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STRONG RENEWAL THEOREMS WITH INFINITE MEAN
BEYOND LOCAL LARGE DEVIATIONS

By ZH1v1 CHI
University of Connecticut

Let F be a distribution function on the line in the domain of attraction
of a stable law with exponent « € (0, 1/2]. We establish the strong renewal
theorem for a random walk S, S7, ... with step distribution F, by extending
the large deviations approach in Doney [Probab. Theory Related Fileds 107
(1997) 451-465]. This is done by introducing conditions on F that in gen-
eral rule out local large deviations bounds of the type P{S, € (x,x + h]} =
O (n)F(x)/x, hence are significantly weaker than the boundedness condition
in Doney (1997). We also give applications of the results on ladder height
processes and infinitely divisible distributions.

1. Introduction. Let X, X;, X»,... be 1.i.d. real-valued random variables
with distribution function F. Denote S, = ) *_; X;. This article concerns the
asymptotic of

o0
(1.1) Ux+1):=> P{S,ex+1} as x — 00,

n=1
under certain tail conditions on F, where I = (0, k] with & € (0, 0o). Specifically,
denoting by R the class of functions that are regularly varying at co with expo-
nent o and F(x) =1 — F(x) =P{X > x}, the first condition is

(1.2) F(x)~1/A(x) as x — oo with A € Ry, a0 € (0, 1).
By (1.2), p™ :=P{X > 0} > 0. The second condition is the tail ratio condition
(1.3) rp = lim {F(—x)/F(x)} exists and is finite.

X—>00

Actually, we often only need the following weaker tail ratio condition:

(1.4) limsup{F(—x)/F(x)} <r < o0.

There are several well-known works on the strong renewal theorem (SRT)
for S,, that is, the nontrivial limit of x F (x)U (x + I) as x — oo with 0 < & < 00
see [4, 9, 20] for the arithmetic case and [7] for the nonarithmetic case. The defini-
tions of (non)arithmetic distributions and the related (non)lattice distributions are
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given in Section 2. While the SRT always holds for « € (1/2, 1] in the arithmetic
case as well as in the nonarithmetic case with the extra condition P{X > 0} =1,
there are examples where it fails to hold for « € (0, 1/2]; see [20], and also [9]
for explanations. For the arithmetic case, a well-known condition that leads to the
SRT for all ¢ € (0, 1/2] is

sup{nP{X =n}/F(n)} < oo,

n>0
provided X is integer-valued. Under the condition, the SRT was established for
1/4 <a < 1/21in[20]. The general arithmetic case remained open until [4], which
took a different approach from previous efforts. The core of the argument in [4] is
an estimate of local large deviations (LLD) for the events {S, € x + [} as x — oo.
Once these estimates are established, the rest of the proof is basically an applica-
tion of the local limit theorems (LLTs) ([1], Theorem 8.4.1-2) [7, 9, 20]. Recently,
it was shown [18] that, for the nonlattice case, if

(1.5) sup wy (x) < 00,
x>0

where for I C R,
(1.6) wr(x) =xP{X ex + 1}/F(x),

then a much simpler argument than the one in [4] can be used to get the same type
of LLD bound, which then leads to the SRT.

However, condition (1.5) can be restrictive. As an example, let F' be supported
on [1, o) and have piecewise constant density f(x) o h(x), such that

n—el n<x<n+1,neN\ {2t k=>1},

h(x :{
2 kn—o"1 n=2%<x<n+1,keN.

Then F(x) ~ C/x~% as x — oo, where C, C’, ... denote constants. Set I = (0, 1].
Since w;(x) ~ C’Inx for x € [2¥, 2¥ 4+ 1), (1.5) does not hold. On the other hand,
the set of x with large w;(x) has low density of order O (Inx/x), while the large
values of w;(x) increases slowly at order O (Inx) as x — oo. Thus it is reasonable
to wonder if the SRT should still hold.

To handle similar situations as the example, one way is to control the aggregate
effect of large values of w;(x). We therefore define the function

X
(1.7) Kx.T)=K(x.T: 1) :/ [w1 () — T]" dy,
0
where ¢* = max(+c,0) force Rand 7 >0 is a parameter. We will show that,
for example, if X > 0 and « € (0, 1/2), and if for some T > 0,
(1.8) K(x,T)=0(A(x)?),

then the SRT holds for S,. Since (1.5) implies K(x,T) =0 if T > 0 is large
enough, it is a special case of (1.8). In the above example, since K(x,T) =
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O ((Inx)?) for large T > 0, the SRT holds as well. Notice that if (1.8) holds for
one h € (0, 00), it holds for all & € (0, 00). As will be seen, the condition can be
further relaxed.

There has been constant interest in the large deviations of sums of random vari-
ables with regularly varying distributions and infinite mean (0 < o < 1), most
notably in the “big-jump” domain; see [3-5, 11, 16] and references therein. The
theme of this line of research is to identify the domain of large x, such that the
event S, € x + I with g, < x and 0 < & < 0o is mainly due to a single large value
among X1, ..., X,. Here a, are constants such that S, /a, is tight; see the defi-
nition of a, in Section 2. The local version of this type of large deviations, with
h < oo as opposed to h = oo in the global version, requires more elaborate condi-
tions on P{X € x + I}, and it seems that none of the conditions in the current liter-
ature allows occasional large values of w;(x). As shown in [4, 18], to establish the
SRT, the precise LLD P{S,, € x + I} ~ nP{X € x 4+ I} is unnecessary, and instead
P{S,ex+1}=0mn)P{X ex+1}orevenP{S, e x +1} = O(n)F(x)/x canbe
the starting point. Our results implies the latter is not necessary either; in the above
example, for each fixed large n, limsup, _, . P{S, € x + I}/[nF(x)/x] = oo, be-
cause as k — 0o,

P{S, € [Zk +an, 2" +a, + 1)}
>nP{X € [25,2F + 1/2)1P{Su—1 € [an, an + 1/2)}
'\’Cl’lan_lk/zk(a-’_l)

and F(2* 4+ a,)/(2% + a,) ~ ¢//2K@*D where ¢, ¢’ > 0 are constants. On the
other hand, as in [4], we still need certain estimates of the Lévy concentration
function of S,, [13]. These are systematically furnished by the analysis on small-
step sequences in [3].

As an application, we will consider the ladder height process of S,,. Because F is
the basic information, it is of interest to find conditions on K that yield the SRT for
the ladder height process. It is known that under certain conditions, the step distri-
bution of the ladder height process is in the domain of attraction of stable law with
exponent «p, where 0 < o <1 is the positivity parameter of the limiting stable
distribution associated with S, [14]. We will show that, if K (x, T) = O (A (x)*)
for some c € [0, ¢), then the SRT holds for the ladder process. Note that since
the ladder steps are nonnegative, due to the results in [7, 9], only the case where
apo < 1/2 needs to be considered.

