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HYDRODYNAMIC LIMITS AND PROPAGATION OF CHAOS FOR
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A new non-conservative stochastic reaction—diffusion system in which
two families of random walks in two adjacent domains interact near the in-
terface is introduced and studied in this paper. Such a system can be used
to model the transport of positive and negative charges in a solar cell or the
population dynamics of two segregated species under competition. We show
that in the macroscopic limit, the particle densities converge to the solution of
a coupled nonlinear heat equations. For this, we first prove that propagation
of chaos holds by establishing the uniqueness of a new BBGKY hierarchy.
A local central limit theorem for reflected diffusions in bounded Lipschitz
domains is also established as a crucial tool.
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1. Introduction. The original motivation of this project is to study the trans-
ports of positive and negative charges in solar cells. We model a solar cell by a
domain in R¢ that is divided into two disjoint sub-domains D, and D_ by an
interface I, a (d — 1)-dimensional hypersurface, which can be possibly discon-
nected. D4 and D_ represent the hybrid medium that confine the positive and the
negative charges, respectively. At microscopic level, positive and negative charges
are initially modeled by N independent reflected Brownian motion (RBM) with
drift on D and on D_, respectively. (In this paper, they are actually modeled by
N independent random walks on lattices inside Dy and D_ that serve as discrete
approximation of RBM with drifts.) These random motions model the transport of
positive (respectively, negative) charges under an electric potential (see Figure 1).

These two types of particles annihilate each other at a certain rate when they
come close to each other near the interface /. This interaction models the anni-
hilation, trapping, recombination and separation phenomena of the charges. The
interaction distance is of microscopic order & where Ne? is comparable to 1, and

FI1G. 1. [ is the interface of D4+ and D_.
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the intensity of annihilation per pair is of order A/e where A > 0 is a given pa-
rameter. Intuitively, according to a random time clock which runs with a speed
proportional to the number of pairs (one particle of each type) of distance ¢, we
annihilate a pair (picked uniformly among those pairs of distance less than ¢) with
an exponential rate of parameter A/e¢. The above scaling guarantees that in the
limit, a nontrivial proportion of particles are annihilated in any time interval. We
investigate the scaling limit of the empirical distribution of positive and negative
charges; that is, the hydrodynamic limit of this interacting diffusion system. We
show that in the macroscopic level, the empirical distribution converges to a deter-
ministic measure whose density satisfies a system of partial differential equations
that has non-linear interaction at the interface.

One of the difficulties that arise in our study is that the dimension of state spaces
of the annihilating random walks keeps changing. Observe that even though the
boundary is fixed and there is no creation of particles, the interactions do affect the
correlations among the particles: Whether or not a positive particle disappears at a
given time affects the empirical distribution of the negative particles, which in term
affects that of the positive particles. This challenge is reflected by the non-linearity
of the macroscopic limit and also by the non-product structure of the system of
equations satisfied by the correlation functions. To overcome these difficulties, we
show that the correlation functions satisfy a new class of BBGKY hierarchy system
that involves boundary terms on the interface, and then represent the hierarchy in
terms of trees.

The study of hydrodynamic limits of particle systems with stochastic dynamics
is of fundamental importance in many areas. This study dates back to the sixth
Hilbert problem in year 1900, which concerns the mathematical treatment of the
axioms of physics, and to Boltzmann’s work on principles of mechanics. Proving
hydrodynamic limits corresponds to establishing the law of large numbers for the
empirical measure of some attributes (such as position, genetic type, spin type,
etc.) of the individuals in the systems. It contributes to our better understand-
ing of the asymptotic behavior of many phenomena, such as chemical reactions
[33], population dynamics [21, 34, 36], super-conductivity [42], quantum dynam-
ics [22], fluid dynamics [26], etc. It reveals fascinating connections between the
microscopic stochastic systems and deterministic partial differential equations that
describe the macroscopic pictures. It also provides approximations via stochastic
models to some partial differential equations that are hard or impossible to solve
directly.

Since the work of Boltzmann and Hilbert, there have been many different lines
of research on stochastic particle systems. Various models were constructed and
different techniques were developed to establish hydrodynamic limits. Among
those techniques, the entropy method [27] and the relative entropy method [42]
are considered to be general methods. Unfortunately, these methods do not seem
to work for our model due to the singular interaction near the interface. Some mod-
els studied in literature are conservative, for example, exclusion processes [29, 30]
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and Fleming—Viot type systems [7, 8]. Reaction—diffusion systems (R-D system)
constitute a class of models that are typically non-conservative. These are sys-
tems which have hydrodynamic limits of the form %—’; =1Au+ R(u) (areaction—
diffusion equation, or R—D equation in short), where R(u) is a function in # which
is thought of as the reaction term. R-D systems arise from many different con-
texts and have been studied by many authors. For instance, for the case R(u) is a
polynomial in u, these systems contain the Schlégl’s model and were studied in
[19, 20, 31, 32] on a cube with Neumann boundary conditions, and in [3, 4] on a
periodic lattice. A different type of reaction interaction on the boundaries has been
studied by Funaki in [25], which give rise to a free boundary problem of Stefan
type. Recently, perturbations of the voter models which contain the Lotka—Volterra
systems are considered in [15]. In addition to results on hydrodynamic limit, [15]
also established general conditions for the existence of non-trivial stationary mea-
sures and for extinction of the particles. In [8], Burdzy and Quastel studied an
annihilating-branching system of two types of particles, for which the total num-
ber of particles of each type remains constant over the time. Its hydrodynamic limit
is described by a linear heat equation with zero average temperature.

In contrast, beside being non-conservative, our model gives rise to a system
of nonlinear differential equations that is new. Moreover, the interaction between
two types of particles is singular near the interface of the two media, which gives
rise to a boundary integral term in the hydrodynamic limit. The approach of this
paper provides some new tools that are potentially useful for the study of other
non-equilibrium systems.

We now give some more details on the discrete approximation of the spatial mo-
tions in our modeling. We approximate D+ by square lattices D% of side length ¢,
and then approximate reflected diffusions on D+ by continuous time random walks
(CTRWs) on D%. The rigorous formulation of the particle system is captured by
the operator £° in (2.10).

Let X li (t) be the position of the particle with index i in D at time ¢. We pre-
scribe each particle a mass 1/N and consider the normalized empirical measures

1 . 1
X dx) = Y Ly @x) and X7y = o 3 Ly ).

oa~t B:p~t
Here 1, (dx) stands for the Dirac measure concentrated at the point y, while o ~ ¢
if and only if the particle X is alive at time 7, and 8 ~ ¢ if and only if the particle
X is alive at time 7. For fixed positive integer N and ¢ > 0, ffiv * is a random

measure on D+. We want to study the asymptotic behavior, when N — oo (or
equivalently ¢ — 0), of the evolution in time ¢ of the pair (.’{,N’Jr, %fv’_).

1.1. Main results. Our first main result (Theorem 2.21) implies the follow-
ing. Suppose each particle in D4 is approximating a RBM with gradient drift
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%V(log p+), where p € C'(Dy) is strictly positive. Then under appropriate as-
sumptions on the initial configuration (%6\/ * %év '), the normalized empirical

measure (%iv F(dx), %iv " (dy)) converges in distribution to a deterministic mea-
sure

(g (t, x)py (x) dx, u_(t, y)p—(y)dy)

for all + > 0, where (u4, u_) is the solution of the following coupled heat equa-
tions:

duy 1 1
T EAM+ + EV(longr) -Vuy, on (0, 00) x D4,
(1.1) aut+ )
— = —uju_1y, on (0,00) x 0Dy
oy  py
and
0u-_ 1 i+ 9ogp ). v (0,00) x D
— =-Au_+ - _)-Vu_ 00) x D_
3t 2 u 2 ng u—, on ’ )
(1.2) Su. A
—=—uyu_1j, on (0,00) x dD_,
on_  p—

where 71+ is the inward unit normal vector field on 9D+ of D4 and 17 is the
indicator function on /. Note that p+ = 1 corresponds to the particular case when
there is no drift.

The above result tells us that for any fixed time ¢ > 0, the probability distribu-
tion of a randomly picked particle in D7 at time 7 is close to ¢+ (¢)u+ (7, x) when
N is large, where c4+(t) = (/) N ur() lisa normalizing constant. In fact, the
above convergence holds at the level of the path space. That is, the full trajectory
(and hence the joint law at different times) of the particle profile converges to the
deterministic scaling limit described by (1.1) and (1.2), not only its distribution at
a given time.

Question: How about the limiting joint distribution of more than one particle?

Our second main result (Theorem 2.23) answers this question. It asserts that
propagation of chaos holds true for our system; that is, when the number of parti-
cles tends to infinity, their positions appear to be independent of each other. More
precisely, suppose n and m unlabeled particles in D and D?, respectively, are
chosen uniformly among the living particles at time 7. Then, as N — oo, the prob-
ability joint density function for their positions converges to

n m
coum O [Tust,r) [Tu-(t.s))
i=1 j=1

uniformly for (7,5) € D', x D" and for ¢ in any compact time interval, where
C(n,m)(t) is a normalizing constant.
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1.2. Key ideas. A key step in our proof of propagation of chaos (Theo-
rem 2.23) is Theorem 3.7. The latter establishes uniqueness of solution for the
infinite system of equations satisfied by the correlation functions of the particles in
the limit N — oo. Such infinite system of equations is sometimes called BBGKY-
hierarchy in statistical physics. Our BBGKY hierarchy involves boundary terms
on the interface, which is new to the literature. Our proof of uniqueness involves
a representation and manipulations of the hierarchy in terms of trees. This tech-
nique is related to but different from that in [22] which used Feynman diagrams.
It is potentially useful in the study of other stochastic models involving coupled
differential equations.

To establish hydrodynamic limit result (Theorem 2.21), we employ the classical
tightness plus finite dimensional distribution approach. Tightness of (XV-+, XN.7)
in the Skorokhod space is proved in Theorem 4.4. This together with the propa-
gation of chaos result (Theorem 2.23) establishes the hydrodynamic limit of the
interacting random walks.

Two new tools for discrete approximation of random walks in domains are de-
veloped in this article. Namely, the local central limit theorem (local CLT) for
reflected random walk on bounded Lipschitz domains (Theorem 2.12) and the
“discrete surface measure” (Lemma 2.4). We believe these tools are potentially
useful in many discrete schemes which involve reflected Brownian motions.

Weak convergence of simple random walk on D% to RBM has been established
for general bounded domains in [5] and [6]. However, we need more for our model;
namely a local convergence result which guarantees that the convergence rate is
uniform up to the boundary. For this, we establish the local CLT. We further gen-
eralize the weak convergence result and the local limit theorem to deal with RBMs
with gradient drift. There are two reasons for us to consider gradient drift. First,
it is physically natural to assume the particles are subject to an electric potential.
Second, the maximal extension theorem, [13], Theorem 6.6.9, which is a crucial
technical tool used in [5] and [6], has established only in symmetric setting. The
proof of the local CLT is based on a “discrete relative isoperimetric inequality”
(Theorem 5.5) which leads to the Poincaré inequality and the Nash inequality. The
crucial point is that these two inequalities are uniform in ¢ (scaling of lattice size)
and is invariant under the dilation of the domain D — aD.

The paper is organized as follows. In Section 2, we introduce the stochastic
model and some preliminary facts that will be used later. We then prove the ex-
istence and uniqueness of solution for the coupled PDE. The main results, Theo-
rem 2.21 and Theorem 2.23, will be rigorously formulated. We also mention vari-
ous extensions of our main results in Remark 2.26. Sections 3 and 4 contains the
proof of Theorem 2.23 and Theorem 2.21, respectively. Section 5 is devoted to the
proofs of the discrete relative isoperimetric inequality and the local CLT.

2. Notations and preliminaries. For the reader’s convenience, we list our
notations here:
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Ly

N

R
B(E)
By(E)
B*(E)
C(E)
Cy(E)
CH(E)
C.(E)
D(]0, 00), E)

Hm
M, (E)

M- (E)

M, (E) [or P(E)]
e,+

ur (x)

(Uf)tzo

(&),>0 and (n9)>0
E8

XN F(dz)
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set of all integers

{1,2,3,...} positive integers

{0, 1,2, ...} non-negative integers

set of all real numbers

Borel measurable functions on £

bounded Borel measurable functions on E

non-negative Borel measurable functions on E

continuous functions on £

bounded continuous functions on E

non-negative continuous functions on £

continuous functions on E with compact support

space of cadlag paths from [0, co) to E
equipped with the Skorokhod metric

m-dimensional Hausdorff measure

space of finite non-negative Borel measures on E
equipped with the weak topology

{we My (E):n(E) <1}

{weMy(E): n(E)=1}

number of living particles at x € DY at time ¢

process with generator £° = £ + K% in Definition 2.8

independent processes with generator £3

ND% x NP2 | state space of (1}):>0

% ZXGDi nti (x)1,(dz), the normalized empirical
measure in D4

M<1(D4) x M<i(D_), the state space of
(%fv’+’ :{5\,’_)20

filtration induced by the process (X¢),
ie. FX=0(Xs,5 <t)

indicator function at x or the Dirac measure at x
(depending on the context)

weak convergence of random variables (or processes)

J f)m(dx)

max{x, y}

min{x, y}

positive constants

“e-point approximation” of / constructed in Lemma 2.4
“discrete surface measure” constructed in Lemma 2.4
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Process  Semigroup Heatkernel = Measure  Generator State space

X*@)  PF pEx,y) s A Ds

b GO poE x,y)  mE A D5

Xy (@) P"™ p=p"™  p=pum A"™ D) xD"
X8, (@) PO gt plumie &M (DAY x (DS

where in the above,

n m
p ™ (e, 7, 5), ( H (t,ri,r l_[ (t,s7.5%),

Py (7. 5) =[] o+ i) T o=Cs)).

i=1 j=1

We also use the following abbreviations:

a.s. almost surely

LDCT Lebesque dominated convergence theorem
CTRW continuous time random walk

RBM reflected Brownian motion

local CLT local central limit theorem

LHS left-hand side

RHS right-hand side

WLOG without loss of generality

DEFINITION 2.1. A Borel subset E of R? is called H"-rectifiable if E is a
countable union of Lipschitz images of bounded subsets of R” with H" (E) < oo
(as usual, we ignore sets of H™ measure 0). Here H"" denotes the m-dimensional
Hausdorff measure.

DEFINITION 2.2. A bounded Lipschitz domain D C RY is a bounded con-
nected open set such that for any & € 9 D, there exits ¢ > 0 such that B(§,rg) N D
is represented by B(&, rz) N{(y/, yd) € Rd P (y) < yd} for some coordinate sys-
tem centered at § and a Lipschitz function ¢¢ with Lipschitz constant M, where
M = Mp > 0 does not depend on & and is called the Lipschitz constant of D.

ASSUMPTION 2.3. D are given adjacent bounded Lipschitz domains in R?
such that / := Dy N D_ =9dD, NJD_ is a finite union of disjoint connected
H4— 1 rectifiable sets, P+ € w2 (pyyncl(Dy) are given functions which are
strictly positive, A > 0 is a fixed parameter.

2.1. Interacting random walks in domains. In this subsection, we describe the
interacting random walk model. We start with some key ingredients needed in
discrete approximation.
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2.1.1. Discrete approximation of surface measure. To capture the boundary
behavior of our processes near the interface / in the discrete scheme, we need
a discrete approximation of the surface measure o on /. The construction of /¢
and o, in the following lemma is a key to our approximation scheme. For us,
N:={0,1,2,...} denotes the set of non-negative integers.

LEMMA 2.4. Suppose D is a bounded Lipschitz domain of R?. Let I C 3D be
closed, connected and He™'-rectifiable. Let & = 27/ for j € N. Then there exist
finite subsets ') = I¢i of I and functions 0(j) =0¢; : 1D — [¢271/C, Ced™1
such that (a) and (b) below hold simultaneously:

(a)

d—1
Q1) sup#(IY) N B(x,s)) gc(iv 1) Vs € (0,00), j €N,
xeD €j
where #A denotes the number of elements in the finite set A, B(x,s) = {y e R%:
|y —x| < s} is the ball with radius s centered at x, and C is a constant that depends
only on D.
(b) For any equi-continuous and uniformly bounded family F C C(I),

> fo - [ £ do| =o.

1)

2.2) lim sup
J=0 feF

PROOF. We can always split / into small pieces. The point is to guarantee that
each piece is not too small, so that o(j,/e?~! > C and that (2.1) holds. Since 7 is
14~ _rectifiable, we have

C'R¥ <supH? 1 (I N B(x,R)) < CR!

xel

for R € (0, 1], where C does not depend on R. Since [ is closed, it is regular
with dimension d — 1 in the terminology of Section 1 of [17]. Hence by [16] or
Section 2 of [17], we can build “dyadic cubes” for I. More precisely, there exists
a family of partitions {A;} ez of I into “cubes” Q such that:

() if j <k, Qe Ajand Q" € Ay, theneither 0N Q' =@ or Q C Qs
(i) if O € Aj, then

C~'2/ <diam(Q) <2/ and
C—12j(d—1) < Hd_l(Q) < C2j(d_1);
(i)
H ({x € Q:dist(x, 1\ Q) <r2/}) < Cr'/ 2D
forall Q € Aj and r > 0.
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Here the constant C is independent of j, O, or r. Note that H9=1 is the surface
measure o of d D and that property (iii) tells us that the cubes have relatively small
boundary. In particular, (iii) implies o (d Q N I) = 0 for all cube Q.
Suppose A; = {Ui(] )}fi - We pick one point zi(] ) from each Ul.(J ) to form
the set (/). Finally, we define o ])(z(j )) = o (U; G )) It follows from (ii) that
o €l [e4~1/C, Ce?!] for some C which depends only on D. The inequality
(2.1) follows from C~! 7 I < O’(Ui(] ) ) and the Lipschitz property of 9 D. It re-
mains to check (2.2).

