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PORTFOLIO OPTIMISATION BEYOND SEMIMARTINGALES:
SHADOW PRICES AND FRACTIONAL BROWNIAN MOTION

BY CHRISTOPH CZICHOWSKY! AND WALTER SCHACHERMAYER?
London School of Economics and Political Science and Universitdit Wien

While absence of arbitrage in frictionless financial markets requires price
processes to be semimartingales, non-semimartingales can be used to model
prices in an arbitrage-free way, if proportional transaction costs are taken into
account. In this paper we show, for a class of price processes which are not
necessarily semimartingales, the existence of an optimal trading strategy for
utility maximisation under transaction costs by establishing the existence of
a so-called shadow price. This is a semimartingale price process, taking val-
ues in the bid ask spread, such that frictionless trading for that price process
leads to the same optimal strategy and utility as the original problem under
transaction costs. Our results combine arguments from convex duality with
the stickiness condition introduced by P. Guasoni. They apply in particular
to exponential utility and geometric fractional Brownian motion. In this case,
the shadow price is an Itd process. As a consequence, we obtain a rather sur-
prising result on the pathwise behaviour of fractional Brownian motion: the
trajectories may touch an Itd process in a one-sided manner without reflec-
tion.

1. Introduction. Most of the literature in mathematical finance assumes that
discounted prices S = (S;)o<;<7 of risky assets are modelled by semimartingales.
In frictionless financial markets, where arbitrary amounts of stock can be bought
and sold at the same price S;, the semimartingale assumption is necessary. Oth-
erwise, there would exist “arbitrage opportunities” (see [26], Theorem 7.2 for a
precise statement) and optimal strategies for utility maximisation problems would
fail to exist or yield infinite expected utility (see [2, 40, 42]).

For non-semimartingale models based on fractional Brownian motion (B,H )r>0
such as the fractional Black—Scholes model S; = exp(ut + GB,H ), where u € R,
o > 0 and Hurst parameter H € (0,1) \ {%}, Rogers [48] and Cheridito [13]
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showed explicitly how to construct these arbitrage opportunities. Such models
have been proposed by Mandelbrot [43] for their natural fractal scaling behaviour
and related statistical properties. They are prime examples of non-semimartingale
models to start with.

While fractional models cannot be covered by the classical theory of friction-
less financial markets, recent results [30, 32, 33] illustrate that this can be done
in an arbitrage-free and economically meaningful way by taking (arbitrary small)
proportional transaction costs into account. As has been shown by Guasoni [30],
the crucial property for the absence of arbitrage under transaction costs is that frac-
tional Brownian motion is sticky. Conceptually, the absence of arbitrage allows to
consider portfolio optimisation also for non-semimartingale price processes under
transaction costs; see [29]. However, so far there have been no results on how to
obtain the optimal trading strategy in non-semimartingale models.

In this paper, we address this question. For this, we investigate portfolio optimi-
sation under transaction costs for non-semimartingale price processes satisfying
the stickiness condition such as the fractional Black—Scholes model and utility
functions U : R — R that are defined on the whole real line. The prime example
of such a utility is exponential utility U (x) = — exp(—x). Besides the nonlinearity
of the wealth dynamics under transaction costs, the main difficulty is that frac-
tional Brownian motion is neither a semimartingale nor a Markov process and,
therefore, the standard tools from stochastic calculus are quite limited. The basic
idea to overcome these issues is to use the concept of a shadow price. This is a
semimartingale price process S = (E)OEIET such that the solution to the friction-
less utility maximisation problem for this price process gives the same optimal
strategy and utility as the original problem under transaction costs.

Our main result is established in Theorem 4.1 below. It shows the existence of
shadow prices for utility functions that are bounded from above, under the assump-
tion that the price process S = (S;)o<;<7 is continuous and sticky. Theorem 4.1
also ensures that an optimal trading strategy exists. In the frictionless case, one
typically assumes the existence of an equivalent local martingale measure for the
price process having suitable integrability properties to achieve this. In contrast,
our sufficient conditions under transaction costs are more robust and hold in a wide
variety of models; see [3, 14, 28, 31, 32, 35, 45, 46].3 They apply in particular to
the fractional Black—Scholes model and exponential utility. Moreover, we give an
example that illustrates that the condition that the price process S = (Sy)o<;<7 18
sticky cannot be replaced by the assumption that it satisfies the condition (NFLVR)
of “no free lunch with vanishing risk” (without transaction costs).

The connection to frictionless financial markets is then the key to use tools
from semimartingale calculus for the potentially non-semimartingale price pro-
cesses S = (Sy)o<sr<r by simply applying them to the shadow price process

3Note that, if a process has conditional full support, it is also sticky.
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S = (E)OSIST- This also allows us to exploit known results for portfolio optimi-
sation in frictionless financial markets under transaction costs. For the fractional
Black—Scholes model, we obtain in this manner that the shadow price process is
an It6 process given by

(1.1) dS; = S; (i, dt +6:dWy), 0<t<T,

where u = (i;)o<t<r and & = (6;)o</<7 are predictable processes such that the
solution to (1.1) is well defined in the sense of It6 integration.

We expect that analysing the coefficients [t = ({i;)o<;<r and & = (6;)o<;<7 Of
the It6 process (1.1) should also allow to obtain quantitative results for the optimal
strategy under transaction costs in the fractional Black—Scholes model. A thorough
analysis of these coefficient processes is left to future research.

By the definition of the shadow price, the optimal strategies under transaction
costs and the corresponding frictionless problem only trade, if the shadow price S
is equal to the bid price or the ask price, that is, S=(1-MSorS=S5, respec-
tively. For sufficiently small transaction costs, we show the intuitively obvious fact
that—with high probability—the optimal strategy actually does trade as opposed
to just keeping the initial position in bond. As a consequence, we obtain a rather
surprising result on the pathwise behaviour of fractional Brownian motion: the tra-
jectories may touch an It6 process in a one-sided manner without reflection. The
set on which the paths touch contains the set on which the optimal strategies trade.

It is tempting to conjecture that the above described touching of the trajectories
of the fractional Brownian motion and the Itd process happens on a Cantor-like
compact subset of [0, 7] without isolated points and that the optimal trading strat-
egy is continuous on (0, T') and of local time type. When S is the usual Black—
Scholes model, it is well known that these properties hold true; see [23, 53, 55].
However, in the present fractional case, the question seems to be completely open.

The conditions that the price process S = (S;)o<;<r 1s continuous and sticky
are invariant under equivalent changes of measure. Therefore, our main result also
ensures the existence of exponential utility indifference prices for all bounded

European contingent claims C by the usual change of measure given by % =

%; compare [25, 49] for the frictionless case. The question is then, if this

allows to obtain more reasonable prices in the fractional Black—Scholes model.
Recall that the concept of super-replication leads by the face-lifting theorem [32]
only to economically trivial prices in these models; compare also [54].

It is “folklore” that the existence of a shadow price is in general related to the
solution of a dual problem; see [18, 20, 22, 37]. We establish this relation for utility
functions taking finite values on the whole real line and cadlag price processes and
provide the necessary duality results in this setup. Similarly, as in the frictionless
case [50], this builds up upon results from utility maximisation for utility functions
U : (0, c0) — R that have been recently established in [20] under transaction costs.
Moreover, we use an “abstract version” of the duality for utility functions on the
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whole real line in the spirit of those in [41] for utility functions on the positive
half-line.

The understanding of the duality, sometimes called the “martingale method”, in
the context of portfolio optimisation goes back to [34, 38, 39] in the frictionless
case. Under transaction costs, our work complements the dynamic duality results
[16, 17, 20, 22] for utility functions on the positive half-line as well as the static
duality results [4, 8, 9, 11, 24] for (possibly) multivariate utility functions.

The insight that utility maximisation can be studied under proportional trans-
action costs also for non-semimartingale price processes goes back to Guasoni
[29]. In that paper, utility functions U : (0, c0) — R are considered under the as-
sumption that the problems are well posed. However, in this setup it is not clear
whether or not this assumption is satisfied for non-semimartingale processes such
as the fractional Black—Scholes model and popular utilities like logarithmic util-
ity U(x) = log(x). In particular, a counterexample in [22] shows that it is not
sufficient to suppose that the price process is continuous and sticky to guarantee
the existence of a shadow price. For utility functions U : (0, o) — R that are
bounded from above like power utility U (x) = %xl’ with p € (—o0, 0), Guasoni’s
result [29] applies and establishes the existence of an optimal trading strategy un-
der transaction costs. It remains an open question whether a shadow price exists in
this setting.*

The paper is organised as follows. We formulate the problem in Section 2. Sec-
tion 3 contains the duality results and the relation of the solution to the dual prob-
lem and the shadow price for utility functions on the whole real line. Our main
result, which asserts the existence of a shadow price, is established in Section 4.
We explain how to specialise this result to the fractional Black—Scholes model and
exponential utility in Section 5. In Theorem 5.3, we give the result on the path-
wise behaviour of fractional Brownian motion. Finally, the Appendix contains an
“abstract version” of the duality result established in Section 3 that is used in its
proof.

2. Formulation of the problem. We consider a financial market consisting of
one riskless and one risky asset. The riskless asset is assumed to be constant to one.
Trading the risky asset incurs proportional transaction costs A € (0, 1). This means
that one has to pay a (higher) ask price S; when buying risky shares but only re-
ceives a lower bid price (1 — A)S; when selling them. Here, S = (S;)o<;<r denotes

4Note added in proof: This question has been answered in [19] in the meantime. If the indirect
utility is finite, it is sufficient for the existence of a shadow price that the price process is continuous
and satisfies the condition (TWC) of “two way crossing”; see [5, 47]. Combining this with the fact
that fractional Brownian motion satisfies a law of iterated logarithm not only at deterministic times
but also stopping times (see Theorem 1.1 of [47]), it allows to deduce the existence of a shadow
price for the fractional Black—Scholes model and a// utility functions U : (0, co) — R satisfying the
condition of reasonable asymptotic elasticity.
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a strictly positive, adapted, cadlag (right-continuous process with left limits) pro-
cess defined on some underlying filtered probability space (2, F, (Fr)o<i<T, P)
with fixed finite time horizon T € (0, oo) satisfying the usual assumptions of
right-continuity and completeness. As usual equalities and inequalities between
random variables hold up to P-nullsets and between stochastic processes up to
P-evanescent sets.

