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SECOND ORDER DISCRETIZATION OF BACKWARD SDES AND
SIMULATION WITH THE CUBATURE METHOD1

BY DAN CRISAN AND KONSTANTINOS MANOLARAKIS2

Imperial College London

We propose a second order discretization for backward stochastic dif-
ferential equations (BSDEs) with possibly nonsmooth boundary data. When
implemented, the discretization method requires essentially the same com-
putational effort with the Euler scheme for BSDEs of Bouchard and Touzi
[Stochastic Process. Appl. 111 (2004) 175–206] and Zhang [Ann. Appl.
Probab. 14 (2004) 459–488]. However, it enjoys a second order asymptotic
rate of convergence, provided that the coefficients of the equation are suffi-
ciently smooth. In the second part of the paper, we combine this discretization
with higher order cubature formulas on Wiener space to produce a fully im-
plementable second order scheme.

1. Introduction. The present paper is concerned with the problem of numeri-
cal approximation to forward backward stochastic differential equations (FBSDEs
henceforth). Let (�,F,P) be a probability space on which we have defined a triple
of processes (X,Y,Z) which solve the decoupled forward-backward system

Xt = x0 +
∫ t

0
V0(Xu)du +

d∑
j=1

∫ t

0
Vj (Xu) ◦ dBj

u, t ∈ [0, T ],
(1)

Yt = �(XT ) +
∫ T

t
f (Xu,Yu,Zu) du −

d∑
j=1

∫ T

t
Zj

u dBj
u, t ∈ [0, T ],

where B is a d-dimensional Brownian motion and

Vk :Rq →Rq, k = 0, . . . , d, f :Rq ×R×Rd →R

are some appropriate functions. The stochastic integrals appearing in the equation
for the process X are understood in the Stratonovich sense, whilst the stochastic
integrals appearing in the equation for the process Y are understood in Itô sense.
The system is called decoupled as the (backward) processes (Y,Z) do not appear
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in the dynamics of the forward component X. Systems of form (1) have received
a lot of attention over the past twenty years, primarily due to their applications in
the field of mathematical finance.

Of equal importance is the fact that the stochastic flow associated with (1), that
is, the triple of processes (X(t,x), Y (t,x),Z(t,x)), (t, x) ∈ [0, T ] ×R satisfying

Xt,x
s = x +

∫ s

t
V0
(
Xt,x

u

)
du +

d∑
j=1

∫ s

t
Vj

(
Xt,x

u

) ◦ dBj
u, s ∈ [t, T ],

Y t,x
s = �

(
X

t,x
T

)+ ∫ T

s
f
(
Xt,x

u , Y t,x
u ,Zt,x

u

)
du −

∫ T

t
Zt,x

u · dBu,(2)

s ∈ [t, T ],
provides a Feynman–Kac representation for the (viscosity) solution of a class of
semi-linear partial differential equations. In particular, let u(t, x) : [0, T ] × Rd →
Rd , be the viscosity solution of

du

dt
+ Ṽ (x) · ∇u + 1

2
Tr
[
V (x)V ∗(x)D2u

]+ f
(
t, x, u,∇uV (x)

)= 0,

(3)
u(T , x) = �(x),

where Ṽ (x) = V0(x) − 1
2
∑d

j=1 ∇Vj (x)Vj (x). In their seminal work, Pardoux and
Peng [25] showed that

u(t, x) = Y
t,x
t (t, x) ∈ [0, T ] ×Rd .(4)

In addition, Ma and Zhang [24] proved that when this viscosity solution is contin-
uously differentiable in its spatial variables, we have the following representation
for the solution of the partial differential equation (3) and its gradient:

u(t, x) = Y
t,x
t , Z

t,x
t = ∇u(t, x)V (x) a.s.(5)

From the perspective of numerical analysis, the above means that any numerical
method for the resolution of (1) provides an algorithm for the resolution of semi-
linear PDEs. As a result, there is a high interest in robust numerical algorithms for
FBSDEs.

To the best of our knowledge, the first attempt for the numerical resolution of
a BSDE is due to Chevance [6], where the approach is to approximate the driv-
ing noise by some discrete time process. Similarly, in Ma et al. [23] the authors
propose a discrete scheme for the resolution of a BSDE based on an Euler dis-
cretization and approximation of the driving Brownian noise by a random walk.
They show convergence of their scheme in a weak sense, and no convergence rates
are obtained. On the other hand, Daglas, Ma and Protter [12] suggest a four-step
scheme for the numerical resolution of FBSDEs which can be more strongly cou-
pled that the ones we consider in this paper. Their method is based on a finite
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difference approximation of the associated PDE. We should also mention the work
of Bally and Pagès [1, 2] who propose an algorithm that relies on quantization for
the numerical resolution of reflected BSDEs when the driver is independent of Z.

