y (@), w1 ®; @) — R(t, T(D), y (@), w2 ®; D)
<+ T)po(llwr @ & — w2 Q dllo,T)
=14+ T)po(llwr — w2llo,) Vo e Q'

Now,letw e Q,se[t,T],n e Nu{oo},}fD esﬁs and p € 7°. Given @1, @n € Q!
and ¢ € T°(n), similar to (7.2),

|Rs,w®tc'51 (g, 60) _ RS,(U@{EJ.V)Z(;’ 6O)|
<+ T)po(llw ®; @1 — @ ®; @2ll0,s) = (1 + T)po(ll@r — @2ls.s)-
It follows that Eg[R"“®@1 (¢, p)] < B[R %@ (¢, )] + (1 + T)po(|a1 —
@2l|1.5). Taking supremum over ¢ € 7° (n) yields that SUPce 7 (n) Es[R* (WD) (¢,
©)] < sup sy Es[R %2 (g, ©)]+ (14 T) po([|@1 — @21, 7)- Exchanging the
roles of @; and @, shows that the mapping @ — sup_c7s ) E[RS“®® (¢, p)] is

continuous under norm || ||;,7, and thus ]:tT—measurable.
Next, let us show that both sides of (2.8) are finite: Let A € F!, v € 7/ (n) and
j=1,..., A By (2.5) and (2.6),

e L, K (e, )] = {1 e, o)) < B [ It as 4w,

(7.2)

(7.3)

<EA[f |gt“’|ds+\11"”] < 00.

On the other hand, given @ € AN A; and ¢ € 7°(n), taking (@1, @) = (@, &)
in (7.3), we can deduce from (2.5) and (2.6) again that

[Ep, [R*“®% (s, p)]| < Ep,[|R*®i (s, 0)[] + (1 + T)po(Il& — @;lls.s)

T - -

< Ep, [ [l ar + \vi*“’@"”-’] + (14 T)po(8)
S

= Olj < OQ.

It then follows that

Ep[l{aemﬂ( sup Bz, [R%0 (. )] + [ g’%)drﬂ
G€T*(n)

<EP|:1AQAJ/ |gt“’|dr}+aJIP’(Aﬂ.A ) < 00,
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as well as that

~ s
Ep[l{aeAmj}< sup_ B[R9 76, 0] + [ g}%)dr)]
c€TS5(n) t

T
> _EP[IAﬂAj/ |g£’w{dri| —OtjP(A mAj) > —0Q.
t

Summing both up over j € {1, ..., A} shows that the right-hand-side of (2.8) is
finite.

(3) The proof of Remark 3.3(2) in [5] has shown that the probability P defined
in (2.9) satisfies (P3)(i) and (ii): P(A N Ap) =P(A ﬂA.Ao), VA € FL, and P(A N
Ajp)=P(ANAj),VYj=1,...,1 YA e Fl. To see P satisfying (2.8), let us fix
n € NU {oo} and p € T*. We set p' = ((I), j =1,...,, which are of 7/
by (1.4). ~

Let A € F! and 7 € 7] (n). Given & € Q', Proposition 1.1(2) shows that t® €

T5(n). Since the F-adaptedness of g and (1.9) imply that
4 gr(w® Q) =g (w) Vr €[0,7] and
' 2 (©® &) @ Q) =g (&  Vrelo,s],

we see from (2.3) that for any @ € °
(R"(z, ™))" (@)
= (R"“(z, 9}))(& ®; @)

_ o o o
(7.5) =R(t, 1(® ®; @), p([T(D ®; D)), » @ (& ®; D))

= R(s, TP(@), 9 @), (0 ®: &) D D) + f o (0 ® @) ® D) dr
t

= (R0, 0)@) + [ g0 B)dr

By Lemma 1.1, (AN A;)*? = Q° (resp., = @) if @ € AN A; (resp., ¢ AN A;).
Then (7.5) leads to that

Ep[lana, R"“(z, £7)]
A
= > Ep[lgea, ) Bre, [(Lana, R (z, 97))"]]
J'=1
A ~
= > Ep[lgeanalizes, 1 Er, [(R"(z, 7)) 1]

4

Jj'=1

~ ~ N
= Bo| Lgenny (Er, [R27(0 0. 0)] + [ eio@ar ) |
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- s
sEp[l{aeAnAJ}( sup Bz, [R23(c, )] + [ gi’“’@)dr)].
ceT*(n) t

Taking summation over j € {1, ..., A} yields (2.8). [

PROOF OF (3.3). Let (¢, w) € [0, T] x 2. Since the F;-measurability of L;,
U; and (1.9) show that

76 Ly®(@)=L(w® &) =Li(w) and
' UM@) = Uy(w®, &) = Uy(w) VYae.

itholds for any T € 77 (n) that R (7, 1) = L= LY + 1<y U = Yeoy Ly “ +
1o U? < U = Uy (w). So

V*w) < inf Ep|R"“(z,)] < inf Ep|U =U, < U, (w).
‘(w)—Peg@,mr:ﬁ% p[R"“(z )]—Peg};,@ p[Ui ()] = Ui (w) < ¥ (w)

On the other hand, since ¢ € 7'(n) and since R"“(t,y) = 1{,5,,}L§’w +
1y <nUy® = LY =L, (w) forany y € T,

Vi'(w)> inf inf Ep[R"(t,y)]= inf Ep[L(w)]=L
@)z inf inf, p[R"“(t, )] ponf p[Li(®)] = Li ()

PROOF OF REMARK 3.1. Fixn e NU{oo}. Lett € [0, T], w1, w € L, PeP;
and 7,y € T'. By (7.2), Ep[R"* (7, y)] < Ep[R"**(7, )] + (1 + T)po(llw1 —
@2|0.¢). Taking supremum over t € T (n), taking infimum over y € 7" and then
taking infimum over P € P; yield that V/"(w1) < V/"(w2) + (1 + T)po(llw1 —
2 lo,s). Exchanging the roles of wj and w;, we obtain (3.4) with p; = (1 4+ T)po
foreachn e NU {oco}. [

7.2. Proofs of the dynamic programming principles.

PROOF OF PROPOSITION 3.1. FixneNU{0},0<t<s<T and w € Q.
(1) When t = s, since V" is F-adapted by Remark 3.2, an analogy to (7.6) shows
that (V)2 (@) = V(1,0 ®; &) = V' (w), Vo € Q. Then

inf inf sup Ep|l RV (z, 1 ynye
Pep(t,w)yeTfreTz[zn) P[Lizny <n RY (@ 7) + Laay=n (V)]

— : n __yn
=5, PV @I = V@,

(2) To demonstrate (3.5) for case t < s, we shall paste the local approximating
P-minimizers of (V")"“ according to (P3) and then make some estimations.
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(2a) Under norm || - ||;.7, since Q' is a separable complete metric space, there
exists a countable dense subset {&3;.} jen of Q' Fix ¢ > 0 and let § € Q4 sat-
isfy p1(8) vV po(8) vV (1 +T)po(8)) <e/5. Let j e N. By (1.5), A; := 0;(6’5;) \
Uj<; Og(&};.,)) € Fi. We can find a P; € P(s, 0 ®; ZD;-) and a y; € T° such
that

S, 0R; 0

1
Vi w ®; ZD;) > inf sup Ep,[R i(T,y)] — St

YET® teTsm)
(7.7)

5,0,

2
> sup Ep[R (@yp]-3E

teT¥(n)

Given @ € O; (&3;), an analogy to (7.3) shows that for any 7 € 7*(n)

~ g ~t ~ ~
[R> 2@ (z, y;) — R (x, yp)| < A+ Tpo(|@ - ], )

1
=+ 1)) = 3¢,

so Ep, [RS“®O (7, ;)] < Ep, [RS’“’®’6§' (, 7)1+ ¢/5. Taking supremum over T €
T*(n), we see from (7.7) and (3.4) that

sup Ep,[R™®P(z, y))]
teT3(n)

~ 1 3
< sup By [R™S(r, ]+ 3¢ <V (0®, ) + 3¢

€T3 (n)
3
(7.8) < Vo d)+pi(|o® &— o, C’J;HO’S)-i-gs
N R 3
= (V)@ + (|3 -3 ,) + Se

W~ 3 @ ) 4
< (V)@ +pi6) + 2o = (V)@ + e
Next, fix P e P(t, w), L € N and let @x be the probability of P(¢, w) in (P3) for
we have

Ep, [§1=Eple]  VEeL'(FLPy)NL'(F,P) and

(7.9) ~
Ep [M4£1=Ep[14,8] V& e L' (F;.By) N L' (F}.P).
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Also, in light of (2.8) and (7.8), there exist 50;’ €T/, j=1,...,x, such that for
any A € F{ and 7 € T/ (n)

A
Y Es, [1ana; R"“(z, 97)]
j=1

)
< ZEP[I{E)GAQAj}( sup Ep, [R*® P (g, y))]
j=1 SeT*(n)

)
+ /t 0 (@) dr)] + 30(8)
S
<Ep |:1A0A6 <(Vsn)t’w + / 8" dr)} te.
t

(2b) Now, let y € 7" and t € T'(n). Applying (7.10) with A={t Ay > s} €
Fl, one can show that

(7.10)

A
ZEPA 1{‘[/\7/>S}OAJ (t p])]

(7.11%) j=1
< EP[I{T/\)/>V}HA‘ ( +/ gl wdr)i|

We glue y with {5@}’}?:1 to form a new F’-stopping time

A
(7.12%) f/\)L = 1{y<s}y + l{st} <1A()y + Z 1.4./.50;[>.
j=1
Since ), > s >t on {y >s}N{r < s}, (2.2) shows that

T
1{t/\y<s}Rt’w(T7 ?A) = 1{y<s}Rt’w(Ta Y)+ 1{y2s}ﬂ{r<s}(/ gg,w ds + Ltt’w)
t
= 1{'[/\)/<S}Rt’w(f’ V)€ -Fst
Then one can deduce from (7.9), (7.11%), (2.5) and (3.3) that

E@A [R[’w(f» ?X)] = E@A [(l{t/\y<s} + l{r/\yzs}mA())Rt'w(‘E, j/)]
A

ZEPA l{t/\y>s ﬁA] (T 5/‘)])]
j=1

R
= EP[l{mm}R”w(r, ¥) + Lizay=s) ((Vs”)”“’ + gﬁ""dr)

s
+ l{f/\)/ZS}ﬂ.A() <Rt7w(f7 V) - (an)t,w - / gﬁ’w dr)i| +¢
t



1724 E. BAYRAKTAR AND S. YAO
N
t

T
+ 14, (2/ |gb®|dr + 2\11,’;‘“)] +e.
t

Taking supremum over T € 7" (n) yields that

)
th(a)) < sup E]}D|:1{f/\y<s}Rt,a)(‘[, y)+ l{r/\st}((VS”)”w + gi,w dr)}
€T (n) t

+2EP|:1AO(f |gh|dr + W, “’)} +¢.