As another application, we will also consider the case where X is infinitely
divisible. Since the Lévy measure v of X is typically much easier to specify than
its distribution function F, a natural question is whether similar conditions on
K (x, T) can be found for v that lead to the SRT. This question turns out to have
a positive answer. Naturally, it is more interesting and important to study the SRT
for Lévy processes under a similar setting. However, this is beyond the scope of
the paper.

The main results are stated in Section 2 and their proofs are given in Section 3.
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2. Main results. Since other than (1.2), there are no constraints on A(x),
we shall always assume without loss of generality that it is continuous and
strictly increasing on [0, 00) with A(0) > 0, such that for x > 1, A(x) =
x* exp{flx e(v)dv/v}, where (v) is bounded and continuous, and ¢(v) — 0 as
v — 00 ([12], Theorem 1V2.2). Then

(2.1) A7 ) =21 B ()

is continuous and strictly increasing, with 8 € Rqg ([1], Theorem 1.5.12). Fur-
thermore, by A’(x) ~ aA(x)/x, (A~ (x) ~ A~ (x)/(ax). Denote a, = A~ (n).
Then, as n — 00, a, — oo and n(1 — a,/an+1) = 1/a + o(1).

Under conditions (1.2) and (1.3), S, /ay, 2> ¢, where ¢ is a stable random vari-
able such that ([2], pages 207-213)

E[eieg] :exp{/(eiex —1)rx) dx}
with A(x) = 1{x > ()}x_D‘—1 +relix < O}|x|_°‘_l,

Letting y = (1 —rp)/(1 4+ rF), the positivity parameter o = P{{ > 0} of ¢ is equal
to 1/2+ (ra) " tan™ ! (y tan(rar/2)) ([1], page 380). Let g denote the density of ¢.

Henceforth, F is said to be arithmetic (resp., lattice), if there is d > 0, such that
its support is contained in dZ (resp., a + d7Z for some 0 < a < d). In either case,
the span of F is the largest such d. F is said to be nonarithmetic (resp., nonlattice)
if it is not arithmetic (resp., not lattice). A lattice distribution can be nonarithmetic.
Indeed, provided the span of the distribution is d, the distribution is nonarithmetic
<= its support is contained in a 4+ dZ for some a > 0 with a/d being an irrational
number.

We shall always assume # > 0 is fixed. Since it is well-known that for o €
(1/2, 1), the SRT holds if (1) F is nonarithmetic and concentrated in [0, co) [7],
or (2) F is arithmetic [9, 20], we shall only consider « € (0, 1/2].

The main results of this section are obtained under the following:

ASSUMPTION 1. There exist a function L and a constant 7y > 0 such that,
letting 0 = 1 /o — 1, the following hold:

(a) L € R for some c € [0, a] and is nondecreasing. If p™ = 1, then L(x) —
oo. If pT € (0, 1), then L(x)/Inx — oo. Furthermore,

(2.2) xF(x) Y PSpex+1}—0, X — 00.
n<L(x)

(b) If @ € (0, 1/2), then

2 -0
1:9(2) ), where ug(x) = Z "

(2.3) K(x,Ty) = 0( %;
n>L(x)
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(¢c) If « =1/2, then

A(x)? i(x)
1
Koo T = (i) Faey "
’ (A(x)2> .
o 700 s else,

(2.4)

A(x) y—1
where u(x) = '/1 y,B (yc;y.

THEOREM 2.1. Let« € (0, 1/2] and (1.2)—(1.3) hold. Then Assumption 1 im-
plies the SRT

— o
2.5 lim xF(x))U(x+1)=hAF with AFZ(X/ x “g(x)dx,
XxX—00 0
where h > O is arbitrary if F is nonarithmetic, and is the span of F otherwise.

REMARK.

(1) If rrF =01in (1.3), then Ar =sin(wra)/m; see [7].

(2) Under Assumptions 1(a) and (b), ug € Re2—1/a)- Since 0 = 1/a — 1 > 1,
if ¢ > 0, then clearly the order of the bound in (2.3) is strictly higher than A(x)2.
If ¢ =0, then by L(x) — 00, ug(x) = o(1), so the bound in (2.3) is still strictly
higher than A(x)2.

(3) In Assumption 1(c), i(x) is increasing in x > 0. Also, either & € Rq or u(x)
converges to a finite number as x — co.

(4) The integral conditions in (2.3) and (2.4) also imply some “hard” upper
limits to wy (x). Indeed, since uniformly for ¢ € [0, &],

wifx—t)+wi(x+h—1)
X
F(x)
as x — 00, if wy(x,) — oo for a sequence x,, — o0, then for any 7" > 0,

~

[P(Xex—t+1}+P{Xex+h—t+1}]>w/(x)

h
K(Gon+h,T) > /0 (01t — 1) =TT + [01(in + h — 1) — T] ") ds
(2.6)
> h[w;(x,) —2T]".

Therefore, the bound in (2.3) or (2.4) applies to wy(x) as well.

It can be shown that if the SRT holds, then (2.2) holds for any L(x) = 0(A(x));
see the Appendix. The question is, before validating the SRT for F, whether one
can find L so that (2.2) holds, and if so, how fast L can grow? It is easy to see that
if
(27) xF@)P{Xex+1}—0 orequivalently w;(x)=o0(A(x)?),
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then (2.2) holds provided L grows slowly enough, and so Assumption 1(a) is satis-
fied if p™ = 1. Also note that by (2.6), w;(x) = O (K (x, Tp)). Then the next result
is immediate.

COROLLARY 2.2. Let p* =1 and (1.2)~(1.3) hold. Let o € (0,1/2) or a =
1/2 and i (c0) < oo. If (2.7) holds and K (x, Ty) = O(A(x)?), in particular, if
K (x, Ty) = 0(A(x)?), then the SRT holds for U .

EXAMPLE. In [20], it is shown that if X only takes values in N, such that

Cn=3?1nn, n # 2K for some k € {0} UN,

P{X =n}=
{ } Cn_l/z/(ln n)4, otherwise, with g =1,

where C = C(g) > 0 is a constant that may change from line to line, then (2.7)
does not hold, and hence the SRT fails to hold. We show that if ¢ > 2, then the
SRT holds. First, as in [20], F(x) ~ x~Y?Inx, where C > 0 is a constant. Then
a =1/2, (2.7) holds, and we can set A(x) = C+/x/Inx. Since X is aperiodic with
support {0} UN, & = 1. It follows that A~ (x) = x?B(x) ~ C(x Inx)?. By setting
Ty > 0 large enough, [w; (x) — Tp]™ > Oif and only if x € [2K — 1, 2K) for some k €
N, and in this case, [w; (x) — To]* ~ Cx/(Inx)'T9. Then K (x, Tp) ~ Cx/(Inx).
Because B(x) ~ (In x)2, it is easy to check that &Z(x) converges as x — oco. Then
by Corollary 2.2, the SRT holds for U.