However, it was the work of Bouchard and Touzi [5] and, in parallel, Zhang [26]
[essentially scheme (6) below] that first suggested a method for the discretization
of a fairly general class of BSDEs and paved the way for algorithms of probabilistic
flavor. Following this work, algorithms designed to solve the problem of numerical
approximation of the backward part of (1) consist of two parts: First, the backward
equation is discretized. This step involves the use of one or more conditional ex-
pectations. Second, a numerical method is grafted onto the chosen discretization to
compute the conditional expectations involved. To date, the method of choice for
the discretization of a BSDE is the Euler scheme proposed in its explicit format by
Zhang [26] and implicit by Bouchard and Touzi [5].3 In its implicit form it reads
as

Yπ
1,n := �(Xtn), Zπ

1,n := 0,

Zπ
1,i := 1

δi+1
E
[
Yπ

1,i+1�Bi+1|Fti

]
, i = 0, . . . , n − 1,(6)

Yπ
1,i := E

[
Yπ

1,i+1|Fti

]+ f
(
ti ,Xti , Y

π
1,i ,Z

π
1,i

)
, i = 0, . . . , n − 1,

where π is a given partition π := {0 = t0 < t1 < · · · < tn = T } of [0, T ], δi+1 is
the time step δi+1 := ti+1 − ti and �Bi+1 := Bti+1 − Bti , i = 0, . . . , n − 1 is the
Brownian increment.

Assuming that all coefficients of (1) are at least Lipschitz continuous in their
spatial variables, we have, following [5] and [26], that

sup
0≤t≤T

E
[∣∣Yπ

t − Yt

∣∣2]+E

[∫ T

0

∣∣Zπ
t − Zt

∣∣2 dt

]
≤ C|π |,(7)

where {(Yπ
t ,Zπ

t ), t ≥ 0} are the step processes

Yπ
t :=

n−1∑
i=0

Yπ
1,i1[ti ,ti+1)(t) + Yπ

1,n1t=tn,

(8)

Zπ
t :=

n−1∑
i=0

Zπ
1,i1[ti ,ti+1)(t) + Zπ

1,n1t=tn .

In other words, the above discretization of the backward part achieves a con-
vergence of order n−1/2, when n points are used, that is, the same order as the
strong convergence order of the Euler scheme for a (classical) SDE. With addi-
tional smoothness assumptions imposed on the coefficients, Gobet and Labart [13]

3See Bender and Zhang [4] for an alternative approach based on Picard iterations.
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that the rate of convergence of the processes (8) is of order n−1. In fact an error ex-
pansion is obtained in [13] and the leading order coefficients in the error expansion
are identified.

Our first and most important goal in this paper is to introduce a discretization
method for FBSDEs, in the spirit of (6), that achieves second order accuracy; that
is, it enjoys an asymptotic rate of convergence of order n−2 when n points are used
in the discretization of the time interval. In designing the second order scheme,
we follow a similar template to (6). We will use the trapezoidal method to dis-
cretize the Riemann integral. That provides us with a second order discretization
of the finite variation part of Y . In order to recover a second order approximation
for Zt , we compute a Brownian weight, that when multiplied to Yti+1 and con-
ditioned with respect to Fti cancels out all lower order terms. Let us note that
the heuristic as well as detailed arguments that lead to the second order scheme
rely on the Stratonovich–Taylor expansion of u(t,Xt); see Section 2. As a result
they depend on the smoothness of the solution u(t, x) of PDE (3). The latter will
generally be smooth, provided that the driver and coefficients of the forward SDE
are smooth enough, even when the boundary condition � is not smooth. To treat
such anomalies, if any, at the boundary T , our scheme takes the first backward
step using the Euler scheme as in (6) and after leaving the boundary, continues
with higher order discrete time steps. More precisely, assuming that all coeffi-
cients involved in system (1) are sufficiently smooth, we propose the following
discretization: (Y π

2,i ,Z
π
2,i)0≤i≤n:

• Initialization.
If � is Lipschitz continuous,

Yπ
2,n := �(Xn), Zπ

2,n := 0 and Zπ
2,n−1 := Zπ

1,n−1, Y π
2,n−1 := Yπ

1,n−1.

If � is smooth,

Yπ
2,n := �(Xn), Zπ

2,n := ∇�(Xn)V (Xn).

• Backward induction.

Z l
i = 4

Wti+1 − Wti

δi+1
− 6

∫ ti+1
ti

(s − ti) dBl
s

δ2
i+1

, l = 1, . . . , d,

Zπ
2,i = Ei

[(
Yπ

2,i+1 + δi+1f
(
Xi+1, Y

π
2,i+1,Z

π
2,i+1

))
Zi

]
,

(9)
Zi := (Z1

i , . . . ,Zd
i

)T
,

Y π
2,i = Ei

[
Yπ

2,i+1
]+ δi+1

2

(
f
(
Xi,Y

π
2,i ,Z

π
2,i

)+Ei

[
f
(
Xi+1, Y

π
2,i+1,Z

π
2,i+1

)])
.

Under appropriate condition on the coefficients of system (1), we show in The-
orem 3.4 and Corollary 3.7 that

sup
0≤i≤n

E

[∣∣Yti − Yπ
2,i

∣∣2 + 1

n

∣∣Zti − Zπ
2,i

∣∣2]1/2

≤ C

n2 .
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In particular, there is a detailed discussion of how one should choose the points in
the time partition, when the boundary condition is not smooth (see Corollary 3.7).

There are two advantages of scheme (9) over the usual Euler scheme that need to
be underlined. First, observe that given a partition π of the time interval [0, T ], the
second order scheme approximates Yt ,Zt at exactly the same points in the partition
as the Euler scheme; namely, it does not require any intermediate points. This
means that the two schemes are of the same complexity up to a constant. Second,
the scheme is derivative free. This not only saves us the overhead of computing
the derivatives of the coefficients, which can be costly, particularly when these
coefficients come from calibration procedures (compare with the Milstein scheme
for forward SDEs), but also allows us to use the scheme even in cases where the
coefficients are not smooth. One can easily adapt the arguments of the proof of
Theorem 3.4 to show that when the coefficients of system (1) are assumed only
Lipschitz continuous, scheme (9) still converges but with the same order as the
Euler type scheme (6), that is,

sup
0≤i≤n

E
[∣∣Yti − Yπ

2,i

∣∣2]1/2 ≤ C√
n
.