Then taking infimum over y € 7' on the right-hand side, we obtain

th(w) < inf sup IE:]P’|:1{r/\y<s}R “(, V)+1{rAy>s}( +/ gtwd">]
YET! teTt(n)

+2E[p>|:1(ux A (/ |gh|dr + W, ‘”)} +&.

Since Ujen Aj = Ujen 05 (@) D Ujen O(ST(ZD;) = Q' and since

T
(7.13) Ep[/ lgb®|dr + lIJi""] <00
t

by (2.6), letting A — oo, one can deduce from the dominated convergence theorem
that

V' (w) < inf sup Ep[l cay<s)RVC(T, y)
YET' 1T (n)

+1{my>s}<(V m+/ gi”’dr>]+8

Eventually, taking infimum over P € P(¢, ®) on the right-hand side and then letting
e — Oyield (3.5). O

PROOF OF PROPOSITION 3.2. Let0 <t <s5 <T and w € Q. It suffices to
show for a given IP € P(¢, w) that

inf sup ]EP[Rt w(_[ V)] > inf sup ]E]P’|:1{r/\y<s}R (T’ Y)
VET reTt veT reTt

+1 ‘L’/\y>S}<V +/ glwdrﬂ

Fix ¢ > 0. There exists a ¥ = y(¢) € 7' such that

(7.15) sup Ep[R"“ (7, )] < 1nf sup Ep[R"“(t,y)] + ¢/5.
TeT! T reT?

(7.14)
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(1) Sety":=y vs €T/ In the first step, we use a “dense” countable subset of
T* and Proposition 1.2 to show that

— s 3
(7.16) va’w +f gh®dr <esssupEp[R"“(z, 7)1 FL] + 56 P-a.s.
t TeT{

As in the proof of [5], Proposition 4.1 [see part (2a) and (2c) therein], we can
construct a dense countable subset I' of 7 in sense that for any § > 0, ¢ € 7* and
P e SI;S’

Heplnen C such that

(7.17) Jim | 6u(@)=¢@)  V®e€Q' andthat

Plca #¢) <8  VneN,
2"LT .
where ¢, := ZI'L:LZ’JSJ 1{i27n54-<(i+1)27n}(l;_—,11 ANT)eT5.
Since ¢ (IT%) € 7/ for any ¢ € T* by (1.4), it holds except on a P-null set N that

(7.18)  Ep[R"“(¢(I1}),7)|F!] <esssupEp[R"“(z,7')|Fi] V¢ eT.

TeTy

By Proposition 1.1(2), yz := ()7/)“"7’ € T*. In light of (1.10), there exists a IP-
null set A/ such that for any & € N¢,

Ep[R"“ (¢ (T1), 7)1 F; }(@)
(7.19) = Epsa[(R"(¢(TT2), 7))"7]
= Epoa[ RSP, yz)] + /t gh?@)dr V¢ el.

Here, we used an analogy to (7.5) that (R (¢(I1%), P"))%® = RS“® D (¢, yz) +
[} ghe@)dr.

By (P2), there exist an extension (Q', 7', P’) of (Q', F},P) and Q' € F' with
(') = 1 such that for any & € ', P*® € P(s,w ®; &). Let N be the Fh-
measurable set containing A/ U N and with PN) =0.

Now, fix @ € Q' NN € F. There exists a ¢z € T* such that

(7.20) sup Epea[ R*“®P (L, yz)] < Epsa[ RS2 P Lz, va)] + /5.
LeT?

As PSP € P(s, w @, &), (2.6) shows that
T e ~
(721) ]EPAV,E) |:‘/. |gi’w®fw| dr + Wi,a)@ra)} < 0.
S

So for some &3 > 0,

T _ ~
Eps.a [IA </ |gS®®@| dr + \I/i""@”w)] <¢/5
N

for any A € Fj with PYP(A) < 8.

(7.22)
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Applying (7.17) with (6, ¢, ]T”) = (83, £z, P*¥), there exist {gg)}keN C I' such
that limy_ o0 | k(@) = 5(@), ® € Q° and that P$O{ck = ¢k} < 55, Vk e N,

2kr j
where é'w le' |_2£sj {i2- k§{5<(i+1)27k}(l;——kl AT)eT5.

Given k € N, (7.22) and (2.5) imply that
Epsa[| R % (¢4, vz) — R¥®®(cK. va)|]
= EPS’E)[]‘ ;’ ;ﬁg }‘RY w®tw({w’ ya)) Rs’w®t5)(§&]g}’ VE))H

r ~ ~ 2
< 2Epsa [1{{&@)#;%} </é |g:,w®zw| dr + \Ifiaw&a))] < 58,

which together with (7.18) and (7.19) shows that

~ ~ 2
Epsa[ R (55, v5)] < Bprs[RM® (5, o)) + 5o

K 2
<esssupEp[R"(7, V)| Fi (@) — / g (@) dr + =e.
TeT! t 5

As one can deduce from ¢z = limg— o0 | ;C% and the continuity of L that
(7.23%) RY®P(¢5, v) < lim RV¥P (15, yp),

k— 00
(2.5), (7.21), the dominated convergence theorem and (7.20) imply that

V@) = Vi(@® &) < sup Epss[ R, )]
ceTs

< Epes[RY®P (5, vi)] + /5
hm IEP 5[RS“®P(ck yz)] +e/5

<esssupEp[R"“ (7, V)| FL] (@)
TeT!

N 3 _
—/ gﬁ’w(cT))dr+§8 Vo e Q' NN,
'

This shows Q' NN C A := {V?’w-l—f,s g dr <esssup 7 Ep[R"(z, 7")| F{]+
%8}. As Remark 3.2 and Proposition 1.1(1) imply that Vt’w + [P ghedr= (Vs +
[5 g, dr)® € F!, we see that A € F' and thus P(A) = P'(A) > P/ (' NN°) = 1.
Therefore, (7.16) holds.

Moreover, one can find a sequence {7, },eN in 7;’ such that

(7.24%) essg;ltpEp[R”w(r, VOIF] = Jim 4 Ep[R"* (10, V)| FL], P-a.s.
TeT]
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(2) Next, let T € 7' and n € N. Since
(7.25%) Tn =Lz ap<s)T + Lizap=s1Tn
defines an F’-stopping time, (7.16) and (3.3) show that

. s
E]P’|:1{r/\)7<s}Rt’w(T, )//\) + I{IA?ZS} (V;’w +/ gﬁ"“ dr>:|
t

(7.26) < E]P[l{r/\ﬁq}Rt’w(fn, )
t,w -~/ t 4
+ 14, nerp=s) | B[R (tn, V') |1 F2] + ¢ + ay,

where A, := {esssup; ¢ Ep[R"*(z, )| F!] < Ep[R"*(zy, V)| F!1 4+ £/5} € F!

and o, == Ep[Lag (" |- dr + WLo)].
Also, we can deduce from (2.5) that

Ep[1a,n(enp=s)Ep[R" (tu, 7)1 S]]
=Ep[Ep[1a,n(erp=5) R" (0, P F]] = Ep[La,nfzrp=s) R (Ta, V)]
=Ep[lirnpzs) R"“ (10, 7) — Lacnizap=s) R (T, V)]
<Ep[lirap=s}R"“(Tn, V)] + atn
which, together with (7.26) and (7.15), leads to

. s
EIP’|:1{t/\)7<s}Rt’w(T, Y)+ 1{f,\)72s}(\/i’w + / g dr)i|
t

4 4
<Ep[R"“(Tn, V)] + 20ty + =& < sup Ep[R"“(z, )] + 20, + 5¢
teT!