On the other hand, if p™ € (0, 1), our argument for Theorem 2.1 requires L
grow faster than In x. Meanwhile, it is desirable to have faster growth of L in order
to get weaker conditions on K (x, Tp). We have the following prior lower bound
on the growth of L.

PROPOSITION 2.3. Let (1.2) and (1.4) hold with a € (0, 1). If for some k €
[0, 2a),

(2.8) wr(x) = 0(x"),
then for any ¢ € (0, 20 — k), (2.2) holds with L(x) = x°/2.

Now we consider the SRT for the ladder height processes of S, with Sp = 0.
The (strict) ascending ladder height process H, is defined to be St,, where T =
0, T, = min{k : S, > H,,—1}, n > 1. The weak ascending ladder height process is
defined by replacing > with > in the definition of 7},, and the descending process is
defined by symmetry. Then H,, is a random walk such that the steps are i.i.d. ~ Hj.
Denote H = H; and U™ the renewal measure for H,,. As noted in the Introduction,
in the next statement, we explicitly require oo € (0, 1/2].
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THEOREM 2.4. Let o € (0,1) and (1.2)—(1.3) hold. Let o € (0, 1/2] and
either (a) 0 € (0, 1), or (b) o =1 and S,, — 00 a.s. If there exist T > 0 and c €
[0, 0), such that

(2.9) K(x,T)=o0(Ax)%),
then the SRT holds for U™,
Jim xP{H > x}UT (x + 1) =hsin(rap)/m,
where h > O is arbitrary if F is nonarithmetic, and is the span of F otherwise.

REMARK. Under the same conditions, the SRT also holds for the weak ladder
process.

Now suppose X is infinitely divisible with Lévy measure v, such that
E[7%] = exp{me —a%0% /24 /(89“ — 1 —i6ul{|u| < 1})v(du)}.
For x > 0, denote v(x) = v((x, 00)) and v(—x) = v((—00, —x)). Define

K(x,T)= /Ox[&)](y) — T]+ dy where @7 (x) = xv(x + 1) /7(x).

THEOREM 2.5. Let
(2.10) v(x)~1/Ax),v(—x) ~r,/A(x), X — 00,
where A € Ry with @ € (0,1/2] and 0 <r, < 00, and for some k € [0, 2a),
2.11) vx+ 1) =0@x)/x'7),  x— 0.
Suppose Assumptions 1(b) and (c) hold with K (x, To) being replaced with
IZ(x, To) and L(x) = x¢/2, where ¢ € (0,20 — k) is a fixed number. Then the

SRT (2.5) holds for U, where h > 0 is arbitrary if v is nonarithmetic, and is the
span of v otherwise.

REMARK.

(1) Since (2.10) implies F(x)~ 1/A(x)and F(—x) ~r,/A(x) asx — oo ([1],
Theorem 8.2.1), as in Theorem 2.1, once Lemma 3.3 is established, the rest of the
proof of Theorem 2.5 is standard.

(2) Condition (2.11) can be written as xv(x + 1)/v(x) = O (x). Therefore, it
is analogous to (2.8) in Proposition 2.3. Indeed, our proof of Theorem 2.5 will rely
on Proposition 2.3.

3. Proofs for SRT. We shall always denote M, = maxi<j<, X;, and J =
(=h,h].Note I — I =(—h,h)C J.
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3.1. An auxiliary result. Some of the notation and arguments in this subsec-
tion will also be used in the proof of Proposition 2.3. First, observe that since for
any x > 0 and y, there are at most two x + kh + J, k € Z, that contain y, then for
any n > 0 and event E,

Y P{S,ex+kh+J, E} :E[Zl{sn ex-l—kh—i—J}IE}
k

3.1)
<EQIg) = 2P(E).

Let Y, Y>, ... be i.i.d. following the distribution of X conditional on X > 0 and
denote

n n n
=YX, Ny=> 1{X;>0}, V,=>Y,  M,=maxV,.

i=1 i=n
Then S, = S — S, and
P{Y; >x}=F(x")/pT ~1/A(x)  with A(x) = pTA(x).

For n > 1 and x > 0, define

(3.2) g“,,,x=a,ll_}’x” where (1 +a)/(1+2a) <y <1
and
E,(,?,)CZ{S+EX+I,X,~>§nxforatleasttwoizl,...,n},
EP, ={Sfex+1,M,>x/2}\ES).,
EN) = {8 ex+1.6nr < My <x/2}\ ES).

EQ = (Sfex+1) \UE(’).

Let Cr,Cl, ... denote constants that only depend on F (and possibly the
fixed /) and may change from line to line. The auxiliary result we need is the
following:

LEMMA 3.1. Let (1.2) and (1.4) hold. Fix § € (0, 1) such that §"*/* < p*
and 87V < 1/2. Let p=1if pt =1,0r p=9pT/10if p* € (0, 1). Then for all
x> 1l,ng>1,np<n<A@x),pn<m=nandT > 1,

, CrnF K(2x,T/3
63 PEOIN =mp = L SERTDL 50
’ X ay
and
CrTnF
3.4) P{ED, N, =m) < LErTnE) o,

X
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PROOF. Notice that for n < A(8x), &px < (8x)!7Vx¥ < x/2 and n < ¢, .
Conditional on N, =m, S;" ~ V,,. Then for 1 <m <n,

P{EP) N, =m}
=< mz]P){Vm ex+1,Y-1> Cnoxs Y > é'n,x}

)
SHQZP{Vm ex+1,Y,1 > Cnoxs Y € ln.x +kh + 1}
k=0

00
E”ZZP{Vm—l €EX —lnx —kh+J,Yp-1> Cnoxs Y € Cnox +kh + 1},
k=0

where the last line is due to I — I C J. Then by independence of Y;, the last
inequality yields

2 o0
(3.5) P{ES)IN,=m <—ZIP’{X€§nx+kh+I}Qk,
Pt

where
Qr=Qk(m,n,x)=P{Vy_1 €x =G x —kh+J,Yyu_1 > nx}
To bound the RHS of (3.5), let
Dy = D(n,x, T) =[] (Gnx +kh) = T]".
Then for k£ > 0,

F(Lyx + kh)
P{X kh+1)<————"(T+D
{ € {n,x + + } = ;_n’x T+ kh ( + k)

< F(&n,x)

n,x

Next, forx > 1,8, x > ¢1,x > h. Thenfork > x/h,x = x —kh+h <x —kh <
0, implying Q(x) = 0. Meanwhile, by (3.1),

(T + Dy).