Hence (9) can be used in all circumstances with no significant overhead. If the
corresponding PDE enjoys a smooth solution (at least away from the boundary),
the approximation converges quadratically. Otherwise, it will still converge at least
as fast as the Euler scheme.

Having discretized the backward equation, one needs to employ a method for
the approximation of the involved conditional expectations.4 Various such methods
have been introduced, based on Malliavin calculus [5], on projection on function
basis [14, 19] and on quantization [1]. In [10], the authors suggested the application
of the cubature method of [22], which is based on the ideas of Kusuoka [17]. The
overall rate of convergence of this second approximation step is still of order n−1/2

or of order n−1 when coefficients are smooth.
In the second part of our paper, we bring together the second order discretiza-

tion (9) with the cubature and TBBA algorithm presented in [10]. The latter is
a combination of two algorithms put together to provide an efficient method for
the approximation of nested conditional expectations. In particular, as a first in-
gredient we have the cubature on Wiener space method of Lyons and Victoir [22],
that constructs explicit and discretely supported measures that approximate the law
of forward diffusions. In effect integrals against this law, such as conditional ex-
pectations, can be approximated by integrating against this discrete measure. The
resulting algorithm enjoys a second order of convergence. However, in practice
the measures constructed with cubature have an exponentially growing support,

4When the process X in (6) is replaced by its Euler approximation, then E[Yπ
1,i+1|Fπ

ti
] and

E[Yπ
1,i+1�Bi+1|Fπ

ti
] need to be computed.
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a growth that needs to be controlled. To the best of our knowledge, there are two
different algorithms that can achieve this. The recombination algorithm of Lit-
terer and Lyons [21] and the tree based branching algorithm (TBBA) of Crisan
and Lyons [9]. We will use the latter as a second ingredient for our algorithm.
The application of cubature and TBBA in BSDEs, in conjunction with the Eu-
ler scheme (6), has already been presented by the authors in [10]. As our second
order scheme follows a similar template with the Euler method, that is, the ap-
proximating processes are defined in a backward manner by means of conditional
expectations, the application of cubature and TBBA in the current framework fol-
low exactly the steps presented in [10].

This paper has benefited from the very careful reading of an anonymous ref-
eree. Among many constructive comments and suggestions, the referee brought
to our attention the work of Li, Zhang and Zhao [27] were the authors suggest a
second order discretization for backward SDEs that shares many features with the
algorithm we present in the first part of the paper. However, the work in Li, Zhang
and Zhao [27] requires that the underlying diffusion is a Brownian motion rather
than a general diffusion. This is a significant advantage as the stochastic Taylor
expansions of the involved functionals are greatly simplified. The reason is that
the lower order cross derivative terms cancel out as the corresponding differential
operators commute [one should consider the computations in (21), (22) when the
underlying noise is simply a Brownian motion to appreciate the differences].

The paper is organized as follows: In Section 2 we present our main assump-
tions and give details on Stratonovich–Taylor expansions, which will be our main
tool in the construction and analysis of our algorithm. We then proceed in Section 3
to present the new second order discretization. In Section 4 we give the details of
cubature and TBBA method and explain how one should couple this method with
the second order discretization. Note that here we also present cubature formulas
supported on Lie polynomials and not just paths as in [10]. Though the two ap-
proaches are equivalent, we discuss the advantages of Lie polynomials, and we
also discuss the details of the implementation. We then analyze the asymptotic
convergence of the algorithm, and finally, we present a one-dimensional example
where we compare the new discretization with the Euler scheme and validate its
second order convergence properties.

2. Preliminaries. Throughout the paper, given a positive integer m, we will
use the following assumptions:

(A) The coefficients of the forward SDE Vi :Rd → Rd , i = 0,1, . . . , d

have all entries belonging to C∞
b (Rd), the space of bounded infinitely differen-

tiable functions with all partial derivatives bounded.
We make no assumptions at this point on the ellipticity (or lack of), for the

diffusion matrix. We will come back to this in the discussion on the PDE gradi-
ent estimates necessary in the derivation of the general convergence results; see
Corollary 3.7 and the discussion preceding it.
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(B(m)) The driver of the BSDE f : [0,1] × Rd × R × Rd → R belongs to
C

[m/2],m
b . The exact value for the parameter m shall be made precise as we proceed.

(C1) The terminal condition � :Rd →R is Lipschitz continuous.
(C2(m)) The terminal condition � belongs to Cm

b (Rd;R), where value of m

shall be determined further on.

We shall denote by K the constant that bounds all derivatives that appear in our
assumptions. When (C1) is in force we shall assume that � is K-Lipschitz. Of
course under (A), (B(m)) with m ≥ 1 and (C1) system (1) has a unique solution
such that

E

[
sup

0≤t≤T

(
Y 2

t + |Xt |2)+
∫ T

0
|Zs |2 ds

]
< ∞.

