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This paper is the third part of our study started with Cattiaux, Leén and
Prieur [Stochastic Process. Appl. 124 (2014) 1236-1260; ALEA Lat. Am. J.
Probab. Math. Stat. 11 (2014) 359-384]. For some ergodic Hamiltonian sys-
tems, we obtained a central limit theorem for a nonparametric estimator of
the invariant density [Stochastic Process. Appl. 124 (2014) 1236-1260] and
of the drift term [ALEA Lat. Am. J. Probab. Math. Stat. 11 (2014) 359-384],
under partial observation (only the positions are observed). Here, we obtain
similarly a central limit theorem for a nonparametric estimator of the diffu-
sion term.

1. Introduction. In this article, we consider the estimation, using data sam-
pled at high frequency, of the local variance or diffusion term o (-, -) in the system
(Z; := (X,,Y;) e R 1 > 0) governed by the following Itd stochastic differential
equation:

{dX[ - Ytdt,

(11) dY[ = G(Xt, Yt)dWl - (C(le YT)YZ + VV(XI)) dt

The function c is called the damping force and V' the potential, o is the diffusion
term and W a standard Brownian motion.

The problem of estimating the diffusion term, sometimes called volatility, in a
model of diffusion has a somewhat long history and has a lot of motivations, in
particular in the analysis of financial or neuronal data.

The beginning of the story takes place at the end of the eighties of the last
century. The first and seminal articles were written by [11, 12, 15] and [17]. The
method generally used is the central limit theorem for martingales. Recently, an
excellent survey introducing the subject and giving some important recent refer-
ences was written by [26]. In that work, the authors give some insights about the
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methods of proof of the limit theorems and recall also the existence of some good-
ness of fit tests useful in financial studies. This article also mentioned the names
of those linked to the development in this area. They are, among others, [3, 21]
and [2]. The second of the last cited works contains a deep study for the asymp-
totic behavior of discrete approximations of stochastic integrals; it is thus in tight
relationship with the estimation of the diffusion term.

The present article is the continuation of two previous works by the authors:
[7] and [8]. In the first one, we tackled the problem of estimating the invariant
density of the system (1.1) and in the second one the estimation of the drift term
(x, )~ b(x,y) = —c(x,y)y + VV(x) was studied. In both papers, we assumed
that the diffusion coefficient o is constant, in order to control the mixing rate of
the process (see the remarks at the end of the present paper for extensions to the
nonconstant diffusion case).

Here, we consider the estimation of the function o, in particular we do no more
assume necessarily that it is a constant. We observe the process in a high resolution
grid, that is, Zp,, p=1,...,n with hnn_)—+>000. As for our previous works, we

consider the case where only the position coordinates X 5, are observed (partial
observations). This is of course the main technical difficulty. This situation leads us
to define the estimator using the second- order increments of process Ay X (p, n) =
X (p+1)h, —2X ph, + X (p—1)h, - This fact introduces some technicalities in the proof
of each result.

In the first part of the article, we consider the case of infill statistics ¢ = nh, is
fixed. Two situations are in view: first, o is a constant and we estimate o2 by using
a normalization of Ay X (p,n), second, o is no more constant and we estimate
fot 02(X,, Ys)ds. In both cases, we obtain a stable limit theorem with rate J/n for
the estimators (for the definition of stable convergence in law see the next section).

This asymptotic convergence can be applied, for instance, for testing the null
hypothesis Hp: the matrix o contains only nonvanishing diagonal terms that is,
ojj=0fori # j.

In the second part, we study the infinite horizon estimation nh, =t —+> + oo.
n— 100

We assume that the rate of mixing of the process (Z;, t > 0) is sufficiently high.
Whenever o is a constant, we obtain a central limit theorem (CLT) for the estimator
of o> with rate \/n. However, in the case where ¢ is not a constant we get a new
CLT but the rate now is /nh, and the asymptotic variance is the same as the one
obtained for occupation time functionals.

The result in the infinite horizon can serve to test Ho : o (x, y) = o against the
sequence of alternatives H/ : 0, = 0 +c,d(x, y), for some sequence ¢, tending to
zero as n tends to infinity, because of the difference in the convergence rate under
the null and under the sequence of alternatives.

Estimation with partial observations has been considered previously in the lit-
erature. In [18], the case of one-dimensional diffusion V; is studied. One observes
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only S; = ](; Vs ds, in a discrete uniform grid. The estimation is made for the pa-
rameters defining the variance and the drift. More recently for the same type of
models, the problem of estimation was considered in [9]. In this last work, the
study is nonparametric in nature; it deals with adaptive estimation, evaluating the
quadratic risk. The models in both these articles, contrary to models of type (1.1),
do not allow the second equation to depend on the first coordinate. It can be written
as

dS[ - Vt dl,

dVi=o(Vy)dW; +b(V,)dt.

The literature concerning the estimation for models of type (1.1) is rather scarce.
However, two papers must be cited. First, [27] consider parameter estimation by
using approximate likelihoods. The horizon of estimation is infinite and they as-

sume h, —> 0 and nh, —> + oo. Second, [28] introduce, in the case of par-
n——+00 n—-+0o

tial observations, an Euler contrast defined using the second coordinate only. We
should point out that the present work, while dealing with nonparametric estima-
tion, has a nonempty intersection with the one of [28] when the diffusion term is
constant.

In Section 5, we consider Langevin dynamics described by

dX[ = Yt dt,
1.2 T
( ) :dY[= 2ﬁ_1S(Xt)dW[—(S(X[)S*(Xt)Yt+VV(X[))dt

This form of hypo-elliptic diffusion is a particular case of (1.1) with o (x, y) X
o*(x,y) = %c(x, y). This last relation is called fluctuation-dissipation rela-
tion since it relates the magnitude of the dissipative term —c(X;, Yy)dt =
—s(X)s*(X,)Y,;dt and the magnitude of the random term o (X;,Y;)dW; =

V2B~ 1s(X;) dW,. The precise balance between the drift term which removes en-
ergy in average and the stochastic term provided by the fluctuation-dissipation
relation insures that the canonical measure is preserved by the dynamics. More
precisely, under assumptions Ho and H; of Section 2, it is proved that the so-
lution of (1.2) is ergodic with invariant probability measure proportional to the
Boltzmann distribution exp(—B H (x, y)), where H(x,y) = %Iyl2 4+ V(x) and B is
inversely proportional to the temperature (see, e.g., [23, 25]).

Numerical experiments are provided in Section 6.

Let us end this Introduction with some comments about some possible general-
izations. In the first place, the methods that we use in this work can be adapted for
considering the power variation type estimators defined as

(([t/2hn)1=Dhy
Vemy= > F(AxX(p.n)),
p=0
for F' a smooth function, usually F(x) = |x|" the rth power variation (see, e.g.,
[20]). Second, it would be possible to study an estimator constructed through a
Fourier transform method as the one defined in [24].
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2. Tools.

2.1. Stable convergence. In this article, the type of convergence we consider
is the stable convergence, introduced by Renyi, whose definition is recalled be-
low (see Definition 2.1). In this subsection, all random variables or processes are
defined on some probability space (€2, F, P).

DEFINITION 2.1 (Definition 2.1 in [26]). Let Y, be a sequence of random
variables with values in a Polish space (E, £). We say that Y,, converges stably

. .. . S . .
with limit Y, written Y, —+> Y, where Y is defined on an extension (2, F', )
n—+0oo

iff for any bounded, continuous function g and any bounded F-measurable random
variable Z it holds that

E(g(Yn)Z) — E'(¢(Y)Z)

as n — +o00, where E (resp., E’) denotes the expectation with respect to probabil-
ity P (resp., ).

If F is the o-algebra generated by some random variable (or process) X, then
it is enough to consider Z = h(X) for some continuous and bounded 4. It is thus
clear that the stable convergence in this situation is equivalent to the convergence
in distribution of the sequence (Y,, X) to (Y, X). It is also clear that convergence
in probability implies stable convergence. As shown in [26], the converse holds
true if Y is IF measurable.

Notice that we may replace the assumption Z is bounded by Z € L!(P). This
remark allows us to replace P by any Q which is absolutely continuous with respect
to PP, that is, the following proposition.

PROPOSITION 2.2. Assume that Y, [defined on (2, F,P)] converges stably
to Y. Let Q be a probability measure on Q2 such that fi% = H.Then Y, [defined on
(2, F, Q)] converges stably to the same Y [defined on (', F',Q = HP)].

In particular, in the framework of our diffusion processes, this proposition com-
bined with Girsanov transform theory will allow us to “kill” the drift.

2.2. About the s.d.e. (1.1). In all of the paper, we will assume (at least) that
the coefficients in (1.1) satisfy:

e Ho The diffusion matrix o is symmetric, smooth, bounded as well as its first and
second partial derivatives and uniformly elliptic, that is, Vx, y, o (x, y) > opld
(in the sense of quadratic forms) for a positive constant o > 0.

e 741 The potential V is lower bounded and continuously differentiable on R¢.
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e 7, The damping matrix ¢ is continuously differentiable and for all N > O:
SUP| x| <N, yeRrd |€(X, ¥)| < +00and 3co, L > 0 c*(x,y) > cold for all |x| >

L,y e R?, ¢ being the symmetrization of the matrix c.