Fix any n > 0. There exists A = A(n) > 0 such that | f (x) — f(y)| < n whenever
|x — y| < A. Hence for j large enough (depending only on A),

'/gda— go(| = ‘Z( (])g do — g(zgj)) U(/))‘<nz U(/)

1)
=no(l).

The desired convergence (2.2) now follows. [J

REMARK 2.5. (2.2) implies that we have the weak convergence
2 el 0(jy8z = o on the space M (I) of positive finite measure Borel mea-
sures on /. Here §, is the dirac delta measure at z, and o |; is the surface measure
restricted to /. Equation (2.1) is a control on the number of points locally in 7%/,
We call /¢ the “e-point approximation” of I and o, the “discrete surface measure”
associated to 7°.

REMARK 2.6. The above lemma remains true if / is the finite union of disjoint
closed connected and H9~ ! -rectifiable subsets of 8 D. This enables us to deal with
disconnected interface 1.

2.1.2. Reflected diffusion and random walk approximation. We now describe
the motion of each underlying particle. First, we fix a bounded Lipschitz domain
D c R% and any ¢ > 0. Without loss of generality, we assume that the origin 0 € D.
Let £Z4 be the union of all closed line segments joining nearest neighbors in £Z¢,
and (D?)* the connected component of D N ¢Z4 that contains the point 0. Set
Df = (D?)*NeZ%. We can view D as the vertices of a graph whose edges coming
from (D?)*. We also denote the graph-boundary dD? := {x € D? : v.(x) < 2d},
where vg (x) is the degree of x in D?.

Suppose p € W2(D) N C! (D) is strictly positive. Define

1
Ef.g)i=3 fD Vf(x) Vg(x)p(x)dx.

Since D is Lipschitz, WLE(D), &) isa regular Dirichlet form on L*(D; ©) and so
there is a p-symmetric diffusion X associated with it (cf. for example, [11]).
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DEFINITION 2.7. We call X the (Igxq, p)-reflected diffusion, where 174 is
the d x d identity matrix. When p =1, X is called the reflected Brownian motion
(RBM) in D. Hence, a (Ijx4, p)-reflected diffusion is a RBM in D with drift
1
5Vlogp.

2

The L>-infinitesimal generator of X is

1 1 1
= —V.(pV)=-A+-V( V.
A o (V) > +2 (log p)

Moreover, X has the Skorokhod representation:
1 - —
23) dX;=dB;+ EVIng(Xt)dt +n(X;)dL; fort >0,P.-a.s.x € D,

where 7 is the inward unit normal of 3D and L is the positive continuous addi-
tive function (PCAF) of X whose Revuz measure is %o (cf. [11]). We call L the
boundary local time of X.

Next, we define X¢ to be a continuous time random walk (CTRW) on D? with
exponential waiting time of parameter % and one step transition probabilities

— /l'xy
Yy May

where {jyy : x, y € D®} are symmetric weights (conductances) to be constructed
in two steps as follows: First, for every x € D \ 0D® andi =1, 2,...,d, define

Ci S\ od—2
Q4 xrtes = (1 + Ll P +Ee’))</’(x) +o(x +sel)>s

Pxy :

2 p(x) 2 2
- 1 p(x) 0(x) + p(x — £é})\ 92

Clearly, pxy = pyy for all x, y € D \ dD®. Note that since p is C ! and strictly
positive on D, when ¢ is sufficiently small, 1y vy and py gz are strictly pos-

itive for every x e D \ 0Df andi = 1,2, ...,d. Second, we define
Myx, ifxedD®, ye D°\dD?,
Kxy = | gd—2

5 if x, y € dD° are adjacent in D®.
Note that pyy, = y, for all x, y € D®. Here is the heuristic reason of the above
construction. We need E,[X;] = lim,_,oE[X7]. When ¢ is small, E,[X,] ~

Vh(X)t and E([X7] ~ ;%Ex[l step]t where p = e? . So we need

dh(x) ~ é Mx x+ee; — Mx,x—ee;

0 ox; ¢ n(x)

forl <i <d.
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We also need lim,—,0 E€ (f, f) = E(f, f) for any f € C'(D), where £® and &
are the Dirichlet forms of X¢ and X, respectively. This is true if

>+ el
(2‘7) Mx,x+se;d_éfbx,x gei ,O(X).

Assume further that u(x) = Sd—zed = de?~2 (since the holding time is ;iz, we are
assuming the symmetrizing measure is ¢? at x € D® \ 9 D?). Solving (2.6) and
(2.7), we have

ed—2
Hx xteé; =~ T (,O(x) + &

8h(x)>
ax; /)
Finally, the requirement that 11,y = 1y, motivates our final definition for iy y4e¢; -
Here we took the advantage that the drift is of gradient form V.

We call X?¢ the e-approximation of X. Clearly, X¢ is symmetric with respect to
the measure m, defined by

Since p € C!(D), there exists a constant C > 0 such that

m meg(X
: () _

X
(2.8) Cc~! <inf 2 ) <su <C.
X g &
Moreover, limg_, ¢ mss(f) = p(x) whenever x® € D? converges to x € D.

A special but important case is when p = 1. In this case, X is simply the re-
flected Brownian motion on D, and X? is a simple random walk on the graph D?.
It is proved in [5] that X¢ converges weakly to the reflected Brownian motion X
ase — 0.

Recall that by Assumption 2.3, we are given p+ € W2 (Dy) N C'(Dy).
We denote by X * a (Igxa, p+)-reflected diffusion in Dy, and by X &% the
g-approximation of X .

2.1.3. Random walks with interaction. Fix ¢ =¢; = 2-J (jeN)and N =
274 such that Ne? = 1. Assume there are N “4 particles in D% and N “-~
particles in D? at r = 0. Each particle moves as an independent CTRW X% (see
the previous subsection) in its respective domain D¥.. Let /¢ be the finite subset of
I defined in Lemma 2.4. For each z € I®, pick an z € DY and an z_ € D which
are closest to z (see Figure 2). A pair of particles of opposite charges at (z4, z_) is
being killed with a certain rate to be explained. Note that for ¢ small enough, we
have sup, . [z+ — z| <2Me, where M is the Lipschitz constant of /.

The state space of the particle system is the collection of configurations

(2.9) E*:={n°=(n"",n""):n"*: DL —> N}.
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FIG.2. zel®Cl,z+ € Dj.

The state of the particle system at time ¢ is a random element n; = (77;3’+, n; )€

E¢. Here nf’i(x) stands for the number of “+” particles at x € DY at time 7. We
omit ¢ and N for convenience when there is no ambiguity. For example, we write
n: and m(x) in place of n; and m,(x), respectively. In what follows, 1, denotes
the indicator function at x.

DEFINITION 2.8. 7, is defined to be the unique strong Markov process which
has the generator £ = £° given by
(2.10) £° = L5+ 8,

where £ is the generator of two families of independent random walks in D% and
D? , respectively, with no annihilation between them, namely

d
=2 2. n@pL{f " =L+ 107) = fn)
x,yeDY

(2.11)

d
+5 Yo @po o — L +1,) - f()}
x,yeD?

and R? is the operator corresponding to annihilation between particles of opposite
signs at the interface /¢, namely

A
(2.12) & f(n) =~ YW@t eon GOt =107 1) — f(},

zel®
where pffy is the one-step transition probabilities for the CTRW X®% on D% (with-
out any interaction) and

oe(z)  &¥

(213) \Ijg(Z) = gd_l m(Z+)m(Z—)

with o, and /¢ being constructed by Lemma 2.4.
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The expression for £° comes from the underlying assumptions of the model:
First, the term 1" (z4)n~(z—) is combinatorial in nature. Since there are
N7 (z+)n~ (z_) pairs of particles at position (z4, z_), the chance of killing is pro-
portional to the number of ways of selecting a pair of particles near the interface.
Second, each pair of particles near / disappears at rate (A/e)W.(z) where A is a
parameter. Intuitively, in the limit, the amount of annihilation in a neighborhood of
a point is proportional to the surface area of the interface / in that neighborhood.
The scaling 1/¢ is suggested by the observation that there are about 1/¢ “layers”
starting from the interface /, so that the chance for a particle to arrive near / is of
order €. W, (z) is comparable to 1 and can be viewed as a normalizing constant with
respect to the lattice. This choice (2.13) is justified in the proof of Theorem 3.5.

2.2. Heat kernel and discrete heat kernel. Throughout this subsection, D is a
bounded Lipschitz domain in R4, pE w2 (pyn cl(D) is strictly positive, X
is a (Igxq, p)-reflected diffusion. It is well known (cf. [1, 28] and the references
therein) that X has a transition density p(¢, x, y) with respect to the symmetriz-
ing measure p(x)dx [i.e., Py (X; € dy) = p(t,x,y)p(y)dy and p(t,x,y) =
p(t,y,x)], that p is locally Holder continuous and hence p € C((0, 00) x D x D),
and that we have the followings: For any T > 0, there are constants ¢; > 1 and
¢> > 1 such that

1 —coly — x| c1 —|y —x|?
(2.14) it exp( ; ) <p(t,x,y) < an exp(T)

for every (t,x,y) € (0, T] x D x D. Using (2.14) and the Lipschitz assumption
for the boundary, we can check that for any 7' > 0,

1 C
(2.15) sup sup —/ pt,x,y)dy < 47 fort >0 and
xeD0<8=8y 0 JD? t!/

C
(2.16) sup/ p(t,x,y)o(dy) < 2
xeD

fort € [0, T], where C = C (D, T) and §o = §o(D) > 0 are constants. We suppress
the dependence of all constants on p. o
On other hand, suppose g € By([0, T] x dD). Then fort € [0, T] and x € D,

e ®[f (s, XodL,| = [ s vp6x oo @nas.

Now let X? be the g-approximation of X with symmetrizing measure m,. The
transition density p® of X° with respect to the measure m, is

IP).X XS —
(2.18) Pt x, y) = % t>0,x,ye D"
mg(y

Clearly, p? is strictly positive and is symmetric in x and y.



HYDRODYNAMIC LIMITS AND PROPAGATION OF CHAOS 1313

We will prove in Section 5 that p® enjoys two-sided Gaussian bound and is
jointly Holder continuous uniform in ¢ € (0, &g) for some g9 > 0, and that p?®
converges to p uniformly on compact subsets of (0, 00) x D x D. In rigorous
terms, we have the following three results. The important point is that the constants
involved in these results do not depend on &.

THEOREM 2.9 (Gaussian upper bound). There exist Cy = Cx(d, D, p,T) >
0, k=1,2,and eg = eo(d, D, p, T) € (0, 1] such that for every e € (0, g9) and
x,y € D?,

lx — y?

c
2.19)  pf(t.x.y) < W (—Cz
and

(2.20) pit,x,y) <

) fort ele, T],

1 |x =yl
= WCXP( C2 12 ) fOI"t S (0, 8).

Observe that (2.19) implies that (2.20) also holds for ¢ € [¢, T'].

THEOREM 2.10 (Gaussian lower bound). There exist Cy = Cr(d, D, p, T) >
0, k=1,2, and ¢g = eo(d, D, p, T) € (0, 1] such that for every ¢ € (0, &9) and
x,y € D?,

2
Q21)  prtx.y) > bl

exp(—Cz ) forte (0, T].

—( vVt 1/2)d
THEOREM 2.11 (Holder continuity). There exist positive constants y =

y(d, D, p), eo(d, D, p) and C(d, D, p) such that for all € € (0, g9), we have

(It =12+ ]x =X+ |y =y DY
t AtHYI2Z(I ALt AL)E/2

222)  |pf(t.x,y) —po(t. X Y)| =C

THEOREM 2.12 (Local CLT).

lim sup sup |p n)(l‘,x,y)—P(t,x,y)|=O

"7 ela,b] x,yeD

for any compact interval [a, b] C (0, 00).

To establish the tightness of {(J{N A+ xN '7)}, we need the following uniform
estimate for the heat kernel p®(, x, y) of CTRW on D? near the boundary of D?.
It is the discrete analog of (2.16).

LEMMA 2.13. There exist C =C(d, D, p,T) >0 and g9 = go(d, D, p) >0
such that

(2.23) sup g? Z pit,x,y) <

1/2
xeD?® yedD® eVt
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forallt € [0,T] and ¢ € (0, &9). Here d D? is the graph-boundary of D?, which is
all the vertices in D® with degree less than 2d.

PRrROOF. Fix 6 € [0, T']. By the Gaussian upper bound in Theorem 2.9, we have

Z peO,x,y)
yedD#
_|y—x|)
(8v91/2)d y;}s XP(S\/QI/2
Cq oo
zm/o {y e D*:[f)|>r}|dr
by setting f(y) = 13p¢(y) exp M
? evol2
m.f {dD* N B(x, (e v 0'/%)(=Inr))}|dr (since f <1)
e

Cy R —s
_W‘/{) |{8D ﬂB(x,S)HCXp(m)dS

[where s = (¢ v 91/2)(— Inr)]
Cl C2 o0 d—1 —S
= eVl ed T (e v g12)dtt /0 Ve (s vel/z)ds

_8d1<8v91/2vsv91/2/0 w' e dw) wherew_igvelﬂ.

Here C; are all constants which depend only on d, D and T. Note that in the
second last line, we used the fact that |{3. D N B(x, s)}| < C((s/e)4~1 v 1), which
follows from Lemma 2.4. The proof is now complete. [J

In general, we use “+” for quantities related to X*. For example, AT,
(P,i)tzo and pT(r,x,y) denote the generator, semigroup and transition den-
sity of the reflected diffusion X* in D4 with respect to p+(x)dx. In addition,
we use “g” for quantities related to the CTRWs in the discrete domains DY .
For example, p®*(z,x,y) denotes the transition density of the CTRW_ X6+
on D% with respect to the measure m . We also denote p®(t, (7,5), (r s’)) =

r Pt T (t,s_,,sj) for (7,5) € (D))" x (D2)™.

By applying Lemma 2 13 to p&*(t, x, y), then by the boundedness of ®, in
(2.13), Theorem 2.12, Lemma 2.4 and LDCT, we have the following approxima-
tion for the local time of X* on 1.
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PROPOSITION 2.14 (Discrete local time).

! + ! +
(2.24) 81136/0 3 o (9,x,zi)og(z)d9=/(; /Ip ©, x. 7)o (dz) do.

zel®

2.3. Hydrodynamic limit: System of nonlinear PDEs. In this subsection, we
provide suitable notion of solutions for the coupled PDE (1.1) and (1.2), and then
prove the existence and uniqueness of the solution. Throughout this subsection,
D is a bounded Lipschitz domain, p € w2 (pyn cl(D) is strictly positive, X
is a (Igxq, p)-reflected diffusion, {P;} and p(t, x, y) are the semigroup and the
transition density of X, with respect to the measure p(x) dx.

Observe that (1.1) is a second order parabolic equation for x4 with Robin
boundary condition, and (1.2) is a similar equation for u_. This leads us to consider
the following Robin boundary problem, where g € B, ([0, o0) x d D) is arbitrary.

0
a—”t‘ = Au, on (0,00) x D,
0 1
(2.25) a—Lj = —gu, on (0, 00) x 0D,
nop

u0, ) =, on D.

By It6’s formula and the Skorokhod representation for X, we see that a classical
solution of (2.25), should it exists, has the probabilistic representation

(2.26) u(t, x) =B [p(X,)e o 8=s-XdLs],

where L is the boundary local time of X. We first show that the function u defined
by (2.26) is continuous.

LEMMA 2.15. Suppose ¢ € By(D), g € B;([O, T] x 0D) and u is de-
fined by (226). Then u € C((0,T] x D). Moreover, if ¢ € C(D), then u €
C(0,T] x D).

PROOF. Observe that for any r € [0, ¢],
u(t,x) =E* [(p(Xt)e—fr[ g(t—S’Xs)dLse—fo’g(t—s,Xs)dLs]
(2.27) = E¥[p(X,)e™ Jr 805X dLs]
+ Ex[(p(Xt)e—f,.tg(t—s,Xs)dLs (e—forg(t—s,Xs)dLs —1)].
By Markov property, the first term is
EX[EX [(X,_ e Jo " 8U=r=s XAl = E¥[u(t — r, X,)].

Since X has the strong Fgller property (see [1]) and u is bounded, x — E*[u(r —
r, X;)] is continuous on D for any fixed t > 0 and r € (0, t).
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The second term of (2.27) converges to zero uniformly on (0, 7] x D, as r — 0.
This is because its absolute value is bounded by

Q| EX[1 — e Jo 8¢5 X dLs]

,
< lplIE* [/ gt —s,Xy) dLS] by mean-value theorem

<||<o||||g||—// ps, x, y)o (dy) ds

<lellighCy/r by (2.16).