Trading strategies are modelled by R>-valued, predictable processes ¢ =
((p? , (ptl)os ¢<r of finite variation, where (p? and (ptl describe the holdings in the risk-
less and the risky asset, respectively, after rebalancing the portfolio at time ¢. For
any process ¥ = (¥;)o<;<r of finite variation, we denote by ¥ = ¥¢ + Yt —yt
its Jordan—Hahn decomposition into two nondecreasing processes ¥ T and ¥ ¥ both
null at zero. The total variation |y|; of ¥ on (0, 7] is then given by |/ |; = w,T + lﬂ#.
For 0 <s <t < T, the total variation of ¥ on (s, f] denoted by f; |dyr,| is then
simply | f |d¥ry| = || — | |s. Note that, any process ¥ of finite variation is in par-
ticular ladlag (with right and left limits). For any ladlag process X = (X;)o<t<7,
we denote by X€ its continuous part given by

C=X - ) ALX,— Y AX,,
s<t §<t

where A X; := X;4+ — X; are its right and A X, := X; — X;_ its left jumps.
A strategy ¢ = (90,0, @})OSIST is called self-financing, if

t t t
ey [agt == [ sidgyt+ [[a-ns.delt.  0sssi<T,
N S N

where the integrals

t
/Sudgou f5d<p1“+25 App T+ YT Suniet,
)

S<u<t s<u<t

/ (1= 2)S, dgl+t - —/ (1= 0)Sudglb+ 3 (1= 1), Aght

S<u<t

+ Y 0=SuALe

s<u<t

can be defined pathwise by using Riemann—Stieltjes integrals, as explained in
[20, 21, 52] for example. The total variation of ¢ = ((po, (pl) on (s,t] is given
by Ji ldul = 5 1d@)| + [ 1dg,.

A self-financing strategy ¢ = (¢°, ¢') is called admissible, if there exists some
constant M > 0 such that its liquidation value satisfies

22 VM@ =@+ ()T A-08 —(9) Si=-M,  0<r<T.

For x € R, we denote by .Aadm(x) the set of all self-financing and admissi-
ble trading strategies under transaction costs A starting from initial endowment
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0, 9)) = (x,0) and
(9g> ¥y) = (x,0) an,

Cr0) == {V4@lp = (0%, ¢') € Ay (1)}

As explained in Remark 4.2 in [12], we can assume without loss of generality
that <p} = (0 and, therefore, have

Chx) = {¢p = (¢° ¢') € Algrn (1)}

A A-consistent price system is a pair of stochastic processes Z = (Z, , Z )o<i<T
consisting of the density process Z° = (Z )0<t<T of an equivalent local martin-
gale measure Q ~ P for a price process S= (S,)ofth evolving in the bid-ask
spread [(1 — A)S, S] and the product Z! = VAKY Requiring that S is a local mar-
tingale under Q is tantamount to the product Z! = VAL being a local martin-
gale under P. Similarly, an absolutely continuous A-consistent price system is a
pair of stochastic processes Z = (Z°, Zo<,<r consisting of the density process
70 = (Z )o<,<T of an absolutely continuous local martingale measure Q < P for
a price process S = (S,)0<t<T evolving in the bid-ask spread [(1 — 1) S, S] and the
product Z' = Z°§ which is assumed to be a local martingale. Under transaction
costs, these concepts play a similar role as equivalent and absolutely continuous
local martingale measures in the frictionless case. We denote by Z* the set of
all A-consistent price systems and by Z2 the set of all absolutely continuous A-
consistent price systems.

While absence of arbitrage in the frictionless setting in the form of the existence
of an equivalent local martingale measure for the price process S = (S;)o<;<7 im-
plies that it has to be a semimartingale (this property is invariant under equivalent
changes of measure), non-semimartingales can be used to model asset prices in an
arbitrage-free way as soon as proportional transaction costs are taken into account.
Indeed, for the prime example of a non-seminarmartingale, geometric franctional
Brownian motion S := exp(BtH ) with Hurst parameter H € (0, 1) \ {%}, Guasoni
[30] showed that this price process is arbitrage-free for any proportion A € (0, 1) of
transaction costs, and hence admits a A-consistent price system for any A € (0, 1)
by the fundamental theorem of asset pricing for continuous processes under small
transaction costs in [33]. As has been observed by Guasoni, the crucial property of
fractional Brownian motion, which allows us to deduce the arbitrage freeness, is
that it is sticky.

DEFINITION 2.1. A stochastic process X = (X;)o<;<7 is sticky, if

P( sup |Xt—Xr|<8,r<T)>O,
telr,T]

for any [0, T']-valued stopping time 7 with P(t < T) > 0 and any § > O.
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By Proposition 2 in [3], the stickiness condition is preserved under a transfor-
mation of the process X = (X;)o<;<7 by continuous functions. Therefore, it does
not make a difference, if we require that the R -valued process S = (S;)o<;<7 Or
X; :=1og($;) is sticky.

In this paper, we want to investigate the existence of optimal trading strategies in
models based on fractional Brownian motion (BtH ) such as the fractional Black—
Scholes model, where

S, =exp(ut +oBH),  0<t<T,

where 4 € R and o > 0.

To that end, we consider a utility function U : R — R that is defined and
finite on the whole real line, increasing, strictly convex, continuously differen-
tiable and satisfying the Inada conditions U’(—00) = limy_, _ U’(x) = 00 and
U’ (00) = limy_, o0 U'(x) = 0. The prime example of such a utility is exponential
utility U (x) = — exp(—x). While for utility functions on the positive half-line neg-
ative wealth is forbidden by the admissibility condition of nonnegative wealth, this
is not ruled out in the present setting but only penalised by giving it a low utility.
Therefore, the optimal trading strategy is in general not attained in the set of admis-
sible trading strategies (which are uniformly bounded from below) and the “good
definition” of “allowed” trading strategies becomes crucial; see [51] for results
in the frictionless setting. In the frictionless case, there are two approaches to deal
with this issue. The first is to use a dual definition and to consider all trading strate-
gies whose wealth processes are a supermartingale under all equivalent local mar-
tingale measures (ELMM) Q with finite V-expectation, that is, E[V (y i—%)] <0
for some y > 0, where V (y) := sup,r{U (x) — xy} for y > 0 denotes the Legen-
dre transform of —U (—x); see, for example, [7, 25, 36].

We follow the second approach of [50] to consider the “closure” of the set of
terminal wealths of admissible trading strategies with respect to expected utility.

For this, we define

Ch(x) ={g e L°(P; RU {o0})|3g, € C(x) st

U(g) € L'(P) and U(gn) =% U (g))

and consider the maximisation problem:

(2.3) E[U(g)] » max!,  geChx).

Clearly,

(2.4) u(x):= sup E[U(g)]= sup E[U(g)].
8€Cy (%) 8€Cy(x)

1
Note that U (g,) > U (g) implies that g, — g in LO(2, F, P; RU{00}), with
respect to convergence in probability, since U : R — R is strictly increasing.
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While the g, are real-valued random variables, it may—a priori—indeed hap-
pen that the solution g(x) to (2.3) takes the value oo with strictly positive proba-
bility, that is, P(g(x) = 0o) > 0. As explained in [1] in the frictionless case, this
can only happen, if U (c0) < 0o, and does not contradict the no arbitrage assump-
tion. In our setting under transaction costs, we show in Example 4.3 below how
this phenomenon arises. The question is therefore: does there exist a self-financing
trading strategy ¢ = (@? , @1 Jo<:<r under transaction costs A that attains the so-

lution g(x) to (2.3) in the sense that g(x) = V}iq((p‘)? For this, we consider the
set .A%] (x) of all predictable finite variation processes ¢ = ((p? , go,l)ofth, start-
ing at ((pg wé) = (x, 0), satisfying the self-financing condition (2.1) and such that

there exists go = (¢"", '™y e A*_(x) verifying that U(V}iq(w”)) e L1(P) and

Uiy =L v,

adm

Note that the latter convergence again implies that th (<p”) V}lq (¢) by the
strict monotonicity of U.

Requiring only that the terminal liquidation value V}i () can be approximated
by the terminal liquidation values V}lq (¢™) of admissible trading strategies ¢" =

(qoo nophny e Aadm (x) seems to be a rather weak version of attainability. However,
as we shall see in Proposition 3.2 and Theorem 4.1 below, our results yield that

0, ,
Pl 0") = (¢f. 0!). V€10, T]] =1,
which implies
PIV/%(p") = V(p), v €10, T]] =
by the definition of the liquidation value in (2.2).

We investigate the question of attainability by using the concept of a shadow
price.

DEFINITION 2.2. A semimartingale price process S= (:S'\,)oftET is called a
shadow price process if:

(D) S is valued irLthe bid—ask spread [(1 — A1)S, S].
(2) The solution ¥ = (¥%)p<;<r to the frictionless utility maximisation problem

(2.5) E[Ux+9+Sr)]—max!,  ©9eAy(x;9),

exists in the sense of [50]. Here, Ay (x; §) denotes the set of all §-integrable (in the
sense of Itd), predictable processes ¥ = (¥/)o<;<r such that there exists a sequence
(¥")52, of self-financing and admissible trading strategies " = (¥')o<,<7 With-

out transaction costs® such that U (x + 9" « ST) e L' (P)and U(x + 9"+ ST) a (P)

U(x 49+ Sr).

SThat is S-integrable, predictable processes 0" = (W)o<i<T such that X; =x + 9" » S >
—M (n) forall 0 <t < T for some constant M (n) > 0 that might depend on n; see [50], for example.
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(3) The optimal trading strategy 9 = (@)OS,ST to the frictionless prob-
lem (2.5) coincides with the holdings in stock @' = (¢)o</<r to the utility
matximisation problem (2.3) under transaction costs such that x + ¢ « S =

Vi9(@) =2 (x).