= 2F (Gn,x)
3 0k 2 2PV > Gy} = o),
k=0 p
Combining (3.5) and the above bounds,
F(Gnx) o
P{E\ Ny =m] < —+§“ (T + Do) Ok
nX k=0

0 2TnF ((,,)° | nF
< n=F(&n,x) n=F(&n,x) Z 0. Dx.

(p+)2§n,x P nx O<k<x/h
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For each k,

Qk=/( P{Vys €% — Lux — kh — 2 + J)P{X € dz|X > 0)
nxoo

(3.7) _
_F)

=T

supP{V,,_o et + J}.
t

By the LLTs ([1], Theorem 8.4.1-2) and the boundedness of the density g, for
alln> 1 and pn <m <n, sup, P{Viy_2 €t + J} < Cp/A(m) < C}y/a,. Conse-
quently, by (3.7)

Z Qk Dk CF F(é‘n x) Z D

O<k<x/h An O<k<x/h
Then by (3.6),

2Tn?F(Gn)?  Crn®F(Lny)? S b,

3.8) P{ED)IN,=m]} < 5
(p+) Sn.x a”p+§"’x 0<k<x/h

Observe that Dy = [w; ({nx +kh) — T <[w;(y)—T]" fory € &y x +kh+1.
Then for x > 1,

Cnx+kh+h
DR D DR A YU R UMY

O<k<x/h Ok=x/h tnxtkh
1 r2x
<
S
Set yo > 0, such that for y > yj,
YPXey—h+1} yP{Xey+])
F(y) F(y)
<2w;(y —h) + w1 (y).

On [0, yol, @s(y) < yo/F(y0). By [20;(y — h) + @1 (y) = T1" < 2[w;(y —h) —
T/31% + [ (y) = T/31%,

1 Yo 1 2x
> o=y wJ(y)derZ/y [, () — T]" dy

0

[ws(y) —T]"dy.

wy(y) =

©.9) C.+CrKQ2x,T/3
S F+ F (xv /).

h
This combined with (3.8) yields for all 7 > 1,

2T 2
Crn f({n,x) |:T+ K(ZX’T/3)1|-

P{EP)|N, =
PIEQIN, =m) < -
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By [4], page 462, for x > 1 and n < A(x), nF(;‘,, )2 /&n. x < CpF(x)/x. Insert

this inequality into the above one. Then (3.3) follows for EP . x
Since E\') ={S; € x + I, one X; > x/2, all other X;" <, .}, then

P{E) N, =m)
<mP{Vyex+1,My_1<Cnx, Yy >x/2}

[e.e]
<m PVmex+1I Mu1<lnx.Ym€x/2+kh+1I}
k=0

o0
<nY P{Vm_1€x/2—kh+J, Mu_1 <lnx.Ym€x/2+kh+1}.
k=0
Denote Q) = Q) (m,n, x) =P{Vyy_1 €x/2 —kh+J, My_1 < & .} and
D =D,(n,x,T) =[w;(x/2+kh) —T]".
Then as the argument for (3.6),

P{E (Z)IN _ CFnF(x)Z (T + D)0,
CrnF(x) P
s%u(zwr 3 Qka>.

0<k<x/h

By the LLTs, Q) <sup,P{V,,_j et + J} < Cr/A(m) < C; r/an. On the other

hand, 3 o<x<./n D;, has the same bound (3.9). Then (3.3) follows for E, (2)
To finish the proof, we need the next general result, which is essentlally due
to [3]; see also [4, 10] for results restricted to the arithmetic or operator cases.

LEMMA 3.2 (Denisov, Dieker and Shneer [3]). Let (1.2) and (1.4) hold. There
are Cr > 0 and C > 0, such that for any positive sequence s, — 00,

]P’{Sn ex+I, M, < Sn} < CF(I/Sn 1/an)e_x/s”+CFn/A(s"),
all x > 0andn > 1.

Continuing the proof of Lemma 3.1, since En y={SFex+1, one X;L €
(&n.x, x/2], all other X.+ < u.x}, then

P{E" N, =m}
<mP{V,, ex+1, Mm—l <lnx <Yy <x/2}

=mf ]P’{X/,n_lex—z+1,1\7lm_1§§n,x}
Snox X /2]
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x P{X e dz|X > 0}

g -
< Lﬁ”) sup P{Vip—1 €1+ 1, M1 < G x}-
p t>x/2

Since pn <m <n < A(¢px) < A({n,x), applying Lemma 3.2 to P{V,,_1 €t +
I, My, 1 <¢yx}fort>x/2, with s, =&y,

{E(l) IN, =m} < CpnF ({nx Ye /G g, pn<m<n.

By nF ({n.x) ~ A(an)/A(Lnx) <1 and e™/n2) jq, < CpnF (x)/x (cf. [4, 10]),
(3.4) follows for E,Sl))c Finally, by Lemma 3.2, for pn <m <n,

{E(O) |N = m} ]P{Vm ex—+1, Mm < Cn,x} < CFefx/Cn,x/an’
and (3.4) follows for E,(,O,)c O

PROOF OF LEMMA 3.2. This essentially is Lemma 7.1(iv) combined with
Proposition 7.1 in [3]. That lemma assumes s, to be some specific sequence
and F(—x) to be regularly varying at co. Both assumptions can be removed.
To start with, for any distribution F and s > 0 with F(s) > 0, define F(dx) =
e VO+TX/s1{x < s} F(dx), where

¥(s) =E[X1{X <s}]  with X ~ F.

Let S, =X+ -+ X, with X; iid. ~ F and 5, = X1 +--- 4+ X,, with X; i.i.d.
~ F.Then
P(S,ex+1, M, <s} <e *[TVOPS cx+1).

BylnEZ =In[14+E(Z—-1)]<E(Z—1)forany Z >0ande* —1 <2x forx <1,
the following bounds hold:
¥ (s) <E[eX1{X <5} —1]
<E[(** — )X <}]
<E[(e** —1)1{0 < X <55}]
<2s7'E[X1{0 < X <s}].

By integration by parts and Karamata’s theorem ([ 1], Theorem 1.5.11), (1.2) alone
implies that for p > 1,

/S uP F(du) = p /S Fu?~ ' du — F(s)s?
(3.10) 0 Oasp

~N—
(p —a)A(s)

s —> O

’
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and hence ¥ (s) < 2s7'E[X1{0 < X < s}] ~ Cr/A(s). Let S’n be defined with
s =s,. Then P{S, € x + I, M,, < 5,,} < e */5ntCn/AGIP(S e x 4 [}, and so it
only remains to check

(3.11) P{S, ex + 1} <Cr(1/sp + 1/ay).

Since (1.4) holds as well, there is s > 0, such that for s > sq,

0 K
f |u|pF(du)§p/ F(—uw)u?"du
0

—S
s_
(3.12) §CF+rp/ Fu)uP~ " du
50

< CpsP/A(s).
Let p(s) ;= E[|X|P1{|X| < s}]. Then for s > 1, by (3.10) and (3.12),
(3.13) CrsP/A(s) <E[XP1{0 < X <s}] < up(s) < CrsP/A(s).