Hence, u is continuous in x € D.
By a similar calculation as in (2.27), we have

u(t+a,x)—u(t, x)
=E"[u(t, Xo) —u(t, x)]
+E¥ [(p(XtJra)e—f;”g(t+a—s,Xs)dLs (e—fg’g(t-l-a—s,Xs)dLs N 1)]
Hence,

lu(t +a, x) —u(t,x)|
<E*[|u(t, Xq) —u(t,x)|]

a
+ || E* [/ gt+a-—s, Xs)dLs] by mean-value theorem
0
5/ lu(t,z) —u(t, x)|p(a, x,z)dz
D

+||<p||||g||—f f (s, x, )0 (d2) ds.

Both terms go to 0 uniformly in x € D as a goes to 0. [In fact, the first term goes
to 0 uniformly since the semigroup P; is strongly continuous on C(D). For the
second term, [ [5, p(s, x,2)0(dz) ds < 2Ci/a + Caa also goes to 0 uniformly
in x.] Hence u is continuous in ¢ € (0, 7] uniformly in x € D. Therefore, u €
C((0,T] x D). If ¢ € C(D), we can extend the above argument to show that
ueC(0, Tl x D). O

REMARK 2.16. In fact, one can allow g to be unbounded and show that the
conclusion of Lemma 2.15 remains true if go satisfies a Kato class condition:

hm sup/ f p(s,x,2)|g(t +a—s,2)|o(dz)ds =0.

xeD
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PROPOSITION 2.17.  Suppose ¢ € C(D) and g € B;([O, T]x0D). Then
u(t, x) i=E*[p(X,)e~ fo s =o X dL]

is the unique element in C([0, T] x D) that satisfies the following integral equa-
tion:

1 t
(2:28) u(t.x)=Popx) - A /BD p(t—r,x, )gr, y)ur, y)p(y)o(dy)dr.
PROOF. By Lemma 2.15, u(t,x) := EX [go(X,)e‘fég(t—s’Xs)dLS] lies in
C([0, T] x D). Moreover, by Markov property and (2.17), we have
u(t,x) =E[p(X0)] — E*[p(X,)(1 — e st X dl)]
= Pig(x) — E¥[p(X,)e~ Jr 808X dLs =]

r t
= Pip(x) —E*| (X)) fo gt —r, X,)e~rst=s XodLs dLr]

4 t—r
= Pip(x) —E* / gt —r, X)E  [p(X,— e o g“"‘*‘““s]d@]
0

= Pip(x) — E* _/(;tg(t —r X u@ —r, Xr)dLr:|

1 t
=Py = [ /d DX )8 = yult = r (3o dy) dr

Hence, u satisfies the integral equation. It remains to prove uniqueness. Sup-
pose i € C([0, T] x D) also satisfies the integral equation. Then w = u — i €
C([0, T] x D) solves

1 t
@29) (. =—3 /O /3 P = g W ()0 (dy) dr

By a Gronwall type argument and (2.16), we can show that w = 0. More precisely,
let ¥ (s) = sup, . |w(s, x)|. Then by (2.16) we have

CY(r)
0 J/t—r1

8 t
= Efo 2CY (r)\/t —rdr.

Integrating both sides with respect to ¢ on an interval [0, 79], we have

0§/t01p(t)a’t < /to 20y (r)io —rdr.
0 0

0<y(r) < dr vt €0, T]
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From this, we h~aVG Y =0 on [0, #)], where o > 0 is small enough so that
2C/to < 1. Let ¥ (t) = ¥ (¢ + t9), we can show that

- t Cr
Ofw(t)sfo %d’

and repeat the above argument to obtain 1/7 =0on [0, fp] (i.e. ¥ =0 on [0, 2t]).
Inductively, we obtain ¥ =0on [0, T]. O

vVt [0, T — 9]

DEFINITION 2.18. The function u defined by the probabilistic representa-
tion (2.26) (or equivalently in Proposition 2.17) is called a probabilistic solution
of (2.25).

It can actually be shown that u is weakly differentiable and solve (2.25) in the
distributional sense (see [14], Section 3). However, our method only requires con-
tinuity of the solutions. Now we come to our coupled equations.

PROPOSITION 2.19. For T > 0, consider the Banach space At = C([0, T'] x
D) x C([0, T] x D_) with norm ||(u, v)|| := ||u|l + ||v]. Suppose uy(0) = f e
C(Dy) and u_(0) = g € C(D_). Then there is a unique element (uy,u_) € At
which satisfies the coupled integral equation

uy(t,x) = Pr f(x)

A t
_ 5/0 /]p+(t —r,x, )[us(r,Du—_(r, 2)|p+ () do () dr,
u—(t,y) =P g()

A [t
_ 5/(; /;Pf(l‘ —-rYy, Z)[M+(I”, Z)u_(r, Z)],O_(y) dO’(Z) dr.

(2.30)

Moreover, (uy, u_) satisfies

uyp(t,x) = Ex[f(X:r)e_’\fé u_(t—s,x;r)dL;r]’
(2.31)
u_(t,y)= Ey[g(Xt—)e—)»fé u+(t—s,XS_)dLS—],

where L™ is the boundary local time of X* on the interface I.
PROOF. Define the operator S on A7 by S(u, v) = (STv, S~ u), where

Stot,x) = B [f(X;)e Hove=sXDdLIT for (1, x) € [0, T] x Dy,

STu(t,y) = Ey[g(Xf)efué“(lfs’X;)dL;] for (t,y) €[0,T] x D_.
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Lemma 2.15 implies that S maps into A7. Moreover, for (¢, x) € [0, T] x D,
[(STvr — Stu)(t, x)|

_ |Ex[f(Xt+)(e_”5 vi(t—s,Xs)dLT _ e—xf(; uz(t—s,Xj)dLj)”

t t
<11 [ w5 x0aLs = [usle— s, X5 aL
0 0

]

= ||f||)LIEX|:/0t|v1(t — 5, X)) — vt —s,X;F)}dL;F]

<Al fllllvr — v2 | E¥[L]
1 t
YV —Uzllifo f1p+<s,x,y)p+(y>o<dy>ds

< CWTI flllvr = wall.
A similar result holds for S~u; — S~ u;. Hence,
ISCu1,v1) — S(ua, v2)| = | STvr — Stva| 4+ | S7ur — S uz|
< CiAVT lugllllvr = vall + CoANT vl lur — ua||
<y, v1) = (u2, v2)|

for some y < 1 when 7T is small enough.

Hence, there is a Ty > 0 such that S : Ay, — Ay, is a contraction map. By
Banach fixed point theorem, there is a unique element (u*, v*) € Ar, such that
(u*, v*) = S(u*, v*). By Proposition 2.17, (u*, v*) is the unique weak solution to
the coupled PDE on [0, Tp].

Repeat the above argument, with uq(-) replaced by u*(7p, -), and vg(-) replaced
by v*(To, -). We see that, since [[u*(To, )|l < lluoll, lv*(To, )|l = llvoll and C;
(i =1,2) are the same, we can extend the solution of the coupled PDE uniquely
to [T, 2Tp]. Iterating the argument, we have for any T > 0, the coupled PDE has
a unique weak solution in A7. Invoke Proposition 2.17 once more, we obtain the
desired implicit probabilistic representation (2.31).

Finally, by using Markov property as in the proof of Proposition 2.17, we see
that (2.31) and (2.30) are equivalent. [

As in Definition 2.18, we introduce the following definition.

DEFINITION 2.20. The pair of functions (x4, u_) satisfying equation (2.30)
is called a probabilistic solution of (1.1) and (1.2).

2.4. Main results (rigorous statements). In this paper, we always assume the
scaling Ne¢ = 1 holds for simplicity, so that the interacting random walk model
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is parameterized by a single parameter N which is the initial number of particles
in each of D% and D?. More precisely, for each fixed N, we set e = N —1/d and
let (77):;>0 be a Markov process having generator £° defined in (2.10) and having
initial distribution satisfies ) . ;. n8’+(x) =2 yeDt ng’f(y) = N. We define the
empirical measures

1
xN*(dz) = 3 01 (d2).

xeDi
It is clear that (f{f] o+ ffiv " )s>0 is a continuous time Markov process (inheriting
from that of n;) with state space
¢:=M< (54—) X MS](B—)a

where M < (E) denotes the space of non-negative Borel measures on E with mass
at most 1. M<1(E) is a closed subset of M (E), where the latter denotes the space
of finite non-negative Borel measures on E equipped with the following metric:

e L k) = (v, )
=l '_gzk1+|<u,¢k>—<v,¢k>|’

where {¢r : kK > 1} is any countable dense subset of C(E). The topology induced
by this metric is equivalent to the weak topology [i.e. ||, — u|| — O if and only
if (wn, f) — (u, f) for all f € C(E)]. Under this metric, M (D) is a complete
separable metric space, hence so are € and the Skorokhod space D([0, T'], &) (see,
e.g., Theorem 3.5.6 of [23]). Here is our first main result.

(2.32)

THEOREM 2.21 (Hydrodynamic Limit). Suppose Assumption 2.3 holds and
the sequence of initial configurations 1 satisfies the following conditions:

6) %g’iﬁuf)t(z) dz in M<1(D4), where ua—L e C(Dy).
(if) Timy o0 SUP. ¢ pg, ELG15 ™ (2))°] < 00.
Then for any T > 0, as ¢ — 0 along the sequence ¢; = 277, we have
@V V)L (vt ) e D([0, T, @),
where (v, v7) is the deterministic element in C([0, T], &) such that

(vt (@), vy (dy)) = (4-(1, X)p () dx, u_(2, y) p—(y) dy)

forallt €0, T], and (uy,u_) is the probabilistic solution of the coupled PDEs
(1.1) and (1.2) with initial value (ug, uy).

Theorem 2.21 gives the limiting probability distribution of one particle ran-
domly picked in D% at time ¢. This is the 1-particle distribution in the terminology
of statistical physics.
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Question: What is the limiting joint distribution of more than one particle?

Before stating the answer, we need to introduce a standard tool in the study
of stochastic particle systems: the notion of correlation functions.> Recall that the
state space of n° = (nf);>0 is E® defined in (2.9). We denote by

s—|:=Zs—<y>=m}

G = {5 =t E) e B g =Y 6 () =n,

the set of configurations with n and m particles in D% and D?, respectively. We
then define A : E® x E® — R in such a way that whenever & € @, .

233)  AG.m=AtEtN)AE )= [] ALY [T ALY

xeDy xeD_

where n +— Aj is the Poisson polynomial® of order k, namely Ap:=1and A} :=
nn—1)---(n —k+1) for k > 1 (in particular, A} = 0 for k& > n). Note that

% is the number of permutations of k objects chosen from n distinct objects. So
A(&, n) is the total number of possible site to site pairings between labeled particles
having configuration & with a subset of labeled particles having configuration 7.
An alternative representation of (2.33) will be given in (3.5).

Convention: For (7,5) € (DL)" x (D2)™ and n € QY ;. we define A((7,5), n)
tobe A(§, n) with§ = (3_; 8y, X2 05))-

DEFINITION 2.22. Let P" is the law of a process with generator £° and ini-
tial distribution n satisfying the two conditions specified in Theorem 2.21. For all
t >0, we define

) 8d(n+m)E’7

2.34 &, 1) :=y>"M(E 1) = A(g,

(2.34) yoE. )=y €= [AE. n)]

for all § € ; ,, where

(2.35) as(€) :=me(F,5) = [ [ mF i) [ [ m; (57,
i=1 j=1

when & = (3_; 8, 2_; &5;). By convention, we also have y*((7,5), ) := y*(§,1).
Note that ¢ depends on the initial configuration of 7.

2More precisely, we will be using correlation functions for unlabeled particles. We refer the readers
to [35] for the relation between labeled and unlabeled correlation functions.

3The notation A} is suggested by the fact that ]E[Ai] = 6% when o is a Poisson random variable
with mean 6.
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Intuitively, suppose we randomly pick n and m living particles in D4
and D_, respectively at time 7, then (7, 5) > y&""™ ((F,5), 1) is the joint proba-
bility density function for their positions, up to a normalizing constant. Therefore,
it is natural that )/8’(”””) defined by (2.34) is called the (n, m)-particle correlation
function.

The next is our second main result, propagation of chaos, for our system. It
says that when the number of particles tends to infinity, they appears to be inde-
pendent of each other. Mathematically, the correlation function factors out in the
limit N — oo.

THEOREM 2.23 (Propagation of Chaos). Under the same condition as in The-
orem 2.21, for all n,m € N and any compact interval [a, b] C (0, 00),

lim sup sup |y ((F,5),1) Hu+(t ri) nu (t,57)| =

e—0 (;. _))EDn ><D [e[a b]

where (uy,u_) is the weak solution of the coupled PDE.

To investigate the intensity of killing near the interface, we define J Nt ¢
D([0, 00), M (D)) by

2.36) JVT(A) ==Y w@n @on zo)1a(zy)  for AC Dy,

zel?®

237 IV T(B) ==Y W (2 (z)1p(z-)  for BC D_.

zel®

Clearly, (J,N’+, 1) = (JtN’f, 1), which measures the number of encounters of the
two types of particles near /. An immediately corollary of Theorem 2.23 is the
following, which is what we need to identify the limit of (X, XN.7).

COROLLARY 2.24. For any fixed t € (0, 00) and ¢ € C(D~+), we have

1
tim B[(7*,¢)] = 5 [ wstt. -t )9 ()o @),

N—o0

1 2

Jim B[, 0)%) = (5 [ g0 @n)
Jim B[, )] = (us(). 9),.,

Jim B[, 6] = (s, 6),, )"

where (u4(t), ¢ —fDi ut(t,y)p(y)p+(y)dy.
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PROOF. We only need to apply Theorem 2.23 for the cases (n,m) = (1, 1)
and (n,m) = (1, 0). By definition,
d

+
m-l—(r) EU [nt (7‘)]

yg(lrvt) =

and
2d

m*(rym=(s)
Using (2.8) and Lemma 2.4, we get the first two equations via Theorem 2.23. Using

(2.8) and the assumption that p+ € C (D4), we have the last two equations again
by Theorem 2.23. [J

e, +1,,1) = E"[nt (r)n; (s)].

REMARK 2.25 (Conditions on 1g9). The two conditions for the initial config-
uration 719 in Theorem 2.21 are mild and natural. They are satisfied, for example,
+
when each particle has the same random initial distribution gO—(szf Condition (ii)
D4 %o
guarantees that, asymptotically, there is no “blow up” of number of particles at any
site. More precisely, this technical condition is imposed so that we have

(2.38) sup E[(1, J,N’+>2] <C<oo for sufficiently large N.
>0

The above can be easily checked by comparing with the process 7 that has no
annihilation (i.e., 7 has generator £§). Alternatively, we can use the comparison
result (3.11) to prove (2.38).

REMARK 2.26 (Generalization). We can generalize our results in a number of
ways by the same argument. For example, the initial number of particles in D and
D_ can be different, the condition Ne? = 1 can be relaxed to limy_,oo Ne? — 1
where ¢ depends on N. The annihilation constant A can be replaced by a space
and time dependent function A(f, x) € C([0, o0) x I). The diffusion coefficients
in Dy and D_ can be different. The condition “%(I)V * has mass one for all N” can

be replaced by “the mass of %év + s uniformly bounded in N”. More generally,
the same method can be extended to deal with similar models with more than two
types of particles. In a subsequent work [12], we study a related model in which
particles move as continuous reflected diffusions.

The remaining part of this paper is devoted to the proof of Theorem 2.21 and
Theorem 2.23. We first prove Theorem 2.23 because the proof of Theorem 2.21
relies on Theorem 2.23.

3. Propagation of chaos.

3.1. Duality. The starting point of our analysis is the discrete integral equation
for y¢ in Lemma 3.2. At the heart of its proof is the dual relation in Lemma 3.1,
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which says that the two independent processes 50 = (S;O)zzo and 770 = (U?)zzo of
independent random walks with no interaction are dual to each other with respect

to the function ‘ii’;)), where &, € E®. Such kind of dual formula for the whole

grid Z¢ appeared in [4] and in Chapter 15 of [10].

LEMMA 3.1 (Duality for independent processes). Let SO = (E;O)zzo and 170 =
(U?)tzo be independent continuous time Markov processes on E® with generator
£ defined in Definition 2.8. Then we have

AE 1 )} E[A(%‘o

3.1 E|:
G-D O‘e(ét 0‘8(5 )

)] foreveryt > 0.

n,m

PROOF. Assume &) € Q¢ and 1) € Q% - Then we have £) e Qy, ,, and

n? € va y for all £ > 0. Without loss of generality, we may assume N >n > 1
and M > m > 1 as otherwise both sides inside expectations of (3.1) are zero by the
definition of A(&, n).
Denote U the map that sends (7,5) € (D))" x (DE)™ to (3;6r,,2-6s;) €
.m forany (n, m). We first focus on D in Step 1 and Step 2 below.