< inf sup Ep[R"“(7,y)] +2a, +e.
yET 177

Since lim,_, 5 1 P(A,) = 1 by (7.24%), we see from (7.13) and the dominated
convergence theorem that lim,,_, , | o, =0, and thus

_ S
EP[I{M?Q}R”’“’(T, Y)+ l{myzs}(V;’w +/ gﬁ’wdr)}
t

< inf sup Ep[R"“(z,y)]+e VreT"
VT Tt

(7.27)

Taking supremum over t € 7' on the left-hand side and then letting ¢ — 0 lead to
(7.14). O

PROOF OF PROPOSITION 3.3. Letn €N, €[0,T],« > 0 and w € O}(0).
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We fix P € P(t,w) and y, 7 € T'. Set {ti”}l.zlO as in (1.6) and define t, :=
Lot + Z,'le 1{,;1_1<,§,;z}ti” € T"(n). One can deduce that

R"®(t,y) — R"® (1, y)

WAy
=— /A &l dr + 1ir<y) (LY = Vg, <)) LY = 11 <0,y U®)
TAY

(7.28) + 1y <o) (Uy® = Up®)

Tn \Y ¢ 2" t t.w
, ,W s
= _/ 8 dr + Z(l{tlf’_1<r§t{l§y}(l*r - Lti” )

1 cosy <y (LT = UR?)).
Giveni =1,...,2", (1.7) shows that forany @ € {t/'_ | <7 <t' <y}
Ly @) = Ly (@)]
=|L(t(@),0® &)~ L(1!', 0 ® &)
< po((tf —1(@)

(7.29) + sup |(w® @)(r AT(@)) — (0 67’)('%%")\)
rel0,T]

< p()(z—” + sup |&(r) — CT)(T(‘T)))D

relt(@),t']

<po(27" + sup |BL@) - BL@))).
T(@)<r<(t(B)+27")AT

Similarly, it holds for any @ € {t! | <7 <y <1} that
U = Uy (@)

(7.30) < po((y(cT)) — (@) + [ (s%p (N)]|E5(r) — a(r(i)))l)
re[t(w),y (@

<po27" +supt(®) <7 < (@) +27") AT|B.(@) — B;(@)]).
Moreover, another analogy to (7.29) shows that for any (s, @) € [¢, T] x Q'

|gh° (@) — g1 ()| < |g(s, 0 @ @) — g(t, )| < po(s —r+ s?p]lﬁ(r)!)
relt,s
(7.31) )

<po(T =1+ sup |B/(®) - B} (@)
relt,T]
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where we used the fact that B/ = 0 in the last inequality. Plugging (7.29)—(7.31)
back into (7.28) leads to that

R"(z,y) = R"(5,y) =27"|[g1(@)| + po(T =t + sup |B/(@) — B{@)|)]
relt,T]

+,00(2_”+ sup | B! —B§|).
relt,(t4+2-"AT]

Taking expectation Ep][ ], we see from (3.6) that
Ep[R"“(z, )] <Ep[R"“(t0. ¥)] + 1) < sup Ep[R"“(¢".y)]+1].
t/eT!(n)

where 17 := po(27") + 27" (|g:(®)| + po (T — t)). Taking supremum over T € 7'

on the left-hand side yields that
sup Ep[R"“(z,y)] < sup Ep[R"“(z,y)]+1}.
teT! €T (n)

Eventually, taking infimum over y € 7' and P € P(t, w) leads to (3.7). O

PROOF OF PROPOSITION 3.4. Fix n e NU {o0}, w € Q and set o := 1 +
lwllor-Let0 <t <s <T suchthat§; s :=(s—1)V SUP, <y /< lw(r) —w)| <
T.

(1a) We first utilize Proposition 3.1 and (3.6) to show that

(7.32) Vi) = Vi) < (s —1) S[lépT]|gr(w)| +Q2+s—0)pa(drs)-

Let P e P(¢, w). Applying (3.5) and taking y = s show that
Vi) — V()

B N
< sup Ep 1{r<s}R””(f7S)+1{r25}(("s")t’w+ 85’wdr)]
€T (n) L !
(7.33)
- Vi (o)

TAS
= sup Ep|lrgLy® + 1= (V)" = V) (@) +/ gi’wdr]
teT!(n) L t

Then let T € 7' (n). For any @ € {t < s}, (1.7) implies that
L@ - 15 @)
= |L(z@), 0 ® &) - L(s,0 ® &)

< ,00<(s —1)+ sup |&(r AT(@)) —@(r A s)|>
relt,T1
(7.34)

p0<(s—t)+ sup |67)(r)—67)(f((7)))|>

re[t(),s]

IA

<po((s—1)+ sup |BL(@) — B§(6'5)|).
re[t(@),(t(@)+s—t)AT]
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Similarly, using (1.7) again and applying (1.9) with n = g, € F; yields that for any

we QU
T(D)AS ; _
‘ / @) dr

(7.35) 5/[ |g£’w(67))|dr§/l (ler”@)| + |gr® @) — g (@)|) dr

5/f(|gt<w)|+po((s—z)+rzﬁg]|B;<a)—B;(a>|))dr.
Also, (3.4) shows that for any @ € Q!
V@) = (V)" @)
= V(@) = V"(s,0®; ®)| < p1(llo — © ®; llo,s)

=p1( sup | (r) — @) — &)

(7.36) retr.s]
< pl( sup |w(r) —w@®)|+ sup |cT)(r)|>
reft,s] reft,s]

< pl<5t,s - sup |BL(&) — B} (67))|>-
relt,(t+6:5)AT]

Since |wllo,; < llwllo,7 < o, we can deduce from (7.34), (7.35), (3.3), (3.6) and
(7.36) that
TAS
Ep [1{r<s}Lt{w + 10 (V)" = V(o) +/t g dr} — (s —1)|gi ()|
= EP[I{Rs}L;’w + Lz (V)" = V(@)

+ p1 ((s—t)+ sup|B, —BiD
relr,(t+s—t)AT]

+(s—0pi((s =0+ sup [B - Bf])]

relt,s]
<Ep[(V]')"" = V(@] + (I +5 = 1)pals —1) < 2+5 —1)pa(Srs).

Taking supremum over T € 7'(n) on the left-hand side, we obtain (7.32) from
(7.33).
(1b) Next, we show that for V the inequality (7.32) can be strengthened as

(1.37) [Vs(@) = V()| < (s —1) S[I(J)PT]|8r(w)\ +Q+s5—1)pa(drs).

Fix ¢ > 0. We can find a P = P(¢) € P(t,w) such that V;(w) + /2 >
inf,, c71 sup, .+ Ep[R"“ (7, ¥)]. By (7.27), there exists some ¥ = p(¢) € T' such
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that
_ s
Ep |:1{t/\}7<s}Rl’w(T, Y)+ 1{‘[/\)725} <V;’w + / gﬁ"‘) dr)j|
t

< inf sup Ep[R"“(z,y)]+e/2 VreT'
veT et

In particular, taking T = s on the left-hand side gives that

_ _ S
Vi) +¢e=>Ep [1{;7<s}R”“’(S, V) + 1=y <V_t;w + / g dr)]
t
(7.38) -
2 a) to —t,w
=Ep & dr + 1< Uy" + Lip=n Vi |-
t
An analogy to (7.34) and (7.35) shows that
U3 (@) — U @)

<po(s =1+ sup |BL@) - BL@)])  Vae(y<s)
re[y(@), 7 (@)+s—t)AT]
and
Y (@)As s~
/ g (w)dr
t
< —0(lg@)|+p((s =1+ sup [B/@) - B{@)])) Vaeq
relt,s]

As |lwllo.r < llwllo,r < o, plugging them back to (7.38) and applying (7.36) with
n = 0o, we can deduce from (3.6) and (3.3) that

Vi) = Vs(w)+ &+ (s —1)|g/ ()]
> Bp[lip <) Ul® 4+ 11520 Ve’ = V()] = (1 +5 — 1) pals — 1)

>Ep[Vy” = Vi(@)] = (1 +5—)pa(s —1) = =2 +5 — 1) pu(81.5)-

Letting ¢ — 0 and taking (7.32) with n = oo yield (7.37).

Since lim; »5 | 8y = limgn, | 8; s = 0, we can deduce from (7.32) and
(7.37) that each path of V" is both left-upper-semicontinuous and right-lower-
semicontinuous, in particular, each path of V is continuous.

(2) Given (t, w) € [0, T] x 2, Remark 3.2, Proposition 1.1(4) and Part 1 show
that V" is an F -adapted process with all continuous paths. For any P € P(¢, ),
(3.3) and (2.6) imply that Ep[V_ ] < Ep[W!®] < 00. So V''” e S(F',P). O

7.3. Proofs of the results in Section 4.
PROOF OF (4.1). FixneNU{oo}andt € 7. Welet (t,w) €[0, T] x 2 and

P € P(t, w). Since V" € Fr and [; g dr € Fr by Remark 3.2, Proposition 1.1(1)
shows that both (V')"-® and ([ g, dr)"® belong to FF.
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(1) If 7 := 1(w) < t, Proposition 1.1(3) shows that 7(» ®; Q') =1. Applying
(19 ton=V=Le FC Frandton = fé grdr € F; C F; yields that for any @ € Q'

(7.39) (V2@ = V' (t(0 & @), 08 &) = V' {0 ® &) = V' [ o),

and (f g dr)"*(@) = J§“®'? g, (0 @ ®)dr = [} g:( ®, &) dr = [} g (w) dr.
Both only depend on w.

(2) Next, suppose that 7 > ¢. Proposition 1.1(3) also shows that (0w ®; @) > ¢,
Vo € Q' and that ¢ := t"® is a T'-stopping time. It follows that (V)" (@) =
VIt (0 ® &), 0 ® &) = V'(E"@),0 & &) = (VIY“C@),), Vé € Q'
By the first equality of (7.4), we also have (fy g, dr)"* (@) = “‘”@’w) gr (0 ®;
@) dr = [y gr(w)dr + ff(w) L@ (@) dr. Then (3.3) and (2.6) 1mply that

IEP[|(V,")I’("{ + ‘(/Or gr dr)t’w ]

SEP[ V””"H/ \gi‘”}dr} f!gr(w)\dr

§Ep[lpi’“’+/t |g£””|dr] —I—/(; lgr(w)|dr < oo. 0

PROOF OF THEOREM 4.1. Define Y; :=V, + fé grdr, t € [0,T] as in
Lemma A.1.