It follows that limsup,._, o, xzﬁ(x)/uz(x) < 00, where G (x) =P{| X| < x}, so by
Proposition 7.1 in [3], for all n > 1,

(3.14) supP{S, € x + 1} < Cr(1/sy +1/r4),
X
where r, > 0 is the solution to Q(x) := x 2us(x) + E(x)_= 1/n, which exists
and is unique for all n >> 1. On the one hand, since Q(x) > F(x) ~1/A(x), r;, >
Cray,. On the other, by (3.13), Q(x) < Cr/A(x) and then r, < Ca,. Then (3.11)
follows from (3.14). O
3.2. Proof of Theorem 2.1. 'We need two lemmas for the proof of Theorem 2.1.

LEMMA 3.3. Let (1.2) and (1.4) hold. Then Assumption 1 implies

> P{Syex+1}=0.
n<A(5x)

lim limsup
-0+ x—oo A(x)

LEMMA 3.4. Let (1.2) and (1.3) hold. Given 0 < § < 1, let Js(x) =
(A(5x), A(x/$)). Then

x 1/6
(3.15) lim ——— > P{Snex+1}:ozh/ x %g(x)dx.
e A(x) nelJs(x) 8

Assume the lemmas are true for now. Since P{S, e x + I} = O(1/a,) and
A(x/$ A
S Vg A g AD)
(@l —1)x/8 (! = 1x

n>A(x/8)
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by (3.15),

1/8
> P{Snex—i-l}:ah/ g (x) dx.
0

m
e A(x) n>A(5x)

Combining this with Lemma 3.3 and letting § — 04-, we then get (2.5).

PROOF OF LEMMA 3.3. Denote 2, x = {S, € x 4+ I}. By Assumption 1, it
suffices to show

3.16 lim i
(3.16) 504 x oo A(x)

> P(Qnx)=0.

L(x)<n<A(8x)

Let$ > Osuchthat §77%/?2pt > 1>28'"7.Setp=1if pt =1,and p=9p*/10
if p* < 1. Then

P(Qn) < D P(QuxINy=m)P{N, =m}+P{N, < pn}.

pn<m<n

For each pn < m < n, conditional on N,, = m, S,;F and S, are independent. There-
fore,

P(Qn,x Ny, =m)

o0
=/ P{S} € x +z+ I|N, =m}P{S, €dz|N, =m]}.
0

Since {S; € x +z+ 1} = Ut E\) 4., by Lemma 3.1, for x > 1, L(x) <n <
A(Sx)and pn <m <n,

IP)(Qn,xan =m)
o F K(Qx +2z, T,
san/ LJFZ)[TOJFWJF—W]MS; € dz|N, =m)
0 X+z an
F K (2x,, T
:anE{ (xn)|:To+M:|‘N”:m}’
Xn a

where x, = x + §,,. N, is the sum of n independent Bernoulli random variables
each with mean p™. If p* € (0, 1), then by Chernoff’s inequality, for n > 1,
P{N, < pn} < e where A = A(p*) > 0 is a constant; cf. [17], Corollary 1.9.
As aresult,

F(xn) |:TO 4 M} } e M

dn

(3.17) P(2, ) < CFnIE{

Xn
If p™ =1, then N, =n and S, =0, so by setting A = 0o, the above inequality
still holds.
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Since x, > x, given ¢ > 1, F(x,)/x, < F(x)/x < c/[xA(x)] for x > 1. Then,
writing
Rx)=—o0 Y iE[

K(2xna TO) }
A [ <nz A

Xp A(xy)

we have

x 3 nE{f(xn) [To+ K (2xp, To)}}

2A() 1 () <nsaer) tn An
T
< ) 0 3 Z n+ R(x).
)% L ()<neaen)

The first term on the RHS is O (A(8x)%/A(x)?) = §%. To bound R (x), write 6 =
1/ — 1. Then 8 > 0 and n/a, = n_g/ﬂ(n). Consider two cases.
Case 1: « € (0,1/2). Then 6 > 1. By Assumption 1,

K (2xy, To) = 0(A(2x,)* /up (2x,)),
and since L € R, with ¢ € [0, a], ug € Re(1—6). As aresult,

B n K (2x, To)
R(X)Sm( Z _)nglfé)E[W}

n>L(x) Gn
(xue(X) [ A(xp) D
=0 max E| ————|), X — 00.
A(x) nzL(x) Lxyug(xp)
Since A(x)/xug(x) € Rp with

b=a—-1+cO@—-1)<a—14+a(l/o—-2)=—a <0,

then E[A(x;,)/x,ug(x,)] = O(A(x)/xug(x)). It follows that R(x) — 0 as x — oo.

Case2: o =1/2.Since x/A(x) <2x,/A(x,) forx > 1,

K (2x,, T
Roy=o) Y Lp[EEelv]
L(x)<n<A(x) “n A(xn)
If u(x)/u(L(x)) — 1, then by Assumption 1,
K (2%, To)/A(x)* = O(1/(2xy)).

Since #(x) is increasing, then
-1

n
R(x) = O(1/ii(x))
A(L(x)gsmx) pn)
A(x) yfl
=0(l/i =—dy=o(l).
( /u(x))fAuoc))ﬁ(y) y=ol)
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If u(x)/u(L(x)) # 1, then by Assumption 1,
K (2xy, To)/ A(xn)* = 0(1/i(2x,)) = 0(1/ii (x)),

and hence
-1

R(x) = o(1/i(x)) 2 o).
2 bW

Thus, for all @ € (0, 1/2], R(x) = o(1). Finally, if p™ € (0, 1), then given ¢ > 0
such that Ac > 1 —a, for x > 1, 32,51y M <Y sempe =0T =
0(A(x)/x). Then by summing (3.17) over L(x) <n < A(éx) and taking the limit
as x — oo followed by § — 0, the proof is complete. [J

PROOF OF LEMMA 3.4. If X is arithmetic or nonlattice, then (3.15) is well-
known [4, 7, 9, 18]. The only remaining case is where X is lattice but nonarith-
metic. While Theorem 2 in [7] correctly states that (3.15) still holds in this case,
the argument therein cannot establish the fact as it overlooks issues caused by the
discrete nature of X.

Let X be concentrated in a + dZ with a/d > 0 being irrational and d > O the
span. If 4 > d, then choose k € N such that ' = h/k < d. Letting I’ = (0, '] and
xj=x+jh',P{S, ex+1}= Z];;%)P{Sn exj+1'Y, xj/A(xj) ~ x/A(x), and
hence if (3.15) holds for P{S,, € x + I'}, it holds for P{S,, € x + I} as well. Thus,
without loss of generality, let 0 < h < d.