Step 1. For any 7 € (D})" and nt € Qf (, fix some X+ = (i xd) e
U~'(n"). Then by the definition (2.33) of A,

(3.2) ATF ot =gli 5 =F),

where n-tuples i= (i1, ...,in) consist of distinct positive integers in the set
{1,2,...,N}, )?fL = (x;ir, e x;') and #S denotes the number of elements in the
finite set S. N

Step 2. Denote by IP’" the law of the unlabeled process (ﬂ?)tzo starting from

nt € QY o and has generator £§. Let X+ = (..., xf) e U (n"), and )2;”5 =
(X;r E(I), ey XIJ\? ®(1)) be independent CTRWs in D¢, starting from X, whose law
will be denoted as P* " . Then by (3.2), we have

En [A(F, ’7;)] E[H{n—tuples?’:)}?’e(t)zF}]

- ¥ PEo=7).

i: n-tuples

(3.3)

2+ >

where P/ is the law of {X?_+ ““(t); t > 0}. Denote by p® (6, Z.w) the transition den-
sity of n independent CTRWSs in D¢ . By Chapman-Kolmogorov equation, we
have for any 6 € [0, ],

]PX (X+8(t)—r Z p 0 xﬁ ,Z)p (t—0,z,  ym@)m).

Ze(DH"
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Putting this into (3.3), we have

EY [AG.7)] m(r)ZZIP ’Xf<9>—z)p (t—0,3,7)

=mg(r) ZEZ [AGZ, 1)) ]p(t —6,Z,7) by (3.3) again
z

(3.4)
=mg(F) ZE8+ [AGZ, n9)]pf(t —6,7,7) by symmetry of p*

AL, 2)}

ms( 5)

_ mg(m@[

where [ is the expectation corresponding the probability measure under which the
coordinate processes of {17;“8; t > 0} are independent CTRW's with ?J ® =7 and
are independent of (77?),20.

Step 3. Now we work on Dy x D_. For any (7,5) € (D%)" x (D)™ and n =

(n*,n7) € QY take X = (] e XN, X e X)) € UTL(). Asin Step 1, we
have

(3.5) A(F5),m) =8{G, ) (5, 5) = 9},

where i runs over all n- tuples i := (i1, ..., Ip) consisting of distinct positive inte-

gers in the set {1,2,..., N}, and ] over all m-tuples j := (ji, ..., jm) consisting
of distinct positive integers inthe set {1,2, ..., M}.

Denote by ]P’g the law of the unlabeled process (U?)zzo starting from n € Qf\, M
and has generator £j. Since all processes on D are independent of those on D? ,
we can proceed as in Step 2 [via (3.5)] to obtain

A( —_9> 779)
ms( [_9)

(6  ENA(G.5).10)] = m:G. 5)[{-«:[ ] for 6 € [0. 1],
where V¢ := (Yfr’e,...,Y,f’g, Yl_’s,...,Y,;’g) is independent of 170 with f’g =
(7,5), and its components are mutually independent CTRWs on D7, respectively.
The proof is now complete by taking 8 =0. [

We now formulate the discrete integral equations that we need. Recall the defi-
nition of &% from (2.12) and the definition of y¢((¥, §), t) from (2.34).

LEMMA 3.2 (Discrete integral equation for y®). For any ¢ > 0, t > 0,
(r,s) e (D))" x (D)™, non-negative integers n, m and initial distribution 1o,
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we have

“((F.5),1) Z ye( pet, (F.5), (. 8'))m(r', s")

5"
3.7) ’

Z pEt—s, (7. 5). (. 8)E[REA((r, 5), ns) ] ™ ds,
(r 5

where K¢ acts on the n-variable of A((F,5), n).

PROOF. Starting from (3.1), we can obtain Lemma 3.2 by “integration by
parts” as follows.
Let P oy and P,0) be the laws of £9 and n°, respectively. Equation (3.1) is
equivalent to saying that for any £ and 5, we have
ny = n}

E(so)[A(S ;1) ‘50 ] B O)[A(S n9)
for every w > 0.

O
(3.8) e(&y) (&)

Taking w =t — s, we see that (3.8) is in turn equivalent to

F© p&O (AL PO (AC) ) = 6w
©(p) = ( 8())@) ( g@))() ®

for every s € [0,¢] and ¢t > O,

(3.9)

0 0
where Pt(“’E ) and Pt(" ) are the transition semigroup of £° and ,°, respectively, and
they act on the & and n variables in ff(g)), respectively. Therefore, with £ acting
on the n variable, we have

G10) O = GIE) = gP}B‘?(A(Z)))()_ _es O (.

Recall that 7, is the configuration process of our interacting system with genera-
tor £+ R° (see Definition 2.8). Fix & and consider the function (s, ) = Fy(n) :=

Fs(s)(n). We have

S (OF,
M := F(n5) — Fo(no) —fo ( o

is a F; -martingale for s € [0, ¢]. By (3.10) and the fact that E"[M,] = E"[My] =
0, where P is the law of (1;);>0 starting from 7, we have

A(éﬂ?z)} @) (AC,n) ! [ e p@) (AC 1 ]
o=g"| 28" _p — [ E|aep
[ @@ | (oego )(s) J ”( () >(§)

for all £ and n. This is equivalent to the stated equation in the lemma. [

Fr)modr
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It is clear that R*A(&,n) < 0. Hence, as an immediate consequence of
Lemma 3.2, we have the following comparison result:

3.11) (FH)= 3 v (e, 7.5), (', 8"))m(r, s')
r',s")
forall 7 > 0 and (¥, 5) € (D7)" x (D%)™.

3.2. Annihilation near the interface. For any & = (§7,&7) € E¢, we let
";‘(J;) = &1 (x)1,, the element that has only £ (x) number of particles at x, and

none elsewhere. Similarly, we denote £~ (y)1, by é(_y) and set &, y) = (§ T(x0)1,,
§-(n1y).

LEMMA 3.3. Let R® be the operator defined in (2.12) and acts on the
n-variable of A(§,n). Then

(3.12) -QSA(S, n = Z A — S(z+,zf)v n) 'KSA@:(Z%L% n.

zel®

Moreover, if & € B :={£ : E%(z4) < 1 for every z € I¢}, then

. s
(3.13) RAE nN)=—- Yo W@AE+10:.0)
zel®:ET(z4)=1
A
(3.14) —= > W@AE+1¢,.0.0)
zel®:67 (z-)=1
A
(3.15) —-= > e (2) A, m).

€ z€l%:6(z4,2-)=(1,1)

PROOF. Observe that A(§ — &y y), N A(§x,y). 1) = A(§, n). Consequently

A
E%(Z)n*(u)n_(z—)(A(S, n—1¢, . —AE,n)

A + _
=g‘1’s(z)n () (z-)AE — &z M)

X (A —1eie) — Ay ) M)
= A(g: - S(Z+,Z7)’ n)ﬁaA(g(m»,Zf)? 77)
Thus, (3.12) holds. On other hand,

A
KAy 2y =V, (z)gn+(Z+)n_(z—)

-1, if&(z4,z-)=(1,0) or (0, 1),
1=ty —n (o),  iféGEe,zo)=(1,1).

X
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Observe also that for x € D} and y € D?,

A — g(x,y), 77)T7+(X)777(y) =AE¢ — S(x,y) + l(x,y)a n)

and
AE —Exyp)nt ) 0™ ()
= AE — £y, (1T @7 =0T @ + 0T @)~ (0
= A — &Gy, MARLL )™ () + AE = £y, N (0™ ()
= A =&,y + 21,00 + L0,y), 1) + A€, n).
Similarly,

AE = Eqy)» T O~ (0)? = AG =&y + 1.0) + 210y, 1) + AE, 7).

From the above calculations and (3.12), we see that for £ € B,

A
REAE, ) =—= > We(2)AE + 10,20y, 1)
zel®:&(z4,2-)=(1,0)
A
—= > We(2) A + 1, 0),1)
€ z€l%:€(z4,2-)=(0,1)
A
—= > We(2) (A ) + AE + 10,2, 1)

€ rerre@ =11

+ A(‘i: + 1(Z+,0), 77)),

which gives the desired formula. [

3.3. Uniform bound and equi-continuity. We extend to define y& " (. 1)
continuously on 5:1_ x D" while preserving the supremum and the infinmum in
each small e-cube. We can accomplish this by the interpolation described in [2] or
[41], or by a sequence of harmonic extensions along simplexes with increasing di-
mensions (described in [24]). Recall that the definition of yg’(”*m) (-, 1) depends on
the initial configuration ng of the interacting random walks (see Definition 2.22),
which satisfies the two conditions in Theorem 2.21.

THEOREM 3.4. There exists g > O such that for any (n,m) € N x N, the
family of functions {y® (¥, 5), 1) }ee(0.59) is uniformly bounded and equi-continuous
on 51 x D" x (0, 00), which is uniform in the initial configuration ng that satisfies
the two conditions in Theorem 2.21.
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PROOF. We first prove uniform boundedness. By (3.11) and the Gaussian up-
per bound in Theorem 2.9, we have

¢((F.5).1) Z ve( Pt 7. 5). (. 8))m(r, s')
.5

C \"tm N
f(m) S A, e
(;/,?)eﬁixﬁrf
whenever ¢ € (0, €¢).

Since the initial distribution 79 = (1, ) has the property that Y, D g (x) =
ZyeDi 770_(}’) = E_d, we have

> A(G5), no)ed

(7,5)651><5T
n m
= ( Z H ’7(—;(”!')>( H UE(SJ))ed(”J“”’) since A} < nk

Thus there exist eg = eo(d, D, p) and C = C(d, D, p) > 0 such that for all 7
(0,00), (n,m) e N x Nand ¢ € (0, &),

C n+m
(3.17) sup  sup ys(é‘,t)§<—> .
£€(0,60) £€, ,, 14/2

We next show that both terms on the right-hand side of (3.7) are equi-
continuous. Recall that we can rewrite the equation (3.7) as

yg((?, 5),1) = F*((r, s), 1)+ GS((?, 5),1),
where

F(F5)0) = 3 v pe(t, G5, (7, )m(r, ),
(r s/)

((r s) t / Z p t—s (r s) (,. s)) [ﬁeA((;/’;/)’ns)]gd(n—i-m) ds.
(.5
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Now let (7, 5), (p,q) € (D})" x (D%)™ and 0 <t < £ < co. For the first term,
[F(F,9), 1) = FE (7, 9), 0)]
= 0 G (75 = G (7 5)
(r',s")
< E[A((7.5). no)]gd(ﬁm))

< (sup [p* (1, G, 5), (7,5) = p° (6, (5. D), (7, 5)))])
r'.s")

X Eo[ Z A((;/, 5’), no)ed(”+m)]
(r.s")

< sup [p°(0, . 9), (7.5) = p° (6 (5. D), (7, 5),
(r’,s")

where we have used (3.16) in the last line. By the uniform Holder continuity
of p(t, (r,5), (r s/)) (see Theorem 5.12 below) and the fact that pi(t X,y) €
C((0,00) x D+ x D), we see that { F¥} is equi-continuous at ((7, 5), t). For the
second term, note that

(3.18) G:((P,4), £) — G*((7,5),1) = /f HWD(s)ds + /Ot HP(s)ds,
where
HY )= Y p*(t—s, (5. @), (', ") E[REA((r, 57), ns) Jed ™
'.5")
and
HP(s):i= Y [p°(€ = 5. G.5). (7.5") = p°(t = 5. (5. 3. (. 5))]
(r'.5")
x E[REA((r', 57)., ng) e,
In the remaining, we will show that G¢ is equi-continuous. We first deal with H"

in (3.18).
Asin (3.16), we have

> 61, (B, 9, (. ) A((, 57), ng,)ed ™
r'.s")

fli[(zp 01, i r{)ng, () )H(ZP 01,9, 57)ng, (s )d)-

j=1

(3.19)
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On other hand, using (3.11), the Chapman Kolmogorov equation and assump-
tion (ii) for ng, in this order, we have

2
(3.20) sup  sup E[( > pe(Gl,a,x)n;;(x)sd> ]5 C

01,00>0aeD?
162>0aeDy LA\ epe
for large enough N, where C > 0 is a constant.

> P01 (5. D). (. 8 [E[FA((,57). my) ] 640+

r',s")

A
<E[2 ¥ nt oo

zel

< X P00 G DA et ]

(r’,s")

- ZE[(I, ) ﬁ(Z p*(01. pi.r))ng, (r{)ed)

i=1 ri/
m
<T1(Z 5 s 5)e!) |
j=t s

<C uniformly for 6; > 0,6, > 0, (p, ) € (D})" x (D)™ and

¢ > 0 small enough.

We have used (3.19) for the second inequality. The last inequality follows from
Holder’s inequality, (2.38) and (3.20). Therefore for any (2, m),

sup  sup Z pe (61, (5. ). (,7/ 5/))
01,62>0 (p,q)e(D3)" x (D* )™ i)
(3.21) o :
x [E[REA((r, 5), ng,)] |70+ < C

for large enough N, where C > 0 is a constant. Hence, ff |HWD (s)|ds < C(¢ —
t) — 0 as £ — t, uniformly for (p, g), s € (¢, £) and & small enough. Finally, we
deal with H® . For any h € (0, t), we have

t t—h t
’/ HP (s)ds 5/ |H<2>(s)|ds+/ |HP (s)|ds.
0 0 t—h
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By (3.21), we have [ , |[H®(s)|ds < Ch. By the Holder continuity of p® (cf.
Theorem 5.12),

t—h
/0 |H® (s)| ds

t—h RN - -
SA S_p? {pé\(Z -, (;:3 E), (r/as/)) - ps(t -9, (ﬁ’ 5)7 (r/vs/))|
(r'.s")

[ D_ny @y () ) 2A(( (7, 5). n )d<n+m)}d

zel (r S/)

o = - o

< (t—h)Cw_tl L IFLS) — (P @) |1
hos3

where o; (i =1, 2,3) are positive constants. Since & € (0, t) is arbitrary, we see

that | [§ H® (s)ds| — 0 as |[€ — t| + ||(,5) — (P, §)|| — O, uniformly for small

enough ¢ > 0. Hence, G? is equi-continuous at an arbitrary ((7,s),1) € (DE)" x

(DE)Y™ x (0,00). O

for sufficiently small ¢ > 0,

From Theorem 3.4 and a diagonal selection argument it follows that for any
sequence & — 0 there is a subsequence along which y*® converges on D x D" x

(0, T), uniformly on the compacts, to some y "™ e C(DJr x D" x (O, T)), for
every (n,m) € N x N. Our goal is to show that

n m
G5 = [Tur @ [Tu-es)).
i=1 =1

We will achieve this by first showing that both I' = {y """} and CD("’m)
[T us(t, i) H _ju_(t,s;) satisfy the same an infinite hierarchy of equations,
and then estabhshlng uniqueness of the hierarchy.

3.4. Limiting hierarchy. Note that D’y x D™ is a bounded Lipschitz domain in
R®+md and that the boundary d(D'}L x Dm) contains the disjoint union (J;"_, 8’

m aj
=1 02 where

ith

(3.22) 3 :=(Dy x - x (D4 NI) x---x Dy) x D™,
. jth
(3.23) 3l =D x (D_x---x (dD_NI)x---x D_).

We define the function p = p(, ) : D’} x D™ - ]lﬁby p(r,s) =TIy p+(ri) x
[T7=1 p—(sj). We also denote p(t, (7, 5, (s = Tl pT @, risr) x
’};1 p (1,5, s;), where pjE is the transition density of the reflected diffusion

X* on D4 with respect to the measure p4 (x) dx. We now characterize the subse-
quential limits of {y®}.~0:
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THEOREM 3.5. Let ng be a sequence of initial configurations that satisfy the
two conditions in Theorem 2.21, with ¢ = N~Y4 . Denote by I't = {ye’(”’m); t >
0, n, m € N} the correlation functions for the interacting random walks with initial
configuration ng. Let I = {y,("’m); t > 0,n,m € N} be any subsequential limit (as
e—0)of ¢ = {y®™: ¢t >0,n,m e N}. Then the following infinite system of

hierarchical equations holds:

y (7, 5) = / ®"™ (G, b)p(t, (7,5), @, b)) p(@, b)d(@, b)
Dl x D"
e (m+l) = 7 o o 2
S (X[, v G Goa)p—6.¢.5). @ b)
i=1 +

(3.24) L
p(a,b)
p+(ai)

X

dG(n’m)(a, E) + Z /(-;j ye(n+1,m)(((-l>’ b)), 5))
j=1""=

p (@, b)
p—(bj)

x p(t — 6, (7.5), (@ b)) dogm (@, b)do,

where d(a, I;) is the Lebesgue measure on R" ™™ O(n,m) 18 the surface measure of
d(D x D™) and ®™ (@, b) :=[Tj_, ug (ai) [1]; ug (b))

REMARK 3.6. (i) The equation expresses yt("’m) as an integral in time involv-

ing y ">+ and y ®+1m thus forming a coupled chain of equations. In statistical
physics, it is sometimes called the BBGKY hierarchy.* It describes the evolution
of the limiting (n, m)-particle correlation functions and hence the dynamics of the
particles.

(i1) By Proposition 2.17, (3.24) is equivalent to

Vt(n,m)(l7, 5) = RS |:q>(n,m) (X(n,m)(t))
(3.25) t
_ )Lv/() (Tys)(n,m) (Xn.my(t — 5)) dLg"’m)i|_

Here L™™ is boundary local time of X, ), the symmetric reflected diffusion on
D't x D™ corresponding t0 (I(nu4m)dx (n+m)d> P(n,m))» and (Tv)®™ ig a function

4BBGKY stand for N. N. Bogoliubov, Max Born, H. S. Green, J. G. Kirkwood, and J. Yvon, who
derived this type of hierarchy of equations in the 1930s and 1940s in a series papers.
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on d(D’} x D™) defined as

P (1)
(nm) (3 3y .— . . r,s oS i
(Tv) (r,s): v(n+l,m)((r’ Sj)7 s)’o(”L()’ if (r,s) € 31;
p—(s5)
0, otherwise.