Under these assumptions, equation (1.1) admits an unique strong solution which
is nonexplosive. In addition, we have the following lemma.

LEMMA 2.3 (Lemma 1.1 in [30]). Assume Hoy, H1 and Hjy. Then, for ev-
ery initial state z = (x, y) € R??, the s.d.e. (1.1) admits a unique strong solution
P, (a probability measure on 2), which is nonexplosive. Moreover, P, < ]P’g on
(2, Fp) for each t > 0, where IP’(Z) is the law of the solution of (1.1) associated to
c(x,y)=0and V=0, and with (F; :=0(Zs,0 <5 <1))>0-

REMARK 2.4. The formulation of Ho can be surprising. Let 0* denote the
transposed matrix of o. Actually the law of the process depends on oo * (which is
the second-order term of the infinitesimal generator). If this symmetric matrix is
smooth, it is well known that one can find a smooth symmetric square root of it,
which is the choice we make for o. As it will be clear in the sequel, our estimators
are related to oo * (hence here o2).

3. Finite horizon (infill) estimation. We consider infill estimation, that is we
observe the process on a finite time interval [0, T'], with a discretization step equal
to h, with h, — O.

n——+0o
According to Lemma 2.3 and Proposition 2.2, any IP’? stably converging se-
quence Yy is also P, stably converging to the same limit. Hence, in all of this
section we will assume that Hy is satisfied and that c and V are identically 0. Any
result obtained in this situation is thus true as soon as Ho, H1 and H, are satisfied.

3.1. The case of a constant diffusion matrix. We start with the definition of
the “double” increment of the process.
Define for 1 < p < [%ﬂ] — 1:= p, (here [-] denotes the integer part)

(3.1 M X (p,n) = X@p+ih, —2Xoph, + X2p—1)h,-
Then
(2p+1)hn thn
G_IAZX(p,n)zf Wsds—/ W, du
2phy @p—Dhy
2Zp+Dhy 2phy
= (W — W2phn)ds + (W2phn — W) du.
2phy, Q2p—1hy

The right-hand side is the sum of two independent centered normal random vec-

tors, whose coordinates are independent, so that | %0*1 A2 X (p,n) is a centered
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Gaussian random vector with covariance matrix equal to Identity (recall that we
assume that ¢ = o™).

Furthermore, all the (A2 X (p, n))1<p<p, are independent (thanks to our choice
of the increments).

So we define our estimator 2 of the matrix o2 as
1 3 [T/@h1-1
B2  Gi=—o o Y AX(p)®AX(p,n)
" [T/Q2hy)]—12h3 ’ T

p=1
where A ® B denotes the (d, d) matrix obtained by taking the matrix product of
the (d, 1) vector A with the transposed of the (d, 1) vector B, denoted by B*.
Using what precedes, we see that
1 (T/2hn)]-1
0 = M(p,n),
[T/ Q)] —1 El

where for each n the M (p, n) are i.i.d. symmetric random matrices whose entries
M;. ; are all independent for i > j, satisfying EQ(M,-J) = 4;,j and Var?(M,-,j) =
1+6; ;.

According to the law of large numbers and the central limit theorem for trian-
gular arrays of independent variables, we have the following.

LEMMA 3.1 (Convergence). Assumec =0,V =0and Hy. Then if hy —+> 0,
n—+0o0

starting from any initial point 7 = (x, y) € R*?, we have

0
2 P2 o
6, —> 0%,
n——+o00

and

T 1/2
<|: i| — 1) (O'_l/\nzO'_1 —Id) 2) Md,d)a

2h, n—+00

where N qy is a (d,d) symmetric random matrix whose entries are centered
Gaussian random variables with Var(N;. j) =1+ 6; j, all the entries (i, j) for
i > j being independent.

The consistence result is interesting since convergence in IP’? probability implies
convergence in PP, probability (i.e., for general ¢ and V). The convergence in distri-
bution however is not sufficient and has to be reinforced into a stable convergence.

This is the aim of what follows.

To this end, we define the sequence of processes defined for 0 <t < T,

1 3 [/Cha)]=1

(33) ()= ArX(p,n) ® AyX (p,n),
[T/ (2hn)] = 12h3 ,;

where the empty sums are set equal to zero. We will prove the following.
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THEOREM 3.2 (Convergence in Skorohod’s metric). Assume ¢ =0, V =0
and Hy.
Then if hy, —+> 0, starting from any initial point z = (x, y) € R*, we have
n—-+00

T | 1.0 . _1 D([0,T1)xD([0,T]) =
. — _—
(W, / o (c7'6,()o Id)) — (W., W),

where (Wt, t €[0,T)) is a (d, d) symmetric matrix valued random process whose
entries are Wiener processes with variance Var; j(t) = (1 +6; j)(t/T), all the

entries (i, j) fori > j being independent. In addition W_is independent of W..

According to the discussion on stable convergence, we immediately deduce the
following.

COROLLARY 3.3 (Stable convergence). Under assumptions Ho, H1 and Ha,
if hy, —+> 0, starting from any initial point z = (x, y) € R*?, we have
n——+0oQ

T 1.2 1 S
2y 0 o~ 1) 2 Naa,

where N(q.q) is as in Lemma 3.1.

PROOF OF THEOREM 3.2. In the following, we fix T = 1 without loss of gen-
erality. Notice that we may also replace % by [%] — 1 (using Slutsky’s theorem

if one wants).
t> Zn(t) = ! o 162()o !
2hy, "

The convergence of
to a matrix of Wiener processes is proved as for Donsker invariance principle.
The only difference here is that instead of an i.i.d. sample we look at a triangular
array of i.i.d. random vectors (on each row), but the proof in [4] applies in this
situation. This result is sometimes called Donsker—Prohorov invariance principle.
Writing W, as the sum of its increments on the grid given by the intervals [(2p —
1)h,, 2p + 1)h,] the convergence of the joint law of (W, Z,,(-)) in D([0, 1]) is
proved in exactly the same way.

The final independence assumption is a simple covariance calculation. [J

3.2. Estimation of the noise, general case. In this section, we do not assume
anymore that the diffusion term o is constant.
In the following, we want to estimate fé O'Z(XS, Yo)ds,forany0 <t <T.
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To this end, we introduce the quadratic variation process defined for n € N* and
0<t<T as

[t/ 2hy)]-1
(3.4) W, (=175 Y AX(p,m)@AX(p,m),
n p=1

with A X (p, n) defined in (3.1). The main result of this section is the following.

THEOREM 3.4. Under assumptions Ho, H1 and Ho, if hy —+> 0, starting
n—+0oo

from any initial point z = (x, y) € R*?, we have forany 0 <t <T

1 t
Qi () —5 f o2 (Xy, Yy) ds,
n—>+o00 3 Jo

and
1 Lt 5, s 2 [t ~
—(th -5 [0 (Xs,mds) = 2 [ o awe . v,
hy, " 3Jo n—+o00 3 Jo

where (Wt, t € [0, T]) is a symmetric matrix valued random process independent
of the initial Wiener process W, whose entries W (i, j) are Wiener processes with
variance V; j(t) = (1 + §; j)t, these entries being all independent for i > j.

Recall that for the proof of this theorem, we only need to consider the case
where c =0 and V =0.

In this case, the strong solution, with initial conditions (Xg, Yp) = (x,y) =z,
can be written as

t t
Zt=(X,,Yt)=(x+yt+f0 sts,y+/() O’(XS,YS)dWs).

We thus have
Q2p+Dhy,

AzX(p,n):/ [f()sG(Xu,Yu)qu]dS

2phy

2phy, s
—/ [/ J(Xu,Yu)qu}ds.
(Zp_l)hn 0

Using Fubini’s theorem for stochastic integrals, one gets
2phy
Ar X (p,n)=hy jg o (Xu, Yy)dW,
(2p+Dhy
+ - (Qp + Dhy —u)o (Xy, Yu) dW,
phn

@2p—=Dhy
—h,,/ o(Xy, Yy dw,
0

2phy
- f @phy — 00 (X, Y) dW,,
(Zp_l)hn
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thus
Q2p+Dhy,
G5 MaXp= [ (b= lu = 2pha)o (X, Y)W,
(Zp—Dhy
If p # q are two integers, denoting by A>X(p,n,i) the ith coordinate of
A> X (p, n), we immediately have, foralli, j=1,...,d,
(3.6) E2(A2X (p,n,i)A2X (q,n, j)) =0.

As a warm up lap, we look at the convergence of the first moment of QVj,, .

LEMMA 3.5 (Preliminary result). Assume ¢ =0, V =0 and Ho. Then, if
hy —+> 0, starting from any initial point 7 = (x,y) € R*, we have for any
n—+00

0<t<T,

1 t
0 1 0_2
EZQth(t)n_)—>+oo3/o E o (Xy, Yy) du.