The basic idea is that, if a shadow price S = (E)OsrsT for (2.3) exists, this al-
lows us to obtain the optimal trading strategy for the utility maximisation problem
(2.3) under transaction costs by solving the frictionless utility maximisation prob-
lem (2.5). To the frictionless problem (2.5), we can then apply all known results
from the frictionless theory to solve it. Since the shadow price S = (S;)o<;<r has
to be a semimartingale, this allows us in particular to transfer some of the tech-
niques from semimartingale calculus to utility maximisation problem (2.3) for the
possible non-semimartingale price process S = (S;)o<;<T-

Note that the existence of a shadow price implies that the optimal strategy

= (l?t)o<,<T to the frlctlonless problem (2. 5) is of finite variation and that both
optlmal strategles 9= (z?,)o<,<7 and ¢ (p (gat Jo<:<7 that coincide 9= (p only
trade, if S is at the bid or ask price, that is,

[d0 =dp' >0} C{S=S) and [d¥=d@' <0} {S=(1-n)S)
in the sense that

[dD¢ =dp"* >0} C{S=8]},
[d9¢ =dg'c <0} S {S=(1-1)S),
{AD =A@ >0} C{S_=S5_},
(2.6) R R
{AD =APp <0} C|S_ =(1—-1)S_},
[A+D =AL9 >0} C{S=S5),
(ALD=A9<0}C{S=(1-n)S).

Here, a precise mathematical meaning of the inclusions (2.6) above is given by

T T
~1.1 _ ~1 . ~1,
/0 L5508, —/0 G5 @dQ "+ Y g Lg AT
O<u<T

+ Y g @A =0,

0<u<T

T T
1, _ 1.,
/0 1521 5) WPy ¥ =/0 1515y (@) APy ¢

Al’
+ 0 15 saonsy WARY

O<u<T

A]’ _
+ ) Ls2a-nsy (ALY, v=0.

O<u<T
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It is “folklore” that the shadow price is related to the solution of the dual prob-
lem; see Proposition 3.9 of [20], for example. In the present setting of a utility
function that is defined on the whole real line, we explain this relation in the next
section.

3. Duality theory. We discuss the connections between shadow prices and
the solution to the dual problem for utility functions on the whole real line. The
following duality relations can be obtained similarly as their frictionless counter-
parts in [50]. This has already been implicitly exploited in the static setup of [8].
We will prove this result in the Appendix by reducing it to an “abstract version”.

THEOREM 3.1 (Utility functions on the whole real line). Suppose that S
is locally bounded and admits a ) -consistent price system for all ' € (0, 1),
that U : R — R satisfies the Inada conditions U'(—00) = limy_, _ U'(x) = 00
and U’ (00) = limy_, o U'(x) = 0, has reasonable asymptotic elasticity, that is,

AEoo(U) = limy— o0 xl‘,’('fj;) <1 and AE_o(U) :=lim__, xl‘,’('fy > 1, and
that

(3.1) u(x):= sup E[U(g)] <U(c0)
§€Cy(x)

for some x € R. Then:
(1) The primal value function u, defined in (2.4), and the dual value function

= inf E[V(yZ%)],
v(y) 29 Pz [V(yZ7)]

where V(y) :=sup,g{U(x) — xy} for y > 0 denotes the Legendre transform of
U, are conjugate, that is,
u(x) = inf{o(y) +xy},  v(y) =sup{u(x) —xy},
y>0 xeR

and continuously differentiable. The functions u and —v are strictly concave and
satisfy the Inada conditions

lim u'(x) = o0, lim v'(y) = o0,
X——00 y—00

lim u'(x) =0, lim v'(y) = —oo.

X— 00 y—0

The primal value function u has reasonable asymptotic elasticity.
(2) Fory > 0, the solution Z(y) = (Z°(y), Z'(y)) € Z[’} to the dual problem

(3.2) E[V(yZ9)]—» min,, z=(2° 2" ez}

exists, the first component 20T (y) is unique and the map y Z(% (v) is continuous
in variation norm.
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(3) For x € R, the solution g(x) € Cl)‘] (x) to the primal problem (2.3) exists, is
unique and given by

(33) g = U)W 2 W),
where y(x) = u’(x).
(4) We have the formulae

V() = E[ZY0V'(0Z3(y)] and xu'(x) = E[g(x)U'(E())],

where we use the convention that 0 - oo = 0, if the random variables are of this
form.

Why did we focus on utility functions U taking finite values on the entire real
line? The reason is that, for utility functions U : (0, o) — R on the positive half-
line shadow prices might fail to exist due to the fact that the solution to the dual
problem is not necessarily attained as a local martingale but in general only as a
supermartingale; see, for example, [6, 18, 20, 22]. We do not know how to success-
fully overcome this difficulty for models like the fractional Black—Scholes model
in that context.% This “supermartingale phenomenon” does not appear for utilities
U : R — R on the whole real line, the dual optimiser 1s guaranteed to be a local
martingale. On the other hand, the solution 7= (ZO Z! ) to the dual problem (3.2)
may—in general—fail to induce a shadow price due to the fact that it mlght only
be a absolutely continuous A-consistent prlce system, that is, that P(Z =0)>0.
By the duality relation (3.3), the set {Z = 0} is equal to the set {g(x) = co}. As
V(0) = U(00), such a behaviour can only arise, if U (00) < o0 and there exists
no A'-consistent price system 7= (Z Z Jo<s<T such that E[V(yZ )] < oo for
some y > 0; compare [1, 15, 50] for the frlctlonless case. For utility functions such
that U (00) = 00, the dual optimiser Z=(Z% 27", provided it exists, always sat-
isfies 2(% > 0 almost surely. However, for these utility functions, condition (3.1)
seems hard to verify for non-semimartingale price process such as the fractional
Black—Scholes model.

The following proposition shows that the existence of a strictly consistent price
system with finite V-expectation ensures the attainability of the primal optimiser
g(x). It generalises Lemma 25 in [8] to our setting and its proof follows by similar
arguments.

PROPOSITION 3.2. Under the assumptions of Theorem 3.1, suppose that, for
some )" € (0, )), there exists a \'-consistent price system Z = (ZO Zh e ZA such
that

E[V(3Z})] < o0

Note added in proof: We answered this question in [19] in a quite satisfactory way: for the frac-
tional Black—Scholes model, there exists a shadow price for all utility functions U : (0, 00) - R
satisfying the condition of reasonable asymptotic elasticity. See the footnote on page 1417 for more
details.
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for some y > 0. Then the solution to the primal problem (2.3) is attainable, that
is, there exists ¢ = ((p ) € .A)“ (x) such that V. 1q(go) = g(x), and there exist
ot = (@O, gy e A* (x) such that

adm

(3.4) PL@". ") — @0.9)). Ve [0, T1] =

PROOF. By Theorem 3.1, there exists a sequence ¢" = (9", ¢1") € Aadm (x)
such that

L'(p)
—_—

U(vri(¢") U2(x)).

Then (Z?((p?’n +(,0t1’"5', + A}))o<:<r 1s a supermartingale for all n, where S:=%<
and A7 := (h — 1) [§ Su d(pu "4 Indeed, by integration by parts we can write

Z?(w?’”+<p}’”§z)=Z?(<p9’”+fo §ud<p;’”+f0 wi’”dS'u).
Since S € [(1 —A))S, S] and
t
w?’"Sx—/O S.de) "T+/ (1 —1)S, dglmY

by the self-financing condition (2.1), the process ((pt + fo Sy d(p1 M+ AP)o<i<T 18
nonincreasing. Moreover, by Bayes’ rule S is a local martingale under the measure
Q ~ P given by Z—P = Z(} and, since @ is of finite variation, and hence locally
bounded, the stochastic integral " « § is a local martingale under Q. Therefore,
70" + 1§ + A™) is a local supermartingale under P again by Bayes’ rules
that is bounded from below by Z°V14(¢"). Since ¢" € Aadm (x) is admissible and
70 a martingale, this implies that Z%(¢%" 4 ¢! S + A") is a true supermartingale
so that

(35) E[Z0(VIe") + AL)] = [zo (q)%" + (=) /0 s dw;m)] <x

for all n. Combining Fenchel’s inequality with the monotonicity of U, we can
estimate

ZYV + Ap) = UV — VTZP)).

. _ 1 _
Since L(U(V1%p™) — VGZ9) =T LU @) — V(TZP)). as n — oo, we
obtain that (Z0 (V%lq(go ) + AT)7)52, is uniformly integrable, and hence that

(Z9 (V“q(<p") + A%))%°, is bounded in L'(P) by (3.5). Since Z% > 0 and

llq( "y — L@ 2(x), this 1mphes that conv{A”: n > 1} is bounded in L°(P). Since

S is as a nonnegative local Q-martingale also a Q-supermartingale, we have that
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info<y<r Su = info<,<7 S, >0 by the minimum principle for supermartingales.
This implies that conv{|¢""|7; n > 1} and hence conv{|¢*"|7; n > 1} are bounded
in LO(P) as well. By Proposition 3.4 in [12] (and its application in the proof of
Theorem 3.5 therein), there exists a sequence

(ao,n’ aln) c Conv(((po’n, (pl’n), (q)O,nH’(pl,n—i-l)’ ) )

of convex combinations and a predictable process ¢ = ((’ﬁ? , (’ﬁtl Jo<:<7 of finite vari-
ation such that

(3.6) PL@", ") = (@°,9)), V1 €0, T]] = 1.
The convergence (3.6) then implies that ¢ = (@°, @') is a self-financing trad-

1ng strategy under transaction costs A such that th((p) = g(x), and hence
geAyx). O

The next result shows that (3.4) is sufficient to guarantee the existence of a
shadow price.