Observe that the coordi_nate processes of X, ) consist of n independent copieﬁ of
reflected diffusions in D and m independent copies of reflected diffusionsin D_.
(iii) It is easy to check by using (ii) and Proposition 2.17 that

n m
7m 7, 5) = [ Juser) [Tu=t,5))
i=1 j=1

is a solution of (3.24), where (14, u_) is the weak solution of the coupled PDEs
(1.1)—(1.2) with initial value (u:{ ,uy ). This implies that the limiting hierarchy
(3.24) admits an explicit product form solution.

PROOF OF THEOREM 3.5. Recallthat E :={£ : &1 (z4) < 1 for every z € I¢}.
We can rewrite (3.7) as
ye((F,5),0) = Y v5(@,b),0)p*(t, (7, 5), @ b))m(@, b)

@@.b)
1 - -
(3.26) +/ > Pt —s. (7,5). @ b)E[REA(@, b), 1) ]e!" ™ ds
0 -
(a,b)¢=

t N 5
+/ > Pt —s. (7,5). @ b)E[REA(@, b), 1) ]e!" ™ ds.
(@,b)eE
Fix any (n,m) e Nx N, ¢ > 0and (¥, 5) € (DE)" x (DE)™. By a simple counting
argument and conditions for ng specified in Theorem 2.21, we see that the first
term in (3.26) equals

E"S{ > pe(t, (7.5). @, B) [t @) [] n+(b/)} +0o(N)

@.b)e(D5 )" x (D)™ i=1 j=1
& n N mn
=Em |:H (%O ot i, ) 1_[ (:{8’»—’ PEt. s, )>:| +o(N),
i=1 j=I1

which converges to EC ’5)[d>("*’")(X(n,m)(t))] by Theorem 2.12 and assumption
(i) for the initial distributions. Here P">%) is the probability measure for X (n,m)
starting at (7, 5).
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We now prove that the second term in (3.26) tends to 0 as ¢ — 0. The integrand
with respect to ds is at most

A‘ —
E[_ Z Ny (z4)ny (z-)
€ zel
(3.27)
x Y pi(t—06,(,5), @ b)2A(@,b), ng)gd(n+m)j|.
@.b)¢&

Note that {(@, b) ¢ E} is a subset of

(3.28) U [(O [(@,b):d(wy) =k}> U ([n){(a, b):b(w_) =e}>],

wel L \k=2 =2
and that for fixed w € I and k € {2, ..., n}, we further have
(@b):awy) =kj= | J {@b0:a, = =a, =wy).
i1yenny i

distinct

Now we restrict the sum over {(a, b) ¢ E} in (3.27) to the subset {(a, b) aj, =
co=a; =w4}, wherewe I, ke{2,...,n}and (i1, ..., i) are fixed. Moreover,
we denote (ay, ..., ax) by ai and (ag+1, ..., a,) by a \ ar. Then

A
E[anJ(u)ng(Z)

zel
x > Pt — 6. (.5). @ 5)2A(@. b), n9)8d<n+m>}
{(a 5):a;1= =aj; =wy}
Spg(t _99(rla---ark)a(w+,...,U)+))
x ghd Z pit—0,7F\rr,a\ ax)
(@\di.b)
L o A ~ .
X p(t—40,s, b)gd(n—i-m k) —E[Z 77;(2+)779 (Z_)2A((a, b), ;79):|
€ zel
Cekd _ Lo
< ————=—#I°| sup E[ng (z4)n (z-)2A((@, b), n)]
(f — 9) / & (E,E)
yelk—Dad
= g€ whereC=Clnm,6.d, Ds)
red

< mc = O(Ed) since k > 2.
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The second to the last inequality above follows from the bound #|I¢| < Ce=(@—D
(see Lemma 2.4) and the uniform upper bound (3.17). Repeat the above argu-
ment for the other subsets of {(a, b) ¢ B} and use the fact #|/°] < C g~@d=D again
[for w € I in (3.28)], we have, for any 6 € (0, t), (3.27) is of order ¢ and hence
converges to 0 uniformly for (7, ), as ¢ — 0. The second term in (3.26) then con-
verges to 0, by (3.21) and LDCT.

For the third term in (3.26), we split the integrand with respect to d6 into three
terms corresponding to (3.13), (3.14) and (3.15), respectively. The term corre-
sponding to (3.13) equals

Z pi(t—s,(7,5), @, b) Z \IJ(z)A((é,(l;,z_)),ng)ed("m)

® @hea 0
=—— Z Yo (=59, @, b))W(2)A((@, (b, z_)), ng)e?*+™
2€l® G,b)eE
d(Z+) 1
=AY WO X - G @A (. 2) )
= i=1(G,b)ecE
ai=2z4
—— Z ‘I’(Z)Zp (t —s,7i,24)
Zelf i=1

X Z pg(t_s9(’7\ri’§)’(a\ai’g))

(@\a;,b)€E

m((@, (b, z_))
, M@, (b,z-))

gd(n+m+1) ve((@, (b, z-)), 6)edmtm

n
=-2Y > p(t—s (F\ri,5), @\ a;, b))m@\ a;, b)
i=1 @\a;,b)eE

X Z oe(2)p°t —s,ri,z4)y°((a, (b, z-)),0).

zel®

By Theorem 2.12 and Lemma 2.4,

gLI;I}) Z US(Z)PS(I -8, Z+)y8((a’ ([;’ Z_))’ 9)

zel®

=/Ip(t—s,r,~,z)y9(5,(l;, z))do(z)
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and the convergence is uniform for r; € DY . Therefore, by applying Theorem 2.12
again, the term corresponding to (3.13) converges to

_)“Z/ai vo(@. (b.a))p(t — 0. (F.5). @ b))
i=1"%+

P(n,m) (7_: s s )
X e
p+(ri)
We repeat the same argument for the term corresponding to (3.14). Moreover,
note that the term corresponding to (3.15) will not contribute to the limit as ¢ — 0,
by the same argument we used for the second term in (3.26). Therefore, the inte-
grand of the second term in (3.26) converges to

dl;dal -odo(a;)---day.

Y [ vl Ba)ple - 6. G.5). @)
i=1""f

« Pn,m) (C_i» b)

dbday---do(a;)---day,
p+(ai)

2 /aj ve(@, b)), b)p(t =6, F,5), @ b))
j=17

« P(n,m) (a’ l;)
p—(bj)
The integral for 6 € (0, ) in the third term in (3.26) then converges to the desired
quantity, by (3.21) and LDCT. The proof is complete. [

dadb, ---do(bj)---dby.

In view of Remark 3.6(iii), the proof of Theorem 2.23 (Propagation of Chaos)
will be complete once we establish the uniqueness of the solution of the limiting
hierarchy (3.24). This will be accomplished in Theorem 3.7 in the next subsection.

3.5. Uniqueness of infinite hierarchy. Uniqueness of BBGKY hierarchy is an
important issue in statistical physics. For example, it is a key step in the derivation
of the cubic non-linear Schrédinger equation from the quantum dynamics of many
body systems obtained in [22]. Our BBGKY hierarchy (3.24) is new to the litera-
ture and the proof of its uniqueness involves a representation and manipulations of
the hierarchy in terms of trees. The technique is related but different from that in
[22], which used the Feynman diagrams.

Note that, by Theorem 3.5, y,(”’m) can be extended continuously to ¢ = 0.
Uniqueness of solution for the hierarchy will be established on a subset of the

space

c(0,71,D):= € (0,71, D} x D)
(n,m)eNxN
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equipped with the product topologies induced by the uniform norm || - ||(7,4,,) on
[0,T]1x D'y x D”.

THEOREM 3.7 (Uniqueness of the infinite hierarchy). Given any T > 0. Sup-
pose B; = {ﬂ,("’m)} € C([0, T'1, D) is a solution to the infinite hierarchy (3.24) with
zero initial condition (i.e., Bo = ® = 0) and satisfies ||ﬂ,("’m) lTmmy < C"™ for
some C > 0. Then we have ||,8,n’m) l(7,n,m) =0 for every n,m € N.

The remaining of this subsection is devoted to give a proof of this theorem.

Convention in this subsection: B = {f"™"™} will always denote the functions
stated in Theorem 3.7. For notational simplicity, we will also assume A = 2 and
p+ = 1. The proof for the general case is the same. We will also drop 7 from the
notation | 8" | (7.n.m)-

It is convenient to rewrite the infinite hierarchy (3.24) in a more compact form
as

t(”5m) — P[(Yl,m)q)(n,m)
(3.29)

t n m
_ /(; Pl(i,qm) (Z Vi—l-ys(n,m—l—l) + Z Vj—ys(n+1,m)> ds,
i=1 j=I

where Vi+y(”’m+1) is a measure concentrated on Bi defined as
Vi mtD =y 0D G (b, ap)) doum i @, b)

=y "G, (b, ) dol(a;) d(@ \ a;) db.
Here o m) |3,‘+ is the surface measure of (D’ x D™) restricted to a;. Similarly,

Vj_y(”+1’m) is a measure concentrating on 8’ defined as

Vj—y(n—{—l,m) — J/(n—i-l,m) ((Zi, b)), B) dG(n,m)|3£ @, [;)

=y (@, b)), b)do (b)) dad(b \ b).

3.5.1. Duhamel tree expansion. We now describe the infinite hierarchy in de-
tail. It is natural and illustrative to represent the infinite hierarchy in terms of a tree
structure, with the “root” at the top and the “leaves” at the bottom. Fix two positive

integers n and m. We construct a sequence of finite trees {Tg\';’m) :N=0,1,2,...}
recursively as follows.

1. "™ is the root, with label (12, m).

2. ’]I‘i"’m) is constructed from T(()"’m) by attaching n 4+ m new vertices (call them
leaves of ’]I'g"’m)) to it. More precisely, we attach n 4+ m new vertices to the root
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FIG. 3. ’JI‘i”’m).

by drawing n “4” edges and m “—"" edges from the root. Those new leaves drawn
by the “+” edges are labeled (n, m + 1), while those drawn by the “—" edges are
labeled (n + 1, m). We also label the edges as {+;}/"_; and {—j}’]’?:l (see Figure 3).

3. When N =2, we view each of the n + m leaves of ’]I‘%"’m) as a “root” (with
a new label, being either (n,m + 1) or (n + 1, m)), and then attach new leaves
(leaves of ']I‘gn’m)) to it by drawing “+” edges. Hence there are (m +n)(m +n+1)
new leaves, coming from n2+m@m+ 1) new “+” edges and n(m + 1) + m? new
“—” edges.

4. Having drawn ’]I‘S\';’_"i), we construct ']I‘g\’,”m) by attaching new edges and new

leaves from each leaf of ']I‘X}’_ml) by the same construction, viewing a leaf of ']I‘g\',"_ml)

as a “root”.

In ']I‘X;’m), the root is connected to each leaf by a unique path 6 = 01,62, ...,0N)
formed by the “+” edges. Moreover, such a path passes through a sequence of la-

bels formed by the leaves of T,E”’m) (k=1,2,..., N). We denote these labels by
[6) = (116), L(B), ..., x(8)). For example, when (n, m) = (2,5), N = 3 and the
pathis 6 = (41, —¢, —5). Then [(8) = ((2, 6), (3, 6), (4, 6)) and the path connects
the root to a leaf of ng’s) with label (4, 6). Note that the label is not one-to-one.
For example, [(+1, —6, —5) = (+2, —6, —4)-

For mnemonic reason, we use the same notation ’]I‘g(,"m) to denote the collection

of paths that connect the root to a leaf in 'I[‘E(,”m). By induction, the total number of
paths (or the total number of leaves) is

(n+m+N —1)!

B30 Am@tmt - (m N =D = =

Iterating (3.29) N times gives

) _ _ " poum) XH:W i) | o v-gntim )\ 4,
t - =0 t—t i :Bzz +Z jﬂzz 2
= i=1 j=1

N t 15 N
=0 J1=0 tN+1=0

X Z Pt(f;;n) V91 Pll(e) ‘/'(92 Pl2(9) V93 . PIN—I(O) VGNﬁlN(e)

h—13 13—14 IN—IN+1 INy1

(3.31)

- (n,m)
0Ty
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where Vp, (fori =1,2,..., N)isdefined by V, = ViJr and V_]. = Vj_. For exam-
ple, if (n,m) = (2,5), N =3 and the path is 6 = (+1, —6, —5), then

pmy, ph®y, ph@y, gi® _ p2S)y+pR6y=pG.6y-pgto)

3.5.2. Telescoping via Chapman—Kolmogorov equation. By (3.30), the right-
hand side of (3.31) isasumof (n +m)(n +m+1)---(n +m + N — 1) terms
of multiple integrals. We will apply the bound ||ﬁt(p ) l(p.q) < CP1 to each term,
and then simplify the integrand using Chapman—Kolmogorov equation.

We demonstrate this for the twelve terms for the case (n, m, N) = (1,2, 2). The
twelve terms on the right-hand side of (3.31) are

PEVI P (VB + (Vi + Vs + V)8 )

Hh—1t3 13 3

(3.32) VPRV VBT 4+ (v + vy )BE)

h—13 13 13

— 522 2,3 - —\ 232
+Vy PV + VDB + (V7 +V5)BE )
The first four terms came from the leftmost leaf of the previous level, we group

them together to obtain, for (x, y1, y2) € Dy X ﬁz_,
1,2 1,3 1,4 _ _ -\ ,2.3
}Pz(ftz)vlJrP( )(V1+:3t(3 L (Vi +V, +V; ):3;3 ))(x,yl,y2)|

h—13

< Csfda(x’) dyidy,p"? (t — 12, (x. y1.y2). (5, ¥, %))
X (/ do(a)dbydbydbs + /a’a do (b1)dby dbs

+/dadb1d0(b2)db3+/dadb1 dbzda(b3))
x pU3(ty — 13, (x', ¥}, ¥3, X'), (a, b1, ba, b3))

- CS/da(x/)p"'(t — 1, x,x") (/ do(a)p+(t2 —n,x',a)
+/do<b1>p—<r — 13, y1,b1) +/d0(b2)P_(t — 13, y2,b2)

+/d0(b3)p_(t2 —13,x, bg)).

Note the telescoping effect upon using the Chapman—Kolmogorov equation for the
middle two terms in the last equality above gives rise to ¢ — #3 rather than #, — 13.
We apply (2.16) to obtain
(L) y+ p(1.3) (y;+ 5 (1,4) ~ ~ -\ 5(2.3)
1Py Vi Py (VB ™+ (Vi + Vo + V)8 ) o

Ih—13 3
C C 2C_ C_
<= ( L + )
JE—h\Jh—1 Jt—13 Jth—1B
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/R
S NEPZANDZAN
A

FIG. 4. Sgl’z) together with 5 leaves in Sgl’z).

where C1 = C (D4, T) are positive constants. Repeat the above argument for the
remaining eight terms of (3.32), we obtain

(1,2) < CS/ / ( C, n 2C_ n C_ )
. 3!;@ ”(1 27 13 0«/1 Vh—t3  Jt—13 13
C, C, c_ c_ )

— + +
\/t—tz(\/t—m Jh—16 Jt—13 Jh—1

The key is to visualize the twelve terms on the right as 12 paths of ']I‘él’z) with the

edges relabeled. We denote this relabeled tree by Sél’z) (see Figure 4, ignoring the

five leaves in Sgl’z) at the moment) More precisely, since all twelve terms on the
right are of the form tcf = \/— we only need to record the indexes (p, ¢) and

the + sign. For example the first four terms can be represented by

(+1+2,+1—1,+1—1, +1—2)-

Each +;— corresponds to Jf% W and hence it appears twice. In Sgl’z),

these four paths are formed by a +; edge followed by four edges with labels
{+2, =1, —1, —2}.

In general, we obtain S by relabeling the edges of T, while keeping
the labels for the vertices and the =+ sign for the edges. The relabeling of edges are
performed as follows:

1. Atlevel 1, we assign the number “1” to all the edges connected to the root.
Hence, we have n “+1” edges and m “—1” edges, rather than the labels {+; ;’:1

and {—;}"_, (see Figure 5 for S(ln,m))'

FIG. 5. Sﬁ”’m).
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2. At level k > 2, consider the set AV := {+1,...,+1,+2, +3,..., +x} in
which we have n copies of +; (hence there are n + k — 1 elements in AT, in
which n of them are +1). Similarly, let A~ :=={—¢,...,—1,—2, —3,..., —k} In

which we have m copies of —j. For an arbitrary leaf £ of ’]T,(:ZT), let R¢ be the

labels of (the edges of) the path from the root to £ in S,(f_"fl), counting with multi-

plicity. Finally, the collection of new labels of the edges below &, denoted by L¢,
is chosen in such a way that

AYUAT=RULS (counting multiplicity).

Since |[Ré|=k —1land |Lé|=n+m+k—1 (again, counting multiplicity), the
cardinalities of the two sides match:

m+k—D+m+k—D=k—-—D+m+m+k—1).