Recall that we assumed o = o*, and of course look at the previous equality as
an equality between real matrices.

PROOF OF LEMMA 3.5. First, using Itd’s isometry and equality (3.5), one gets

@p+1)hy,

E2(A2X (P, hy) ® A2 X (p, hy)) = / (hn =l = 2ph|) o2 (X, Y,) du.

Q2p—Dhy
Since
@p+Dhn 5 2
hy — |lu —2phy|) du==h,
Jo o= 20k du =S}

we thus have

L B0 (ASX (ph) ® A X (o h L e poax yya
— , , - = o , u
h% Z( 2X(p,hyn) @ Ao X(p n)) 3 @p—Dh, 7 (Xu, Yu)
1 [@p+hh s
= — hy, —|u—2ph
h; /<2p—1>hn (n = I = 2pha])
X ES(oz(Xu, Y,) — GZ(X(Zp—l)h,,a Yop—1yh,)) du
1 r@p+Dhy 0/ 2 5
+3 E: (0 (X 2p=1)hn> YCp—1)hy) — 0~ (Xu, Yo)) du.
3 Jep-Dhy,
Define on 2 x [0, t], the sequence of random (matrices)
[t/(2hn)]-1
Guw)= Y 2 (X 2p—1yhys Y@p—13h )L @p—1)hy<ti<@p-+ 1)y -

p=I
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Since o is continuous, G, converges IF’S ® du almost everywhere to o2(X,, Y.
In addition, since o is bounded, G,, is dominated by a constant which is IP’? ® du
integrable on Q x [0, 7].

Hence, using Lebesgue bounded convergence theorem, we get that

t
f EX(Gn(u) — 0*(Xu, Yu))du — 0.
0
Similarly, the variables
1/ CO=L (2 ph )2

Z h,%

p=1

X L2 p— 1)y <u<@p+1hn (02X @p—1)hn> Y2 p—1yiy) — 0> (Xuis Yu))

are bounded and converge almost everywhere to 0, so that their expectation also
goes to 0. This completes the proof. [

Of course, a careful look at this proof shows that we did not use all the strength
of Hy, only the fact that o is continuous and bounded. It is thus clearly possible to
improve upon this result, using the same idea of introducing the skeleton Markov
chain and controlling the errors.

Hence, introduce

2p+Dhy
(3.7 AxH(p,hy) = /(2 i (hn — lu —2phul)o (X @p—1)hys Yp—1)n,) dWi.
pP—hn
We may decompose
1 2 3 _ Lty
(3.8) J, +J7+ 0] =0V, (1) 3/, o°(X,,Y,)du
with
[1/(hn)]-1
Iy =QVy, (1) — 3 > AH(p,hy) ® AyH(p. hy),
n p=1

[t/ Qha)]—1 .
2 1 1
7= >. AH(p ) @ AH(p ) ) = 5( [ Gt du).

o)
oo

J3 = %(/Ot Gy (u)du — /Otaz(xu, Yu)du).

For A = (A j)i<i<q,1<j<r @ q x r real matrix, we define |A| as [A| =
maxi<ij<q,1<j<r |Aijl-
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We then have the following.

LEMMA 3.6. Assume ¢ =0, V =0, (X, Yo) = (x, y) € R*® and Ho. Then
there exist constants C depending on o, its derivatives and the dimension only,
such that forany 0 <t <T,

t t

3.9) ES(‘/ Gn(u)du —/ o2 (Xy, Yu) du ) < Cthy,
0 0

and

(3.10) E(|A2X (p, hy) — AaH (p, hy)|?) < ChY.

PROOF. For the first part, it is enough to show that

t
| B1Guw) = 0> (Xu V) du < o,
0

But using the fact that o and its first derivatives are continuous and bounded, there
exists a constant C only depending on these quantities (but which may change
from line to line), such that

t
(3.11) f E|Gu(u) — 0*(Xy, Yu)|du < Ct  sup  EY(Zy — Zpl) < Ct/hy.
0 |“_b|§2hn

For the second part, we have

E(|A2X (p, hn) — AaH (p, ha)[)

0 Q2p+1Dh, 2
=B( [ = = 2]
2p—Dhy,

2
x Trace((o (X 2p—1)h,» Yp—1)h,) — 0 (Xu, Vi) )du),
from which the result easily follows as before. [l
We deduce immediately the following.

PROPOSITION 3.7.  Assume c =0,V =0and Hg. Then, if h, —+> 0, starting
n—+0o0

from any initial point z = (x, y) € R*  we have for any 0 <t < T, that Jn1 and J,f’
are converging to 0 in ! (]P’g) (with rates h,, and \/h,), hence in IP’? probability.

PROOF. The result for J? is contained in the previous lemma. For J!, we
calculate IE(Z)HJ”1 [1. The (i, j)th term of J,,} is given by
[1/Q2ha)]—1

1
n p:l
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so that, according to the previous lemma and the Cauchy—Schwarz inequality, we
thus have EY[|J}[] < Cth,. O

In order to prove the first part of Theorem 3.4, that is, the convergence in prob-
ability, it remains to look at J2. We have

1 [t/(zhn)]_l 2h3
2 n
Ti=13 Y o (X@p-tyhs Y(2p-1)hn)(M(p, hn) — 3 Id)
n —1
(3.12) g
X 0 (X 2p—1)hn> YOp—1)hy)s
where
M(p, hy) =MW (p, hy) @ Ao W (p, hy)
and
Q2p+1Dhy
AzW(p,hn)z/ (hn — |u —2phy|) dW,.
2p—Dhy

As before, we start with an estimation lemma.

LEMMA 3.8. Assume c =0, V =0, (Xo, Yo) = (x, y) € R*? and Ho. Then
there exist constants C depending on o, its derivatives and the dimension only,
such that

2h3
M(p. hn) — —71d

2
(3.13) EQ( ) <ChS.

PROOF. We shall look separately at the diagonal terms and the off diagonal

3
terms of M (p, h,) — %Id.
The off diagonal terms are of the form A; ;(n) with

A Crein 2ph,|) dW:
i, jn) = n— |U— n
= ([, = = 2phl) W)

Q2p+Dhy, .
« ([ (h,l—lu—thn|)quf),
2p—Dhy,

(3.14)

where W and W/ are independent linear Brownian motions. Introduce the mar-
tingales

N .
Ui)= [ (= lu = 2phs])aW,;
2p—Dh,
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defined for 2p — 1)h, <s < 2p + 1)h,. Using Itd’s formula, A; ;(n) can be
rewritten

Q2p+Dhy, .
(/ (U ) = U;(2p = 1hn)) (hn — |u—zphn|)dw;)
@2p—Dhy

(2P+1)hnU Ui(2p — Dhy))(h 2phy|)dW/
+</(219—1)hn (Ui @) = Ui(2p = Dhn)) (b — lu = 2pha)) u)

so that
E2(A7 ()
Q2p+Dhy, 2.0 5
= 2/ (hn — |u — thn|) Ez[(Ui(u) — U,-((2p — l)h,,)) ]du
2p—1)hy
QCp+Dh,

-2 (hy — lu — 2phy))?
Q2p—1hy

x (/ (hn—|s—2phn|)2ds>du
(

2]7—1)1’1,1
_ 6
=ChS,

where C is some universal constant, so that we get the result.
The diagonal terms can be written A; ;(n) with

Q2p+Dhy . 2 2 3

A = ([ o~ lu—2phaaw) -2
@2p—Dh, 3

(3.15)

QCp+1Dhy, .
:2/(2 (W) = Ui(@p = 1)) s =l = 2ph AW,
pP— n

and we can conclude exactly as before. [
We can now state the following.

PROPOSITION 3.9. Assume ¢ =0, V =0 and Ho. Then, if h, —+> 0, start-
n—-+0o0

ing from any initial point z = (x,y) € R* we have for any 0 <t < T, that an
converges to 0 in L2 (}P’g) (with rate </hy), hence in }P’g probability.

PROOF. We look at each term (J2); j of the matrix J2. Such a term can be
written in the form
1 [1/@ha)]-1

d
(J,,z),-j =12 S > ki i (X @p=hes Yep—Dh) ALk(p, n),
nop=l k=1
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where the a; ¢ ; ;’s are C,f functions, and the A; x(p, n) are defined in the proof of
the previous lemma (here we make explicit the dependence in p). Hence,
4072\2

hy, (Jn )ij

[t/2Ch)1-1  d
= Y bikii(Xep—nh,s Yep—nh,)
p.q=1 Lk, j=1
X CLk,i,j (X 2g—1)hys Y2q—1)h,) ALk (P, 1) Aj j(q, 1)

for some new functions by i ; j and c; k ; j. As we remarked in (3.6), the expecta-
tion of terms where p # ¢ is equal to 0, so that

5 d [t/(2hy)]—1
By (JD1<C Y > ENAu(p.mAj(p,n)]
Lkij=1 p=I
<Cth?,

according to the previous lemma and the Cauchy—Schwarz inequality, hence the
result. [

We thus have obtained the first part of the main theorem, that is, the following.