PROPOSITION 3.3. Under the assumptions of Theorem 3.1, suppose that
the solution g(x) to the primal problem (2.3) is attainable, that is, there ex-
ists go = ((p @ e A}‘ (x) such that V. 1q((p) = g(x), and that there exist §"
@0, gty e Addm(x) such that

~0,n ~1, P
(3.7) Pl@". &™) — @ 9). Vi €l0.T]] = 1.
Then the dual optlmzser 7= (ZO Z! Yto(3.2)isin Z)‘, that is, a A-consistent price

system, and S:= ZO is a shadow price (in the sense of Definition 2.2) to problem

2.3).

PROOE.  Since 2(x) = Vp4(@) < oo, we have that $(x)Z% = U'((x)) > 0
by the duality relation (3.3) and, therefore, that the dual optimiser Z=(Z°27ZY
is in Z2. It then follows along the same arguments as 1n the proof of Propo-
sition 32 after replacing ¢" = = (%", ') by " —( ,(pl”‘) and Z =
(2%, Z") by Z =(Z° 7" and setting A’ = A that (ZO~0” + Zl 1”)°°1 is a

sequence of supermartingales 700 4 Z1gtn = (Z?go? " Zl go, "Mo<t<r such

that ((Z(%E,bg” + Z}&}") )oo; is uniformly integrable. This implies that each
((Z?(Z? o Z}(Ztl )~ )051<T is a nonnegative submartingale, and hence of class
(D) so that ((Z?@? "+ Z.9 71zl ") 7)o2 is uniformly integrable for every [0, T]-
valued stopping time 7. Smce

ZO&?”+Z]¢’l”P_—>ZI¢JI+Zi@ asn — oo,
for every [0, T']-valued stopping time 7 by (3.7), we obtain that (Z, o, +

Z, (p, No</<7 is a supermartingale by Fatou’s lemma that has by part (4) of Theo-
rem 3.1 constant expectation and is therefore a martingale.
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By integration by parts, we get that
2%9°+72'¢' =72°@° + ¢'8) = Z°(x -5 —A),
where

A= /(S—(l—,\)s ‘¢+/(S—S)dA‘T, 0<t<T,

is a nondecreasing, predictable process.

Since 20{50 + Zlg’ﬁl isa martingale and Z0(x + Pl e S) is a local martingale by
Bayes’ rule and the fact that @' is of finite variation, and hence locally bounded,
this implies that A = 0 and, therefore that ZO(<p + @ S) ZO(x + @ L. §) is a
martingale and {d(p >0} C {S S} and {d <0} C {S = (1 — X)S} in the sense
of (2.6). As 7= (Z0 Z! ) € ZA, we obtain that Z°0 = (Z )o<t<T is the density
process of an ELMM for the frictionless price process S= (Sz)osst Therefore,
70 = (’Z\?)OSZ‘ST and y(x) have to be also the solution to the frictionless dual
problem:

E[V(yZr)] + xy — min!, y>0,Z € Z,9),

where Z, (§) denotes the set of all density processes Z = (Z;)o<;<r of absolutely
continuous martingale measures Q <« P for the locally bounded price process
S = (Et)OSZST- It follows from the frictionless duality (see Theorem 2.2 in [50])
that x + ¢! - Sr = (ﬁ‘% + angT = V}lq(fﬁ) = U’(j?(x)Z ) is the optrmal terminal
wealth to the frictionless utility maximisation problem (2.5) for S = (S,)0<,<T
Since x + §! -Sisa 0- martmgale under the measure Q P given by dQ = Z0
by Bayes’ rule, we obtain that @' ((pT)0<,<T has to be the optimal strategy to
the frictionless utility maximisation problem (2.5) and, therefore, in Ay (x; S) by
part (iv) of Theorem 2.2 in [50], as the optimal strategy is unique in L(S). This
implies that S = (S,)0<t<T is a shadow price process in the sense of Definition 2.2
for the utility maximisation problem (2.3) under transaction costs. [

4. The main result.

THEOREM 4.1. Suppose that S is continuous and sticky and that U : R — R
is strictly concave, increasing, continuously differentiable, bounded from above,
satisfying the Inada condition U'(—00) = limy_, o, U’ (x) = —00 and having rea-
sonable asymprotic elasticity, that is, lim,_, _ xg(g) > 1.

Then we have for any x € R and any proportion of transaction costs A € (0, 1)
that:

(1) An optimal trading strategy ¢(x) = (@9()6), (’ﬁ,l (x))o<t<T € .A)(‘J (x) for (2.3)
exists.
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(2) There exist admissible trading strategies §" = (", ") e Aﬁdm(x)
which are maximising for (2.3) and such that

Pl@". 5" > @°.¢1). Vi €0, T]] = 1.

In fact, for every maximising sequence (¢")7° | € -Ai{dm (x) we can find a sequence

(@™o | of convex combinations with the above properties.

(3) The dual optimiser Z= (20, 21) to (3.2) is in Ze)‘, that is, a A-consistent
price system._

4 §:= 2. s a shadow price (in the sense of Definition 2.2). This implies in

70
particular that

[dg'c>0}c{S=S8), {d@g"“<0}c{S=(1-nSs],
[AP' >0} C(S_ =S}, {ag'<0}c{S_=01-wnS],
(ALg'>0)c{S=5), [A @' <0)c{S=01-nS).

The proof of Theorem 4.1 will be broken into several lemmas. We begin by
verifying the conditions of the duality theorem (Theorem 3.1). Since § is contin-
uous and sticky, combining Corollary 2.1 in [30] and Theorem 2 in [33] yields
the existence of a strictly consistent price system for all sizes of transaction costs
A" € (0, 1). Moreover, the conditions on the utility function U are satisfied by our
assumptions. Therefore, we only need to check condition (3.1).

LEMMA 4.2. Let U : R — R be a utility function that is bounded from above
and S = (Sy)o<t<t be sticky. Then we have, for all x € R, that

4.1) u(x)= sup E[U(V;Y(9))] < U(co).
weA;Ldm(x)

PROOF. By the stickiness of S = (S;)o<;<7, and hence that of X; :=log($;)
the set

A= { sup
1€[0,T]

So A A
——l<—}2{sup |X,—X0|<10g(1+—>}
' 1€[0,T] 3

has strictly positive measure, that is, P[A] > 0. Similarly, as in Lemma 2.5 and
Proposition 2.8 in [30] we then have that V}lq(w) <x on A for any ¢ € Aﬁdm(x).
Indeed, using the self-financing condition (2.1) under transaction costs we obtain
that
i
Vri(@) =7 + 1St —Sr(er)”

T T
42) Sx—/ Sudso;—xf Sudglt + ok S7 — 1S (ph)*t
0 0
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T 1 T 1 1 1\+
—x— fo (Su — So)do, — xfo Sudot 4+ ol (S7 — So) — 1S7(eh)

2 (T 2
<x- —A/ Sudplt — ZaSr(ph)t <x on A.
3 Jo 3
This implies that

E[U(V4%g))] < U(co)(1 — P[A]) + U (x) P[A] < U(c0)

for all ¢ € Af;dm(x) and, therefore, (4.1) by taking the supremum. [J

Applying the duality theorem (Theorem 3.1) allows us to obtain a maximis-
ing sequence ¢" = (", ¢ " Vo<r<T € A (x) of self-financing and admissible
trading strategies and a random variable g = g(x) € LO(P; R U {o0}) such that
E[U(g(x))] =u(x) and

Vil(e") > B0,
4.3)

U(viem) L v (ew).

As already mentioned, it may—a priori—happen that the random variable g(x)
takes the value co with strictly positive probability. The following example illus-
trates how this phenomenon arises under transaction costs. It shows, in particular,
that the condition that S = (S;)o<;<r 1s sticky in Theorem 4.1 cannot be replaced
by the assumption that S = (S;)o<;<r satisfies the condition (NFLVR) of “no free
lunch with vanishing risk” (without transaction costs).

EXAMPLE 4.3. We give an example of a price process S = (S;)o<s<1 such
that:

(1) S is continuous.

(2) S satisfies the condition (NFLVR) without transaction costs and, therefore,
admits a A’-consistent price system for all A" € (0, 1).

(3) There exists no optimal trading strategy to the problem of maximising ex-
ponential utility U (x) = — exp(—x) under transaction costs A € (0, %), that is,

li li
E[U(V,"Y(¢))] = E[—exp(=V, U¢))] — max!, @ € Ay (x).
(3’) There exists a sequence @" = (@?’", (’ﬁtl’n)of,fl € Ai‘] (x) such that

U(vie) 22 0= U(co)

~ . P
and, therefore, g(x) = oo P-a.s. In particular, we have that |¢" |7 — oo.
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For convenience, we give the construction on the infinite time interval [0, +00].
The corresponding example on the finite interval [0, 1] can be obtained by using a
time change % : [0, +00] — [0, 1] given by A(¢) = (1 — exp(—t)) and considering
Sh() instead of S;.

We begin by specifying the ask price S = (S;)o<s<co under an equivalent local
martingale measure Q. Let W = (W;);>0 be a Brownian motion on [0, +00) under
0 and set

1 1
o= il’lf{l > O‘g(W)t =€Xp<W; — Et) — 5}

Define S = (SI)OEZEOO by
St =2E(W)7, 0<t<oo.

In prose, the price process S starts at 2. It then fluctuates until it hits the level 1
for the first time at time o and then remains constant afterwards. Since the stopping
time o is almost surely finite, we have that the price process is a nonnegative local
martingale under Q such that Soo =1 Q-a.s.

Therefore, short selling one share of stock at time 0 yields 2(1 — 1) — 1 > 0 at
time oo as liquidation value.

The problem with this strategy is, of course, that it is not admissible. Since the
stock price can get arbitrarily high with strictly positive probability, the liquidation
value V'9(¢) can get arbitrarily small with strictly positive probability between 0
and o. However, we can approximate this strategy by admissible trading strategies

_ _0n -1, . . 1,
"= (@ ", @ "o<t<co € Aly, (0). For this, we simply set ¢, " = —170,0,,] (¢) for

0 <t < o0, where o, := inf{t > 0|S; = n}, and define ([)?’n via the self-financing
condition (2.1) with equality. Then
liq, -
o (9") = 21 = 2) = )15, 20)
P-a.s.