Given (t,w) € [0, T] x  and n € N, since Remark 3.2, Proposition 1.1(4) and
Proposition 3.4 show that (V")"® — L'-® is an F'-adapted process with left-upper-

semicontinuous paths and that V'Y — L s an F’-adapted process with all con-
tinuous paths, we can deduce from (3.2) that

t(';:i) =inf{s € [r,T]: (V”)g’w <Ly +4} V8 >0
are all F’-optional times and that
Thw) = inf{s € [¢, T] :Vi’w =Ly?}=inf{s €1, T] :Vi’w < L.}

is an F’-stopping time.
() Let (t,w) €[0,T] x Qand y € T". Since y(l'l?) € T; by (1.4), Taking t' = ¢
and ¢ = y(l'[?) in (A.1) of Lemma A.1 shows that

t
Y/ -~ : ~N t,w
1.40) Vi@ + [ gr@dr =T =_inf Eel(F sy}

For any @ € €', (3.3) and the first equality in (7.4) imply that
(T(T(?w)(HE))/\V(H?))W)I’CU(CT))

=T (s o) (MY (0 & @) Ay (I (0 @ D)) V 1, 0 ®; B)
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=Y(1,.4) (@) Ay (@), 0 ®; @)

7t * ~ ~ ~ I(T’w)(a))/\y(a‘)) -
=V (r(t,a)) (w) Ay (@), 0)) + /0 gr(w® w)dr

<Lz @=y@ L " (10.0)@), ®) + 1@y <ez, @y U (v (@), &)
t T(i,w) ((T))/\V(CT)) ¢ -
+ [ a@ar+ ¢(@)dr
t

t
= (R”“’(r(’;,w), ¥)) (@) —i—/o gr(w)dr.

Plugging this into (7.40) yields that Vi(w) < infpep(t,w) EP[Rl’w(T(?w), y)]. Tak-
ing infimum over y € 7" leads to that

Viw) < inf inf Ep[R"“(c} ., < sup inf inf Ep[R"?(z,
1 )_yeTtJPeP(t,w) B[R (70 y)]_reTp,yeTf]Pep(z,w) PR (@ y)]

=V,(vw) < Vi(w) proving (4.3).

(2)Let¢ € T and (¢, ) € [0, T] x Q.If 1 := T, (w) A& (@) < t, similar to (7.39),
we can deduce from Proposition 1.1(3), the F-adaptedness of Y by Remark 3.2 as
well as (1.9) that (Ye,A¢)"?(®) = Y (7, w), V& € Q. Then

g T — 3 f E T t,w — . f E T t’
(7-41) _t[ f*/\f](w) Pe%)n(”w) P[( I*A;) ] ]P’egit,w) P[ Cw)]

=Y, 0) =Y (t(@) A L) A T, o).
On the other hand, if t.(w) A {(w) > t, applying Proposition 1.1(3) once again
shows that w ®; Q" C {tx A ¢ > t}. So it holds for any @ € Q' that (Yy, A0 )" (@) =
Tt*Ag (0 @ @) = T(T*/\{)\/l‘(a) ® @) = (T(r*/\{)w)t’w(g))- As T, = TEB,()) = T(Bw)a
taking ' = 0 in (A.1) yields that

0’ =7 < inf Ep[(T he
‘E*/\{/\t(w) t(w)_IP’eP(t,w) IP’[( (r*/\g)vt) ]

— inf  Ep[(Tenae)®]=&,[Y
peitf P[(Tr,n0)" ] = & [ Trncl(w),

which together with (7.41) proves (4.4). [

7.4. Proof of Proposition 5.1. For any «, § € (0, 00), we define ®(«,§) :=
008 + 8" +1c(14+277167) g1 (@)8"* + 127 gy 1 ()57 /214,

(1) we first show that the probability class {P(t, w)} ¢ w)e[0,T1xQ Satisfies (P1)
and (P2).

Let (1,w) € [0, T]x Qand u € %. Weset (P, p, X) := (P, ph@ kX0
Given @ € , (2.4) shows that

(WX (@) — ¥ (0)] = [, (0@ X(@)) — W (0)| < 0o(|0 @ X@)],,)

(7.42)
<k(1+|xX@|7) Vrel,Tl.
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It follows that WYX (@)) = sup, ¢, 71 WX @)] <k (1+ | X (@) 77) + My
where M(\)I' = sup,¢p,. 71 |¥r(0)] < oo by the continuity of path W.(0). Since w0
is an F'-adapted process by Proposition 1.1(4), applying (5.3) yields that

Ep[ )] = E,[W!0] = B, [Wi0)] < k(1 +E[IXITF]) + Mg

< k(14 ¢m (lollo,)T?/?) + My < occ.

Namely, W"? ¢ S(F’,P). Similar to (7.42), one can deduce from (1.7) that
lgl Y x@®)) — g0 <k + ||X(a))||, ) for any r € [¢, T]. Then Fubini’s the-
orem and (5.3) imply that

e [ lgtOlar =B, [ g1 ar =B, [ |gt* )| dr

(7.43) SK/t (1+El[||X”t,T])dr+/; |gr(0)| dr

T
=T (14 go (l0lo)T™2) + [ g O)]dr < o0
!

hence P € ‘i‘f,.

For any ¢ € [0, T] and w1, w2 € Q with w1|[0,;] = w2][0,7], since the SDE (5.1)
depends only on w|jo for a given path w € Q, we see that X"®1-# = X"@2:1
and thus P"@1-# = P1-®2:1 for any u € %;. It follows that P(z, w1) = P(t, wy). So
Assumption (P1) is satisfied. Also, Proposition 6.3 of [5] has already shown that
the probability class {P(t, w)}¢,w)e[0,T]xq satisfies (P2).

(2) The verification that the probability class {P(t,w)} ¢ w)e[0,T1xQ Satisfies
(P3) is relatively lengthy. We split it into several steps.

(2a) Let us first quote some knowledge on the inverse mapping of X"“"* from
[51, which has already verified (P3)(i), (ii) for {P(t, @)} w)e[0, T1x Q-

Given (t,w) € [0, T] x Q and u € %, according to [5] [see the context around
(7.62) and (7.63) therein], there exists an F’-progressively measurable process
W@ such that for all @ € Q' except on a P-null set V; ,, .

Bl(&) = WhH (XM M@))  Vselr, Tl
and that the p"“*** probability of set A, , = (@ € Q" : Nf, N
(xtemy~l@) £ @} is 1, that is, A7, , € AP

t,w,

= {A e g
p@H(A) = 0}. For any r € [t,T], (5.4) and Lemma A.3(2) of [5] show that
5“’“ =0 (FLUNP") c X

We see from the context around (7.67)—(7.69) of [5] that W) ®"(&) =
1{5€A[’w$u}Wr”w’”(cT)), (r,@) € [t,T] x Q' is an {F' "}, cpr.71-adapted process
such that all its paths belong to Q, that

&= B'(&) = W (X" (@)

= Whor(XP M @) Yo eNf

t,w,u’

(7.44)
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and that

(7.45) (Wreny~la)egor VA e FVrelr, Tl
Fix0<t<s<T,weQand ue€%,secQy and A € N. We consider a F!-

partition {AJ} _o of @ such that for j=1,...,4, A; C 0§j (@;) for some §; €

((0,81NQ) U {8} and @; € ©, and let {W}§:1 C ;. We will simply set

(7.46) (P,p, X, W, ) 1= (PHOH, ph@h XE@ hom Jlon),

Given j =1,..., A, (5.4) shows that A;-Y = X‘l(A‘,-) € ?i. So there exists an
Aj € F{ such that ATAA; € &' (see, e.g., Problem 2.7.3 of [35]). Following

S
similar arguments to those used in the proof of Proposition 6.3 of [5], one can

show that

[5]()u1) The set Zj =Aj\Uj<;jAj € Fl satisfies Aijgj eV (see (7.70) of
(u2) The pasted control i, (@) := Lirefr,s))ir (@) + Ljrers, 7y (1 (e (@) +
Z] 11{weA }p,r(l'[’(a)))) Y(r,®) € [t,T] x Q' belongs to %, where Ay :=

(U?:1 A 7)€ € Fl (see (7.71) of [5]). Set
(@9 57 i‘\s )//\75 §'5 ﬂ\/‘) = (]P)t’a)’ﬁ9 pt’w’ﬁv Xz’w’ﬁ, Wt’w’ﬁa g?’w’ﬁv M,w,ﬁ)-
(u3) There exists a Pf)—null set ./\~/'] such that for any @ € A in /\N/'jc ,

N =@ eQ : X3 ®; @) # (X (@) @ X+PX@ 1 (3))(r)
for some r € |1, T]} belongs to Ws(see (7.78) of [5]).
(u4) Forany A € F!, X" {(A)AX "' (A) € A" (see (7.74) of [5]).

Also, analogous to part (2b) of [5], Proposition 6.3, we can use the uniqueness of
controlled SDE (5.1) to show that the equahty @ = wover ([t,s] x QHU([s, T] X
Ao) implies the equality X = X over [z, s] x QH U ([s, T] x Ao) and thus that P
satisfies (P3)(1), (ii).

(2b) To show that P satisfies (2.8), we make some technical setting and prepa-
ration first.