For z e R, denote L, :=dZ N (z+ I). Since h < d, L, contains at most one
point. For x > 0andn > 1, if L,_,, = {dk}, by Gnedenko’s LLT, P{S,, e x+ 1} =
P{S, = na + dk} = (d/a,)g((na + kd)/a,) + o(1)] as n — oo, where o(1) is
uniform in x ([1], Theorem 8.4.1). Since g has bounded derivative and |x — (na +
kd)| < h, it is seen

P{Snex+ 1} =ULy—pa # Q}(d/an)[g(x/an) + 0(1)]-

For x > 1 and n € Js(x), x/a, € (6,1/8). Since g > 0 on [§, 1/6], the above
display can be written as

(3.18) P{Spex+ 1} =1Ly _pa # g}(d/an)[l + én (x)]g(x/an)a
' with lim sup |e,(x)| =0.
* nelds(x)
Let m =m(x) and M = M (x) be the smallest and largest integers in (A(5x),
A(x/8) + 1), respectively. Fix integers m = N1 < N» < --- < Ny < Nyy1 =M,
where N; = N;(x) and s = s(x), such that as x — o0,

min [N;41 — N;] — oo, max [ay,,, —an;] = o(x).
1<i<s 1<i<s
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Then by (3.18)

s Nj+l 1

Z P{Snex‘i‘l}'\’dz Z WLy—pg # 9} ——

nels(x) j=1 n=Nj;

g(x/an)

By the choice of Ny, ..., Nyyj,foreachl1 < j<sandn=N;,...,Nj1 —1,
g(x/an)/an = [1 + £, ()]g (x /an,) fan;,

3.19)
with lim  sup |e,(x)| =0.
r e s(x)
Thus
glx/ay,) V!
Y P(Suex+I}~ Z Z YLy _pa # D).
neJs(x) Nj n=N;

Denote K = {w € C:|w| =1}. Then L; # & <= e2™i2/d £a]1s into the arc T =
{w=2e"Y:0e[—h/d,0)} C K.Letc=a/d and define T:K — K as T(w) =
we 2T Let wj= e2mix=Nja)/d Tphep

Njy—1 Njy1—Nj—1
> YLiwa#2}= Y. UYT"(wj)eT}.
n=N; n=0

Since c is irrational, T is a homeomorphism of K with no periodic points, that
is, for any w € K and n e N, T" (a)) ;é . Then by ergodic theory ([19], Sec-
tion 6.5), forany f € C(K), (1/N) Z f(T”w) — [ f du uniformly inw € K,
with p the uniform probability measure on K. Since u(I") = h/d, and for any
& > 0, there are f, g € C(K) with 0 < f(w) < l{w € I'} < g(w) <1 such that
0</[(g— f)du <e, then

Njy1—N;j—1

Y YIM(wj) eT}=(Njt1 — N)[1 +¢;(x)](h/d),
n=0

with lim sup |ej(x)| =0.
X—>00 1<j<s

This combined with the previous two displays and then with (3.19) yields

> P{Snex+1}~dZM(NJH N;)(h/d)
neJs(x) j=l1 aNJ
s Njt1—
th Z (x/an) —h Z (x/an)
j=1 n=N; neds(x)y

Multiply both sides by x/A(x) and let x — oo. Standard derivation such as the
one on page 366 in [1] then yields (3.15). U
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3.3. Proof of Proposition 2.3. Given 0 < ¢ < 2a — k, fix ¢ € (¢/(2a), 1) such
that 1 + & <c(a + 1 —«) + «. Since X; are 1.i.d.,

P{S, €x + 1, M, > x°}
<nP{S,ex+1,X,>x}

o0
=n) P{Spex+1 X,ex+kh+1}
k=0

o0
<n) P{Spi—1€x—x"—kh+J, X, €x‘+kh+1}
k=0

o0
=nY P{Sy—1€x—x°—kh+ J|P{X ex’+kh+1}.
k=0
Then by (3.1), P{S, € x + 1, M, > x°} < 2nsup, . P{X € 1 + I}. By assumption,
forallt > x, P{X et +1} < C/[t' ™ A@t)] < C/[x17 A(x)], where C > 0 is
a constant that may change from line to line. Then by the choice of c,

xF(x) Y P{S,ex+1,M,>x)

n<x¢/2
Cx
(3.20) < supP{Xet+1} Y n
A(X) y>xe n<xé/2
C I+¢
* =o(l), x— 0.

<

~ xR A(x)A(x)
Note that if S, € x + I and M, < x€, then n > x'~¢. By x*/? = 0(A(x¢)) and
Lemma 3.2,

Z P{S,ex+1, M, <x‘} = Z P{S, ex+1, M, <x}

n§x£/2 xlchnst/Z

<c Y (1x+1/a)e "
xl—(rfnfxs/Q
< o(e_xl_c).

Then x F (x) Yon<xer P{Sy € x + I, M, < x°} = o(1), which together with (3.20)
completes the proof.

3.4. Proof of Theorem 2.4. Since a € (0, 1), it is known that A" € Ryp, that
is, AT(x) is regularly varying with exponent ao [14]. Let w; (x) and KT (x, T)
denote the functions defined by (1.6) and (1.7) for H. By assumption, K (x, T) =
O (x%®) for some ¢ € [0, o) and T > 0. We shall show that for any y € (c, 0),

(3.21) Kt(x,T)=0(x>").
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Once this is proved, then the proof follows from Corollary 2.2. For ¢ > 0,
o0
P{H et+1}=f P{Xet+y+1}JU™ (dy),
0

where U~ (dt) = Y 2, P{H,” € —dt} concentrates on [0, 00), with H,~ the weak
decreasing latter process of S, ([8], page 399). Then

[wf () —T]" = [(P{H €t +1}—P{H>)T]"

- P{H >1}
1 0 — 4+
00tF(t+y) oo
P{H>t}/ 1t +y) = TT U (dy).

Denote g, (t) = tF(t+y)/(t + ). Then

4
K*(x,T)<) I
i=1

el +y) —T1F
with 1 _/ P{H > 1)

where A|={0<t<x<y},Ay={0<r<y<ux},A3={M <y <t <x},and
As={0<y <M,y <t <x},where M > 1is a fixed number. Fix 0 < 8 < .