+ (20 =21) —n)lg<o) —> 14+2(1—2) — 1 asn — 0o,
since 0, /' oo Q-a.s. Therefore, setting @' = n@"" and @*" = ng®" gives
a sequence (¢")5°, of self-financing and admissible trading strategies @" =

((’ﬁ?’n» @l’n)OStSOO € .A;“dm(O) such that

U(V(@") == exp(-n(2(1 = 1) = 1)1,

— exp(—n(2(1 —A) — n))]l{gn<g} ﬁ) 0 as n — oo.

To ensure the convergence also in L'(P), we need to specify the distribution of §
under P. Since

E[U(V3(@"))] = —exp(=n(2(1 = &) — 1)) P(0,, > 0)
—exp(—n(2(1 = 1) —n))P(o, < 0)
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and —exp(—(1 +nQ2{0 —X) —n))) = O(exp(nz)), it will be sufficient to choose
P ~ Q such that P(o, < 0) = o(exp(—nz)). This is possible because A, :=
{0, < o} is a decreasing sequence of sets such that Q(A,) > 0 and Q(A,) \O.

To obtain u(x) < U(c0), we flip a fair coin at time 0. If heads shows up, we use
the above price process. If we observe tails, then the price process stays at 2.

The above example indicates that g(x) can only take the value oo, if the to-
tal variations (|@"|7)32, of the maximising sequence ¢" = @", ol ™Yo<i<T €
Aﬁdm (x) of admissible trading strategies diverge to co. However, this behaviour
leads to an infinite amount of trading volume and therefore of transaction costs.
This cannot be optimal for a sticky price process and we now argue how to ex-

clude it. For this, we observe that, if we have that

4.4) C :=conv{|¢"|;;n > 1}
is bounded in L(P) for a sequence (¢");2 of strategies ¢" € Agdm (x) satisfying

o0

(4.3), there exists a sequence (¢")>2 | of convex combinations

¢" econv(@", ¢" 1, ...)

and a self-financing trading strategy ¢ = (@? ) @1)05,57 under transaction costs
such that

4.5) Pl@". 90" =25 (@2.9)). Vi€ [0.T]] =1

by Proposition 3.4 in [12] (and its application in the proof of Theorem 3.5
therein).’
Since we then have, in particular,

li P lig , ~ ~
Vid(@") — V@) =g,

. 1 .
u(vien) “L u(vig) = uzw).

this implies that @ = (@Y, §!)o<i<1 € A, (x) attains the solution g(x) to (2.3) and
that g(x) is a.s. real-valued. Therefore, it only remains to show that (¢")7° | satis-
fies (4.4) which will be true for any sequence (¢");2 ; of strategies ¢" € Agdm (x)
satisfying (4.3).

To that end, we fix any sequence (¢")>° | of strategies ¢" € Agdm(x) satisfying
(4.3) and denote by S the set of all [0, T]U {oo}-valued stopping times o such that

conv{|¢"|, 7 n = 1}
is bounded in L°(P). Then (4.4) corresponds to showing that co € S.

7Note that, since C C Lg_(P) is convex and bounded, there exists, by, for example, Lemma 2.3 in

[10], a probability measure Q ~ P such that C is bounded in L (Q) so that the sequence (@”)g‘;l,
indeed, satisfies the assumptions of Proposition 3.4 in [12].
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LEMMA 4.4. The set S is stable under taking pairwise maxima, that is,
01,09 € S implies 01 V o € S.

PROOF. Let ¢ € A :=conv{|¢"|; n > 1}. Then

w(al\/az)/\T = v/cflAT]l{alzaz} + WO'ZAT]]-{Ul <op}-

This implies that

lim sup P (Y (o;voyaT = N)

N—>ool//€

< lim sup P(Yo,a7 = N) + hm sup P(Yo,aTr = N) =

N—00 A N—=00yecq

and hence thatoy Vo, € S. O

The fact that S is stable under taking pairwise maxima allows us to obtain its
essential supremum

(4.6) 0 :=esssupo

oceS
as a limit of an increasing sequence (0%);>, of stopping times 6 € S by Theo-
rem A.33(b) in [27]. Note that & > 0, as 0 € S, and that & again is a stopping
time.

Recall that the existence of a shadow price implies that the optimal trading
strategy ¢ = ((’ﬁ? , @)o</<r under transaction costs only trades, if the shadow price
is at the bid or ask price in the sense of (2.6). The next lemma shows that this is
already the case in an approximate sense, if we do not yet know, whether or not
there is a shadow price.

LEMMA 4.5. Under the assumptions of Theorem 4.1, let (go”)zil be a
maxzmzsmg sequence of admissible trading strategies ¢" ((pt ,got )o<t<T €

adm(x) for problem (2.3) satisfying (4.3) and set By j = {ZOS VARS } and
By j= {Z1 ZO(I -S> j}for] € N. Then we have, for all j € N, that

1,n,]

L,n,
ILB]’j.gDTnT"f_I]-BZI.q)T 0’

P
N
0,n, 0,n,t P
leLj'(PTni'i‘]le,j’ﬁﬂT T—)0

PROOF. Here, we can without loss of generality assume that we have equality
in the self-financing condition (2.1) for the maximising strategies (¢");2 ;. Since
0 <supg<;<7 St <00 P-a.s. by the assumption that § is strictly positive and con-
tinuous, it is sufficient to prove the assertion for (pl’” = (%l’n)0§t§T- This implies
the assertion as well for goo’” = (¢? ’n)0§z§T by the self-financing condition (2.1).
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By Lemma A.2, we have that

LY(P )
290" 5 798 (x)

for any maximising sequence ¢" = (<,0t ) <Pt "Mo<s<r of self-financing and admis-

sible trading strategies satisfying (4.3). As we can without loss of generality as-
sume that (plT’" =0, defining

Xt=?" 70+ o!"Z}, 0<i<T,
gives a sequence (X ”)"o | of supermartingales X" = (X )o<:<T starting at x such
that X 7 converges in L'(P) to the terminal value X3° = Z OTg(x) of the martingale
X = (X Jo<:<T given by
X©=E[Z380)|F].  0<t<T,
that is also starting at x by part (4) of Theorem 3.1.
By integration by parts, we obtain
XP=x+¢"eZ0 4 olneZl —ar,  0<r<T,
where
r e o Y
A" ;=/ (208, — Z)dplmt +/ (z! - Z°0 - ns)delmY,  0<r<T,
0 0
is a nondecreasing process starting at 0. Since
X =Z)e!" + 0 "8) = Z)V, ¢") = Z0(-m),  0<t<T,

for some m > 0 by the admissibility of ¢", the local martingale (x + AR
ZO +plne. Z Jo<:<7 is bounded from below by the uniformly integrable mar-
tlngale (ZO( m))0<,<T, and hence a supermartingale. As the supermartingales
X" = (X Jo<:<7 and the martingale X = (X Jo<:<T are both starting at x, the

L!
convergence X n LB % X7’ therefore implies that A7 —(> 0. Since

1 1 1,
A,]l" = ;(]]-quj .(pT,n’T +]]-sz .(an \L) _O,

. L'(
the latter L'-convergence yields that 1p, ; * oyt 1 By * oy P 0, and

hence also in probability. [J

We establish the following lemma to prove that & as defined in (4.6) equals
0 = 0o by contradiction.

LEMMA 4.6. Under the assumptions of Theorem 4.1, suppose that P(G <
o0) > 0. Then there exists a stopping time T with P(t < T) > 0 such that we
have:
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(1) conv{|p" | aT; n > 1} is bounded in LO(P),
(2) there exists a set A € F with A C{t < T} and P(A) > 0, a constant ¢ > 0
and a sequence (¢9");° | of convex combinations

@" e conv(g", "1, ..))
such that we have on A that:

@) [y ld@l| <c foralln,

) [T 1d" D 00, asn — oo,
©) 1S — Se| <48 forallt €[, T].

PROOF. Let X; =1log(S;) and define the stopping time

1 A
0 ::inf{t > 8‘|X, - Xz| > §1Og(1 + g)}

Clearly, 0o > on {o < T} sothat P(o >7) = P(@ < T) > 0. Hence,
4.7) D :=conv{|¢"| . zin =1}

is not bounded in L°(P) by the definition of . Moreover, since D C LQ_(P)
is convex, there exists by Lemma 2.3 in [10] a partition of €2 into disjoint sets
Qy, Qp € F, with P(£2,) > 0 such that:

(1) The restriction D|q, = {glg,|g € D} of D to €2, is bounded in LO(P).

(i) D is hereditarily unbounded in LO°%(P) on €,. That is, for every subset
BeF, BCQ,, P(B)> 0, wehave that D|p = {glpg|g € D} fails to be bounded
in LO(P); see Definition 2.2 in [10].

Now, we can have two cases. Either P(2, N{o>T}) >0or P(Q,N{o<T}) =
P(£2,). In the first case, we set F' := 2, N {o > T}. In the second one, there exists
by the stickiness of S and hence that of X a set F € F with P(F) > 0 such that
F S, N{o <T}and sup,c, 111X: — Xl < $log(1+%) on F.

By the continuity of S, we can choose k € N sufficiently large such that

1 A
sup | X; — X5, | <—log(1—|——>
te[61,61 3 3

onaset A e F with AC F and P(A) > 0.
Setting T = 6%, we then have (1) by (4.6) and that

A
sup |X,—Xr|<log<1+—) on A,
te[t.T] 3

which implies that

A
|St_Sr|§§St forallt € [t,T] on A.
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By part (4) of Lemma 2.3 in [10], assertion (ii) above yields the existence of a
sequence (Y¥")>° | of convex combinations

(4.8) " € conv{|e” }
such that

1
(4.9) P(Quﬂ{wg/\T<n})<;

Since conv{|¢"|;a7;n > 1} is bounded in LO(P), we can by an application of
Komlés’s lemma (see, e.g., Lemma A.1 in [26]) assume without loss of generality
that

(4.10) Yo LS asn — oo,

for some f € L0 (P).
Let (¢")52 be a sequence of convex combinations

K,
Pt = Z Mg(pmz e conv(p", "1, ..
k=1

that is obtained from the sequence (¢");° | by taking the same convex weights that
lead to the sequence (¥");° | in (4.8) from the sequence (|¢"]);2 ;. By (4.10) and
the convexity of the total variation, we can assume by possibly passing to a smaller
set A that still has positive probability P(A) > O that there exists a constant ¢ > 0
such that

|<ﬁn|mT§c foralln e Non A.