Induction shows that RS ¢ A* U A~ and the choice for L¢ is unique. For ex-
ample, for leaf & = (1,3) of Til’z), RS = {+1}, AT := {41, 42} and A~ :=
{—1,,—1,—2}. So LE = {+2,—1,,—1, —2}, which gives the new labels to the
edges below &; see Figure 4.

As a further illustration, we continue to “grow” Sg,z) (see Figure 4) by adding
suitably labeled edges to leaves of Sg’z). Precisely, let & be a leaf of Sél’z).

o If RE = {4+, 42}, then LE = {+3, —1, —1, —2, —3} [this is the case for the left-
most leaf, which has label (1, 4)].

If RS = {1, —1}, then L¥ = {3, +3, —1, —2, —3} (shown in Figure 4).

If R = {41, —}, then LE = {4+, +3, —1, —1, —3}.

If RS = {—1, 41}, then L5 = {43, +3, —1, —2, —3}.

If RS ={—1, 42}, then L = {41, 4+3, —1, —2, —3}.

If R ={—1, —1}, then L& = {41, 42, +3, —2, —3}.

If R ={—, =2}, then L5 = {+1, 42, +3, —1, —3}.

For mnemonic reason, we use the same notation Sg\’;’m) to denote the collection
of paths from the root to the leaves of Sg{,”m). Any such path is represented by the
ordered (new) labels of the edges. We now “forget” the sign of the edges and only
record the integer labels. For example, the path (—1, +1, —2, +3) is replaced by
(1,1,2,3).

Using the hypothesis |8 ||y < C"™ (of Theorem 3.7) and applying
Chapman—Kolmogorov equation to (3.31), and then applying (2.16), we obtain
the following lemma by the same argument that we used to obtain (3.33).

LEMMA 3.8.

1™ oy < €N (€ v CON I (@),
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where
t IN
5™ (1) ;:/ /
=0 tN+1=0
1
x dty---diyy.

- cgmm Vo, — 1)ty —13) - (tuy — IN+1)
vesSy

Our goal is to show that Ilgl’m)(t) < (CtH)N/? for some C = C(n, m) > 0. This
will imply || g™ | 1.my = O for £ > 0 small enough. Clearly, we have
n+m+N—-1)!

n+m-—1)!

1™ (1) <
t IN 1

« / / d

n=0 Jiy =0/ —0){tr—13) - (In —INF1)

_(n+m+N—D! (@nh/?
 (mtm—D! 2y

fr---dingy

Unfortunately, this crude bound is asymptotically larger than (Ct)N/? for any
C=>0.

3.5.3. Comparison with a “dominating” tree. Note that

(1,2) ! B 3 2 2
osf [ ===
=0J=0 Ju=0\/t —th ) \J/th —13 ./t —13

2 2 1
di>dtydis.
X(th—t4+¢tz—t4+Jt—t4> 2O

(1,2)
3

This is obtained by comparing the labels in S with a “dominating” labeling, in
which the labels of the edges below every leaf of S$% is {3, 3, 2,2, 1} (the + sign
is discarded). This trick enables us to group the terms at each level.

For the general case, let & be an arbitrary leaf of S,(C"_’T). Note that in L%, each
of the integers 2, 3, ..., k appears at most twice and the integer 1 appears at most
n 4+ m times. We compare L with the “dominating” label L¢ defined in Table 1.

In the last row, if n +m + N — liseven,thena=b=(N —n —m + 3)/2 and
c=b+1;ifn+m+N—1lisodd,thena=(N—n—m+2)/2andb=c=a+1.

We can now group the terms in each level k as a sum of k terms to obtain

4 ) IN n+m 2 n+m—1
s [ [ ()2 et
=0 J13=0 tn1=0\/T — 12 ) \J/tr — 13 JE—13

< 2 N 2 +n+m—2>
X “ o
JB—t  Jth—14 JE—1
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TABLE 1
“Dominating” label at different levels

Level k L] = L] L
1 n-+m 1,1,1,...,1

n+m+1 2,2,1,1,1,...,1
3 n+m+2 3,3,2,2,1,1,1,...,1
n+m-—1 2(n+m)—2 n+m—-1l,n+m—1,n4+m-—2,...,3,3,2,2,1, 1
n+m 2(m+m) —1 n+mn+mn+m—1l,n+m-—1,...,3,3,2,2,1
n+m+1 2(n+m) n+m+1l,n+m+1l,n+mn+m,...,3,3,2,2
n+m+42 2(n+m) +1 n+m+2,n+m+2,n+m+1,...,3,3,2
N n+m+N-—1 N,N N—1,N—1,...,¢,b,a

2 2 1
x ot + )
(«/l‘n—l—m — Intm+1 V2 = ttmtl A= titmtl
N
2 2
X 1_[ ( +

kmpmit W= ler1 1 =l

2
_|_ -
V2 = et

In the last term, we have used the observation that when k > n + m, the smallest
element in Lf is at least 2 and so the sum stops before reaching 1/./f — 1. From
this and simple estimates like

)dlg---dtN_H.

2 n 2 +n+m—2
=t Jh—1 JE—1
2(n+m)< 1 1 1 )
= + + )
3 \/t3 — 14 \/tz—t4 «/t—l‘4

we have derived the following lemma.

LEMMA 3.9. Forany (n,m), N and 0 <ty <ty <--- <ty <t, we have

2

- (n,m)
veSy

<——2VT] Z—r - |.

! —
(n+m)! iz \im V1 ti

1
Vo, —0)(ty, —13) -+ (tuy — IN41)
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In particular,
(n+m)
(n,m) (n+m) N
1 < ——2"Jn(1),
N @)= )] N (1)
where
t IN N+1 dtl
()= / [ [T THE =
i=2 \j= 1 —l

3.5.4. Estimating Jy. Our goal in this section is show that Jy(¢) < (CtN/2
for some C > 0. Our proof relies on the following recursion formula pointed out
to us by David Speyer:

k+1
+ tJnJ—l(tJ

N
1
(3.34) Iy () = Z - 3 ]‘[/ di;.
k=1 k! ny+n3+--+ngp1=N j=2 0 VI
ny,n3,...,ngy1>1

We assume (3.34) for now and use it to establish the following lemma. The proof
of (3.34) will be given immediately after it.
LEMMA 3.10. Jn(t) is homogeneous in the sense that
IN@) =Jdy-tN? where Jy = Jn(1).
Moreover,
N_N/2
2N<JN<(N+1) b4
- T (N+ D!

PROOF. Jy(1) = Jy - t"/? is obvious from (3.34) after a change of variable.
Let My be the collection of functions f:{2,3,...,N + 1} — {1,2,..., N} sat-
isfying f (i) < i. We can rewrite Jy (¢1) as

dt,'

(3.35) In(t) = Z / /: /,NH =0 :_5 VIf@) — i

feMy

This is a sum of N! terms. When we put #; = 1, the smallest term is

Ion N“ dt 1/ 1 NN
[l T = )
n=0Jn= IN41= l—tj N'\Jo 1—s N!

Hence, we have the lower bound 2V < Jy. Unfortunately, the largest term is ex-

actly
[
1=0J1; IN+1 O t] 1 _t (N;ﬂ)’
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which grows faster than CV for any C e (0, o0). Hence for the upper bound, we
will employ the recursion formula (3.34). We apply the homogeneity to the right-
hand side of (3.34) to obtain
N k+1 | = h/2
JN:ZE > ]‘[J,,j_lf L——dt;.
k=1"" natn3t-Angp =N j=2 0 J1—1t
ny,..., nk+121

The integrals are now simple one dimensional and can be evaluated:

N k+1 .
336) Jy=S%1 3 ﬂ(fn,_1 AL +1)/2)>‘

= k! nynstotngy =N j=2 Inj +2)/2)

n,..ngp1>1

VL ((nj+1)/2)

Since 14272

< ./, we have Jy < Ky, where Ky is defined by the

recursion

N k+1

N=DT ) [TKn;—1-vm)
k=1 np+n3+--+ngp1=N j=2
n2,..,ngy1>1

with Ko = 1. The generating function ¢ (x) := Y%_o K nxN of Ky clearly sat-
isfies ¢(x) = exp(y/Txp(x)). We thus see that ¢(x) = W(—/x)/(—/7x),
where W is the Lambert W function. By Lagrange inversion theorem (see The-
orem 5.4.2 of [39]), W(2) = Z,fozl(—k)k_lzk/k! (for |z| < 1/e). Hence by com-

. . . . . _ (N+1)N7TN/2
paring coefficients in the series expansion of ¢ (x), we have Ky = NDr as

desired. [

REMARK 3.11. By Stirling’s formula, WW# (/me)N [where a(N) ~
b(N) means limy _ oo bg%; = 1]. Hence Jy < CV for some C > 0. Monte Carlo
simulations suggests that Jy ~ V. The recursion (3.36) also makes it clear that

Jy’s are all in Q[x] (polynomials in 7 with rational coefficients) and makes it

easy to compute them recursively. This is because %;%Z) is rational if 7 ; is
J

odd and is a rational multiple of 7 if n; is even. For example, J1 =2, /L, =2+n7

and J3 =4+ NT”.

We now turn to the proof the recursion formula (3.34) which is restated in the
following lemma.

LEMMA 3.12.

k+1 an/*I(tj
o o=yl Y 11 =
k= l " nay+nz+eAngyp =N j=2
n2,n3,...,nk11>1

provided that we set Jo(t) = 1.
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PROOF. The proof is based on standard combinatorial methods for working
on sums over planar rooted trees (see [39]).

Step 1: Summing over labeled trees. Recall (3.35). There are N! elements in
M . We can visualize each of them as a rooted tree with vertex set {1,2,..., N +
1} and a directed edge from i to f (i) for each i. For example, the 6 elements of
M3 can be represented by

VA N ANVANAN
1 AN

The trees are drawn so that arrows point upwards and the children of a given
vertex are listed from left to right. Note that the second and forth tree of the list are
the same up to relabeling the vertices. The idea is to group terms in (3.35) like this
together. First, we rewrite (3.35) in terms of trees. Let Dy be the set of “decreasing
trees”, which are trees whose vertices are labeled by {1,2,..., N + 1} and such
that i < j whenever there is an edge i <— j. Then

d .
63%) =y | I g

Tepy N1Z02-2iN4120  _iyepqee(ry Vi T 1

Step 2: Summing over unlabeled trees. A planar tree is a rooted unlabeled tree
where, for each vertex, the children of that vertex are ordered. We draw a planar
tree so that its children are ordered from left to right. Here are the 5 planar rooted
trees on 3 + 1 vertices:

NG T

| A
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Let T be the set of planar rooted trees with k vertices. In general, there are

% (the Catalan number) elements in Ty+1, see Exercise 6.19 in [39]. We

now group all the integrals in (3.38) with the same planar tree. For example, two
different labeled trees (the second and forth in our list of labeled trees) both give
the same unlabeled planar tree (which is the second in the above list). We redraw
this unlabeled planar tree T below and attach letters {a, b, c, d} to Ty for later use.

AN
|

d

The integrands corresponding to the second and forth labeled trees are
dtrydt3dty d dtrydtydiy
an .
Vit — )t — t1) (1 — 13) Vit =)t —153) (1 — 1)

They are the same to

dtydt.dty
Vta = 1p)(ta — 1) th — ta)’
once we relabel the variables by the vertices of Tp. That is, (1,2,3,4) —
(a, b, c,d) for the first term and (1, 2, 3,4) — (a, b, d, ¢) for the second.
We now go back and keep track of the bounds of integration. In the first integral,
they are t, > t, > t. >tz and, in the second integral, they are t, > 1, > t7 > t.. We
can group these together as

taitb» taZtCa tbztd’ tb>tC’

which is the same as t, > 1, > t. and 1, > t,.

In general, the inequality constraints we have are of two types. First, whenever
we have an edge u < v, we get the inequality #, > t,. Second, if v and w are
children of u with v to the left of w, then ¢, > #,,. Let P(T, t1) be the polytope cut
out by these inequalities where #; is the variable at the root. We have proved

dt,
(3.39) In) = ) I1 —_—,
7Tt I PT1) (4 yyeRdge(ry Vi — Mo

Step 3: Grouping terms for which the root has degree k. We abbreviate

dty
o n)= J] ——
(u<v)eEdge(T) V u — by
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if T has more than one vertex [otherwise w(T, ) := 1]. Then (3.39) translates
into

(3.40) Nt = ) /PT o(T, 1).

TeTn+1

Fix an integer k and let T be a tree whose root has degree k. Removing the root
leaves behind k children, denoted in chronical order by #,, ..., tx11, and k planar
subtrees T having ¢; as its root for 2 < j <k + 1. Then

k+1 dt:
J

f a)(T,tl):/ H— (T}, t)).

P(T,t) f1>0> >t 41>0 i=2  — tj P(Tj,t})

Hence, group together the terms where the root has degree k, we have

k+1
dt;
3.41) Jn(f) = / 5 / w(Tj,t
(341) JIn@t) = Z > . >tk+1>01‘[ — p(m)( -

k=1T,,....Tk+1 =2

Here the summation conditions include that leié |T;| = N and each different
ordering of (73, T3, ..., Tyy1) are considered to be different, where |7}| is the
number of vertices in 7). This abbreviation applies whenever } 7, 7., ap-
pears.

On other hand, we have by applying (3.40) to each J,,;—(¢;) below that

M=
x| =

SR AE=LILP
k=1"na+n3+--+ngy1=N j=2 l_t

n2,...,ngp1>1

N o k+1 / dr,
=>a X N X [ ey
= , jrlj
o K na+ny+tngp =N j=2|Tj|=n; VI =1 JP(Tjtp)

N, g1 >1

1 k+1

k! Z 1_[/ \/I]Tt/P(Tt] 7

k=1"" T, T j=2

N k-H
1 dl‘j
= E E E /0 zl]k+1 (T}, ;).

k=1 Tt 0 =1 JP(Tj1)

Step 4: Identifying the integrals. It remains to show that (3.41) is equal to
(3.42). Let S denote the space of permutations of {2,3,...,k 4+ 1}. Then the
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right—hand side of (3.42) is equal to

Zk,Z >

k=1""Ty,... Ty 0€S; 1

k+1
T dig

210(2)2"'210(](-#1)20 j=2 f — tU(j)

X / o (To(jys lo (j))
P(Ts(jysta(j)

k+1

- 8 /
— k| Z Z . /fl >522...2sk+120j1:[2 A /[1 — Sj P(Ta(j),sj)
= — w , 87
Yax X [ N A

>Sk+1>0 1 —5j

o(T5 (). 57)

N k+1

. dl‘j T ¢

=2 2 1= o(T) 1)),
nzhzzien 20 5 1= 1j JP(T).05)

which is Jy (¢) by (3.41). This completes the proof of the lemma. [
3.5.5. Proof of uniqueness.

PROOF OF THEOREM 3.7. By Lemma 3.8, Lemma 3.9 and Lemma 3.10, we
have
(3.43) 18 gy < C1(1.m)Ca(Dy, D_, THN N/
for all + € [0,T] and N € N. This implies that there is a constant T > 0 so
that ||ﬁt("’m)||(,,,m) =0 for r <t and for all (n,m) € N x N. Note that f; :=
Br4+ also satisfies the hierarchy (3.29), and that ,30 = 0. Using the hypothesis

1BY"™ | (7n.my < €™M, we can extend to obtain || 8™ || n.m) = 0 for ¢ € [0, T].
0

4. Hydrodynamic limits. This section is devoted to the proof of Theo-
rem 2.21. Throughout this section, we assume the conditions of Theorem 2.21
hold.

4.1. Constructing martingales. Since n; = 1} has a finite state space, we know
that for all bounded function F : R, x E® — R that is smooth in the first coordi-
nate with sup, ) |aa—f(s, x)| < C < oo, we have two Sf -martingales below:

toF
@1 M@ =F, ) — FO,n0) — /0 (o) + £F () ds
and

t
42)  N@:=M@)?* - /0 L(F*(s, ) (n5) — 2F (s, ns) LF (s, ) (n5) ds,
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where £ = £° is the generator defined in (2.10). See Lemma 5.1 (page 330) of
[29] or Proposition 4.1.7 of [23] for a proof. We will use this fact to construct
some important martingales in Lemma 4.1 below.

In general, suppose X = (X;);>0 is a CTRW in a finite state space E, whose
one step transition probability is p,, and mean holding time at x is i (x). Its in-
finitesimal generator of X is the discrete operator

Af ()= m Z Pay(f () = f().
The formal adjoint A* of A is defined by
* . 1
A f(X)_Z<h( )Pyxf()’) hix )nyf(x)>

yeE

It can be easily checked that

(4.3) (f. A%g)=(Af.g)  where (f.g) =N Z Jx)g(x).

xeE

We denote by AF the generator of the CTRW X*+¢ on Di, respectively, and
by Aj’i the corresponding formal adjoint. In our case, i (x) = hg(x) = 2/d for
all x. We can check thatif f € C 2(Dy), then

(4.4) lir% AL f(x) = AT f(x) whenever x* € D, converges to x € D..
E—>

LEMMA 4.1. Forany ¢ € Bp(Dy),

M) =M (@)
4.5) t t
= (0. 2N) — (0.2~ [ (AF0. 2 s [ () g)ds

is an S’g -martingale for t > 0, where J N+ is the measure-valued process defined
by (2.36). Moreover, if ¢ € C'(D..), then there is a constant C > 0 independent of
N so that for every T > 0,

CT
(4.6) E[ sup Mz(t)] <=,
1€[0,7] N

Similar statements hold for XN-~.
PROOF. The lemma follows by applying (4.1) and (4.2) to the function

F(s,n)=fm):=— Z ¢ ™ (), (s,m) €10, 00) x E*.