To abbreviate notation we shall denote by Mi ≡ Mti , i = 0, . . . , n, where M

can be any of the processes that appear in this paper. Moreover we write Es[·] for
E[·|Fs]. Note that in the current (Markovian) set up E[·|Fs] = E[·|Xs]. We shall
also consider as given a partition π := {0 = t0 < t1 < · · · < tn = T } of [0, T ] and
consider the time step intervals δi := ti − ti−1, l = 1, . . . , d, i = 1, . . . , n.

Finally, the driver of the BSDE shall be abbreviated as

f̄ (s, x) = f
(
x,u(s, x),∇uV (s, x)

)
,

where u is the solution of the semilinear PDE (3).
Working toward a higher order discretization of the backward part of (1) we

shall rely heavily on the Stratonovich–Taylor expansions. Hence we need to fix
notation and present some elementary facts regarding these expansions:

We denote by A the set of multi-indices A := {∅} ∪⋃∞
m=1{0,1, . . . , d}m en-

dowed with the norms | · | and ‖ · ‖ given by

|β| = length of β, ‖β‖ := |β| + Card
{
j :βj = 0,1 ≤ j ≤ |β|}.

Clearly |∅| = ‖∅‖ = 0. For a β = (j1, . . . , jl) ∈ A we also write β− =
(j1, . . . , jl−1) and −β = (j2, . . . , jl). We define the subsets of A,

A(m) = {β ∈ A :‖β‖ ≤ m
}

and

A1(m) = {β ∈ A \ {∅, (0)
}

:‖β‖ ≤ m
}
.

Given two multi-indices α = (α1, . . . , αk) and β = (β1, . . . , βl), we define their
concatenation as α ∗ β = (α1, . . . , αk, β1, . . . , βl). For a suitably chosen function
f and a multi-index β = (β1, . . . , βl), we define the iterated Stratonovich/Riemann
integrals as follows:

Jβ[f ]t,s :=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

f (s), |β| = 0,∫ s

t
J β−[f ]t,u du, l ≥ 1, jl = 0,∫ s

t
J β−[f ]t,u ◦ dBjl (u), l ≥ 1, jl �= 0.
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We also use the abbreviation Jα
s,t ≡ Jα[1]s,t where 1 is the constant function

1 : r → 1 for all r ∈ [s, t].
For any vector field V ∈ C∞

b (Rd) we make the usual identification with the first
order differential operator

Vf (x) =
d∑

j=1

Vj (x)∂xj
f (x).(10)

In particular we consider the differential operators V1, . . . , Vd and V0.
The iteration of this family of operators is understood as Vαf := Vα1 · · ·Vαnf ,

α = (α1, . . . , αn), and we also use the convention V∅f = f .
Given a multi index α = (α1, . . . , αn) the following identity is proven in Propo-

sition 5.2.10 of [16]:

Bj(t)J α
0,t =

n+1∑
k=0

J
(α1,...,αk,j,αk+1,αn)

0,t , j = 1, . . . , d.(11)

A direct consequence of (11) (Corollary 5.2.11 of [16]) is that if α = (k, k, . . . , k),
k = 0, . . . , d , with |α| = m, then

Jα
0,t = 1

m!
(
J

(k)
0,t

)k
.(12)

The (conditional) expectations of iterated integrals can also be computed. In
particular we have a characterization for those iterated integrals that have nonzero
expectation (see, e.g., [8]):

LEMMA 2.1. Let α = (i1, . . . , ir ) be an arbitrary multi-index with ‖α‖ = m

and t ∈ [0, T ]. If m is odd, then E[Jα
0,t ] = 0, and if m is even, then

E
[
Jα

0,t

]=
⎧⎨
⎩

tm/2

2r−m/2(m/2)! , if α ∈ A(m, r),

0, otherwise,

where A(m, r) ⊂ A(m) is the set of multi-indices with α = α1 ∗ · · · ∗αm/2 ∈ A(m),
such that αi = (0) or αi = (j, j), j ∈ {1, . . . , d}.

A nonempty subset G ⊆ A is called a hierarchical set if supα∈G |α| < ∞ and
−α ∈ G for any α ∈ G \ {∅}. Given a hierarchical set G we define the remainder
set

B(G) = {β ∈ A \ G :−β ∈ G}.
Note that A(m) and A1(m) are hierarchical sets. If g :Rd → R is a smooth func-
tion with all partial derivatives bounded, then by repeatedly applying the Itô–
Stratonovich formula, we obtain the Stratonovich–Taylor expansion

g
(
t,X

s,x
t

)= ∑
α∈K

Vαg(0, x)J α
s,t + ∑

α∈B(K)

J α[Vαg
(·,Xs,x·

)]
s,t , s ≤ t
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for any hierarchical set K. The second term on the right-hand side of the previous
equation is called the remainder process. In particular, when the stochastic Taylor
expansion is applied with respect to the hierarchical set A(m),m ∈ N+, we shall
denote the remainder by Rm(0, t, g), that is,

g
(
t,X

0,x
t

)= ∑
α∈A(m)

Vαg(0, x)J α
0,t + Rm(0, t, g).(13)

Obviously as m increases, and for small t , the remainder gets smaller and smaller.
In this paper we shall work only with stochastic expansions with respect to the
hierarchical sets A(m),m ∈N+. For this set we have that

B
(
A(m)

)= {(j) 
 β|j = 0, . . . , d,‖β‖ = m
}
.