This proves properties (a) and (c) of part (2).

To establish property (b), we need to consider the following two cases:

(') P(Z9,; =0,4)>0,

(i) P(fOAT >0,A) > 0.

In case (i), it follows from the fact that Z° = (Z Jo<:<T 1S a nonnegative
martingale that G := {ZQAT =0} C {Z = 0}. By the duality relation g(x) =
(U~ (F(x)ZY.), this implies that g(x) = lim,— oo v,}‘q(a") = oo on G. Since § =
(St)o<r<r is strictly positive and continuous, we have that 0 < supy,<7 S < 00

P-a.s. The only way we can have g(x) = lim,,_, oo V}iq (@) = oo on G is therefore
that lim;,_, o, |¢" |7 = 00 on G by

V@Y =3 [ Sudpt 4 [ - 08,dpln 4 gy - a5k

§x+( sup S,>|¢\1’”|T—>oo onG.
0<t<T
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As |@"|;ar < c for all n > 1 on A C G, we have that fTT |d@};| — oo on
{?SAT =0} N A.

In case (ii’), we need to show that the fact that the sequence (Y™)2, of con-
vex combinations of total variation processes is unbounded in L°(P) in the sense
of (4.10) implies that the sequence (|¢"|)52, of total variations of convex com-
binations is unbounded in L°(P) in the same sense. While this is not true in
general, it follows in the present situation from the fact that all trading strategies
7" = @>", ) ""o=i<r of any maximising sequence satisfying (4.3) have to buy
and sell on the same sets up to an error that vanishes by Lemma 4.5. Therefore, the
difference between the total variation of the convex combinations and the convex
combination of the total variations vanishes by Lemma 4.5 as well.

To see this, we observe that we can assume without loss of generality after
possibly passing to a smaller set A that info<,<oaT 28 > ¢ for some ¢ > 0. This
follows by the minimum principle for supermartingales. Then we can choose j € N
sufficiently large such that the sets Bf, i= (Z0s — 7' < %} and B} i= (Z! —
Z9(1-nS8 < }}, where By j ={Z°S - Z' > }} and By ; ={Z' = Z°(1 —»)S >
%} are as defined in Lemma 4.5, are disjoint on {info<,<oA7 22 > c}. Therefore,

we can estimate on {info<,<oar Zg > ¢} that

Ky
0" |onr = 2 mie"
k=1 onT

Ky
— Zuz(wl,m’;,T _wl,mZ,L)
k=1

oNT

Ky

_ n e Lmit e Lmid

=D iy @t et =g el
k=1

+1p, ohmiet — 13, - phmiod)

onT
K
- “ n(q 1m} 4 1 Lml,|
—Z/*Lk( By Pont + Bj ; PonT )
k=1
Kll

1,m%, 1 1,m%,
- Z MZ(I]'BLJ‘ * WQATk +1p,; ° (pQ/\’]f )
k=1

Ko Lmh En 1,m?,4 1,m?,}
= > U0 " g r =2 1R (LB, Pgrr T 1By ont -
k=1 k=1
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Similarly, we also obtain on {info<,<oAT Z(,) > c} that

K, Ky
n 0, n’\l’ 0’ an
|¢0’n’9/\T = Zﬂz}‘Po’mk’QAT - 22“2(131,1' '(pg/:nTk +13,; "/)gAmTk ).
k=1 k=1

Combining both estimates gives on {info<,<oA7 28 > c} that

Ky

1 _— 2 n(q . Lmgt 1 . Lmid
|<p |Q/\T—WQAT_ Z/'Lk( Bij * %ot T 1By ®onr
k=1
0,my%,

0,mf,1
+ ]lBl,j : gog/\T + ]]‘32,1' ‘ (pg/\f )

Since we have
1,n, 1,n,{ P
]lBLj .an T +]lBZ,j '(an v g Oa
0,n, 0,n,
]].B]ﬁj.(an‘L"i‘]]-Bz,j'gDTn —>Os

by Lemma 4.5, this implies that |¢" |oAT ﬁ) oo on {info<,<pAT 22 > ¢} and, there-

fore, that fTT |d@l | £ scon {info<u<ont 29 >C}NA,as |¢"| a7 <cforalln >1
onA. O

After the preparations above, we can now show that @ = co P-a.s. This proves
parts (1) and (2) of Theorem 4.1. Assertions (3) and (4) then follow from Proposi-
tion 3.3.

LEMMA 4.7. Under the assumptions of Theorem 4.1, we have that & = 0o
P-a.s.

That is, for any maximising sequence @" = (QD?’”, 90;1’")05;5T e Ak (x) of
trading strategies satisfying (4.3), we have that C := conv{|¢"|r;n > 1} is
bounded in LO(P).

PROOF. We argue by contradiction and assume that P(6 < co) > 0. Then
there exists by (2) of Lemma 4.6 a stopping time 7, a set A C {r < T} with
P(A) > 0, a constant ¢ > 0 and a sequence (¢");2; of convex combinations

¢" econv(@", ¢" 1, ...)
such that we have on A that:

(@) [y ldgli| <c foralln,
() [I'1dg"| — oo, as n — oo,
(©) 1S — Se| <48, forallt €[, T1.
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As we can assume without loss of generality that @}’" = 0, we obtain by com-
bining (a)—(c) with the self-financing condition (2.1) under transaction costs simi-
larly as in (4.2) that

1.
vr'@") =or"

T T
§x—f Su d@)" —,\f S dghm
(4.11) 0

— 0" 4+ gb"s, — /(S —Sf)d“"—x/ Sudglmt
5@? 1"S,——)L/ Sa’AI”¢ asn — 00, on A.

Note that ¢. (pT = 0 implies that f dgol b 00, as n — 00, on A by (b).
Since §" € conv(¢”, "1, .. ), the sequence (3" )2 also has to satisfy

. 1
U@ =L uEw).

However, this contradicts (4.11) and we therefore have that P(¢ < o0) =0. O

PROOF OF THEOREM 4.1. We only need to prove (2). This immediately im-
plies (1) and (3) and (4) by Proposition 3.3. As explained after the statement
of Theorem 4.1 on page 1428, the assumptions of the duality Theorem 3.1 are
satisfied under the assumptions of Theorem 4.1 and by Lemma 4.2. This al-
lows us to apply the duality Theorem 3.1 to obtain a maximising sequence ¢" =
((p?’", @ o<i<T € Aadm(x) of self-financing and admissible trading strategies
and a random variable g = g(x) € Lo%(P;RU {oo}) such that E[U (g(x))] = u(x)
and

V(e > g,
(4.12)

li L'ey o
U(Vri(e") — UEW).
By Lemma 4.7, we then have that C := conv{|¢"|7;n > 1} is bounded in LO(P).
Therefore, there exists a sequence (¢");2 ; of convex combinations
@" e conv(g", "1, ..))

and a self-financing trading strategy ¢ = (g’ﬁ?, 9’5})0357 under transaction costs
such that

(4.13) P[@", %1") == (@0, 8}). Ve [0, T)] =1

by Proposition 3.4 in [12] (and its application in the proof of Theorem 3.5 therein).
The sequence (¢");2 ; then also satisfies (4.12), which completes the proof. [J
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5. A case study: Fractional Brownian motion and exponential utility. We
resume here the theme of (exponential) fractional Brownian motion which was
briefly discussed in the Introduction. In fact, the challenge posed by this example
was an important motivation for the present research.

Fractional Brownian motion has been proposed by B. Mandelbrot [43] as a
model for stock price processes more than 50 years ago. Until today, this idea poses
a number of open problems. From a mathematical point of view, a major difficulty
arises from the fact that fractional Brownian motion fails to be a semimartingale
(except for the Brownian case H = %). Tools from stochastic calculus are therefore
hard to apply and it is difficult to reconcile this model with the usual no arbitrage
theory of mathematical finance. Indeed, it was shown in ([26], Theorem 7.2) that
a stochastic process which fails to be a semimartingale automatically allows for
arbitrage (in a sense which was made precise in Theorem 7.2). In the special case
of fractional Brownian motion, this was also shown directly by C. Rogers [48].

One way to avoid this deadlock arising from the violation of the no-arbitrage
paradigm is the consideration of proportional transaction costs. The introduction
of proportional transaction costs A, for arbitrarily small A > 0, makes the arbitrage
opportunities disappear. Theorem 4.1 applies perfectly to the case of fractional
Brownian motion, for any Hurst index H € (0, 1). As utility function U, we may,
for example, choose exponential utility U (x) = —e™*. Hence, we dispose of a
duality theory for fractional Brownian motion under transaction costs and, in par-
ticular, we may find a shadow price process S which is a semimartingale.

Let us define the setting more formally. As driver of our model S, we fix a
standard Brownian motion (W;)_so<;<c0, indexed by the entire real line, in its
natural (right continuous, saturated) filtration (F;)_co<s<oco- We let the Brownian
motion W run from —oo on in order to apply the elegant integral representation
below (5.1) due to Mandelbrot and van Ness; see [44].

We note that the Brownian motion (W;)o<;<r, now indexed by [0, T'], has the
integral representation property with respect to the filtration (F;)o<;<r. The only
difference to the more classical setting, where we consider the filtration (G;)o<;<7
generated by (W;)o<;<r is that Fy is not trivial anymore. But this causes little
trouble. We simply have to do all the arguments conditionally on Fy.

Fix a Hurst parameter H € (0, 1) \ {%}. We may define the fractional Brownian

motion (By)o<;<7 = (BH)o<i<7 as
5.1
1t
B, = C(H)f ((r— s)H_% - (|S|H_%]l(—oo,0)))dwv’ O0=<t=T,
—00

where C(H) is some constant which is not relevant in the sequel [see [44], Sec-
tion 1.1 or [48], formula (1.1)].