Proposition 1.1(4) shows that V! := gi-©, V2 := L1:® and Y3 := U, r € [t, T]
are three F'-adapted processes with all continuous paths. For £ = 1,2,3, (5.4)
implies that V* (X) is an Ft—adapted process with all continuous paths. Applying
Lemma A.2(3) of [5] with (P, X) = (P, B") shows that Y*(X) has an (F', Py)-
version %, More precisely, % *’s are F'-progressively measurable processes such
that

3
(747)  Np:=|J{@ e : 2@ # YV (X(@) forsome r € [1, T1} € A"
=1
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By Lemma 1.2, it holds for all & € Q' except on an A'g € " that (Ng UN)S@ e
N

We see from Proposition 1.1(4) that the random variables

(t'+2"™)AT
(7.48) En = sup / lgbe|dr Vm € N
t'elt, 71V

are .FtT—measurable. Since lim,, o0 | & = 0, (2.6) and the dominated conver-
gence theorem show that lim,,,—, o | Eg[&,,] = 0. So there exists m € N such that
Es[ém] <6/2 and @ (|lwllo,,27™) <6/2. Set a:=2"".
Now, fixn e NU{oo}, pp €T  andlet j =1,..., A. We set
— (]P)s,w@;&)j,uj ps,w®,57)_,~,uj Xs,w@,ci_,',uj
—~ ~ LR, J
Ws,w®tw_7s/u’ Sﬁ Wi, :-/\/;-,w@[&jj,ﬂ.f)

and define
(7.49%)  pii=pA))eT, v =g () eT,, yi=v;W),

where y; is a §—stopping time that takes values in [s, T'].

Giveni =0,...,2", weset s; ;=5 VvV (i27"T) and D; :={s;_1 <¥j < s;} €
&l with s_1 := —1 By, for example Problem 2.7.3 of [35] there exists an
D; € F! such that D;AD; € AP, Define D; := D; \ Uy <i Dy € F! and D :=
U%:o D; = U?:O Dj € F%.. Then yj = Zi:() 1p;s; is a 3- stopping time while
yj =320 1p,s; + 15 T defines an 7 -stopping time. Clearly, y; coincides with

y;j over U,'ZL (DiND;), whose complement Uizzl (D;i\'D;) belongs to A" P because

D\ D;=D; N [(506 U (U fxﬂ =0\ Byu(Udinoy)

i'<i i’<i

C (Dl‘Aﬁl‘) U (U (Bi’ N ch/)) C U (D,'/AB,‘/) S JVﬁ

i'<i i'<i
fori =1,...,2™. To wit, we have
(7.50) Y=Y, p-a.s.

(2¢c) Now, fix A € FL, v € T](n) and set T := T(X). We show an auxiliary in-
equality:

A A
(7.51) ZE@[IAQAJ' Rt yp] <) E 131404, 8j]1+ 8,
j=1 =1
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where &; = " @1 dr + ez 92 + 11y, 0 2.

For any r € [s, T], an analogy to (A.19) shows that {T <r} = X! fr<r})e
F..So 7 €T, ByLemma 25(3) in the ArXiv version of [5], it holds for all
@ € Q' except on a Ny € ' that 5 ¢ T". For j=1,..., A, since yts are
F'-progressively measurable processes and since v; is a 7_';—stopping time, we see

that &; is an .TIT -measurable random variable.
Let j =1,...,A. By (7.50),

Es[1ana; R (7, v))] = Eg[lana; R"“(z, y))] = E[lana; R"“(z, v})]
= E; [lffl(AﬂAj)Rt’w(T, y;)(f)]
Given @ € !, since 0 < yj/. (@) — 7; (@) < a, (1.7) implies that
R"“(x, Vi)(@) — R (1,7))(@)
@@
= gi’w(a)) dr
T(@)AY; (D)
+1i5,@)<c@ <yj@n (L (1(@), &) — U (7;(@). ©))

+ 1{y;(a)<1(5))}(Ut’w(VJ{@)’ @) —U"*(7;(@), ®))

(7.52)

< En(@) + 15,01 <c @)=y @100 ( (t(@) — 7;(@)

+ sup [(w®; @) (r AT(@)) — (0 ®; @) (r A )’/}(5))){)
rel0,7]

+ l{y;(a)a(a‘))}Qo((VJ/- (@) — 7;(®))

+ sup (@@ @)(r AY]@) — (@& &)(r A7;(@)])
rel0,T]

<én(®) + 1{;7]-(5)<r(5))§y;@)}£)0<a +  sup  |@(r) —a(p; (673))|>

rely; (@), T (@)]

+ l{y;@)«(a)}QO(a +  sup [@() —&(Y; (&‘>))|)
rel7; @),y @)

<tn@+oo(a+  sup_ @) — B(v;(W@))])-
relv;W(@)),(v; W@))+a)AT]

Taking & = X' (&), one can deduce from (7.44) that for Py-a.s. @' € ',
R"(z, 7)) (X (@) — R (z, 7)) (X (@)

< &n(R(@)) +oo(a+ sup (@) — B, (@)
re[uj ((T)’),(vj (@)+a)AT]

(7.53)
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Also, (7.44) and (7.47) show that for any & € (Mg UN)©

RY @(r, V/)(X(Nl))
(@) Avj (@) 1 o
_/ r (a) )) dr + 1{?(&')/)51)1.(5)/)}3) (T(Cl) )’ X(a) ))
(7.54) + L @) <e@n Y (v (@), X(@))
r(w)/\v](a)) o
<) (@) dr + V@ <0 @ (F(@). @)

+ 1, (a)f)<f((7/)}@ (vj (@), d")

~/

= Ej(a))

Since f‘l(AﬂA )G?Z, J=0,...,A by (5.4) and since v; sare7_’t stopping
times, vV := 13- I(AO)T+ZJ 1 12-1(4;)v) is also a 7'1 -stopping time. Set 7 :

SUD, e[, (5+a)AT] X, — Xyl Using the inequality (a + »)® < 27 ~1(a® + b™),
Va, b > 0, one can deduce from (7.54), (7.53) and (5.3) that

A
Y Ei1g1ana, (R (r. ¥)) (D) — E))]

j=I
)" o~
= ZEt[lffl(AmAj)@m(X)
=1
+oola+  sup X - A,
0( re[vj»,(vj-—l—a)/\T]} ’))]
A‘ o~
= Z Et[lg?—l(AmAj)(fm(X) + oo(a+1))]
(7.55) =
< E¢[€n(X) 4+ 00(a +7)]

1
Es E:(1 7 1 1 i
= p[fm]+ t[ {ﬁfa%}Qo(a-i-cH)—i-K {ﬁ>a%}( +(@a+7n) )]

1
< Eplém] + 0o(a + a¥)
+Ka_1/4]Et[(1+2w_law)ﬁ+2w_lﬁw+l]

1

<8/2+0o(a+ai) + k(1 +27a)g (Jollo,)a?

+ 127 g1 (lollo, )a®/>1/4

=8/2+ @(lwlo:27") < 6.
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Then we see from (7.52) that

A A
> Ep[Lana, R “(m.yp] =D Ei[lp1(anay R (7. ¥))(X)]
=l =l

A
<D Ellg-1ana,)Ej1+8  proving (7.51).
j=1

(2d) We are ready to use (2.}1) aﬁd the estimate (5.2) to verify (2.8) for P.
Let j =1,..., A again. As P €3, by (7.43), (7.54), (2.5) and (2.6) imply that

E (I, <E[/ <g£“’<X)|dr+\v’w(X>} E{/ |g"”|dr+\v”"}

:]E@[/ lgb®| dr +\llfk""} < 00.
t

Since 2?_1(A NA;j) e ]:t, applying Lemma A.2 (1) of [5] with (P, X,§) =

N
(Pg, B', E;), using (u4) with A = A N A; and applying Proposition 2.3 in the
ArXiv version of [5] with (P,&) = (P}, E;), we can deduce from Proposi-
tion 1.2(1) and (ul) that

Eel1g-10an4,) 8/l
~ = —
=Er[1 -1 ana) Be[E1F )] = Ee[1 21 ana ) Be[E 1 F5]]

(7.56) —S,&
= Ee[Ly-1anap B[ 17 ] = B [L g 1 (apna Bs[E]]

=B [1 e 1 (ANA¥NA; «}ES[E;”w]]-

Let & € AT N Aj ﬂ/\/’c NNSNNE As 798 € T, similar to p; = v; (W),
5I=T" “’(WJ )isa /- stoppmg time. Let @ € Q* such that @ is not in the PPy-

null set (Vg UN)*@ UNX, U N, and define AXL(@) := | XS0 X @1/ () —
X @)|l.7. Taking & = & Q& € (Ng UN)C in (7. 54) we see from (2.3), (7.44),
(u3), (2.1) as well as an analogy to the second equality of (7.4) that

E7°@) = R"(1.7))(X (& ®; ®))
(t, T (X (@ ®; D)), 7 (X (@ @5 D)), 0 D (X (@ ®5 @)))
(1, 7@ ®; @), 1 (@ ®; @), 0 ® (X(@ Dy @)))

R(t,°@), (@), 0 & (X (@ ®; @)))

R(t, (X @), (X (@), 0 ®, (X (@) ®; X+ X@ 1 Gy))
(r.¢

R(z
=R

< R(t, ¢ (X @), (X (@), (0 ® X (@) ®5 (X (@)))
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+ (14 T)oo(AXL(@))
= R(s, t(X @), p(X! @), (0 ® X(@)) ®; (X (@)))

+f (0 ® X@) ® (X @))dr + (1 + Thoo(AXL(@)

_ (Rs,w®;X(67))(§a)’ @))(Xj (@)) + /ts gr(a) Xy X(&')))dr

+ (14 T)oo(AXL(@)).
Since 00(AXG@) <15 y1 55120062 + 1 s o107 2(AXG(@) +
(AXL(@))”T1), (5.2) shows that
B, [857] < B[ (RO Y@ (55, £))(X7)]

+f (X @))dr + (14 T)oo(s'?)
(7.57)

+ (1L + T (C1T |0 @ X (@) — 0 @ @)
+ Con1 T o @ X(@) — 0 @ 3| 7).

Set 00(8) :=8+ (1+ T)go(8'/%) + (1 + Tk (C\ T2 + Cory TZ T 67 T1/2),
As@ e AT = X71(A)), that is, X (@) € A;j C 03, (@;), one has |l ® X (@) —
o ®; djllo,s = |X (@) — @jll;s <8 <6. It follows from (7.57) that

B[2)7) < By [R5 0] + [ 61X @) dr +20(6) -3

5,0 X (@)
7 58% < sup Ep[R (. )]
(7.58%) ceT*(n)

+/ gh? (X (@))dr +00(8) — 6.