First, let o € (0, 1). For (t,y) € A, P{H >t} > P{H > x}. Let x > 1. Then
gy() < hy(t) =1/t + )P and

1 X o0 4,
Ilsm/o ar [ @+ -1 U@y,

Since for each y > x, h(¢) is increasing on [0, x],

1 * 0 —
I < mfo df/x ]/ly(.X)[CUI(t‘i‘y) _T]+U (dy)

(3.22)

dt U™ (dy),

1 00 _
5m/x hy (0K (x +y, T)U™(dy)

X

<

— P{H >x}Jy (x +y)1+f3—2ca
where C > 0 is a constant. Since H~ is in the domain of attraction of sta-
ble law with exponent a(1 — @) [6], U~ (x du)/x*1=@ converges vaguely to
Cu®1=9=11{y > 0} du as x — 0o, where C > 0 is a constant; see [1], pages 361—
363. Therefore, by variable substitute y = xu,
Cx*ﬂ+24:ol+a(lfg) 00 ua(lfg)fl du

/; (1 _|_u)l+ﬂ—2ca'

U™ (dy),

I <
P{H > x}
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Aslong as 0 < @ — 8 < 1, the integral is finite. (Recall that co < @p < 1/2.) Then,
forany y > ¢, I = O (x?"%).

__To bound I, observe P{H >t} > P{H > y} for (¢, y) € Az. Then by g, (1) <
E(y),

x U~
bsﬁ-—lii-yaﬁmw0+w—TVw

P{H > y}
*F()U~(dy) +
RS 0[ wrt+y)—T] dr
*FWKQ2y,T), _
fﬁ'fﬁﬁéi?_U(M’

By assumption, F(y)K(2y, T)/P{H > y} = O(y~Ft2c@tee) for any B < a.
Since U~ ((0, x]) is regularly varying with exponent o(1 — o), the integral is of
order O (x27%) for any y > c.

Let M > 1 such that F(t + y)/P{H > t} < ky(t) :=1¢/(t + y)* for (¢, y) €
Az If B € (@, a), then ky (¢) has maximum value C/yP~*¢ where C = C(B) > 0
is a constant. Then

c + _
hS/QGIEVEEWﬂHﬂO—ﬂ dr U™ (dy)
XCU_(dy) X N
S/MW | Lon@ =TT
¥ CU™ (dy)
< K(2x, T)/ TR

The integral is of order O (x*~#). Then by the assumption on K, I3 = O (x>¥%)
for any y > c. o
For 14, since g, (t)/P{H >t} < F(t)/P{H > t} is bounded,

M X
[ U@ [loe+n -]
y

< K(Q2x, T)U™ ([0, M)) = O (x**).

Combining the above bounds for /; and (3.22), then (3.21) follows when o € (0, 1).
Ifo=1and S, — ocoa.s., then U is a finite measure ([8], pages 395-396). Itis
then not hard to see the above bounds for /; still hold. The proof is then complete.

3.5. Proof of Theorem 2.5. From the proof of Theorem 2.1, it suffices to prove
Lemma 3.3 under the assumptions on the Lévy measure v of X. We will use several
times the fact that X ~ Y| +--- 4+ Yy + W, where Y;, N and W are independent,

Yi~Y ~G(x) =1{x > 1}v((1, x))/vo,
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with vg =v(1), N ~ Poisson(vgp), and for 6 € R,
E[Y] = exp{ipﬂ — 00?2+ /(ei9" — 1 —iful{ju] < 1))1{u < l}v(du)}.

Then E[¢'"] < oo for any t > 0 ([15], Theorem 25.17). Write {(y = Y1+ - -+ Y,
and when N is random, always assume that it is independent of Y;.

LEMMA 3.5. Let (2.10) and (2.11) hold. Then given c € (0,2a — «),
(2.2) holds with L(x) = x/?.

By this lemma, it suffices to show

> P(Q.)=0,

L(x)=n=A(8x)

lim limsup
§—->0+ x—o0 A(x)

where L(x) = x¢/? and Qux={Spex+1}.Forn>1,
Sn’\’;N”—i_Vn WithVn:W1+"'+Wn,

where N, ~ Poisson(nvg), and W; ~ W are independent random variables. Then
x/2

(3.23) P(Q,) < P{¢y, € x — z + IP{V, € dz} + P(V, > x/2}.
—0o0
Since p :=InE[e"] < 00, P{V,, > x/2} < E[e"» /2] = ¢"*~*/2_ Therefore,

(3.24) _max ]P’{V > x/2} < max "MTI2 = O (e,
<A(8x) <A(5x)

Next, for z < x/2,
P{¢n, ex —z+ 1}

Y P{gex —z+ IP{N, =k} + P{N, <nvo/2}.
k>nvg/2

(3.25)

Since E[e~Nn] = ¢mvo(l/e=1) , by Markov’s inequality,

(3.26) max IP’{N <nvp/2} < max e "01/271/0) < (=LX)w/10,
n>L(x) n>L(x)

On the other hand, note that for t > 1, P{Y et + I} = v(t + I)/vo and G(¢) =
v(t)/vo. Then, as x — z > x/2 and Y; > 1, for each k > nvy/2 > L(x)vo/2, by
Lemma 3.1,

P{kex —z+1} <

’

Cokv(x — 2) [To N KQ2(x —2), To)]
X —2Z ay

where C,, is a constant only depending on v. Then by (3.23)—(3.26), letting x, =
X — Vl’h

N (xy) [TO N K (2xy, To)ﬂ

P(Qr) < CUE[I{Vn <x/2) -

+ &p(x),

Xn
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where maxy (x)<p<a(sx) &n(X) = o(x~M) for any M > 0. Note that N, and V,, are
independent. Since V(x)/x is regularly varying and decreasing, then

IP)(Qn,x) <C, Ton@
X

V() K (2x, To)

n

+ C;E[:” ]E[l{xn > x/2)

N

]—I—s,,(x).

Since

N,
E[ “1{N, <nvg/2 or N, > 2nvo}] =o(e™ "), n— 0o,
aNn

where ¢ > 0 is a constant, then by dominated convergence,

N, N, B
a—"E[ "]~E[ n/n l{nvo/2§Nn§2nvo}}~vé Ve
an, /an

Consequently,

V() K 2x, To)

Xn

v(x)

X

IP)(Qn,x) <C,Tyn

+cva11E[1{xn > x/2) }—{—en(x).

Starting at this point, the treatment is very similar to that following (3.17). First,
by

Y P@a)

AX) oz A
C,Ty ~ X
< C,R —_—
= A(x)2 Z n+C,R(x)+ A Z en(x)
n<A(8x) L(x)<n=<A(éx)

= 0(8%) + CyR(x) + o(D),

where writing 6 =1/ — 1,

V() K (2, To)]

Xn

Ry=—o ¥ ﬂE[l{x > x/2)
A®) o Zas PO o

If ¢ € (0, 1/2), then by Assumption 1, (2.3) holds for K (x, Tp), and hence
v(xn)A(zxn)ZD

Xpug(2x,)

X

~ nfg
R - —E|1{x, > x/2
() A(X>O<L<x)§nZSA<ax>ﬂ<"> [{x = x/2)

X n? Ax)
_A(x>0< 2

) =o(l), x — 00.
L(x)<n<A(8x) B(n) xug(x)
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If « = 1/2, then by Assumption 1, (2.4) holds for K (x, Tp). As a result, if
i(x)/u(L(x)) — 1, then

Xn v(xn)A(zxn)ZD

N —6
R<x>=0( > n—E[l{""f’c/Z}Am)' Xnii (2%,)

Lix)<n=a(x) P

n? 1
:0( Z ﬂ(n)ﬂ(x))zo(l)’ X — 00.