We may further define a nonnegative stock price process S = (S;)o<s<r by let-
ting
(5.2) St =exp(By), 0<t<T,
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or, slightly more generally,
(5.3) S; = exp(o B; + ut), 0<t<T,

for some o > 0 and u € R. For the sake of concreteness, we stick to (5.2). We now
are in a situation covered by Theorem 4.1.

As regards the stickiness of S, this property (Definition 2.1) of (exponential)
fractional Brownian motion has been shown by P. Guasoni [30]. We also fix trans-
action costs A > 0 and U (x) = —e™*, as well as an initial capital x eR, for exam-
ple, x =0. By ThAeorem 4.1, we may find a primal optimizer ¢ = @2, 9D o<t<T>
a dual optimiser Z = (Z Z )0<I<T which is a A-consistent price system, as well
as a shadow price process S = %;. From this general theorem, we know that VA
is a uniquely determined martlngale and that Z! is a local martingale. It seems
rather obvious that in the present case (5.2) or (5.3) the process Z' is, in fact, also
a martingale, but we do not need this result and, therefore, do not attempt to prove
it.

These general and rather innocent looking results have some striking conse-
quences, also outside the realm of mathematical finance. They imply that the frac-

tional Brownian paths may touch the paths of an Itd process in a one-sided way
(Theorem 5.3 below).

Let us draw some conclusions from Theorem 4.1.

LEMMA 5.1. In the above setting of exponential fractional Brownian motion,
the martingale (Z?)OSIST has a representation as

— Y t 1 t
(5.4) z?:zgexp<—/ (’x‘uqu—E/ agdu), 0<t<T,
0 0

Sfor some R-valued predictable [with respect to the filtration (F;)o<i<T] process
o = (@r)o<t<T such that )[OT &tz dt < oo almost surely.
The process X = log(S) is an Ito process and may be represented as

~2
(5.5) X, = Xo +/ (oudW + (M - %) du) 0<t<T,

where & and & are R-valued predictable processes such that fOT G2dt as well
as fOT |[t;|dt are a.s. ﬁm'te In fact, S= exp(f(\) is a local martingale under the

measure Q defined by dQ = Z0 We therefore have the relation
(5.6) R (]
Ou

This equality holds m ® P almost surely, where m is Lebesgue-measure on [0, T].
The equality is defined to hold true in the case when the right-hand side is of the

0
Jorm .
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PROOF. We know from Theorem 4.1 that Z° and Z' are local martingales
so that we may apply the martingale representation theorem which implies (5.4).
We deduce that § = % as well as X = log(§) are Itd processes which yields a
representation of the form (5.5). Passing again to S = exp(X), we obtain

ds,
S

=0, dW; + [i; dt,

which implies equality (5.6) by Girsanov and the fact that S is a local martingale
under Q. [

Before formulating the main result of this section, we still need some prepara-
tion which also is of some independent interest.

LEMMA 5.2. For 0 < A < 1, denote by u'™) (x) the corresponding indirect
utility function (2.4). Then

(5.7) uP(x)=—f)e™?, 0<i<l,
where f(A) is a nondecreasing function taking values in (0, 1] and

(5.8) %1{‘% f()=0.

PROOF. The fact that u*) is of the form (5.7) is a well-known scaling property
of exponential utility.

Let us analyze the function f(A). It is obvious that f (1) in nondecreasing and
takes its values in (0, 1]. As regards (5.8), it follows from [48] (or the proof of
Theorem 7.2 in [26]) that we may find, for ¢ > 0 and M > 0, a simple predictable
process ¥ of the form

N—-1

ﬁf = Z gi:ll]]ti,fi+1]](t)’
i=0

where g; € L®(Q, F;, P) and 0 =19 < 1] <--- <ty =T are stopping times
such that, for S = exp(B),

N
(5.9) @7 =) 8i(Sr, —Su)
i=0
satisfies (¢ » S)7 > —1 almost surely and P[(D * S)7 > M] > 1 —e.

For 0 < A < 1, we may ¢ interpret also in the setting of transaction costs. More
formally: associate to ¥ a A-self-financing process ¢ = (¢, ¢') as above starting
at (gog , go(l)) = (0, 0), such that ¢! = U1,7) and ¢¥ is defined by having equality
in (2.1). Choosing A > 0 sufficiently small, we obtain (pg > —2 almost surely as
well as P[¢% > M — 1] > 1 — &. This readily shows (5.8). O
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We now can formulate a consequence of the above results on portfolio optimi-
sation which seems remarkable, independently of the above financial applications,
as a general result on the pathwise behaviour of fractional Brownian motion: they
may touch It6 processes in a nontrivial way without involving local time or related
concepts pertaining to the reflection of Brownian motion.

THEOREM 5.3. Let (B;)o<:<T be fractional Brownian motion with Hurst in-
dex H € (0,1) \ {%} and a > 0 [which corresponds to o« = —log(l — A) in the
above setting of transaction costs].

There is an It6 process (X;)o<:<1 Such that

(5.10) B —a < X; < B, 0<t<T,

holds true almost surely.

In addition, X can be constructed in such a way that (X1 Jo<i<T is a local
martingale under some measure Q equivalent to P. For ¢ > 0, we may choose
a > 0 sufficiently small so that the trajectory (X;)o<:<T touches the trajectories
(Bi)o<t<T as well as the trajectories (B; — o)o<;<T with probability bigger than
1—e.

PROOF. The theorem is a consequence of Theorem 4.1 and Lemma 5.1 where
we simply take X = X.

We only have to show the last assertion. It translates into the setting of Theo-
rem 4.1 as the statement that, for ¢ > 0, there is Ao > O such that, for 0 < A < Ag,
we have with probability bigger than 1 — ¢ that (¢;)o<;<r is not constant. Indeed,
apart from the trivial case @; = (x, 0) of no trading there must be some buying as
well as some selling of the stock, as the investor starts and finishes with zero hold-
ings of stock. As this can only happen if ;=8 orS =0-215, respectively,
we must have equality in (5.10) for both cases for some ¢ € [0, T']. To show that
this case occurs with probability bigger than 1 — &, for sufficiently small enough
o > 0, assume to the contrary that there are n > 0 and arbitrary small o > 0 such
that the optimal trading strategy @ remains constant with probability bigger than 7.
This contradicts (5.8) as then we have

u*(0) < —1. O
Let us comment on the interpretation of the above theorem. Using the above
construction, define o and t to be the stopping time
o =inf{r €[0,T]: X; = B — a}, t=inf{r €[0,T]: X; = B;},

which for sufficiently small « > 0, satisfies P[oc < oo] = P[t < o00] > 1 — ¢.
Here, the equality P[o < oo] = P[t < oo] follows from the fact that, since we
start and end with zero holdings in stock, any position that is bought or sold has to
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be liquidated before time 7. We may suppose w.l.o.g. that T < o (the case 0 < T
is analogous). Consider the difference process

(511) Dl‘=Bl‘_Xl‘a OStST,

which is nonnegative and vanishes for + = . We formulate a consequence of the
above considerations.

COROLLARY 5.4. On the set {t < o} we have that o < T almost surely,
and that the process (D;)r<i<o Starts at zero, remains nonnegative and ends at
Dy =«.

This statement should be compared to the well-known fact that there are no stop-
ping times 7 < o such that P[t < T] = P[o < T] > 0 and such that B, — B; > «,
almost surely on {t < T'}. Indeed, this follows from the stickiness property (Def-
inition 2.1) of fractional Brownian motion proved by P. Guasoni ([30]; compare
also [33]). Adding to B the It6 process X somewhat miraculously changes this
behaviour of B drastically as formulated in the above corollary.

APPENDIX: AN ABSTRACT VERSION OF THE DUALITY THEOREM

The basic idea to prove the Duality Theorem 3.1 under transaction costs is, as
in [20], to reduce it to an abstract version of the duality theorem in the frictionless
case in [50]. We provide this abstract version that is what was actually shown in
the proof of Theorem 2.2 in [50] below. It might find other applications as well.

To that end, let C be a closed, convex, solid and bounded subset of LQF(P) con-
taining the constant 1, set C(x) = xC for all x > 0 and Cp(x) = U2 {C(x +n) —n}
for all x € R. Denote by D the polar of C in L(_)F(P) given by C° = {h €
LS)F(P)|E[gh] <1 Vg e(C} and set D(y) = yD for all y > 0. Note that, since
1 € C, we have that E[h] <1 for all & € D. Suppose that D = {h € D|h > 0 and
E[h] = 1} is nonempty and such that D is the closed, convex and solid hull of D
in LS)r(P). Denote by D the L'(P)-closure of D given by D = {h € D|E[h] = 1}.

As shown in Theorem 3.2 of [41], the properties of the sets C(x) and D(y) above
are the ones that are needed to establish the duality theory for utility maximisation
on the positive half-line. The following theorem presents an extension of this result
to utility functions on the whole real line.

THEOREM A.1. Under the assumptions above, suppose that U : R — R satis-
fies the Inada conditions, has reasonable asymptotic elasticity, that is, AEx(U) :=

Timy s 0o xg(/fc);) <land AE_oo(U) :=lim__, xgéj;;) > 1, and that

(A.1) u(x):= sup E[U(g)] <U(c0)
g€Cy(x)
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for some x € R, where

Cutx)={ge LO(P; R U {c0})|3gn € Cp(x) such that

Ulg) € L'(P) and U(gn) “2 U (g)).
Then:

(1) The primal value function u, defined in (A.1), and the dual value function
v(y) := inf E[V(yh)],
heD

where V(y) :=sup, g{U (x) —xy} for y > 0 denotes the Legendre transform of U,
are conjugate, that is,

u() = inf{v(y) +xy}. V() =supfux) — xy),
y>0 xeR

and continuously differentiable. The functions u and —v are strictly concave and
satisfy the Inada conditions:

lim u'(x) = o0, lim v'(y) = oo,
X—>—00 y—>00

lim u'(x) =0, lim v'(y) = —oo0.