COROLLARY 3.10 (Consistence result). Under assumptions Hg, H1 and H;,
if hy —+> 0, starting from any initial point z = (x,y) € R*, we have for any
n——+00

0<t<T
p, 1[0,
OV (1) —> - f o2(X,. Yy)ds.
n—+o00 3 Jo

We turn now to the second part of the main theorem, that is, the obtention of
confidence intervals. Again we assume first that c =0 and V =0.

Since we will normalize by /A, we immediately see that the first “error” term
J} /Iy converges to 0 in IP’? probability according to the rate of convergence we
obtained in Proposition 3.7.

For the second error term J2, the convergence rate in /%, is not sufficient to
conclude. So, we have to improve on it.

LEMMA 3.11. Assume ¢ =0, V =0, (Xo, Yo) = (x, y) € R* and Hy. Then
there exists some constant C depending on o, its first two derivatives and the di-
mension only, such that forany 0 <t <T,

(3.16) EQ(/(: Gn(u)du—/(;taz(Xu,Yu)du

hence (fot G,(u)du — fé 02(Xu, Vi) du) /Ny, goes to 0 in IP’? probability.
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PROOF. To begin with
0 (Xu. Yu) — Gu(u)
[£/(2hn)]-1
= Z (0% (Xy, Yy) — GZ(X(zp—l)hn, Y2p—1)h)) L2 p—1)hn <u<@p+1)hn-
p=1

Now look at each coordinate, and to simplify denote by f the coefficient al%.. It
holds

f(Z) — GY ()
[1/(2hn)]—1 "

= ) ﬂ<2p—1>hnsu<<2p+1>hn/(2

((a(zswyﬂzs), dw,)
p=1

p_l)hn

+ %Trace(oDifa)(Zs)ds +(Ys, fo(Zs))dS>

[1/2hu)]1—-1 1 )
= Z 1(2P—1)hniu<(2p+1)hn(l (n’p’u)+1 (n’p’u)
p=1
3 4
+1I°(n, p,u) +I"(n, p,u)),
with

u

Il(n,P,u)=/(2 i (0(Z)Vy f(Zs) — 0 (Z2p—1)n,)Vy [(Z2p—1)h,), dWs),
pP—hn

*(n, p,u)= (0 (Zap-1n)Vy F(Zp=1)i)s Wu — Wp—1)h,)s

u 1

B, p,u)= / —Trace(aDgfo)(Zs)ds,
Q@p—Dhy 2
u

*(n, p,u) :/ (Yy, Vi f(Zs))ds.
Q2p—1hy

Notice that |I3(n, p,u)| <Cu— 2p —1)hy,) so that
£ 11/ 2hn)]-1
/0 Z Il(2p—1)h,,gu<(2p+1)hn|13(n, p,u)|du < Cth,,.
p=1
Similarly, [I*(n, p,u)| < C(supg<y< |Ys) (@ — (2p — 1)hy) so that

t [f/(2h”)]—1
Eg (/0 Z Lop—1)hy<u<@p+hy, |I4(n, P, u)|du)

< cmnEQ( sup |Ys|) <Ct(1+1"?)h,

0<s<t

according to the Burkholder—Davis—Gundy inequality.
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Now

B (. p,w)])
< EX(I'(n, p,w)[)
= EO[/(Z o 0 (Z)Vy f(Zs) — U(Z(Zpl)hn)vyf(Z(Zpl)hn|2dS:|

p n
Cu—Q2p- l)hn)Eg( sup  |Zg — Zb|2)
la—b|<2hy,

<Chy (u - @2p-— 1)hn)

using the fact that o and its first two derivatives are bounded and (3.11). It follows

() %

,[r/(zhm 1
1(2p—1)h,1§u<(2p+1)hn|Il(na Ps u)|du) < Cth,.

i

1(2p—1)hnsu<(2p+1)hn12(71, p.u)du

Finally,

&

; [r/(zhm 1
/ L2 p—1yhy<u<@p+ iy 12 (1, p, u) du

<E (
,[t/(Zhn)] 1

<2E? [/ / Lp—1)h,<u<@p+1)h,

; [z/(2h -1

)

X L(2g—1yhy<s <Qq+1hy Ls<u I, p,u)[*(n, q,5)ds dui|-

As before, if Qp — 1)h, <u < 2p+ 1)h, and 2q — 1)h,, <s < 2qg + 1)h,,
0(72 2
EZ(I7(n, p,u)I“(n,q,s)) =
assoon as p #q.
If p=g,
[EX(12(n, p,) I2(n, p,))| < C\lu— @p — Dhnys — @p — Dha,

so that for a fixed u between (2p — 1)k, and 2p + 1)h,, s belongs to [2p —
1)h,,u] and

u
/(2 o B2 po) P, )| ds < ChfP(u = 2p Dhy)'"2.
p n
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Integrating with respect to du, we finally get

NPLCS

2
/ Z L@ p—1yhn <u<@pt+yhy 1 2(1, p, u) du ) < Cth},
U —
as expected. [J

We turn now to the central limit theorem for an defined in (3.12). We will prove
the following.

PROPOSITION 3.12. Assume c(x,y) =0,V =0 and Hoy. If hy, —+> 0, start-
n—+0oo

ing from any initial point z = (x, y) e R* and V0 <t < T,

1, s 2 -
Efn(f)njoog A o(Xy,Y)dW,o (X, Yy),

where (W;,1 €[0,T]) is a symmetric matrix valued random process independent
of the initial Wiener process W_, whose entries W (i, j) are Wiener processes with
variance V; j(t) = (1 +8; j)t, these entries being all independent fori > j.

PROOF. Define
3

= Id>U(X(2p1)hnv Yop—1)h,)

1 2h
En,p= h_ZO-(X(prl)h,,a Y(zpl)hn)(M(P, hn) — 3
n

and G, , the o-field generated by the &, ; for j < p. As we already saw
EQ1&n,p|Gn, p—11=0

(here the null matrix), saying that for a fixed n the &, , are martingale increments
and J3(1) =), &n.p.

In order to prove the proposition, we can first show that for all N € N, all N-uple
hh<---,IN =1,

1 D ! ~
[ 2@ W W) B (/0 a(xu,n)quo(Xu,Yu),th,...,w,,v),
n

n——+00

and then apply the results we recalled on stable convergence as we did in the con-
stant case. To get the previous convergence, one can use the central limit theorem
for triangular arrays of Lindeberg type, stated for instance in [10], Theorem 2.8.42.

Another possibility is to directly use Jacod’s stable convergence theorem stated
in Theorem 2.6 of [26]. Actually in our situation, both theorems require exactly
the same controls (this is not surprising), as soon as one verifies that the statement
of Jacod’s theorem extends to a multi-dimensional setting.

We choose the second solution, and use the notation in [26], Theorem 2.6, so
that our &, ,/+/h, is equal to their X p,.
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Conditions (2.6) (martingale increments) and (2.10) (dependence on W. only)
in [26] are satisfied. Condition (2.8) is also satisfied with vy = 0 as we already
remarked in the constant case. Here, it amounts to see that

B A1 j ) (Wi iy — Wep— ) I F@p—1yn,] =0
for all triple (7, j, k) where the A; ;(n) are defined in (3.14) and (3.15), which is
immediate.
It thus remains to check the two conditions

1 /@)1=

G17 S EY(eitnpe;) I Fop—in] f 05 (Xu. Yu) du,
n =1
foralli,j=1,...,d (e,l =1,...,d being the canonical basis), and
[1/(2hn)]—1 po
(3.18) e > Eg[@n,p|21|§n‘p‘>8|f(2p_1)hn]njooo forall e > 0,
p=1

where |£| denotes the Hilbert—Schmidt norm of the matrix |£].
We denote by u; = oe;, and we use the notation of Lemma 3.8, U;(n,s) =
f(SZp—l)h,, (hy — lu —2phy,|)dW,, and simply U;(n) = U;(n, 2p + 1)h,). Hence,

3

23
A j(n)=U;(m)U;(n) — 5i,jT-

It follows

thg[(teién,pej) |~7:(2p l)h E

(Zu Ap1(n)u ) ’]:(Qp 1)hnj|

“E Y u?,-AkJ(n)Ak/,p(n)|f(2,,_1)h,,]
k, 1kl

= > ububuf W B A () Apr ()| Fap-tyin, )
k1K'l

But all conditional expectations are vanishing except those for which (k,/) =
(k’,1"), in which case it is equal to

@p+Dhy 2 N\ 4
<1+ak,z)( i (hn — 11t — 2pha)) du) =2 o).
@2p—"Dh, 9

Hence,
| @
h, 21 EX[(eién, pei) 1 Fp—ti,]
p

[1/(2hn)]—-1
4h, ) )
> 0i  (Z@p-vn)o 5 1(Zp-1h,),
p=1

d
— Z (1
k, =1
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and converges to

d

4 t
> (48 [ 0BZood () du
k=1 0

. 2hy)]—1

We get a similar result for % Zg/z(l )l Eg[(’eién,pej)(fei/én,pej/)I.F(z,,_nhn]
for any pairs (i, j), (i’, j/). It remains to remark that this increasing process is the
one of

2 [t ~
5/0 0(Za) AW, (Zy),

where W._ is as in the statement of the proposition.
Finally, (3.18) is immediately checked, using the previous calculation, Cauchy—
Schwarz inequality and Burkholder—Davis—Gundy inequality. [

To conclude the proof of the main theorem, it is enough to apply Slutsky’s
theorem since all the error terms converge to 0 in probability (recall that Slutsky’s
theorem also works with stable convergence (see [26], Proposition 2.5).