To estimate the remainder that corresponds to B(A(m)), we need to estimate iter-
ated Stratonovich integrals of the form Jα[g(·,X·)]s,t for appropriate function g

such that the previous integral makes sense. For 0 ≤ s ≤ t with t − s < 1, we have∣∣∣ sup
s≤r≤t

Es

[
Jα[g(·,X·)

]
s,r

]∣∣∣
≤ C(t − s)‖α‖/2

(
sup

s≤r≤t

{
Es

[∣∣Vαng(r,Xr)
∣∣1αn �=0

]
(14)

+Es

[∣∣g(r,Xr)
∣∣1αn=0

]})
.

Proving estimate (14) amounts to a tedious induction, based on Itô’s formula, simi-
lar to the proof of Lemma 5.7.2 of Chapter 5 of Kloeden and Platen [16]. Applying
estimate (14) to every index in the set B(A(m)) provides us with the following es-
timate for the remainder of the Taylor formula for any s ≤ t :

E
[∣∣Rm(s, t, f )

∣∣p]1/p

(15)
≤ C(t − s)(m+1)/2 max

m≤‖γ ‖≤m+2
sup

s≤r≤t
E
[∣∣Vγ f (r,Xr)

∣∣p]1/p
.

If the function g depends on time as well, g ≡ g(t, x), then one of course may
still apply the Stratonovich–Taylor expansion to obtain a similar result to (13).
Differentiation with respect to time can be absorbed by the V0 operator, namely
V0 ≡ ∂t +∑d

i=1 V i
0∂xi

, since in applying the Itô formula, derivatives with respect
to t or V0, scale similarly; namely, they produce terms of order t . In effect esti-
mate (15) remains valid. In the next section, we use Taylor–Stratonovich expan-
sions extensively in order to design a second order discretization for (1).

3. One-step discretization. To understand the terms that a second order
scheme should incorporate, we present first the intuitive arguments that lead to
the discretization scheme (9).
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REMARK 3.1. We will start by assuming perfect knowledge of the forward
diffusion along a given partition, that is, of (Xt1, . . . ,Xtn).

In the second part of the paper, we approximate the law of this multi dimen-
sional random vector by means of cubature formulas without having to discretize
its dynamics, and hence the second step will be consistent with the first.

For the benefit of methods that would combine the present discretization with
a Monte Carlo simulation, that would most likely require some sort of discretiza-
tion for the forward process X, we note that all results regarding the second order
scheme (particularly Theorem 3.4 and Corollary 3.7) remain valid, once one re-
places X with a second order approximation. A wealth of such approximations are
presented in Chapters 12–15 of [16].5

We consider the backward part of (1) between two successive times of the par-
tition π

Yti = Yti+1 +
∫ ti+1

ti

f (Xs,Ys,Zs) ds −
∫ ti+1

ti

Zs · dBs

and discretize the Riemann integral using the left-hand side point, as in [5], thus
leading to an implicit equation for Yti and the stochastic part in the usual way, to
obtain

Yti � Yti+1 + δi+1f (Xti , Yti ,Zti ) − Zti · �Bi+1.(16)

By conditioning (16) with respect to Fti in (16) we obtain a first order approxima-
tion for Yti

Yti � E[Yti+1 |Fti ] + δi+1f (Xti , Yti ,Zti ),(17)

but for the presence of Zti . To treat the Zti , we can multiply both sides of (16) by
�Bl

i+1, l = 1, . . . , d and condition with respect to Fti , to obtain

Zl
ti

� E

[
Yti+1

�Bl
i+1

δi+1

∣∣∣Fti

]
, l = 1, . . . , d.(18)

Observe that scheme (6) is just the backward iteration of equations (17) and (18).
Another way of interpreting the approximation for Z (18), is via the Stratonovich–
Taylor expansion. Recall that for every l = 1, . . . , d,Zl

t is the directional derivative
of the value function to the direction of Vl , that is, Zl

t =∑d
i=1 V i

l (x)∂xi
u(t,Xt).

So if we apply expansion (13) using the hierarchical set A(2) and multiply by the
Brownian increment and condition, we obtain

E

[
Yti+1

�Bl
i+1

δi+1

∣∣∣Fti

]
≡ E

[
u(ti+1,Xti+1)

�Bl
i+1

δi+1

∣∣∣Fti

]

= Vlu(ti,Xti ) + O(δi+1).

5Such approximations can be chosen to be completely derivative free.
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Later on, we shall use this point of view to understand the type of terms that a
second order approximation for Z should incorporate.

As far as the driver is concerned, the next elementary result tells us that the
trapezoidal method indeed achieves a third order local error, thus leading to a sec-
ond order global error:

LEMMA 3.2. Let assumptions (A) and (B(3)) hold true, and assume that
� ∈ CLip(R

d). Let us also assume that there exists a classical solution to
PDE (3) on [0, T ) ×Rd which we denote by u(t, x) and also denote by f̄ (t, x) ≡
f (x,u(t, x),∇u(t, x)V (x)). Then there exists a constant C independent of the
partition and of u, such that∣∣∣∣Ei

[∫ ti+1

ti

f̄ (s,Xs) ds − δi+1

2

(
f̄ (ti ,Xti ) + f̄ (ti+1,Xti+1)

)]∣∣∣∣
≤ Cδ3

i+1 max‖α‖=4,5

∥∥Vαu(ti+1, ·)
∥∥∞.