Plugging this back into (7.56), we see from (7.51) and (ul) that
A

ZE@[IAmA,»Rt’w(f, vi)]
=1

A
SZEz[l{E)eXl(A)ﬂXI(Aj)]< sup Ep; [RO¥ Y@ (¢ )]
j=1 SET (n)

+ fts i (X(@))dr +00(8) — 8)} +4

A
=2Ep[l{aeAmAj}< sup  Ep;[R*“® (g, p)]
j=1 SET*(n)
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+fs @) dr +30(6) —a)] +5
t

A N s
=ZEP[1{aGAmAj}( sup_ B[R9 76, 0]+ [ gﬁ’”@dr)]
j=1 S€T*(n) !

+P(ANAS)(@0(5) — 8) +6.

In the last equality, we used the fact that the mapping @ —
SUP 75 (n) Epi [R*®®® (¢ )] is continuous under norm || l;,7, and thus F7.-
measurable by Remark 2.2(2). Therefore, (2.8) holds for g,)’; =y, j=1,...A

(3) In this part, we still use (2.1) and the estimate (5.2) to show that
{P(t, 0)}1.0)c0.T1x 0 Satisfies Assumption 3.1.

Fixn e NU {0}, 1 €[0,T], w,0' € Q, u € % and set § := || — wllo,;. We
still take the notation (7.46) and set (P, p’, X', W', §’) := (P H pf"",’“, X m
A A

Fix ¢ > 0. We still define &,,’s as in (7.48) and can find a £ € N such that
Ep[£] < /2 and ® (||l [0, 27¢) < &/2. Also, fix y € T" and t € T*(n). Similar
to7T=1(X)in part 2¢), T(X”) belongs to 7_'t; and analogous to ¥; = v; W), (7.45)
implies that T := (X’ (W)) is a F-stopping time. Symmetrically, y (X) belongs to
T and Y =y (X (W) defines a § -stopping time.

Sett; :=tVv (i27%T),i=0,...,2% Then Ve = Zizio 1, <p<pti defines a §'-
stopping time, where 7_; := —1. By similar arguments to those that lead to (7.50),
one can construct a 7’ -stopping time ¢ valued in {t,-}l.zi0 such that y; = ¥, p-a.s.
Analogous to (7.53), we can deduce that for ]P’f)—a.s. e,

R (1, %) (X' @) — R"*(x, ) (X' (@)) < & (X' @) + 0027 +0'(@)),

where 7' 1= sup,.cp, (x).(y(x)42-H) A7) 1A — X (3] And similar to (7.55), (5.3)
implies that

Ey[R"“(z, %) — R"(z, 7)]
=Ey[R"(z, %) — R"(z, )]
=E,([R"(r. %) (') — R (x, )(X")]
<E[&(X) + 002" +1)] <Epl&l + @(|o'|,.27%) <.

Since (7.44) shows that (X' (@)) = 1(X’W(X(®)))) = T(X(@)) and
Y(X'(@) = y (X OW'(X'(@)))) = y (X (@)) hold for Pj-a.s. & € Q', we see from
(2.3) and (2.1) that for Pf)—a.s. we Q!

(R (2, 7)) (X' @) — (R"“(F,))(X(@))
= R(t. ¢ (X'(@)), 7(X' (@), & & X' (@))

(7.59)
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— R(1,T(X (@), y (X (@), v @ X(®))
=R(1,T(X@)), y (X (@), 0 ® X' (&)
— R(1,T(X(@)), ¥ (X(®)), 0 ®; X (&))
< (1+ Doo(|o' & X'@) — 0 ® X@)], 1)
< +Too(|e -y, + X' @) - X@)], ;)
=1 4+T)oo(8 + AX(®))
<ax@<st2y(1+ Too(s + ')
+ L ax@)ssimk L+ T)8T2((1427 7167 ) AX (@)
+27 1 (AXx @)” ),

with AX (@) := | X' (@) — X(@)|l;.7. Then (7.59) and (5.2) show that

Ep[R"“(z, 7]

Ey[R"“(z, %0)] < Ey[R"“ (z, 7)] + ¢
[(Rt"‘),(r, (X)) +e

[(R"@, y))(X)] +01(8) +¢
[R"“(T, )]+ 01(0) + ¢,

(7.60)

IA

E,
E,
Ep

where 01(8) := (1 + T)oo(8 + 8Y/%) + «(1 + T)((1 + 27~ 187)C,Ts'/? +
2w—lcw+1Tw+18w+l/2) > 00(8).

Similar to (7.58%*), one can deduce that IE,,[R”‘”(?, y)] < SUP 7 () Ep[R"“(c,
y)]. So it follows from (7.60) that

Ep[R"“ (z, 7)] < sup Ep[R"“(c,y)]+01(5) +e.
€T (n)

Taking supremum over T € 7' (n) on the left-hand side yields that

inf sup Ep[R"“(1.¢)]< sup Ep[R"(z.7)]
CET! 1eTt(n) €T (n)

< sup Ep[R"“(s,y)]+01(8) +e.
ceT' ()

Then taking infimum over y € 7" on the right-hand side, we obtain that

inf  sup Epo [R"(1,0)] < inf  sup Epon[R"(c, )]+ 01(8) + .
CET! reT(n) veT! ceTt(n)
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Letting ¢ — 0 and taking infimum over u € %; on both sides lead to that

V') = inf inf sup E, . .[R"(z,
") MGO//tCGT’zeT’IEn) ol R (3 0]

< inf inf Epr.ou[ R (c, -
_Mlg"?/tylgT’gesﬁgn) prow | (. M]+oi(|e w“o,r)

=V'(w)+ Ql(”a)/ - w”o,t)'

Exchanging the roles of " and w shows that {P (7, ®)},w)e[0.7]x 0 satisfies (3.4).

(4) To verify Assumption 3.2 for {P(t, w)},w)ef0,71x2, We fix @ > 0 and § €
0, T].

Let 1 €[0,7T), w € OL(0), u € % and ¢ € T'. We take the notation (7.46)
again. Similar to T = 7(X) in part 2¢), £ :=¢(X) is a 7_J-st0pping time. Set 7j :=
SUD, (7, (F4+8)AT] | X — XE" Analogous to (7.55), one can deduce from (5.3) that

EP[QI (8 " rE[L(S{uJRS)AT]{Bﬁ - Bé |)]

— [Ql (8 i re[é,(S;lJPB)AT]|B£ - Bé |>]

=Efoi(s+ _sup 1% —&0)|=E 16 +]
relZ,(C+8)AT]

<016 +84) + k(142751 (lwllo.)8"*
+ .27 o1 (lwlo, )87 /24
< 0a(9),
where 04/(8) 1= 01(8 + %) + k(1 +277167)91 ()84 + k27 41 (@) X

§@/2+1/4 Taking supremum over ¢ € 7 and then taking supremum over u € %
and o € 0)(0) yield (3.6).

7.5. Proof of Theorem 6.1. 1If Vo = Lo, then 1, = 0 and it thus holds for any
(P, y) € P x T that Ep[R(z4, ¥)] = Ep[R(0, y)] = Ep[Lo] = Lo = Vb.

Next, let us assume that Vy > L. Theorem 4.1(1), Proposition 3.4(1), (A") and
the proof of Remark 3.1 imply that the process Z; := V; — L;, t € [0, T] has all
continuous paths and satisfies

| 21 (@) — Z:(0)] < |Vi(w) = Vi (@)] + |Li(w) — Li ()]
52/)0(”w—w’”0’t) Vte[0,T], Vo, o €.

Then applying Theorem 3.1 of [7] with payoff processes £ := —U, U := —L
and random maturity 79 = inf{t € [0,T]: Z; <O} AT =inf{t € [0,T]: V; =
L;} = t, shows that (In particular, (H4) implies (P4) of [7] by Remark 3.1(3)
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therein) for some (P, yx) € P X T, supp ,yepu7 EP[l{y <r} Ly + Lir, <)l ] =
Ep, [1{y, <t Ly, + iz, <y} Uz, 1. Multiplying —1 on both sides, we see from (4.3)
that Vo = infp ,)epx 7 Ep[R (ts, ¥)] = Ep, [R (74, ¥4)].

APPENDIX

A.1. A technical lemma.

LEMMA A.l1. Define Y, =V, + fé grdr,t €[0,T]. Given ¢ €T, it holds
forany (t,w) € [0, T] x Q and t’' € [0, t] that

(A.1) Ti@ = inf Ep

t,w
PeP(t,w) [( (‘L'(t, )(nt/)Af)\/l‘) ]

PROOF. Fix0<t <t<T,weQ,¢eTandseta:=1+ |wlor.
(1) When ¢t = T, one has 1nfp€p(7w)E]p[(T(T/ (1‘[ )A;)VT) @] =

infpep(r,0) Ep[(Y7)7?] = infpep (7.0 Ep[ Y1 (@)] = TT(w)-
(2) Next, suppose that t < T and V;(w) = L;(w). Then

T oy (M0(@) = inf{s € [¢', T]: V1 (M0(@) = L (1T (@)}
=inf{s € [t', T]: Vi(w) = Ly(w)} <t,

which means that w € (I1%)71(A) with A" := {0’ € Q" : Tl (@) <1} € Fr.
Since Lemma A.1 of [5] shows that

(A.2) MY is an Fy/F! -measurable mapping vrelt,T],

we see that (I'It,)_l(A’) € F;. It follows from Lemma 1.1 that
(A.3) 0® Q' c (M) (A) o 1, (M0 d)<t VYoeg

Remark 3.2 and Proposition 3.4(1) show that Y is an F-adapted process with
all continuous paths. Applying (1.9) to Y'; € F; and using (A.3) yield that

(T(t;,’w)(l_l?,)/\C)W‘) (@) = ((1’([, w)(Ht/(a) QD)) N Q@) Vi, »Q &)

=T/(0® @) =T (w) Vo e Q'

Thus, we still obtain (A.1) as an equality.