4. Infinite-horizon estimation. In the previous section, we dealt with infill
estimation. We now consider that we work with an infinite-horizon design. We
aim at estimating the quantity EM(OZ(X(), Yo)), where (Z; := (X;, Y;) e R%,t > 0)
is still governed by (1.1) and w is the invariant measure, supposed to exist. We thus
have to introduce some new assumptions:

e H3 There exists an (unique) invariant probability measure p and the P, sta-
tionary process Z_ is o-mixing with rate 7, that is (in our Markovian situation),
there exists a nonincreasing function 7 going to O at infinity such that for all
u < s, all random variables F, G bounded by 1 s.t. F (resp., G) is F, (resp.,
Gs) measurable where F, (resp., Gy) is the o -algebra generated by Z, forv <u
(resp., v > s), one has

Cov,(F(Z,)G(Zs)) <t(u—s).

e H,4 Define b(x, y) := —(c(x, y)y + VV (x)). There exists some r > 4 such that
E,(1b(Zo)|") < +o0 and 57 t!=#/" (1) dt < +oo.

These apparently technical assumptions are in a sense “minimal” for applying
known results on the central limit theorem for additive functionals of a diffusion
process (see, e.g., [6]). We shall come back later to these assumptions, indicating
in the last subsection of this section, sufficient conditions for them to hold.

We introduce the following estimator:

3 1

s~ AzX(P,I’l)@AZt((F’”)a
113 Z
n 1) n p=1

4.1 ICHZE(

where A, X (p, n) is the double increment of X defined in (3.1).
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We now state the main result of this section.

THEOREM 4.1. Assume that Ho up to Ha are satisfied. Assume in addition
that

400
/ 1~ 1V2¢12(1) dt < +o0.
1

Let hy, be a sequence going to 0 such that nh, — +o0c and nh?l — 0.
Then, in the stationary regime,

(4.2) V2niy (K — B0 (Xo, Y0)) n%m/\f ,

where N is a symmetric random matrix, with centered Gaussian entries satisfying

1 +00 _ _ B B
CoviNj N =5 [ Bl (Z0)32(Z0) + 32 (Z0)572,(Z0)) ds.

where 6%(z) = 02(z) — E. (02(Z0)).

REMARK 4.2. In the case where o is constant, this result is useless as the
covariances are all vanishing.

PROOF OF THEOREM 4.1. From now on, we assume that the assumptions Hg
up to Hy are satisfied.

Of course since we are looking at the whole time interval up to infinity, it is
no more possible to use Girsanov theory to reduce the problem to ¢ = V = 0.
Hence, arguing as for the statement of (3.5), and defining b(x, y) := —(c(x, )y +
VVi(x)), we get

Q@p+1)h,

ArX(p,n) = /(2 = = 2phl) (0 (Z2) AW b2 ).
p_ n

We then define the semimartingale (H;, 2p — 1)h,, <t < (2p + D)h,) by
dH; = (h — |t —2phy|)o(Z;) dW; + (hy — |t — 2phy|)b(Z;) dt,
Hop—1yn, =0,
so that Ay X (p, n) = Hop41)n, Using Itd’s formula, we then have
(AZX(P, n) ® A X (p, ”))i,j
2p+Dhy . j . ;
= - (hn — lu —2phy|)(H,, (0 (Zy) dW,) + H] (0(Z,)dW,)")
(4.3) P
@2p+Dhy . .
+ /(2 b (hn — |u —2phy|)(H.b/ (Z,) + H]b' (Z,)) du
p—1nn

2p+Dhy 2
+/ (hn — |u — 2phy)) oi i(Zu)du.
(2p—1)hn
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We have a simple but useful estimate, available for all i =1,...,d, all k € N,
all p and all u between 2p — 1)h, and 2p + 1)h,

E, (|H![*)
(4.4) < CEllo (s — 2p — Dhy) 2
+ (s — 2p — Dha)*h2X (B, (16(Z0) ).

Indeed, one can first use (a + b)** < C(k)(a* + b*), for positive numbers a, b
which will be here the absolute values of the martingale part and of the bounded
variation part.

Then, if b, is stationary and &, bounded by #,

t m
E,,((/O buhudu> >§tmhm]E,L(b8’),

which can be used with m =2k, t = (s — p — Dhy,), by = b (Z,), hy = (h, —
|u — 2ph,|) <2h,. This gives the control for the bounded variation part. Finally,
using the Burkholder-Davis—Gundy inequality, we are reduced to the same control
for the martingale part; this time with m =k, h, = (h, — |u — 2ph,|)? < 4h2 and
Ibul < llo 1%

Now we can decompose

Kn — EMUZ(ZO) = Kn,l + Kn,2

with
3 1A
Kai=5———5 > 182X (p,n) ® A X (p,
" 2(n—1)h?,p§{ 2X(p,n) ® Ao X (p,n)
QCp+Dhy ),
—/ (hn —Is = 2phal)°o (Zs)ds}
2p—Dhy,
and
— 3 1 n=1 \@p+hy, ,
fn2=3 / hn — |s = 2phal) {0*(Zs) — Epo®(Zo)} ds.
"2 2(n—1)h§l o Qp—hy ( n—| p "|) { (Zy) " ( ())}

We shall look at both quantities separately, starting with /C,, ». [
4.1. Study of K, 5.

LEMMA 4.3. There exists some constant C only depending on the bounds of

o such that
C [t
/ T(t)dt.
hy Jo

n

EM{ |En,2|2} =<
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PROOF.

_EM{(Knl)iz,j}

9
1 n=l . @p+Dhy Qg+Dhy )
- hy —|s — 2ph
(n — 1), ;1/(2;7—1)@ /(24—1>hn (n =I5 =2phs)

x (hn — lu = 2qhu|) {57 (Z,)T7 ;(Z)} ds du

Ie2)2, "=l @D p@QatDh )
= -8 / / (hn = Is = 2phal)
5 i er—on Jeg-vn,
X (hy — lu = 2qh,)) >t (Is — ul) du ds
Clla’l3 |, Clia?lI%
= 2(lp—ql—Dh
- (-1 + (n—1)2 Z T( (Ip—ql Vhn)

lp—ql>2

Clla?)12, C||—2||2 2

B DI Z (2khn)

o2 1 +o00
<Clz ||Oo(n_1 +(n_1)hn/0 r(t)dt)

with C some constant. We have used the fact that 7 is nonincreasing for the final
inequality. [J

The previous result indicates why the normalization +/nh, has to be chosen.
Now we decompose again

Kn,Z = En,Zl + En,ZZ
by decomposing

0%(Zs) —E,0%(Zo) = 0% (Zy) — UZ(Z(Zp—l)h,,) + UZ(Z(Zp—l)hn) —E,0%(Z).
We thus have

Icn 22 = 71 E /( Y ( (Z 2 h ) —E (Z()) d
o2 — o N
5 2(n —_ l)hn 1 (ZP—l)hn ( 14 1) n n )

@n=Dhy )
_ m/h (02(Z,) — Euo?(Zo)) ds

1 Z @2p+Dh ( z ) 2(2 ))d
+ f lof - -0 s
20 = Dhy = Jopim, T S

=Kn222 + Ky 221.
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It follows that

V2 = DhpKna

2n—-1)h,
Tk, @R @)
=+ vV 2(7’1 — l)hn (’Cn,221 + ICn,Z])’

the first summand being the important term the two others being error terms. We
shall show that these errors terms converge to 0 in L2. Indeed,

E.((n— D*hy (K221} ;)

n=l L Qpt DRy pQRq4+Dhy
<C Z / / dsdu
pg1? @p=Dhn J2g—Dhy

x Eu{("iz,j(zs) - Gi%j(Z(Zp—l)hn))(ai%j(zu) - f’i%j(Z(Zq—l)hn))}’
so that, as for the proof of Lemma 4.3, what has to be done is to control
Cov(o} j(Zs) = 67 j(Z@ap—1ymn): 07 j(Zu) — 07 {(Z2g—1)hy))-

The problem is that, if we use the ¢-mixing we will not improve upon the bound
in the previous lemma, since the uniform bound of these variables is still of order
a constant. However, for Markov diffusion processes, one can show (see, e.g., [6],
Lemma 4.2 and Lemma 5.1, or [14], Chapter 1, but the latter result also easily
follows from the Riesz—Thorin interpolation theorem) the following.