PROOF. Since we have assumed existence of a classical solution of the asso-
ciated PDE, the nonlinear Feynman–Kac formula tells us that Yt = u(t,Xt) and
Zl

t = Vlu(t,Xt), l = 1, . . . , d . We then proceed by expanding the integrand of the
Riemann integral using expansion (13), with the hierarchical set A(3),

Ei

[∫ ti+1

ti

f̄ (s,Xs) ds

]
= δi+1f̄ (ti ,Xi)

+Ei

[∫ ti+1

ti

( ∑
α∈A0(3)

Vαf̄ (ti,Xi)J
α
ti ,u

(19)

+ ∑
α∈A(5)\A0(3)

J α[Vαf̄ (·,X·)
]
ti ,u

)
du

]

and to f̄ (ti+1,Xi+1),

δi+1

2

(
f (Xi, Yi,Zi) +Ei

[
f (Xi+1, Yi+1,Zi+1)

])

= δi+1f̄ (ti ,Xi) + δi+1

2
Ei

( ∑
α∈A0(3)

Vαf̄ (ti,Xi)J
α
ti ,ti+1

(20)

+ ∑
α∈A0(5)\A0(3)

J α[Vαf̄ (·,X·)
]
ti ,ti+1

)
.

If α ∈A0(3), then one of the following holds:

α =
⎧⎪⎨
⎪⎩

(i), i = 0, . . . , d,

(0, i), (i,0), i = 1, . . . , d,

(i, j), (i, j, k) i, j, k = 1, . . . , d.
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Elementary facts about stochastic integrals and Lemma 2.1 tell us that Es[Jα
s,u] =

0, u ≥ s for all α’s as above except when α = (0) or (j, j), j = 1, . . . , d . For these
two cases, we have

Es

[
J (0)

s,u

]= u − s and Es

[
J (j,j)

s,u

]= 1

2
E
[(

Bj
u − Bj

s

)2]= u − s

2
.

Substituting the above into (19), (20) and taking their difference, we have
∣∣∣∣Ei

[∫ ti+1

ti

f̄ (s,Xs) ds − δi+1

2

(
f̄ (ti ,Xti ) + f̄ (ti+1,Xti+1)

)]∣∣∣∣
≤
∣∣∣∣Ei

[∫ ti+1

ti

( ∑
α∈A0(5)\A0(3)

J α[Vαf̄ (·,X·)
]
ti ,u

)
du

− δi+1

2

∑
α∈A0(5)\A0(3)

J α[Vαf̄ (·,X·)
]
ti ,ti+1

]∣∣∣∣.
The estimates on the remainder process complete the proof. �

The above result dictates how one should treat the Riemann integral when work-
ing toward a second order scheme. Working toward a second order approximation
for Z, we apply a Taylor expansion on the stochastic integral to obtain

Yti = Yti+1 +
∫ ti+1

ti

f̄ (s,Xs) ds

−
d∑

l=1

{
Vlu(ti,Xti )�Bl

i+1 +
d∑

k=1

V(k,l)u(ti,Xti )

∫ ti+1

ti

J (k)[1]ti ,s dBl
s

+
d∑

k,j=1

V(k,j,l)u(ti,Xti )

∫ ti+1

ti

J (k,j)[1]ti ,s dBl
s

(21)

+ V(0,l)u(ti,Xti )

∫ ti+1

ti

(s − ti) dBl
s

+ ∑
‖α‖=3

Vα
(l)u(ti,Xti )

∫ ti+1

ti

J α[1]ti ,s dBl
s

+
∫ ti+1

ti

R3(ti, s,Vlu) dBl
s

}
.

As in (18), we need to innovate a way to recover Zl
i, l = 1, . . . , d, i = 0, . . . , n − 1

from (21), but this time up to a second order error.
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If we multiply both sides of (21) by �Bi+1
δi+1

and condition with respect to Fi , we

shall obtain Zl
ti

, but some surviving terms of order δi+1 will render the approxi-
mation first order. For example, consider

1

δi+1
E

[
V(0,l)u(ti,Xti )

∫ ti+1

ti

s dBl
s�Bl

i+1|Fti

]
= δi+1

2
V(0,l)u(ti,Xti ).

Hence, we need to find an appropriate weight which, when multiplying (21) and
after conditioning with respect to Fti , provides a second order approximation for
Zti by canceling out all first order terms. We make the following judicious choice:

Z l
i := λ1

�Bl
i+1

δi+1
+ λ2

J (0,l)[1]ti ,ti+1

δ2
i+1

, l = 1, . . . , d, i = 0, . . . , n − 1.(22)

With a few straightforward computations, we obtain for any q = 1, . . . , d ,

E

[
d∑

l=1

Vlu(ti,Xti )�Bl
i+1Z

q
i

∣∣∣Fti

]
=
(
λ1 + λ2

2

)
Vqu(ti,Xti ),

E

[
d∑

l=1

V(0,l)u(ti,Xti )

∫ ti+1

ti

s dBl
sZ

q
i

∣∣∣Fti

]
=
(

λ1δi+1

2
+ λ2δi+1

3

)
V(0,q)u(ti,Xti ),

E

[
d∑

l=1

d∑
k,j=1

V(k,j,l)u(ti,Xti )

∫ ti+1

ti

J (k,j)[1]ti ,s dBl
sZ

q
i

∣∣∣Fti

]

=
(

λ1δi+1

4
+ λ2δi+1

6

) d∑
k=1

V(k,k,q)u(ti,Xti ),

E

[
d∑

l=1

(
d∑

k=1

∫ ti+1

ti

J (k)[1]ti ,s dBl
s + ∑

‖α‖=3

∫ ti+1

ti

J α[1]ti ,s dBl
s

)
Zq

i

∣∣∣Fti

]
= 0.