X—00 y—0

The primal value function u has reasonable asymptotic elasticity.
(2) Fory > 0, the solution h(y) € D to the dual problem

(A.2) E[V(yh)] > min!,  heD,

exists, is unique and the map y ﬁ(y) is continuous in variation norm.
(3) For x € R, the solution g(x) € Cy(x) to the primal problem

(A.3) E[U(g)] — max!, g €Cy(x),

exists, is unique and given by

(A4) g2 = (U) " GWREW)).

where y(x) = u'(x).
(4) We have the formulae

V'(y) = E[h(y)V'(yh(»))] and xu'(x) = E[gx)U’'(3(x))],

where we use the convention that 0 - oo = 0, if the random variables are of this
form.

PROOF. The proof follows along the same arguments as that of Theorem 2.2 in
[50] after replacing each of the approximating problems (16) in [S0] by its abstract
version, that is, problem (3.4) in [41], and using Theorem 3.2 in [41] instead of
Theorem 2.2 in [41].
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Indeed, let S = (§,)05t57 be a locally bounded semimartingale price process
that admits an equivalent local martingale measure (ELMM) Q ~ P so that the set
ME(S) of all ELMM for S is nonempty. Denote by X' (x) the set of all nonnegative
wealth processes starting with initial capital x, that is,

X, =x+0+8 >0, 0<t<T,

where ¢ € L(S) is an §-integrable predictable process, and by Y(y) the set of all
supermartingale deflators for S, that is, nonnegative optional strong supermartin-
gales Y = (¥;)o<:<r starting at Yo = y such that Y X = (¥, X;)o<;<7 is a nonneg-
ative supermartingale for all X € X' (1). Then the abstract sets above correspond to
the following sets in [50]:

C2lgeL)(P)3X € X(1) such that g < X7},
C(x) £ {ge L(P)[3X € X(x) such that g < X7}, x>0,

o0

G £ e +m =,

D2{yYr|Y e (D)},
D(y) £ {YT|Y ey}, y=>0,

)Q M%S}}
D {d—P)Q eM“(E)}.

Note that Cp(x) corresponds to the set of all random variables g € LO(P) that are
bounded from below and such that there exists X € A} (x) such that g < X7, where
Xp(x) is the set of all wealth processes that are uniformly bounded from below,
that is, there exists some M > 0 such that

X,=x+0+S>—-M, 0<t<T.

Conversely, replacing the “concrete sets” above in the proof of Theorem 2.2 in
[50] and using the “abstract version” of the duality results for utility functions on
the positive half-line in Theorem 3.2 of [41] instead of Theorem 2.2 in [41] with
the “abstract sets” yields the proof of the abstract version of the theorem. This is
clear for all steps of the proof except step 1, step 3 and step 10.

In step 1, it is used that by part (iv) of Theorem 2.2 in [41] the dual optimiser
for the utility maximisation problem on the positive half-line can be approximated
by the Radon—Nikodym derivatives of an ELMMs. To ensure this in our “abstract
setting”, one has by Proposition 3.2 in [41] to use that the set D is the closed,
convex and solid hull of D in L(_)F(P) and that D is closed under countable convex
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combinations. This follows immediately from the assumption that D is convex and

closed in probability and an application of the the monotone convergence theorem.
Step 3 and step 10 show in addition dynamic properties of the primal and dual

optimiser that we do not assert and, therefore, do not need to prove here. [J

Applying the abstract duality theorem above to portfolio optimisation under
transaction costs then allows us to prove Theorem 3.1.

PROOF OF THEOREM 3.1. We begin by recalling some of the definitions for
portfolio optimisation under transaction costs for utility functions on the positive
half-line from [20].

For x > 0, we denote by A”(x) the set of all self-financing trading strate-
gies ¢ = (go? , (0})0§ng under transaction costs starting with initial endowment
(@), 9}) = (x,0) that are O-admissible, that is, V' (p) > 0 for all ¢ € [0, T].
The set B*(y) of all optional strong supermartingale deflators consists of all
pairs of nonnegative optional strong supermartingales ¥ = (Yto, Ytl)ogfr such
that Y(? =y, Y! = Y93 for some [(1 —X)S, S]-valued process S = (§t)0§t§T and
YO>0% + ¢'8) = Y% + ¥Ylgpl is a nonnegative optional strong supermartingale
for all ¢ € A(1). Note that Z* € Z} C B*(1).

We define the following sets:

¢t =) = {V%p)lp € A (D).
Ct) = (Vii@lp e A}, x>0,

D =D (1) = [YR|Y € B*(1)},
DH(y) ={YplY e B(y»)}=yD*,  y>0,

D ={Z%7 e 2}},

D" ={291z € 2}}.

Under the assumptions of Theorem 3.1, we have by Lemma A.1 in [20] that
C* is a closed, convex and bounded subset of L(J)F(P) containing the constant 1,
that D* coincides with the polar (C*)° of C* in L&(P) and that D* is the closed,
convex and solid hull of D* in L(J)F(P).

In order to deduce the Duality Theorem 3.1 by applying the abstract version
(Theorem A.1) for C=C*, D=D", D= D" and D = BA, we therefore only
need to verify that

(A.5) D*={h e D*|h > 0and E[h] = 1},
(A.6) D" ={heD'Eh]=1).
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We begin with (A.6). Recall that by the definition of D* there exists ¥ =
(7?, Ytl)OSZ‘ST € B*(1) such that 7(} = h. Since 70 = (7?)0515T is a nonnega-
tive optional strong supermartingale starting at 78 = 1, the condition E [7(;] =
E[h] =1 implies that 7’ is a true martingale, and hence cadlag. To see the lo-
cal martingale property of Y = (7,1)05,57, we need to use the local bounded-
ness of § = (S)o</<7. Let (1,);2; be a localising sequence of stopping times
tending stationarily to 7 such that supy,~7 S < n on {Sy < n}. Since Y
is a nonnegative optional strong supermartingale, we only need to show that
E [?1 Lisy<n}]l = E [7(1)11{50<n}] to establish the local martingale property of ?1
with locahslng sequence (0,,),>; of stopping times given by 0, = 7, 1{5,<n}-

For this, consider, for m > n, the self-financing trading strategy ¢
((p,o’m ,(p,l "™)o<r<7 under transaction costs that starts at @y = (1,0), sells %
shares of stock immediately after time O on {S¢o < n} and, if 7, < T, buys
them back again at time t,,. That is, ¢! = (_n%]l]]O,T]] + %ﬂ-ﬂr,n,T]])]]-{Sofn} and
O =14 (%(1 — M) Soljo,r] — %S,m 194,71 L(so<n)- The liquidation value of
this strategy is given by

; 1 1
Vthq(q)’") =1+ <Z(1 —A)So — ZSr,ﬂm)ll{SOSn} >0, 0<t=<T.

Therefore, ¢™ is 0-admissible and YOgoo’m + 71(p1”" is an optional strong super-
martingale so that

w0 0, vl 1,
1= E[Y0+‘/’04:n + Y000 ]

<0 1
E[Y

| V

Yy °”’+an<er ]

7 =0 1
E[(Y,e ?,1’"+an901’”) (=T} + Yo VI9(0" )Lz, <1]

1
=E ( ( + —(1 - )\)Soﬂ{sosn}) - Eyrnﬂ{sofﬂojl{fm:ﬂ]

| V

1
+ E[ (1 + —(1 — A)Solisy<n} — ZSTn]l{Sofn})]l{rm<T}:|-
By the martingale property of ?O, this implies

| QR 1
——E[Y g+ Lisy<n}] = ——E[Y ; 1{sy<n) Lz, =T}]
m m
(A7) 1
—0
- EE[Y%(I — M) Sz, Lisy<ni Lz, <1}]
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and, therefore,
E[Yy, Liso=n] = E[Vor Liso=n]

after multiplying both sides of (A.7) with m and then sending m to infinity, where
we use that P(t,, <T) — 0, as m —> 0. As 70 = (70)0<t<T and S = (St)0<t<T
are both cadlag, we can modlfy Y = (Y Jo<:<7 at time O by setting Y0 = YOJr
to obtain that ¥ = (Y ‘s Y,)OSIST is a pair consisting of a martingale Y and
a local martingale Y' such that there exists an [(1 — X)S, S]-valued process
such that 71 = 705' . So we get that there exists ¥ = (70,71) € Zé‘ such that
Y9 = h and, therefore, (A.6). If Yo =h > 0, then ¥ = (Y, V") € Z*, which
proves (A.5). U

The following auxiliary result was used in the proof of Lemma 4.5.

LEMMA A.2. Under the assumptions of Theorem A.1, let (g,);2, be any

sequence of random variables in Cp(x) satisfying U(gn) —(> U(g(x)). Then

h(3(x))gn L@ hG(x)E(x).

PROOF. Since U’ is nonnegative and decreasing, we can estimate
(Ulgn) —U(EW)))” =2 U (8))(gn — 8(x)) "
Together with the Ll—convergence of U(gy) to U(g(x)), this implies that
(U'(8(0)(8n — ()72,

is uniformly integrable, and hence that
U'(8x))(gn — 8(x)
L'(p)

since U(g,) —> U(g(x)) yields that g, LN 2(x) € LY(P; RU{oo}) by the strict
monotonicity of U. Therefore, we obtain that

. ][~ -~
(A.8) Jlim E[U’(2(x))(gn — 8(x))] = 0
by the generalised version of Fatou’s lemma. By parts (3) and (4) of Theorem A.1,
we have that U’ (g(x)) = y(x)h(y(x)) € y(x)D and
(A9) E[U' () (gn —8())] =T E[A(F()) (gx — 8(x))] <0

Combining (A.8) and (A.9) gives lim,_, ~ E[U’(g(x))(gn —€(x))] = 0 and, there-
fore, that

)~ L, LY(P) Lo

U/(g(x))( — )" L) g

The convergence h(y(x))gn —> h(y(x))g(x) then follows, since U’ (g(x)) =
FOhGF). O
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