LEMMA 4.4. Let F and G be as in the definition of the a-mixing except that
they are not bounded. Assume that F € " (E,,) and G € L*(E,,) for some r and a
larger than or equal to 2. Then

Cov,(F, G)
< Cmin(z""2/® (s —w) | Fllir |G lipas 7729 (s —w) | FllL2 G line),
for some constant C depending on a and r only. One also has
Covyu(F, G) < CT" ™2/ ((s —u)/2)t 72D ((s —u) /2) | F |l | G e,
for some constant C depending on a and r only.
Choosing F = afj (Zy) — Ui%j(Z(Zp—l)h,,) and G = crl%j (Z,) — Ul%j (Z2g—1)hy)s

r =a, we see that what we have to do is to get a nice upper bound for £, (| F|").
But

|U,-2,.,-(Zs) - U,-z,j(Z(zp—l)h,,ﬂ <KI|Zs — Z@ap-1)h,ls
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where K only depends on o and its first derivatives. Using Burkholder—Davis—
Gundy inequality, we thus have

Eu(|FI") < C(/ + hyEu(|b(Z0)]")).
It follows that, provided E, (|6(Zo)|") < +o00,
Cov(o7(Zy) — 07 j(Zap-1yn). 07 j(Zu) = 07 j(Z2g-1yh,))
= Chnfl_(z/r)(“p - Q| - l)hn),

so that finally, as in the proof of Lemma 4.3 we get
i +oo
4.5 Eu((— Dha(Ka21)} ) < Chn<1 +/ rl—<2/’>(t)dt).
’ 0

Exactly in the same way, we obtain the same result replacing Kn,ZZI by Kn,z 1
It remains to look at

(2n—1)hy 5
m / C @) By Z) ds
The asymptotic behavior of such additive functionals of stationary Markov pro-
cesses has been extensively studied. For simplicity, we refer to the recent [6] for
an overview and a detailed bibliography. In particular, Section 4 of this reference
contains the following result (essentially due to Maxwell and Woodroofe), pro-
vided 1+°° t=1271/2(t) dt < +o0, the previous quantity converges in distribution
to a centered Gaussian random variable, as soon as nh, goes to infinity. The cal-
culation of the covariance matrix of these variables is done as in [6]. We have thus
obtained the following.

PROPOSITION 4.5.  Assume that Ho up to Ha are satisfied. Assume in addition
that f1+°° t~1V2¢12(1) dt < 400. Let hy, be a sequence going to 0 such that nh,, —
+00.

Then, in the stationary regime, /2(n — 1)h,KCp, 2 converges in distribution to a
symmetric random matrix N, with centered Gaussian entries satisfying

Cov NG j Ne) = 5 / W (G2 (Z0)5R (Zy) + 52 ((Z0)52,(Z,)) ds

4.2. Study of Ky.1.

LEMMA 4.6. Assume that for some k € N*, Eu(lb(Zo)IM‘) < +00 and that
f0+°° 1= () dt < 400.
Then there exists some constant C (k) such that foralli, j=1,...,d,

— Ck
Vary [ i) = S0
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Hence,
Vary [Vih, (K1)i j] = 0

PROOF. We write

Q@p+1)h,

2
A2 X (p,n)®A2X (p,n)— o 1h (hn— s —2phn|) 0X(Zs)ds = My +Vy
p_ n

where M (resp., V.) denotes the martingale (resp., bounded variation) part. As
usual, we use V for the centered V —E, (V). Hence,

4 _
5 (1= D2y Var,[(Ky i 5]

A lot of terms of this sum are vanishing, so that we get

—(n— 1)%10 Var, [ (K. 1)i.j] = ZE )22V M 4 (Vi)

+ Z B (VI My) +2VEI V).
p>q=1
Using stationarity and (4.4), we get

- 2h,
Eu((M35)7) = [ (= = 1)’
x By (02(Zy) (H]) + 07 (Z,)(H])? +202(Zo) H] H!) ds
< ChS(1 + haEy (16(Z0) | )).
Similarly,

B, (Vi) = IEMK /0 M oy — Vi — ) (B (Za) + HIV (Z0) du)z]

e [ B bz P
<Chy | w([6(Z)|" (Hy)) du

< Chy (B (16(Zo)[ ) (1 + hu (B, (16(Z0)] ) ?).
It follows that

n—1
S B (ML) +2VEI MET + (Vi)?) < Cn — DS,
p=1
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Exactly in the same way one obtains that, for k € N*, provided EM(|b(ZO)|2k) <
400,

i j 12k
Eyu(|M;[7) = Chonyt
and provided E,, (|6(Zo)|*) < 400,
i j 12k
B, (V™) < cont.
Again we shall use Lemma 4.4 to control

B (V5 M4) = Cov, (Vi Mih) and B

i i,j vri.j
p.n q,n) - COVM(V s Vq,n)’
and we obtain

Covyu(Vyh My) < Chyt VK (p —g = 1)/2)

and

Covu(v;;:{l, qu:{;) < Ch8z*=V/k((p —q —1)/2)

provided, respectively, EM(|b(Zo)|2k) < 400 and EM(|b(Z0)|4k) < +00.
We have thus obtained
n_l I I +00
Y Eu(VoiMpl 42V VR < Cn — 1)h2/0 T * =DK@y d,
p>q=1

so that gathering all previous estimates we get the result. [

It remains to bound the expectation of (Kn, 1)i,j- But

Eu[(Ku,Dij]
B 3
"~ 2(n—Dh3

n—l Q@p+Dhy, . o
XZEM[/(Z o (hn—|u—2phn|)(HL’le(Zu)—i—Hu]b’(Zu))du}
p=1 pP—hn

3
=—=(An1 + A,
2(n—1)h,31( 1+ An2)

with

n—1 QCp+Dhy .
A=Y E, [ [ (b — I = 2phal) (HID (Z o 1y,)
= Lep-om,

v HIV (Zop-n)) du],
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and
n-l @p+Dhy o .
Ana =Y E, /(2 oy (=l = 2phal) (HL (Z) = (Zeopa,)
])=1 pP— n

T HI (0 (Z) — V' Zap-1)) du].

Ap 2 can be studied exactly as we did before because bi(z,) — bj(Z(zp_l)hn) is
centered. To be more precise, instead of calculating A, » we look at the I.?> norm
of the random variable

ol @prhy o .

> (I — 4 — 2phal) (H (b7 (Z4) — b (Zap-1ym)

o1/ @p=Dh
+ HJ (b (Zy) — b (Zp-1yn,))) du

which is, thanks to the centering property, similar to the quantities we have stud-

ied in the proof of Lemma 4.6, that is, we can use the mixing property for the

covariances. It follows that «/nh,, An2

= goes to 0.
Finally, using the semimartingale decomposition of H,,

3
nh;,

n=l @p+h, o
A=Y [ (n — 11— 2pha VB, (HID (Z 2 1,)
sl er-vm,

+ HJb' (Z2p-1yn,)) du
=l @p+Dhy pu
=Zf( /( (hn — 1t = 2phy]) (hn — [0 — 2phy)

p=17@P=Dhn S @p=Dhy

x B (b (Z)b! (Zap—1yn,) + b (Z)V (Z@p-1yn,)) dvdu
so that
4 2\\2
|An.1] < Cnhy (B (|b(Z0)]7))".

Hence, /nhy, ‘:Z‘; goes to 0, provided nhfl — 0. This completes the proof of the

theorem.

o 4.3. The o constant case. As we already remarked, if o(x, y) is constant,
K2 = 0. The good normalization is then 4/n. Indeed, in the previous proof we
did not use the full strength of the bound

E, (Vi) < cwonlk,

furnishing some hZ/ % instead of a h,3, each time a bounded variation term appears.
Hence, all terms will go to 0 except the two remaining terms:
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. «/512;’31 < C(B,(|b(Zo)|»))?+/nhy, for which we need nh2 — 0,
o and the remaining martingale term

@p+ Dy
/(2 oy (=1 =2ph)
P— n

' n—|s —2phy Zy V(o (Z)dW,)
X/(Qp—l)hn(h Is — 2phn|)(0(Zs) dWy) (0(Z,) dW,)

in (4.3).

But since o is constant, this is exactly the martingale term we encountered in
Section 3.1. We thus have obtained the following.

THEOREM 4.7. Assume that Ho up to Ha are satisfied and that o is constant.
Let h;, be a sequence going to 0 such that nh, — +oc and nh,% — 0.
Then, in the stationary regime,

(4.6) Vi (K, —a?) BN oNu.a4yo,
n—+oo
where /\/(d,d) is as in Lemma 3.1.

4.4. About Hz and H4. As we promised, we come back to the conditions H3
and H4. Actually, in full generality, very few are known. All known results amount
to the existence of some Lyapunov function (see, e.g., [30], Theorem 2.4), that is,
some nonnegative function i satisfying —Ly > Ay at infinity for some A > 0.
In this case, T has an exponential decay and the invariant measure exponential
moments, so that 73 and H4 are satisfied provided b has some polynomial growth.
General (and not really tractable) conditions for the existence of i are discussed
in [30], Sections 3 and 4. One can also relax the Lyapunov control as in [13].