XED+
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We spell out the details here for completeness. Observe that f(1;) = (¢, Z{f\]’J“).
Fix xg € D%, and define n;:) to be the function from E? to R which maps 5 to

n" (x0). Then by the definition of £ = £¢ in (2.10),
A _
@7 Loim=UAT @) - Y =@ @on o).
{zel®:z4=x0} €
Similarly, for yg € D¢, we have

A
@8 L =(Ar"n)o0 — D “W@n @ny (o).

{zel®:z—=yo}

Hence, by linearity of £, (4.7) and then (4.3), we have

1
efm= > e (Enf)m)

XED+

1 s
= D @) (AR T () — e D W@nT N (O)é ()

xeDy zel®
1 A
= >t (Ao ) — Ne S W@ (@40 (22 (z4).
xeDy zel®
Hence,
A
(4.9) Lf(ng) =(Ate, xN-T) - W(JSN ey

and M (¢) is an Sf -martingale by (4.1). Next, we compute E[(M),]. Note that

1
L(fHm = e 33 6@t B)Emany) (),

aeDf beDf

where £(n,1p) can be computed explicitly using (2.10). Hence from (4.2), we can
check that

E[M2(1)] = E[(M),] = E[ / () ) - 2f<ns>>:f<ns>ds]

t
= /O E[g(nr)] dr,

where
1
N2

g = ( 3t @h T @py (@) — ¢()

y,2€Dy

A
+Ay ‘I'(z)n(u)n_(z_)(—¢(Z+))2>

zel®
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1 A
< m(#llwll2 > n@hT' o+ Slel 3 ‘ll(z)n+(z+);7_(z_))

xeDy zel®
dIIVol?  rllol? /1
< || Nd)“ + |1|\(]b2” (; Z;g lIJ(Z)n+(Z+)T]_(Z_)>.

After taking expectation for g(n,), the first term is the last display is of order at
most 1/N since ¢ € C' (D), while the second term inside the bracket is of order
at most 1/N, uniformly in r € [0, ¢], by (2.38). Hence E[M?(1)] < % for some
C =C(¢,d, Di, A). Doob’s maximal inequality then gives (4.6). [J

REMARK 4.2. From the second term of (4.9), we see that if the parameter of
the killing time is of order A /e, then we need N&? to be comparable to 1.

4.2. Tightness. The following simple observation is useful for proving tight-
ness when the transition kernel of the process has a singularity at # = 0. It says that
we can break down the analysis of the fluctuation of functionals of a process on
[0, T'] into two parts. One part is near t = 0, and the other is away from t = 0 where
we have a bound for a higher moment. Its proof, which is based on the Prohorov’s
theorem, is simple and is omitted (detail can be found in [24]).

LEMMA 4.3. Let {Yn} be a sequence of real valued processes such that t —
fot Yn (r) dr is continuous on [0, T] a.s., where T € [0, 00). Suppose the following
holds:

(i) There exists q > 1 such that EN_)ooE[th [Yn(r)|?dr] < oo for any
h>0, L
(i) limg~ 0 limy— oo P(f |YN(r)|dr > g9) = 0 for any o > 0.

Then {fot Yn(r)dr;t €0, t]}nen is tight in C([0, T], R).
Here is our tightness result for {(XV-T, X¥-7)}. We need Lemma 4.3 in the

proof mainly because we do not know if limy —, o E fOT (A @y, XN+)2 ds is finite
or not.

THEOREM 4.4. The sequence { &N XN s relatively compact in
D([0, T], &) and any subsequential limit of_the laws of (XN, 2N carries
on C([0, T, ). Moreover, for all g+ € C*(Dy),

{fot<lsN’+,¢i>ds}, {/Ot (A:g0+,f££v’+>ds} and {foz (A;<p_,%§v’_>ds}

are all tight in C ([0, T], R).
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PROOF. We write X in place of X"-* for convenience. By Stone—Weierstrass
theorem, C%(D+) is dense in C(D+) in uniform topology. It suffices to check
that {((Xt, 1), (X7, ¢ 7))} is relatively compact in D([0, T], R?) for all ¢* €
C?(D4) (cf. Proposition 1.7 (page 54) of [29]) for this weak tightness criterion).
By Prohorov’s theorem (see, for example, Theorem 1.3 and Remark 1.4 of [29]),
(X1, ¢T), (X7, 7))} is relatively compact in D([0, T'], R?) if (1) and (2) below
holds:

(1) Forall 7 € [0, T] and &g > 0, there exists a compact set K (z, &9) C R? such
that

SI;PP(((XT, )X 07)) £ K (1. 20) < eo;
(2) For all gg > 0,

fim T B sup (%56 (57,07 — (%5 67) %67 e = ) =0

§—~>0N—>o0 |t—s|<8
0<s,t<T

We first check (1). Since d)i is bounded on D and |(%,+, 1) <1forall te
[0, 00), we can always take K =[—[l¢T |, ¢ [I1 x [—ll¢~ I, 9~ |l].

To verify (2), since [(x1, y1) — (x2, ¥2)|g2 < |x1 —x2| 4+ |y1 — ¥2|, we only need
to focus on X*. By Lemma 4.1,

(¢, X7) — (9, X))
(4.10)

t t )\‘
/ (Aj¢,3€,+>dr—/ W(JrN’+,¢)dr+(M¢(t)—M¢(s)).

So we only need to verify (2) with (¢, ¥,) — (¢, X) replaced by each of the 3
terms on RHS of the above equation (4.10).

For the first term of (4.10), we apply Lemma 4.3 for the case g =2 and Yy (r) =
(A, X;F). Since ¢ € C*(D), we have

sup |Afp()|<C(¢) and sup |eAf¢p(x)| < C(9)

xeDE\JDF x€dDE

for some constant C(¢) which only depends on ¢. Using Lemma 2.13, we have

1 N
B[ ATo] 2] = 5 22D TS O T (i, ome ()
i=1 D¢
C2d. D+, 9)

< Cild. Do)+ —

k]

which is in L'[0, T'] as a function in r. This implies hypothesis (ii) of Lemma 4.3,
via the Chebyshev’s inequality. Hypothesis (i) of Lemma 4.3 can be verified easily
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using the upper bound (3.17) for the correlation function, or by direct comparison
to the process without annihilation:

E[(l A0l )] ( ZE [Aeo( ) +$ZE[(A8¢>2(X£>]

- 2 L E A

1 1
<C(W,D, 1+ —4+-).
=c@D.o(1+5=+)
For the second term of (4.10), by (2.38) we have limy— oo E[fOT (1, JrN)2 dr] <
oo. Hence, (2) holds for this term by Lemma 4.3.
For the third term of (4.10), by Chebyshev’s inequality, Doob’s maximal in-
equality and Lemma 4.1, we have

P(ltilsl|p<6|M¢(t) — My(s)| > &) < %E[(VE?ESWW) - M¢(s)|)2]
1 2
= el s el) ]

< 16E[My(T)*] < —

We have proved that (2) is satisfied. Hence, {(X"'T, X¥7)} is relatively compact.
Using (2) and the metric of &, we can check that any subsequential limit L* of the
laws of {(XN-*, £N-7)} concentrates on C([0, 00), €). O

REMARK 4.5. In general, to prove tightness for (X, ¥;,) in D([0, T], A x B),
it is NOT enough to prove tightness separately for (X,) and (Y,) in D([0, T'], A)
and D([0, T], B), respectively. (However, the latter condition implies tightness in
D([0,T], A) x D([0, T], B) trivially). See Exercise 22(a) in Chapter 3 of [23].

For example, (l[lJr 0)? 1{1,00)) converges in Dg[0, o0) x DR[0, c0) but not in

Dp2[0, 00). The reason is that the two processes can jump at different times (¢ = 1
andt =1+ ) that become identified in the limit (only one jump at ¢ = 1); this can
be avoided 1f one of the two processes is C-tight (i.e., has only continuous limiting
values), which is satisfied in our case since XV-* and X"~ turns out to be both
C-tight.

REMARK 4.6. Even without condition (ii) of Theorem 2.21 for 7y, we can
still verify hypothesis (i) of Lemma 4.3. Actually, applying (4.5) to suitable test
functions, we have

- o
4.11) lim lim E[/ (JN, 1)ds} =0.
0

a—>0N—o0
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4.3. Identifying the limit. Suppose (X%, X% 7) is a subsequential limit of
(XN-+, xN.7), say the convergence is along the subsequence {N'}. By the Sko-
rokhod representation theorem, the continuity of the limit in ¢ and [23], Theo-
rem 3.10.2, there exists a probability space (2, §, P) such that

(4.12) lim sup (60N, x7N) = (20, x°7) [, =0 Pas.
N'—001¢[0,T]

Hence, we have for any r > 0 and ¢ € C(D_),
lim E[(xf, ¢)] =E[(X>. )]
N’'—o00
and
. 2 2
lim E[(X], ¢)"] =E[(x"*. ¢))].
N’'— o0
Combining with Corollary 2.24, we have
(X%, ) = (us (1), ¢>p+ P-a.s. for every ¢ > 0 and for ¢.
Here we have used the simple fact that if E[X] = (i[?l[Xz])l/2 =a,then X =a a.s.
Suppose {¢r} is a countable dense subset of C (D). Then for every ¢ > 0,

(X7, ¢u) = {u+ (), u),,  forevery k> 1 P-as.

Since X°>T e C((0, 00), M (D)), we can pass to rational numbers to obtain
(%?O’Jr, ¢1<) = (u+(t), ¢>k>p+ for every t > 0 and k > 1 P-a.s.
Hence,
f{fo’+(dx) =uy(t,x)py(x)dx for every t >0 P-a.s.
Similarly,
X0 T (dy)=u_(t,y)p—(y)dy for every t >0 P-a.s.
In conclusion, any subsequential limit is the dirac delta measure

Suy(t,x) dxu_(1,y)dy € M1(D([0, 00), €)).
This together with Theorem 4.4 completes the proof of Theorem 2.21.

5. Local central limit theorem. Suppose D C R? is a bounded Lips-
chitz domain and p € WH2(D) N C'(D) is strictly positive. Suppose X is a
(Igxd, p)-reflected diffusion and X? be an s-approximation of X, described in
the Section 2.1.2. In this section, we prove the local central limit theorem (The-
orem 2.12), the Gaussian upper bound (Theorem 2.9) and the Holder continuity
(Theorem 5.12) for p®. The proofs are standard once we establish a discrete ana-
logue of a relative isoperimetric inequality (Theorem 5.5) for bounded Lipschitz
domains.
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5.1. Discrete relative isoperimetric inequality. Note that any Lipschitz do-
main enjoys the uniform cone property and any bounded H?~!-rectifiable set
has finite perimeter. Hence, by Corollary 3.2.3 (page 165) and Theorem 6.1.3
(page 300) of [37], we have the following relative isoperimetric inequality.

PROPOSITION 5.1 (Relative isoperimetric inequality). Ler D C RY be a
bounded Lipschitz domain and r € (0, 1). Then

UI‘T
5.1 S(r,D):=sup ————— <
ves 00U N D)

’

where & is the collection of open subsets U C D such that |U| <r|D| and 90U N D
is ’del-rectiﬁable. Moreover, S(r, D) = S(r,aD) forall a > 0.

In this subsection, we establish a discrete analogue for the relative isoperimetric
inequality in Theorem 5.5. First, we study the scaled graph a D and gather some
basic properties of a continuous time random walk on a finite set.

5.1.1. CTRW on scaled graph aD®. Recall the m.-symmetric CTRW X¢ on
D? defined in the Section 2.1.2. The Dirichlet form (£©, 12(m,)) of X¢ in [*(m,)
is given by

(5.2) EOf9) =2 Y. (fO) = F@)(8() — 8(X)) 1y,
x,yeD*®

1
2
where iy, = ,uf; are the conductance on the graph D? defined in the Sec-
tion 2.1.2. The stationary measure 7w = D% of X° is given by m(x) = mg(x)/
m(D?), where m(D?®) := " cpe mg(x).

We now consider the scaled graph a D® = (aD)%*, which is an approximation
to the bounded Lipschitz domain a D by square lattice aeZ?. Clearly the degrees
of vertices are given by paD* (ax) = D’ (x). Define the function p,py on aD by
P@p)(ax) := p(x). Then define the CTRW xab using p(p) as we have done
for X¢ using p. Let pi}, be the transition density of X aD® ith respect to the
symmetrizing measure m®? *. Then

(5.3) a’ iy (a’t, ax, ay) = p(t, x, y)

foreveryt >0,¢ >0,a >0and x, y € D®.
We will simply write m and & for the symmetrizing measure and the stationary
probability measure when there is no ambiguity for the underlying graph.
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5.1.2. An extension lemma. Following the notation of [38], we let G be a finite
set, K(x, y) be a Markov kernel on G and 7 the stationary measure of K. Note
that a Markov chain on a finite set induces a natural graph structure as follows. Let
O(e) .= %(K(x, y)mr(x)+ K(y,x)m(y)) for any e = (x, y) € G x G. Define the
set of directed edges E :={e=(x,y) € G x G: Q(e) > 0}.

We use the following 2 different notions for the “boundary” of A C G:

dA:=le=(x,y)eE:xeA,yeG\Aorye A, x € G\ A},
dA:={x e A:3y e G\ Asuchthat (x,y) € E}.
Set

1 1
@A) =3 ), 0@=5 > (Kx)T@)+KQ,)7G).

e€i. A xeA,yeG\A

DEFINITION 5.2. For any r € (0, 1), define

2|A|(d—1)/d
Sy(r,G) = sup —— and
{AcG:m(A)<r)  |0A]

~ N(A)(d_l)/d
S, (r,G) = sup _
(AcGn(a)<r) Q(0.A)

54

We call 1/ S'ﬂ (r, G) an isoperimetric constant of the chain (K, ). It provides rich
information about the geometric properties of G and the behavior of the chain
(cf. [38]).

m(x)
m(aD¥?)

is the one-step transition probabilities of X“? * defined in Section 2.1.2. For a = 1
and A C D?, we have

9.A = {(x,y) € (A x (D*\A))U((D*\ A) x A):
the line segment (x, y] C D},
dA = {x € A:3Jy e D\ Asuchthat |x — y|=¢

In our case, G = aD?, m(x) = and K (x, y) = pxy in aD?, where p, ,

and the line segment [x, y] C D},
dA :={x € A:3y € eZ such that [x — y| =& and (x, y] N 3D # &},
AA:=3A\dA.
In this notation, we haveNE)DE =4, dD* = {x e Df :v(x) <2d}, AN aDf = 9JA
and 0D = AAU (AN ID?) U (aD* \ A). See Figure 6 for an illustration.

DEFINITION 5.3. We say that A C D? is grid-connected if 0,A1 N 0, Ay # ¢
whenever A is the disjoint union of A; and A».
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B P oioi®

FIG. 6. Wi :=U,eca(Ux N D).

It is easy to check that A is grid-connected if and only if for every x,y € A,

there exists {x; = x,x2,...,Xu—1,Xm = y} C A such that each line segments
[xj,xj41] C D and |x; — xj41| =¢&. A subset A C D? is grid-connected if and
only if for every x, y € A, there exists {x; = x,x2,...,Xp—1,%nm = ¥} C A such

that each line segments [x;,x;41] C D and |x; — x; 11| =¢.

The following is a key lemma which allows us to derive the relative isoperimet-
ric inequality for the discrete setting from that in the continuous setting, and hence
leads us to Theorem 5.5.

LEMMA 5.4 (Extension of sub-domains). Let s be the stationary measure
of the simple random walk (SRW) on D?. For any r € (0, 1), there exist positive
constants €1(d, D,r), M{(d, D,r) and My(d, D, r) such that if ¢ € (0, 1), then
for all grid-connected A C D? with mgw(A) < r, we can find a connected open
subset U C D which contains A and satisfies:

(@) U N D is e -rectifiable,
(b) U] < 2Dy,
(©) e!|A| < MU,
(d) M2e?=19A| >0 (3U N D).

PROOF. Since the proof for each r € (0, 1) is the same, we just give a proof
for the case r = 1/2.

For x € ¢Z4, let Uy := 1_[1421(961' — %, x; + %) be the cube which contains x.
Since A is grid-connected, we have (W;)? is connected in R?, where (W1)? is the
interior of Wy :=J,cq (U, N D). (See Figure 6 for an illustration.)
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Note that we cannot simply take U = (W) because (d) may fail, for ex-
ample when AA contributes too much to dU N D, that is, when (W) :=
oW1 N (Uyean 0Uy) is large. However, AA C dD* is close to 9D and so we
can fill in the gaps between AA and 9D to eliminate those contributions. In this
process, we may create some extra pieces for oU N D, but we will show that
those pieces are small enough. Following this observation, we will eventually take
U = (W1 U W,)? where Wy C Dy, for some small enough / > 0.