L(x)<n<A(8x)
The case 1(x)/it(L(x)) # 1 can be shown likewise. This then completes the proof
of Theorem 2.5.

PROOF OF LEMMA 3.5. By Proposition 2.3, it suffices to show thatas x — oo,
P{Xex+1}=0(F(x)/x'"™*).Forx >0,

P{X ex+ 1)}
=P{tn +Wex+1}
<Pyn+Wex+1I,N<Inx, W <x/2} +P{W > x/2}
+P{N >1nx}

—Vp,,1

e Y
< D o sup PGy €z} +P(W = x/2} + P(N > Inx).

7>x/2

n<lnx

Giveny € (0,1),by x¥Inx =o(x),forx > 1,n <Inx and z > x/2,if ¢, € z+ 1,
then there is at least one 1 <i <n with ¥; > z¥, and if there is exactly one such i,
then Y; > z/2. Thus

P{¢n ez + 1}
<n®Pleyez+1,Yo1>2", Yy >} +nP{g, €24+ 1, Y, > 7/2).
First, following the argument to bound E,(,S))C in the proof of Lemma 3.1,
Plehnez+1,Yo1>2",Y, > 7"}

o
=ZIP’{§nez+I, Yoo1>2", Y, €z’ +kh+1}
k=0

o
<supP{Yer+1}> Plty1€z—2" —kh+J,Y,_1>2"}

t>27 k=0

<2P{Y >z"} supP{Y €t + I}.
t>zV
By P{Y > 27} =7(z")/vpand P{Y €t + I} = v(t + I) /vy = O(V(t)/t' ), the
RHS of the display is O ((z")?/z7179)) = O (w(x?)?/x? 1 =9)). Tt follows that if
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y>(a+1—«)/Q2a+1-— k), then the RHS is o(?(x)/xl_"). With a similar
argument, we also get
P{en€z+1,Y,>z2/2) <2 sup P{Y € z/24 I} = O(F(x)/x'7).
t>z/2
As aresult,

—Vo,,1

y £ ‘”0 sup P{¢, € 2+ 1} = O(EN? - F(x)/x' )

z>x/2

n<lnx
= O(F(x)/x'™™).

On the other hand, P{W > x/2} < E[e?"W /2] = O(e™) and, for any M > 0,
P{N > Inx} < E[eMN-In0)] — O(x_M)._By letting M > o 4+ 1 — «, the above
bounds together yield P{X e x + I} = O(F(x)/xl_"), as desired. [

APPENDIX

In Section 2, we remarked that if the SRT holds, then (2.2) holds for any L(x) =
0(A(x)). This follows from the following

PROPOSITION A. For F satisfying both (1.2) and (1.3),
(A.1) liminfx F(x)U(x + 1) = hAF,

X—>00

where AF is defined in (2.5), and h > 0 is arbitrary if F is nonarithmetic and is
the span of F otherwise.

Indeed, if the SRT holds, then liminf in (A.1) can be replaced with lim. On the
other hand, by Lemma 3.4,

(A.2) sh_r)r(l)xgngoxF(x) > P{Spex+I}=hAp,

neJs(x)

where Js(x) = (A(dx), A(x/§)). It then follows that
lim lim xF(x) Y P{S,ex+1}=0

X—> 00
=0 n<A(Sx)

and hence (2.2) holds for any L(x) = o(A(x)).

PROOF OF PROPOSITION A. It is well known that if F is nonlattice with
support in [0, 0co) and infinite mean, then Proposition A holds ([1], Theorem 8.6.6).
For the general case, we follow the proof in [1]. Denoting V (x) = U ((0, x*]), the
starting point is the identity

(A.3) Jim_ F(x)V(x)=Ar/a.
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This is established on page 361 in [1]. However, the proof there relies on the
Laplace transforms of F' and U, so it cannot apply to the general case as the
transforms may be oo. Instead, we shall prove (A.3) using a more probabilistic
argument, which is basically a coarse version of the one for the SRT. For now
assume (A.3) to be true. Then (A.2) implies

lin_l)ioréfxf(x)U(x +1)>hAr.

Assume that strict inequality holds. Then by (A.3), there is 2’ > h, such that for all
x> 1L, Ux+I1)>haV(x)/x. AlsoV € R,. Then as t — o0,

/t Ux+1dx > (14+o()h'a /t V)xtdx ~ R V().
0 0

However, since U(x +1) =V (x+h)— V(x) forx >0, LHS = tt+h V- féi V-~
hV(t), which contradicts the above display. Thus (A.1) follows.
It remains to show (A.3). Given § € (0, 1),

(A.4) > P{S,€(0,x]} <AGBx) ~8%A(x),  x— oo.
n<A(éx)

On the other hand, by the LLTs and the boundedness of g, there is C > 0, such that
forall x > 1,n> A(x/§), and t € R, P{S,, € t + I} < C/a,. Then, by dividing
(0, x] into [x/ k] intervals of equal length, it is seen that P{S, € (0, x]} < Cx/a,.
Consequently,

1
> P{Se@x]}<Cx > o
n>A(x/8) n>A(x/8)
(A.5) ,
~ C XA(X/B) ~ CWSI_O[A(X).
x/6

By the central limit theorem, as n — oo, G,(s) := P{0 < S,/a, < s} —
G(s) = f()s+ g for each s. Since G, and G are nondecreasing functions with

range contained in [0, 1], and G is continuous, the pointwise convergence gives
sup |G, — G| — 0. Then by P{S,, € (0, x]} = G,(x/ay), as x — o0,

> P{S, (0, x]}

nels(x)
= Z G(x/ay) + [A(x/8) — A(8x)]o(1)
nelJs(x)

A(x/8)

:/ G(x/A~ (@) dt + (57 — 8%)o(1)A(x).
A(5x)
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By change of variable u = x/A_l(t) and A" (u) ~aA(u)/u as u — oo,

As a

(A6

The

A

A(x/9) { 1/8
f G(x/A_ (1))dr = G(u) A'(x/u)du
A(8x) 8

N‘/l/’s aA(x/u)

u
1/8
~ A(x) G (w)au""%du, X — 00.
8

result,

Z 0 1—«
) hm lim P{S, € (0, x] =/ Gw)au " "“du.

0 X—00 A(X) nels (o) " 0

RHS is Ar/a. Combining (A.4)—(A.6), then (A.3) follows. [J
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