Tractable conditions are only known when o is constant. They are recalled in
[8] (see hypotheses H1 and H; therein, based on [30] and [1]). Mainly, one has to
assume that ¢ and V have at most polynomial growth and that < x, VV (x) > is
positive enough at infinity, for instance,

(x, VV(x)) > A|x]|

at infinity.

5. Fluctuation-dissipation relation and Langevin dynamics. In this sec-
tion, we focus on Langevin equations, satisfying the so-called fluctuation-
dissipation relation. The motivation for the study of such dynamics comes from
modelling interaction of a subsystem with its environment. Several derivations can
be found in the literature, among others the Ehrenfest dynamics (see, e.g., [5, 19,
29]) or the nonlinear Kac—Zwanzig heat bath models (see, e.g., [22]).
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We now propose in this section an estimation procedure for Langevin dynamics
satisfying the so-called fluctuation-dissipation relation, that is, dynamics described
by equation (1.2) in the Introduction. Following Remark 2.4, (1.2) can be written
as

dXt - Yt dt,
{dY, =287 Ls(X) dW; — (s(X)s* (XY, + VV(X,))dt.

The study of such systems is of great interest for understanding molecular dynam-
ics (see references previously cited, as well as [19] and the references therein).
As already mentioned in the Introduction, it is proved under assumptions
Ho and H; of Section 2, that the solution of (1.2) is exponentially ergodic
with invariant probability measure proportional to the Boltzmann distribution

exp(—BH(x,y)), where H(x,y) = %|y|2 + V(x) and B is inversely proportional

to the temperature (see, e.g., [23, 25]). In what follows, we denote by p}B (x, y) the
density of the invariant measure. We shall now propose an estimation procedure
for the parameters associated to the system described by (1.2).

First, we consider the estimation of the diffusion term. Under assumptions Hg
and H 1, the results of the Theorem 3.4 still hold (H( indeed implies H, if the
fluctuation-dissipation relation is satisfied). We thus get

[t/2hn)]-1

S MX(pm ®AX(pn) —5 [ (X)X, ds

YV, =
Q hn n—+00 38 Jo

)
oo

and

1 2 [t N s 4 ! ~
/%(thnm—@ [} seostceas) = = L discro.

The infinite horizon setting can also be considered. Ergodic properties in [25]
and in [23] for nonperiodic potentials imply assumption H3 with an exponential
rate. Moreover, defining g(x, y) = —(s(x)s*(x)y + VV (x)), we get from the form
of the invariant density pff (x,y):E (lg(Zo)|") < ooforall r > 0. Besides, we also
have floo t‘l/zrl/z(t) dt < 0o. Thus, assumption Hy4 is satisfied and the results of
Theorem 4.1 still holds:

Let h, be a sequence going to 0 such that nh,, — +o00 and nhg — 0.

Then, recalling that

Kn=-———- Ar X Ar X

we have

V2nh, <IC,, - %fs(x)S*(X)pf(x, y)dx dy) ,H%QON’
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where A is a symmetric random matrix, with centered Gaussian entries satisfying
chmeo—zf W (52 (X0 (X) + 72, (X0)52 (X)) ds,

where §2(x) = E(s(x)s*(x) —E,.(s(X0)s*(Xop))). Notice that

B0 (X0) = 5 [ 55" pl 5, y) dxdy,
Although we have been able to estimate the quadratic variation in both cases there
are parameters that remain undetermined.

This leads us to consider a more general estimation taking into account our two
[7] and [8] previous articles. However, to get easier computations, we shall only
consider here the case when the two coordinates of the process are observed. In
this case, the computations below are simple adaptations of what we have done
in our previous works. The extension to partial observations is not as immediate,
and requires to re-write a large part of these works, but following closely the same
lines of reasoning. This job cannot be done here.

We know that p? (x, y) = C(B)e PIP+VE®) then V”’S( x, )” —BVV(x). To
sy

estimate this last quantity, let K be a convolution kerrfel with bounded support
satisfying [ K (x, y)dxdy = 1 and verifying that there exists an integer m > 0
such that for all nonconstant polynomial P(x,y) of degree less than or equal to
m, [ P(x,y)K(x,y)dxdy =0.Let h,, by, and by , be sequences satisfying the
hypothesis (i), (ii), (iii) and (iv) of Theorem 3.3 in [8]. Then we introduce the
following estimators:

. Xin, y—Yin,
Ps(X,)’) bd bd Z < b]n 9 b2 )a

2n j=1 n

1 n x — Xin, y—Yin
Vi ps(x, = — VK =, - )-
xPs(x,y) nbdt1pd Z * < b1.n b2, )

1,n "2n i=1

The candidate for estimating —8VV (x) will be % whose consistence in

probability and asymptotic normality is derived below. Let us write

Aﬂnyy=<3¥3929+ﬁvvuﬁ
ps(-x’ )’)
~ B B
_ (v)ips(xv)’) _ vxf?s (x»)’)) n <VX~PS (x,y) +,3VV(X)>
Ps(x,y) Ps(x,y) Ps(x,y)
1
= — (W ~s s — Vi s
ﬁs(x,y)( Ps(x,y) pP(x,y)
V.opl(x,y)

(Bs(x, y) — pP(x, ).

- P, )PP (x, y)
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Following the proof of Theorem 3.3 in [8], we can prove that the second term in the
last equality above is Op,( nb‘li’ ”b‘f’ ,»)- Recalling that D denotes the convergence
in distributions of probability measures, we have

D Jim \nbi’, 0 An )

. I _
=D lim \[nb{"Fpd (VeBs(x, ) = Vapf (x, ))

21 By (x. )
1
_ | d+2),4 . v B
= pf(x, y)Dnll)ngo nb\" by (Vi ps(x, y) — Vipl (x,y)).

The last equality above is a consequence of Slutsky’s theorem.
We now sketch the proof of the convergence in distribution of R, :=
nbgfl:Z)bg’n(Vxﬁs (x,y) — prf (x, y)). Let us denote by dx; the partial deriva-
tive with respect to the /th coordinate. Using as a tool the computation of covari-
ances for sums of «-mixing random variables, we get

PRy
(d+2) d

nbl,n b2,n

Hence, and as a consequence that the kernel K has bounded support we have

(nb{*¥Pbg ) Cov(By, p(x, y), 3y p(x. y)) = 8;pP (x,y) f (3, K (u, v))* du dv,

where the §;;’s stand for the Kronecker symbols. The random sequence R, is a
sum of a triangular array of ¢-mixing random vectors of R?. It is straightforward
to extend the results of Theorem 4.3 in [8], via the Cramér—Wald device, to ran-
dom vectors. Thus, defining D(x, y) = (d;;(x, y)) as a diagonal matrix, and if the
sequences h,, b1 , and by, satisfy the hypothesis of Theorem 3.3 in [8], we get

Cov(dy; p(x,¥), Iy, p(x,y)) = O( /aij(u, )0y, K (u, v)du dv).

R 3 N(0,D(x, y)) where djj(x, y) = pf(x, y) /(aij(u, v))zdu dv.

D
b A y) B N (O, Lix, )

where L is also diagonal with /;; (x, y) = 5(1 : f(aij(u, v))2dudv.
ps (x,y
Now we consider the drift estimation. We can estimate the function g(x, y) =

—[s(x)s*(x)y + VV(x)]. We recall that we only consider the case of complete
observations and for simplicity we consider now d = 1. We define the Naradaya—
Watson estimator

We finally obtain

1
Hy(x,y) = —————7—

(n = Db, 05, i

—1
7!2: K(x - Xihn y— Yih) Y(i+1)/’ln - Yihn
bl,n ’ bZ,n hn
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The following approximation
(5.1 Yivvn, — Yin, = s(Xin, ) Witvyn, — Win,) + & Xin,» Yin, ) hn,
permits to obtain

E[H,(x, )] = g(x, »)pf (x, y).

We recall that we provide here only a flavor of the proof, and not a rigorous justi-
fication for each point. We now write

Hy(x,y) =10 + Ton,

where

9

< Xin, y— Yih)(S(Xihn)(W(i—H)hn — Wih,,))
bin = b

7
= —l)bd bd Z T

2,n i=1 o1

and

Yip

Xin -
n 2 gXin,» Yin,)-
(n —l)bd bg”; < bi.n ba.n ) e

IZn

We note that
(n— 1)bf,nb‘21’nhn)Var(Iln) — s(x)s*(x)pP(x, y) / K*(u, v)dudv,
and, using the «-mixing properties, that

((n— l)b b2 2) Var(Zy,) — g 2(x, y)ps (x, y)f K?(u,v)dudv.
These two last results entail
nli)rrgo((n — l)bﬁl’nbg’nhn) Var(FIn(x, y)) — s(x)sZ(x)pf(x, y) / K?(u,v)dudv.
Using approximation (5.1) then allows to derive
lim (2 — Db{ b8, hy) Var(Hy, (x, y)) — o(x) pf (x, y) / K?(u,v)dudv.