(3) The discussion of the case t < T with V;(w) > L;(w) is relatively lengthy.
We split it into several steps. Since lim,, o 1 V/"(w) = V:(w) by (3.1) and Propo-
sition 3.3, there exists an integer N = N (¢, w) > logz(TL_t) such that V/"(w) >
L;(w) foranyn > N.

Fix § > 0 and k, neNWithk>n>N Foranyre[t T] as A, :—{CT)EQI/'

r(';;iu) (@) <r}eF", (A.2) implies that {0 € Q: r(z, w)(l'l () <r}={0 €Q:
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I'I?,(a)/) €A} = (l'I )~1(A,) € Fr. So ‘L'(z, )(l'l ») is an F-optional time valued in
[¢/, T1, and it follows that v% := (r(t, ©) (1'[ ) A¢) Vtis an F-optional time valued
in [z, T].

Let i be the largest integer such that 27T <t As k > logz(%), one can
deduce that iy < 2K — 1. Set ti ;=tand t; 1= i27kT fori =iy +1,...,2%

(3a) In the first step, we derive from Proposition 3.1 an auxiliary inequality:

tit1
Ad) V@ =Ly@VE, [ [ grdr}«o), i=ig 20—
I

Leti =ig,...,25—1. Applying (3.5) with (¢, s) = (¢, t;+1) and taking y = f;41
yield that

V' (w) < inf sup [E [1 AR (T,
i ( )_]P’G’P(fi’w)rerf})(n) Pl Lr<t i) (T, tig1)

+1{rzt,-+1}< th+1 tl +/ wdl")]

For any 7 € T" (n), it takes values in {f;} U {j2~ ”T}% —jo?
integer such that t; < jo27"T. Asn <k, one has t;11] < jo27"T,so {t <tjy1} =
{t=¢}e€ ]-"ti ={@, Q}. To wit, we have either (t<tiny)={r=1}=Q% or
{t > tiy1} = Q4. Since R"“(t;,t;41) = = L(t;, w) by (7.6), we see from
(A.5) that

lit1
. i,w t,
Vi@ fpegzzf,@(@*w)VEHD[“”M of )

(A5)

where jo is the smallest

Lt
=L;(w)V é”,l[ 1 —I—/ gr dr](a)) proving (A.4).
"

(3b) In the next step, we will show that over time grids {tl} , the F-adapted

process Y :=V'+ fo grdr,t €0, T] is an &-submartingale up to time v, =

Zl —iot1 Yy <omd <upyti + Yoy T, that is,

(A.6) (@ = &[T o

Vk AL/ l:|

(w), i=ig,..., 2k —1.

For any r € [tjx, 1, T), let j, be the largest integer such that 7;, < r. Since

v"8 is an F- -optional time, one can deduce that {vk <r}= Ul” ] {vk =t} =

U,-J:ik+1{fi—1 < <g}={" <t} e F, CF.So V% is a T, (k)-stopping
time.

(i) Let i = iy first. We simply denote #;, +-1 by s. Since V' (@) > L;(w), applying
(A.4) with i = iy yields that

(A7) v s v+ [gdr]o.
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As v,’f"s > tj+1 =5 > t;, =1, the first equality in (7.4) shows that

(Y2 )@ =T (] (0 @1 &) A s, 0@ &) = T"(5,0 @ &)
k
N t
=V"(s, v ®; 5))—1—/ g,(w®tc7))dr+/0 gr(w)dr
t

s t,w t
= (Vs” +f gr dr) (@) +f gr(w)dr Vo e Q.
t 0

Taking expectation Ep[ ] and then taking infimum over P € P(¢, w), we see from
(A.7) that

é,[ ](a)) [V"—i—/ grdr](w)—i-/ gr(@)dr > T} (w)

i 5M (w) proving (A.6) for i = iy.

(i) Next, let i =i + 1,...,2¥ — 1. Given w € {v,':"S < t,;}, applying Proposi-
tion 1.1(3) with (7, 5, 7) = (0, 11, ;") shows that v}’ (0 ®,, Q) =1}’ (@) :=7.
As Y! € F; C Fy;, using (1.9) with (z,5,17) = (0,1, Y}) yields that for any
BeQ (1), (@)= TP (0@, &) Atig1, 0®,@) = Y TALi41, 0Oy,

k tit1

@) =Y"({, 0 ®; ®) = Y"(,w). It follows that

n _ Loy _ n
gy EMl JO =t B, V)=t B G0

=T"(t,w) = 'Y'"(v,':’ (w) A1, @).
Then we let w € {v,':"S >t} Proposition 1.1(3) shows that
(A.9) w®; Qi c (v > )= > 64},

and one can deduce that v” S(w)>t; > tip+1 > t,k =t. By the definition of v™?,
one has 7; < V"% (w) = ‘L'(l, )(l'l (W) A L(w) < ‘[(t/ )(l'l (w)) and it follows that

(A.10%) V(i w) > L(t;, w) + 6.

ThlS together with (A.4) shows that V' (w) < &, [V} [ + /i fi+1 grdr](w). Adding
o " gr(w) dr to both sides, one can deduce from (A.9) that

£, [0, J@) =&, (1] )@ = [+ f " ‘grdr}<w>+ [ erwar

Aljt1

n _~rn
Z Ttl- (Cl)) - VZ’S/\Z‘[ (Cl)),

which together with (A.8) proves (A.6) fori =iy +1,..., 2k 1.



ON THE ROBUST DYNKIN GAME 1747

(3¢) As a consequence of (A.6), one then has

(A1) &[r" o) J@ =&, ), i=ip+1,...,25 1.
Vk

Aty

Leti =ix+1,....,2—1land P € P(r, w). As & := Tnn,s/\tk is Fr-measurable
Ve A
by Remark 3.2, Proposition 1.1(1) shows that n; := éi”w is F7.-measurable. Since

(3.3) and the first equality in (7.4) show that for any @ € Q'

T
|7 (@)| 5111(1),':’8((0 R &) AL, 0 @ D) +/0 |gr (0 ®; @)|dr
(A.12)

T
< sup V¥, (0® @)+ |gr(w)|dr—|—/ (@) |dr,
relt,T] t

an analogy to (7.13) and (1.10) imply that for all @ € Q' except on a P-null set \;,
(A.13) Epia[ni®] = Ep[n:| FL](@) € R.

By (P2), there exists an extension (Q, F',P’) of (', F},P) and Q' € F' with
P'(Q') =1 such that P-® € P(s, w ®; @) for any & € Q'. Given @ € Q' NN,
since
P @) = 1@ ®y, ®) = £ @ ®y, @) = & (0 ® (& @, B))
=5((0® &) @, 0) =£""""@) Voe
we can deduce from (A.6) and (A.13) that

](CU ®; @)

tiv

(s, )@ = (T )@ @1 B) = 8, [ T,

VAL

- Cr’@t, [&i](0 ®; @) = inf th[siti’w@)[&]
Ep(tt W®; D)

< g o[£ %) = Epa [}
=Ep[ni| 7} (@) =Ep[&] |7, ] @),

which shows that Q' NN C A" := {(Ts,’}%t,-)tw < Ep[éf’wl}"fi]} € F. 1t fol-
lows that P(A') = P'(A') > P'(Q' NNF) = 1. Hence, (T:%%)f’w <Epl& | F 1.
P-a.s. Taking the expectation Ep[-] yields that Ep[(T :},{,,SAti)”“’] < Ep[glf*“’] =
EP[(T:Z"‘SMM )!:@]. Then taking infimum over P € P(¢, w), we obtain (A.11).

(3d) Finally, we will use (A.11) as well as the continuity of process V to reach
(A.1) for the case t < T with V(@) > L;(w).
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Taking i = iy in (A.6) shows that Y, (w) = T"}M (w) < &,[7" L (),
k ip+1
which together with (A.11) and (3.1) yields that ‘

YHw) < &[T A ](a))<éa[ "pg 2]((1))5--.
(A.14) _
=&V, J@=&1] v],:,s](w) < &Y nsl(@).
Since limg— o0 ¢ vk = ™9, the continuity of V by Proposition 3.4 implies that

limg_ oo ¥ o = Y ,n.s. Also, an analogy to (A.12) that for any @ € Q'

(A.15) [ . (@) < VLe(@) + / g (w)|dr +/ |ghe(@)| dr.

Then for any P € P(¢, w), the dominated convergence theorem and an analogy to

(7.13) imply that limg_, o ]EP[(Tvn,E)I’w] = Ep[(Y n.5)"*]. Taking infimum over
k

P e P(t, w) and letting k — oo in (A.14), we obtain

Y (w) < lim fIETn‘“<f1ETn’“’
(@) = iy it BT ™) = p il i B[O

— s
= BT )

As |lwllor < |lollo,7 < «, we further see from (3.7) that
Yi(@) <Y/ (@) + pa(27") + 27" (g1 (@) | + po (T — 1))

< nf ER[(Tyn)] 4+ pul2™) +27"(|g1(0) | + pulT = ).

(A.16)

The path regularity of V" in Proposition 3.4 implies that
(A.17%) (Sli_I)%T nll>nolo 0 r(’;:‘z)) (@) =T ) (@) Vo e Q.