Since D is a bounded Lipschitz domains, we can choose & > 0 small enough
so that | Dy,| < |D|/200. Moreover, g (A) < 1/2 implies e?|A| < ¢4|8(D?)| +
msrw (D?)/2. So we can choose & small enough so that |W;| < ed|A| < %|D|.
Hence, U satisfies (b). By Lipschitz property again, there exists M| > 0 such that
|Uy N D| > |Uy|/ M| = sd/Ml for any x € D?. Hence, (c) is satisfied.

It remains to construct W5 in such a way that W> C D, for some small enough
h > 0 (more precisely, for 4 small enough so that |Dj| < |D|/200) and that (a)
and (d) are satisfied. We will construct W5 in 3 steps:

Step 1: (Construct W3 to seal the opening between d D and the subset of (W),
which are close to dD. See Figure 7.) Write AA = A1A U AA where ArA ;=
AA\ A1A and

A1A:={x € AA:3y € 9A such that max{|x; — y;|: 1 <i <d}=1}.

Points in A1 A are marked in solid black in Figure 7. For x € A1 A, consider the
following closed cube centered at x:

T, = U Uy where R = vd(M + 1).
yeB(x,10Re)

F1G. 7. Wj is the shaded part.
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FI1G. 8. W4y is the shaded part.

Let ®, be the union of all connected components of 7, N D whose closure inter-
sects U, and define

W3 = U O,.
XeEA1A

Step 2 (Fill in the gaps between 0 D and (W) near A,. See Figure 8.): Note
that (U, A4 Uy does not contribute to d(W; U W3) N D. Let Wy be the union
of all connected components of D \ (W; U W3) whose closure intersects U, for
some x € AyA.

Step 3: Finally, take W := W3 U Wy, and set U := (W U W3 U Wy4)°. (See
Figure 9.)

It is clear that U is connected and 0U N D C |, ¢.z¢ dUx is piecewise linear,
so (a) is satisfied. For any W C D, we have oW N D = Wy U Wx U Wy, where

Wy :=awm< U aUx), Wa :=awm< U aUx) and

XENA XEAA

Wy = aw\( U 8Ux>.

x€dAUAA

Therefore, 0 (0W N D) <o (Wy) + o (Wa) + o (Wy) whenever the corresponding
surface measures are defined. It is clear that by construction we have:

o (W)v=a,

o (Wi U W3)y C (Wpy, (Wi U Wi)a C (Wpa,, (Wi U W3)y C
UxeA] Uyeg(x’ng) oUy where (W1)a, is defined analogously as (W1)a, with
A replaced by As,
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0.

P

& ®
®ixiAi/

o+ x &
ﬁAéA)
LAy
(&)

F1G. 9. U is the shaded part.

o Uy C(WiUW3)y, Up =0, Uy C (W1 UWs3)y.

Now o (Uy) < a((W1)y) < |8A|2d8d_1. Moreover, each x € dA is adjacent to
at most 34 1 points in AjA U AA, and for each x € A A, there are at most
|B(10Re)| < (20R + 1)4 cubes in 7. So we have

o (Uy) <o ((Wi UW;)y) < (37 = 1)[dA|(20R + 1)92de ",

Hence, (d) is satisfied.

Since diam(T,) < 20R~/de, we have W3 C D(20Rﬁ+1)s' To complete the
proof, it suffices to show that W4 C D(jor)e. This is equivalent to show that any
curve in D \ Wi U W3 starting from any point in (W), must lie in Djog)e.

Let y[0, 1] be an arbitrary continuous curve starting at an arbitrary point
p € (Wp)a, such that y(0,1) C D \ Wi and dist(y (¢), D) > (10R)e for some
t € (0,1]. Define Qpe := (Uyepe Ux)° N D. Since (Wj)a C 3(Rps) N D C
U, cjpe Uz and sup__5 . dist(z, dD) < &, the time when y first exits D \ Qpe
must be less than ¢ by continuity of y. That is,

T :=inf{s >0:y(s) € < U BUZ) OD} <t.
z€dD®\ A

It suffices to show that y (0, 7] N ®, # & for some x € A;A. We do so by con-
structing a continuous curve ¥ which is close to y and passes through dU, for
some x € A[A.

Since sup¢g 71 dist(y (s), dD) < 2Re, we can choose ¢ small enough (depend-
ing only on D) and split [0, 7] into finitely many disjoint intervals /’s so that
the 4Re-tube of each y (1) lies in a coordinate ball B(;y of D. For s € I, project
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®ec dD<\ A (%)

FI1G. 10. y and A corresponding continuous y C 3(Qpe) N D.

y (s) vertically upward (along the dth coordinate of B(;)) onto d(2ps) N D to
obtain Y (s). Note that ¥ maybe discontinuous even in the interior of /. How-
ever, it is continuous on [0, t] except possibly for finitely many points. Let {0 <
§1 < 8§y <--- <S8y <t} be the collection of discontinuities for ([0, t]). Then
0 <[y(sj—) — ¥ (sj+)| <2Re and we can connect y(s;—) to ¥(s;+) by a con-
tinuous curve B; : [0, 1] — 3(Rpe) N DN B(Y(sj—),8Re) N B(y(sj+), 8Re).

Define y : [0, T +m] —> 9(22pe) N D to be the continuous curve obtained by
concatenating ¥ and {8; : j =1,2,...,m} (see Figure 10). Then y (0) = ¥(0) =
p€Wia, and y(t +m) =y () =y(r) € 3(Qpes) N D\ (dW1 N D). By the
continuity of y, there is some t, € (0, T + m) such that y (t,) € (W1)a,. (Roughly
speaking, on D%, A, A is separated from d D¢ \ A by AjA.)

Now for some 1 < j <m, we have y(t,) and y (s;) are connected in D \ Qps C
D\ Wi, and

[7(t) =y )] < [7(t) =P+ [P(sj) — v (s))] <8Re + Re.

Hence, y (t,) € 90U, for some x € Ay A. We therefore have y (s;) € ©,. The proof
is now complete. [J

5.1.3. Discrete relative isoperimetric inequality. Let myy, be the stationary
measure of the simple random walk (SRW) on the graph under consideration and
recall Definition 5.2.
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THEOREM 5.5 (Discrete relative isoperimetric inequality). For every r €
(0, 1), there exists Sgw = Sew(d, D,r) € (0,00) and ¢1 = e1(d, D,r) € (0, 00)
such that

sup Ssrw(/’, De) =< §SI‘W5

e€(0,e1)
and
~ 2d DENHA
Ssrw (r, Df) < (rierw (D7) Sqw  foreverye € (0, 7).
&

PROOF. We can also assume that A is grid-connected. This is because

|A|(d—1)/d - |A1|(d—1)/d Y |A2|(d—1)/d
|aeA| B |aeA1| |8€A2|

whenever A = A1 U A3 with 9,A1 N0, Ay =¢ and AN Ay = &. From Lemma 5.4
and Proposition 5.1, we have

A|@-brd _ 49r + 1
sup sup L < Mszd 1)/d5(7r + , D).
ee(0.e1) {ACDew(A)<r}  |0A] 50

We thus have the first inequality since 4d|0A| > |d.A| > 2|0 A|. The second in-

equality follows from the first since Q(e) = #{Il)g). O

For the CTRW X%P° on a D¢ , we let 7 be the stationary measure. Observe that,
because 74P (@A) = 7P° (A) and m(a D?) = am(D?), we have
(5.5) Sz (r,aD®) = Sy (r, D) and Sy (r,aD?) = Sy (r, D)

for all @ > 0 and r > 0. Hence, we only need to consider the case a = 1. In view
of Theorem 5.5 and (2.8), we have (taking r = 1/2):

COROLLARY 5.6. There exist positive constants S = E(d, D, p), & =
&1d, D, p)and C =C(d, D, p) such that

(5.6) sup Sy(1/2,D°)<S, and

e€(0,e1)

(5.7) S:(1/2,D%) < =S foreverye € (0, ).

» | Y

As an immediate consequence of Corollary 5.6 and (5.5), we have the following
Poincaré inequality.
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COROLLARY 5.7 (Poincaré inequality). There exist ¢ = e1(d, D, p) > 0
such that

|D]a’"2 2

160252 = | f = (Nxlipe = EDH

forall f €l>(aD*, ), s €(0,e1),a>0.Here (f), =Y frm, C and S are the
same constants in Corollary 5.6, and 7, is the Dirichlet form in 12(m?P") of the
CTRW X“P° [see (5.2)].

PROOF. By Corollary 5.6, the isoperimetric constant
Q(BA) 1/dl S ol/d £ € ‘
n(A)<1/2 n(A) - S CS
Hence, by the Cheeger’s inequality (see [38], Lemma 3.3.7),
Ep(f)  _dm@D*)I* |D|a’?
T = I~ (@? 8 7 16 C282

when ¢ > 0 is small enough. [

The above Poincaré inequality already tells us a positive lower bound for the
& . . o . .
spectral gap of X“P" and hence gives us an estimate for the mixing time. However,
we will state a stronger result in Proposition 5.9 in the next subsection.

5.2. Nash’s inequality and Poincaré inequality. The discrete relative isoperi-
metric inequality leads to the following two functional inequalities; namely, a
Poincaré inequality and a Nash inequality that are uniform in & and in scaling
D +— aD. The uniformity in scaling helps proving the near diagonal lower bound
for p®.

THEOREM 5.8 (Nash’s inequality and Poincaré inequality uniform in ¢ and in
scaling). There exist e1 =¢€1(d, D, p) >0and C =C(d, D, p) > 0 such that

2(142/d) o a2 @? . 4/d
G8) f = (Pallpg, © <8Sx(1/2, D) (d @D aD(f))llfllll(n),
(59 1l < CES ) + €SN F )L F

for every f € 12(aD?), ¢ € (0, &) and a € (0, 00), where C and S are the same
constants in Corollary 5.6; (f), = )_ fm and £}, is the Dirichlet form in

12(mP"y of the CTRW XP° [see (5.2)).
PROOF. Note that @ _gae (f) is the Dirichlet form of the unit speed

dm(aD?)“aD
. .. g, &
CTRW with the same one-step transition probabilities as that of XP". Hence
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(5.8) follows directly from [38], Theorem 3.3.11, and (5.7). For (5.9), let R =
(25&;8)_1 with 8§ > (CSa)~!. For any nonempty subset A C a D?,

| 1
COVTETD o ns (3)" 2 (@ nas)e=@3) .
w(A) 4

Hence,

d—1 o~

AT C3

(5.10) sp — 2 AT C5
Acaps Q(3A) + zm(A) €

By [38], Theorem 3.3.10,

2 2
2(142/d) C (ag) 1 4/d
LA < 16(5) (5o S + g W A1

Using (2.8) and the facts IIfII,zz(ﬂ) = (m(aDS))—‘||f||122(m) and |Iglljir) =
(m(aD?))~! Il £ 1171 gy We get the desired inequality (5.9). U

5.3. Mixing time. By the Poincaré inequalities in (5.8) and [38], Corol-
lary 2.3.2, we obtain an estimate on the time needed to reach stationarity.

PROPOSITION 5.9 (Mixing time estimate). There exists C > 0 which depends
only on d such that

. 1 —dt
< Cmin{(aCS)dt_d/z, e P <W)}

ae
t9 ) -
paD( X )’) m(aDs)

foreveryt >0,x,y€aD?, € (0,e1) and a > 0. Here C and S are the constants
in Corollary 5.6.

PROOF. By (5.8) and Theorem 2.3.1 of [38], we have
(ag)? ) ‘ <d(8§2))d/2
D) pis| ——t,x,y ) —1| < .
After simplification and using (5.7), we obtain the upper bound which is of order

t~/2. On other hand, by Corollary 5.7 and [38], Lemma 2.1.4, we obtain the
exponential term on the right-hand side. [

5.4. Gaussian bound and uniform Holder continuity of p®. Equipped with the
Nash inequality (5.9) and the Poincaré inequality (5.8), one can follow a now stan-
dard procedure (see, for example, [9] or [18]) to obtain two sided Gaussian esti-
mates for p®. In the following, Cy, C> and &g are positive constants which depends
onlyond, D,pand T.

More precisely, we only need the Nash inequality (5.9) and Davies’ method to
obtain the following Gaussian upper bound.
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THEOREM 5.10. There exist constants C; = Ci(d, D, p,T) >0,i =1,2, and
go=¢o(d, D, p,T) € (0, 1] such that

C] C2 Iy—X|2
ap(t.X.y) < —— g <_t_7)
Pap(t: %, Y) = (ag v 11/2)d P 22 (ag)® Vit

for every t > ae, ¢ € (0,&0), a > 0 and x,y € aD?. Moreover, the following
weaker bound holds for t € (0, T]:

Ci C> ly — x|
ae - el A
PaD(l‘,x,y)S (as\/tl/z)d exp<a2t 618\/t1/2>.
In particular, this implies the upper bound in Theorem 2.9 which is the case when
a=1.

We can then apply the Poincaré inequality (5.8) and argue as in Section 3 of
[18] to obtain the near diagonal lower bound. A more comprehensive proof is
given in [24].

LEMMA 5.11.
C

for every (t,x,y) € (0, 00) x D® x Df with |x —y| < Cit'/? and ¢ € (0, g).

pit,x,y) >

The Gaussian lower bound for p® in Theorem 2.10 then follows from the Lip-
schitz property of D and a well-known chaining argument (see, for example,
page 329 of [40]). Therefore, we have the two-sided Gaussian bound for p? as
stated in Theorem 2.9 and Theorem 2.10. It then follows from a standard “os-
cillation” argument (cf. Theorem 1.31 in [41] or Theorem II.1.8 in [40]) that p®
is Holder continuous in (¢, x, y), uniformly in . More precisely, is the following
theorem.

THEOREM 5.12. There exist positive constants o(d, D, p), B, D, p),
eo(d, D, p) and C(d, D, p) such that for all ¢ € (0, g9), we have
(It =172+ x — x| + Iy — y'ID®

5.11 “,x, ) —pt(t Xy =C
( )P X, y) = Pt X Y| < (t ADYBIZ[L A (2 A 1)4/2]

5.5. Proof of local CLT. The following weak convergence result for RBM
with drift is a natural generalization of [5], Theorem 3.3.

THEOREM 5.13.  Let D C RY be a bounded domain whose boundary 3 D has
zero Lebesque measure. Suppose D also satisfies:
Cc'(D)  isdensein W"*(D).

Suppose p € WH2(D) N CY(D) is strictly positive. Then for every T > 0, as
k — oo:
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1) (X ka, Pn) converges weakly to the stationary process (X,P,) in the Sko-
rokhod space D([0, T], D).

() (X z_k, P,,) converges weakly to (X,Py) in the Skorokhod space
D([0, T1, D) whenever x, converges to x € D.

PROOF. For (i), the proof follows from a direct modification of the proof of
[5], Theorem 3.3. Recall the definition of the one-step transition probabilities pyy,
defined in the paragraph that contains (2.4) and (2.5). Observe that, since p €
C (D), approximations using Taylor’s expansions in the proofs of [5], Lemma 3.1
and Lemma 2.2, continue to work with the current definition of p,,. Thus, we have

_ 1 —
tim &7 (f, ) =5 [ |70l pwdx  vfecD),
k—o00 2J/p
and
. (2*/() 1 1 . . )
khm L f:EAf—i—EV(log,o)-Vf uniformly in D,V f € C7 (D).
—> 00

The process X¢ has a Lévy system (N¢(x, dy), t), where for x € D?,

d
NG, dy)=—5 D Peedia(dy).
avae s o
Following the same calculations as in the proof of [5], Theorem 3.3, while noting
that [13], Theorem 6.6.9 (in place of [5], Theorem 1.1) can be applied to han-
dle general symmetric reflected diffusions as in our present case, we get part (i).
Part (ii) follows from part (i) by a localization argument (cf. [6], Remark 3.7). [J

We can now present the proof of the local CLT.

PROOF OF THEOREM 2.12. For each ¢ > 0 and # > 0, we extend p®(t, -, -) to
D x D in such a way that p® is nonnegative and continuous on (0, 00) x D x D,
and that both the maximum and the minimum values are preserved on each cell
in the grid ¢Z?. This can be done in many ways, say by the interpolation de-
scribed in [2], or a sequence of harmonic extensions along the simplexes (described
in [24]).

Consider the family {r4/2 p¢le of continuous functions on (0, 00) x D x D. The-
orem 2.9 and Theorem 5.12 give us uniform pointwise bound and equi-continuity
respectively. By Arzela—Ascoli theorem, it is relatively compact. That is, for any
sequence {e,} C (0, 1] which decreases to 0, there is a subsequence {¢,/} and a
continuous ¢ : (0, 00) x D x D —> [0, 00) such that p®’ converges to g locally
uniformly.

On other hand, by part (ii) of Theorem 5.13, if the original sequence {g;} is a
subsequence of {27}, then ¢ = p. More precisely, the weak convergence implies
that for all # > 0,

/D¢<y>p<r,x, y)dy = /D $(Nq(t.x.y)dy  forall g € Co(D) and x € D.
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Then by the continuity of both p and ¢ in the second coordinate, we have g = p
on (0, 00) x D x D. Since p(t, -, -) and ¢(t, -, -) are continuous on D x D (cf. [1]),
we obtain p = ¢ on (0, 00) x D x D. In conclusion, we have p® converges to p
locally uniformly through the sequence {¢, =27";n>1}. U
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