In this manner, we get

. (x,y) P
Gnlr,y) = IO B oy,
S( ’ )
This result is also true for d > 1. Thus, using the relation g(x,y) + VV(x) =
P, A
—s5(x)s*(x)y, we get 8 (x, y) — gn(x,0) = —s(x)s*(x)y, as far as —(gn (x, €;) —

2.0, €)) 5 (s(0)s™(0))y).
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6. Examples and numerical simulation results. In this section, we want to
illustrate some of the main results of the paper. We start with the Itd stochastic
differential equation defined by (1.1):

dXt == Ytdt,
{dY[ :O'(Xt, Yt)dW[ - (C(Xt, Yt)Y[ + VV(X[)) dt.

More precisely, we first consider an harmonic oscillator that is driven by a white
noise forcing:

(61) {dX[:Y[dt,

dY[:O'th —(KY1+DX;)dt,

with ¥« > 0 and D > 0. For this model, we know that the stationary distribution
is Gaussian, with mean zero and an explicit variance matrix given in, for exam-
ple, [16].

For this example, the diffusion term is constant, equal to o. Recall that the infill
estimator with 7 =1 is defined by (3.2):

) 1 3 [1/(2h,)]-1
o =1/ @)l — 1203 2

p=1

(X @p+1)hy — 2X2ph, + X 2p—1n,)*-

As the model satisfies assumptions Hg, 1 and H;, we know from Corollary 3.3
that if &, =7 0, starting from any initial point z = (x, y),

n——+

1 S
I (02 — 0'2) n_)—+>ooN(O, 2(74).

A 95% asymptotic confidence interval for 0% is thus defined as

Closq,(02) = [62 — 1.968/262/2h,, 62 + 1.968/252y/2h,].

In the following, we approximate the solution of (6.1) by an explicit Eu-
ler scheme. We choose h, =n=", y >0, k =2 and D = 2. Then, for differ-
ent values of n and y, we compute M = 1000 realizations of 2. On these M
realizations we compute the empirical relative mean squared error defined by

RMSE = M Z ~ (o0 20 02)/02)2 as far as the empirical coverage of the 95%
confidence interval defined as ECOV = ; Z

summarized in Table 1 below.

As expected, the more y is high, the more fast is the convergence. The speed of
convergence also depends (through a constant term in the asymptotic variance) on
the unknown value of o2,

We now consider for the same model the infinite-horizon estimation.

Model (6.1) satisfies assumptions Ho up to Hy4. Thus, if h, — 0, nh, —

n—>+oo n—>+oo

=11 2eCl,, (0 . The results are
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TABLE 1
Infill estimation, empirical relative mean squared error (RMSE)
and empirical coverage (ECOV) of the 95% confidence interval
with hy =n~Y, M = 1000 realizations of the estimator, and for
different values of n, y and o

o y n RMSE ECOV
1 0.5 100 0.47 0.85
1 0.5 1000 0.13 0.92
1 0.5 104 0.04 0.93
1 0.7 100 0.19 0.90
1 0.7 1000 0.03 0.94
1 0.7 104 0.006 0.95
2 0.5 100 2.03 0.86
2 0.5 1000 0.53 0.91
2 0.5 104 0.15 0.94
2 0.7 100 0.72 0.91
2 0.7 1000 0.13 0.94
2 0.7 104 0.02 0.95

+00 and nh? e 0, then through Theorem 4.7, we have
My

VK, —o?) 2 N(0,20%),

n——+0o
with K, 2 - h3 Zp I(X(ZP‘H)h —2Xopn, +X2p—1)h, ) A 95% asymptotic

confidence interval for o2 is thus defined as

K o
0195%(02)=[/c —196I , K +196f ]

Jn o Jn
In the following, we approximate the solution of (6.1) by an explicit Eu-
ler scheme. We choose h, =n~", y >0, k =2 and D = 2. Then, for differ-
ent values of n and y, we compute M = 1000 realizations of K,. On these M

realizations we compute the empirical relative mean squared error defined by

RMSE = 47 Z I(IC" o? )2, as far as the empirical coverage of the 95% confi-
dence interval defined as ECOV = % Z?’Izl 1

rized in Table 2 below.

As expected, we observe that the rate of convergence does not depend on y. The
result of Theorem 4.7 has to be compared to the one in Theorem 2 in [28]. In [28],
the estimator is obtained by minimizing a contrast. More precisely, the authors in
[28] define the contrast to minimize as

i . The results are summa-
02eCl54,(c2)

n—2
3(X 2X X
En(O_Z) — Z _( (p+Dh, — Pha + (p—Dhy ) ( _ 2) lOg(Uz),

2 32
p=1
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TABLE 2
Infinite-horizon estimation, empirical relative mean squared error
(RMSE) and empirical coverage (ECOV) of the 95% confidence
interval with h,, =n~Y, M = 1000 realizations of the estimator,
and for different values of n, y and o

o y n RMSE ECOV
1 0.5 100 0.022 0.890
1 0.5 500 0.005 0.917
1 0.5 1000 0.002 0.923
1 0.7 100 0.019 0.942
1 0.7 500 0.004 0.947
1 0.7 1000 0.002 0.949
2 0.5 100 0.084 0.892
2 0.5 500 0.017 0.921
2 0.5 1000 0.008 0.933
2 0.7 100 0.085 0.926
2 0.7 500 0.018 0.936
2 0.7 1000 0.008 0.947

and they obtain

-3 1 "f (X (p1yn, = 2X phy + X p-1y,)?
" 2n-2 h3 '
p=1 n

They obtain the same rate of convergence but with the asymptotic variance equal
to 204. Our definition (3.1) of the double increment of X, which is different from
theirs, allows to recover the asymptotic variance 20* they get for the case of com-
plete observations. In the present paper, we do not study the optimality of the
estimators. It is naturally a very interesting problem, which, for the model under
study is still open.

We now consider a variant of model (6.1) in which we consider a diffusion term
which is nonconstant. It may indeed be interesting in the applications to choose a
position-dependent diffusion term, for example, to restrict the action of a thermo-
stat to the boundaries only.

More precisely, we consider the following model:

dX[ - Y[dl,

dY; = (2/8_1)1/2 exp( ! >th — <exp<_72>Yt + sin(X¢)> dt.
X?+1 X?+1

t

(6.2)

Model (6.2) is of the form of (1.2). It satisfies the Einstein’s fluctuation-
dissipation relation discussed in Section 5. The potential is the periodic poten-
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F1G. 1. Estimated (dashed line) and theoretical (solid line) invariant density for the position (left)
and for the velocity (right), B =2,n = 10°.

tial V(x) = —cos(x) and the diffusion term is mainly active at the boundaries
s2(x) = exp(ﬁ), satisfying however assumption H.

The invariant density is known for that model, but it is possible to apply the
Kernel estimation procedure proposed in [8] to estimate it. In Figures 1, 2 below,
we chose 8 = 2, the Epanechnikov kernel, the bandwidths by, = by, = n~%2,
and the discretization step A, = n~°30 with n = 10°.

We are only considering then the infill estimation. In that case, the infill estima-
tor is defined as

[1/(2ha)]-1

AV, (1) = 7 Z (X2p+1)h, — 2X2pn, + X(Zp—l)h,,)z-
n p=1

Estimation Invariant Density

0.03

estimated invariant density
o
o
R

0.02

<3
=4

o
i

Velocity

Position

FI1G. 2.  Estimated bivariate invariant density, n = 100, B=2,n= 10°.
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F1G. 3. Histograms on M = 1000 realizations of the estimator (left) and of the limit integral (right),
n=10%,8=2,h,=n"97.

Thus, if h,, —> 0, we get from Theorem 3.4
n——+00

(.05 [Ten(rig) @), g f) ooy )W
— —— | exp| —— — — | exp| —— s
e \ 2 T3 fy P k21 )Y ) Sz o P x24T

where ( Wt, t € 10, T]) is a Wiener process independent of the initial Wiener pro-
cess W, with variance equal to 2.

In the following, we choose h, =n~" with y = 0.7. We compute M = 1000
realizations of the estimator QV; (1) and M = 1000 realizations of the limit
% fol exp(ﬁ) ds. This integral is approximated by a quadrature formula with

the rectangle rule.

We consider the case n = 10°, 8 = 2. We compute the empirical relative mean
squared error (RMSE) and we draw (see Figure 3) both the histogram of the esti-
mator and the one of the limit integral for the M = 1000 realizations.

We get for both cases RMSE = 0.0024.

The histograms in Figures 3 (left and right) have similarities. However, we note
that we have an important boundary effect for the lower tail in both cases, probably
due to the approximation of the limit integral by a quadrature rule.

Acknowledgements. We want to heartily acknowledge an anonymous referee
for comments on a first version of the paper, especially for suggesting to describe
how our techniques can apply to the Langevin dynamics in Section 5.
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