By choosing λ1 = 4, λ2 = −6, we have the following:

LEMMA 3.3. Let assumptions (A), (B(m)) hold true, and let u(t, x) denote
the classical solution of PDE (3). Set

Z l
i := 4

�Bl
i+1

δi+1
− 6

J (0,l)[1]ti ,ti+1

δ2
i+1

, l = 1, . . . , d, i = 0, . . . , n − 2.

Then∣∣Zl
ti

−Ei

[(
Yti+1 + δi+1f (Xti+1, Yti+1,Zti+1)

)
Z l

i

]∣∣≤ δ2
i+1 max‖α‖=4,5

∥∥Vαu(ti+1, ·)
∥∥∞.
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PROOF. We first apply a simple triangle inequality to∣∣Zl
ti

−Ei

[(
Yti+1 + δi+1f (Xti+1, Yti+1,Zti+1)

)
Z l

i

]∣∣
=
∣∣∣∣Zl

ti
∓Ei

[(
Yti+1 +

∫ ti+1

ti

f (Xs,Ys,Zs) ds

)
Z l

i

]

−Ei

[
Yti+1 + δi+1f (Xti+1, Yti+1,Zti+1)Z l

i

]∣∣∣∣.
Using the results of Lemma 2.1 and following the intuitive computations preceding
Lemma 3.3, it is clear that∣∣∣∣Zl

ti
−Ei

[(
Yti+1 +

∫ ti+1

ti

f (Xs,Ys,Zs) ds

)
Z l

i

]∣∣∣∣
≤
∣∣∣∣Ei

[
Z l

i

∫ ti+1

ti

R3(ti, s,Vlu) dBl
s

]∣∣∣∣,
where as applying a Stratonovich Taylor expansion to f (Xs,Ys,Zs) and f (Xti+1,

Yti+1,Zti+1) with the hierarchical set A(2) leads to∣∣∣∣Ei

[∫ ti+1

ti

f (Xs,Ys,Zs) dsZ l
i

]
−Ei

[
δi+1f (Xti+1, Yti+1,Zti+1)Z l

i

]∣∣∣∣
≤
∣∣∣∣Ei

[
Z l

i

∫ ti+1

ti

R3(ti , s, f̄ ) ds

]∣∣∣∣.
The result then follows from estimate (15) on the remainder process and the
Cauchy–Schwarz inequality. �

Given the estimates of Lemmas 3.2 and 3.3, the rationale behind scheme (9)
should now be clear. In the following Theorem, we provide the main estimate for
the error of our scheme.

THEOREM 3.4. Let assumptions (A), (B(5)) and either (C1) or (C2) hold true.
Then there exists a constant C > 0 such that

max
0≤i≤n−2

[∣∣Yti − Yπ
2,i

∣∣2 + δi+1

4d
|Zti − Zπ

2,i |2
]

≤ C

(∣∣Ytn−1 − Yπ
2,n−1

∣∣2 + δn

4d

∣∣Ztn−1 − Zπ
2,n−1

∣∣2)

+
n−1∑
i=1

δ5
i max‖α‖=4,5

∥∥Vαu(ti, ·)
∥∥2
∞.

The above result shows that the approximation scheme is in general of order 2
modulus the error that we are making on the first backward step. The latter can be
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easily shown to be also of order 2 when the boundary function is smooth. In the
more interesting case where � is merely Lipschitz continuous, our first backward
step is done via the Euler scheme. In Corollary 3.7 we will see how a nonequidis-
tant partition can compensate for this and provide a scheme with order of conver-
gence 2.

PROOF OF THEOREM 3.4. In the following proof, C will denote a constant
whose value might change from line to line. It will, however, be independent of
the partition and of the bounds of the derivatives of the solution of (3). For ease of
notation, we set

�π
i Y := Yti − Yπ

2,i , �π
i Z := Zti − Zπ

2,i ,

�π
i f := f (Xti , Yti ,Zti ) − f

(
Xti , Y

π
2,i ,Z

π
2,i

)
,

i+1 := Yti+1 + δi+1

2
f (Xti+1, Yti+1,Zti+1),

π
i+1 := Yπ

2,i+1 + δi+1

2
f
(
Xti+1, Y

π
2,i+1,Z

π
2,i+1

)
,

�i+1 = i+1 − π
i+1.

Let us fix a value for i = 0, . . . , n − 2. We consider the difference of the solution
of the BSDE at time ti and of scheme (9),

�π
i Y = Ei

[
�π

i+1Y
]+ δi+1

2
Ei

[
f
(
Xi,Y

π
2,i ,Z

π
2,i

)+ f
(
Xi+1, Y

π
2,i+1,Z

π
2,i+1

)]
(23)

∓ δi+1

2
Ei

[
f̄ (ti ,Xi) + f̄ (ti+1,Xi+1)

]− ∫ ti+1

ti

Ei

[
f̄ (s,Xs)

]
ds.

According to the estimates of Lemma 3.2 we have that

∣∣Ei

[
f
(
Xi,Y

π
2,i ,Z

π
2,i

)+ f
(
Xi+1, Y

π
2,i+1,Z

π
2,i+1

)]
− δi+1

2
Ei

[
f̄ (ti ,Xi) + f̄ (ti+1,Xi+1)

]∣∣(24)

≤ Cδ3
i+1 max‖α‖=4,5

∥∥Vαu(ti+1, ·)
∥∥∞.