The continuity of V  thus shows that lims_olim, o Y yns =
limg_glim, 500 Y Also, letting k — 00 in

@ @nove = Vg, anove
(A.15) yields that [(T,ns)"? < WE® + [F]g - (w)|dr + ftT |g-®|dr. Then for
any P € P(¢, w), applying the dominated convergence theorem and an anal-
ogy to (7.13) again, we obtain that limg_olim,— oo Ep[(Y ns)"?] =
EP[(T(I(*;/@)(H?/)AC)Vt)t’w]' Eventually, letting n — oo and § — 0 in (A.16) yields

that
Ti(w) < lim lim inf Ep[(Y,.5)"*]<lim inf Tim Ep[(Y s)"“]

§—>0n—>00PeP(t,w) §—>0PeP(t,w) n—>00

< inf lim lim Ep[(Y ns)"]

PeP(t,w) §—0n—>00

— t,w
_Peg%sz)EP[( (g w>(“ﬂ)“)w) I O
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A.2. Proofs of starred statements in Section 7.

PROOF OF (7.11%).  When n = 0o, applying (7.10) with A ={t Ay > s} € F!
and T =1 Vs € 7] shows that

A
Z E@A[ r/\y>s}ﬂAJ (T BOJ = Z E@A [l{tAyzs}ﬂ.Aj Rt’w(f Vs, 597)]
‘ oy

S
< oL nymanag (Vi + [ gbvdr)] e
t
On the other hand, if n < oo, let i; be the smallest integer such that i;27"T > s.

Clearly, T Vv (is27"T) € T/ (n). Since {t Ay > s} C{t > s} ={r >i,27"T}, ap-
plying (7.10) again with A={t Ay >s}and t =t Vv (i;27"T) yields that

2B, [Lenyzna, R(z, 9))]

A
Z Lieayzsina R (z v (i527"T), 97)]

SEP[I{‘[/\y>s}ﬂAC( +/ wdl")i| ]

PROOF OF (7.12%).  We set A :={y <s}U({y =s}N.Ap) € F; and A% =
{y>s}NAjeF,.Givenrelr,T],
A

(A.18) Po<ri=AsN{y <rhu (U N{gj <r})>

If r <s, since {y <r} C {y < s} and since each g,)f € 7/, one has {y) <r}=
{y <s}n{y <r}={y <r} e F. Otherwise, if r > s, as A% € Ft c F} for
j=0,1,..., 1, (A.18) also implies that {y) <r} € F. Hence, ¥ € T'. O

PROOF OF (7.23%). Since {3 = limp— o0 | {é, we see that {{3 < vz} C Az =

Ukentés < v5) C (85 < va). and thus {85 < va) \ A C ({5 = ¥a). Then the
continuity of process L implies that

RS %8 (25, v)

Lanve s LR D S, 0Q;d
- dr + 1{§w<yzz)}L§~ + I{Vw<§w}Uy[7)

_ / T 0B gy 41, 15087
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gz as Ly ®C 4 Lyseco Uy ®

O YVe

[N ~
</ g PP dr + 15 L™ + 145 U3 ®P
N

tnye ~ &
T @ 5,003 5,00 5, 0@
_klggo</s g dr+1{§£§ya}L££ o<t Urs )
= Jim R7(ch ) :

PROOF OF (7.24%*). For any 71, 72 € 7/, letting A := {Ep[R"“ (71, 7")|F!] >
Ep[R"* (12, V)| F!1} € FL and T := 147 + 14c72 € 7, we can deduce that
Ep[R"“(%, 7')|FL] = Ep[14R"* (11, 7') + 1ac R"“ (2, 7") | F:]
= 14Ep[R" (11, 7)1 F5] + 1acEp[R"“ (r2. )| 7]
=Ep[R"(z1. 7)1 Fc] v B[R (2. 7') | F{].
So the family {Ep[R"“(z, ")|F{1}re7z is directed upwards. Appealing to the ba-

sic properties of the essential infimum (e.g., [47], Proposition VI-1-1), we can find
a sequence {7, },en in 7 such that (7.24*) holds. [

PROOF OF (7.25%). Forany r € [t, 5), since 7, € 7] and since {t <r} C {r <
s} C{t Ay < s}, one can deduce that {T,, <r}={t Ay <s}N{t <r}={r
r} € F!. On the other hand, for any r € [s, T], {T, <r}=({t A7 <s}N{z
rhU(t Ay >s}N{t, <r}) € F/.Hence, 7, € T'. O

=
=

PROOF OF (7.49%). Givenr e€[s,T], as A, :={p <r} e F?, (5.4) shows that
pj<ri={0e? : pX/ @) <rl={@cQ X/ @) cA,}
= @) eF,.

Also, Lemma A.3 in the ArXiv version of [5] implies that {v; <r}={® e Q":

L (&) € {p; <r}} =TT, ) 1({5OJ <r)e ]-"r, then one can deduce from (7.45)
that {y; <r}={w e Q- W(a)) e{v;<ri}= 1({1}] <r}e Sr Hence, p; €
T vj € Tt while y; is a S stopping time that takes values in [s, T]. U

(A.19)

PROOF OF (7.58%). When n < 00, as induced by © € 7/ (n), ¢z takes values in
{t”}l i where i; be the smallest integer such that i;27"T > s. Similar to (7.50),
there exists £ € 7°(n) such that {5 = {3, p-a.s. So we have

Epj [R&w@rX(&d))(;a)’ 5@)] — Epj [Rs’w®jX(&d))(§L%’ 50)] — E]P’j [Rs,a)®,X(¢T))(;_L%’ 50)]

< sup Epi[RO“®*@ (¢, 0)].
ceT5 (n)
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Suppose n = oo now. Let k € N and set slk =5V (i2_kT), i=0,...,2K With

k ; o .
sk =1 ;‘w = l~2=0 I{Sf_1<§a,SS{‘}Slk defines a §/-stopping time. By similar ar-

guments to those that lead to (7. 50) one can construct a 7°-stopping time gg

valued in {sk}2 o such that ;w gw, p/-a.s. Since &z = limg_ o0 | {C%, an analogy
to (7.23*) shows that

(Azo) RS,w@tX(LT))(;CT), 80) S klizlgo Ré,w®1X(5))(§£’ 80)

By (2.5), |RS“®X@ (ck o) < [T |gr @@ ar + @) ¥@ vk e N. Since
P; € P by (7.43), (2.6) shows that

T - ~
Epj |:/ |g5,w®[2((a))|dr + Wi,w@;%(w}}
S

T
=E[Pj [/ |gsaw®tX(5))|dr +\Iji,w®rX(&'))i| < 00
p .
N
Taking expectation Ep_i []1in (A.20), one can deduce from the dominated conver-
gence theorem that

E,i [R™ %@ (5, p)]
< lim E [Rs,a)®zX(5)) (d{)’ K‘))] :kl_i)rgoEp [Rs a)®zX(a))(gw’ K'))]

k—o0

hm Ep;[R* ‘“®’X(‘“)(g£,g,))] < sup Ep,;[R" X (@) (. )]
ceT?s OJ

PROOF OF (A.10%). Iff; < r([, )(H (a))) the definition of 7, l, ) shows that

(v L)(tl,a)) = (VMo — ey T (a))) > § > 0. On the other hand, if
t; = t(t, w)(l'l ) (w)) the left- upper—semlcontlnmty of (V)" — L@ implies that

(V" — L)(t, ) = (V)" = L") (t;, I(w))

= T (V") = L") . M (@) = .

PROOF OF (A.17%). Fixwe Q' andset®@ :=1+ ||o ®; @llo.7-
We Let § > 0, n € N and simply denote #, 5 := r("t:i)) (@), ty := r(’;w) (@). Let us
first show that

(A21) (VY 5, @) < L"(ty.5, &) + 8.
Ift,s =T, (3.2) shows that
(A22) (Vn)t’w(tnﬁ’ (T)) = (Vn)l’w(Ta CT)) = L[’w(T’ CT)) = Lt’a)(tn,é» (7))

On the other hand, if 1,5 < T, let {t; = t;(t, w,®,n,d)};en be a sequence in
[tn.5, T] such that lim;_,~ | t; = 1,5 and that (V") (t;, ®) < L"“(4;,®) + 9,
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Vi € N by the definition of #,, s = t(’;:i)) (w). The right-lower-semicontinuity of path
V™ (w ®; @) by Proposition 3.4 and the continuity of path L.(w ®; @) then imply
that

(V) (ty,5, @) = V' (tn,5, 0 @ @) < lim V"(s,0 ® @) < lim V" (4, 0 ®; &)
S\uln,s i—00

<L(tys, @ ®; @) +8=L""(ty5, &)+,

which together with (A.22) proves (A.21).
As [lo ®; dllo,, s < llo ®; ®llo,r <&, we see from (A.21) and (3.7) that

V"t &) — L (1,5, &)
(A.23) < V(tns, 0 ® &) — V'(tns5, 0 Q; @) + 8

<pa27")+27"( sup g ® )| + pa(T)) +3.
re[0,T]

For any s € [, T], since 7°(n) C T*(n + 1) C 7", an analogy to (3.1) shows that
Vo ®; o) < VS”+1 (w®; D) < Vs(w®; ®). It follows that 75 := lim,_ 50 1 ths <
t«. As n — o0 in (A.23), the continuity of the path Vt’w(CT)) — L"* (@) by Propo-
sition 3.4 yields that Vl’w@, @) — L"®(t5, @) < 8, and thus

(A.24) t

. ~ . —t,w , ~ ~
te > nlinéoT the =15 >t,s:=inf{s € [t,T]: V" (&) < LY (@) + §}.

The continuity of the path Vt’w(&')) — L"®(®) also implies that 7, = lims_0* ts.5
which together with (A.24) leads to that lims_,o 1 lim,— o0 1 #y.s = 4, that is,

lims0 1 limy, 00 1 Tg:w) (@) = T(ﬂ;vw) (). U
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