Moreover, by the mean value theorem, there exists a real number and vector
μ1 ∈ R, ν1 ∈ Rd bounded by K , such that

δi+1

2
�π

i f = δi+1

2

(
μ1�

π
i Y + ν1 · �π

i Z
)
.(25)
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Combining (23)–(25) with Young’s inequality with γ1 > 0, we have∣∣�π
i Y
∣∣2 ≤ (1 + γ1δi+1)

∣∣Ei

[
�π

i+1
]∣∣2

+
(

1 + 1

γ1δi+1

)
Cδ2

i+1
(∣∣�π

i Y
∣∣2 + ∣∣�π

i Z
∣∣2)(26)

+
(

1 + 1

γ1δi+1

)
Cδ6

i+1 max‖α‖=4,5

∥∥Vαu(ti+1, ·)
∥∥2
∞.

Next, observe that for any random variable F which is measurable with respect to
Fti+1 , we have

∣∣Ei[FZi]
∣∣2 = ∣∣Ei

[(
F −Ei[F ])Zi

]∣∣2 ≤ 1

δi+1

(
Ei

[
F 2]−Ei[F ]2).

Combining this with definition of Zπ
2,i , i = 0, . . . , n − 2 and the conclusion of

Lemma 3.3, we have

δi+1E
[∣∣�π

i Z
∣∣2]≤ 2d

(
E
[|�i+1|2]−E

[∣∣Ei[�i+1]
∣∣2])

(27)
+ Cδ6

i+1 max‖α‖=4,5

∥∥Vαu(ti+1, ·)
∥∥2
∞.

Putting together (26) and (27) we get

E

[∣∣�π
i Y
∣∣2 + δi+1

4d

∣∣�π
i Z
∣∣2]

≤ (1 + γ1δi+1)E
∣∣Ei

[
�π

i+1
]∣∣2

+ Cδi+1E
[∣∣�π

i Y
∣∣2]+ (C

γ1
+ 1

4d
+ Cδi+1

)
δi+1E

[∣∣�π
i Z
∣∣2]

(28)
+ Cδ5

i+1 max‖α‖=4,5

∥∥Vαu(ti+1, ·)
∥∥2
∞

≤ (1 + γ1δi+1)E
[∣∣�π

i+1
∣∣2]

× Cδi+1E
[∣∣�π

i Y
∣∣2]+ Cδ5

i+1 max‖α‖=4,5

∥∥Vαu(ti+1, ·)
∥∥2
∞,

where we have chosen γ1 = C4d .
We can argue once more with the mean value theorem and Young’s inequality

to deduce that

(1 − Cδi+1)E

[∣∣�π
i Y
∣∣2 + δi+1

4d

∣∣�π
i Z
∣∣2]

≤ (1 + C′δi+1
)(
E

[∣∣�π
i+1Y

∣∣2 + δi+1

4d

∣∣�π
i+1Z

∣∣2])

+ Cδ5
i+1 max‖α‖=4,5

∥∥Vαu(ti+1, ·)
∥∥2
∞
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for some different constant C′. By appealing to the discrete version of Gronwall’s
lemma we complete the proof. �

Theorem 3.4 tells us that (9) produces a second order approximation of the
BSDE, provided that the value function u(t, x) = Y t,x

x is smooth with bounded
derivatives. In other words, for a “well behaved” PDE, one achieves an error of
order 1/n2 when a uniform partition with n points is used. This is certainly the case
when (A), (B(5)) hold true, the diffusion matrix satisfies the Hörmander condition
and � is smooth.

A more interesting case occurs when � is only Lipschitz continuous (or perhaps
belongs only in L2) and/or the diffusion matrix is degenerate. A priori, it is not
clear whether the value function is differentiable, and if yes, how these derivatives
behave. However, in a recent paper Crisan and Delarue [7] show that the value
function is smooth, at least in the direction of interest, even when the diffusion
matrix is degenerate, that is, it only satisfies the so called (UFG) condition which
we now introduce.

Recalling the operators Vj , j = 1, . . . , d (10), we define the vector field con-
catenation V[α], α ∈A inductively, as follows:

V[∅] := 0,

V[i] := Vi, i = 1, . . . , d,

V[α∗i] := [V[α],Vi], i = 0,1, . . . , d,

where for two first order differential operators L,W, [L,W ] denote the usual Lie
bracket.

The UFG condition. We say that a system of smooth vector fields {Vi : i =
0, . . . , d} satisfy the UFG condition if, for any α ∈ A, there exists m ∈ N, and
there exist ϕα,β ∈ C∞

b (RN), with β ∈A(m) such that

V[α](x) = ∑
β∈A(m)

ϕα,β(x)V[β](x) ∀x ∈ RN.

The following example is taken from Kusuoka [18]:

EXAMPLE 3.5. Assume d = 1 and N = 2. Let V0,V1 ∈ C∞
b (R2;R2) be given

by

V0(x1, x2) = sinx1
∂

∂x1
, V1(x1, x2) = sinx1

∂

∂x2
.

One should note that the Hörmander condition is not satisfied. But the UFG con-
dition is; for m = 4, see definition.

THEOREM 3.6 (Crisan and Delarue [7]). Let (A) and (B(m)) hold true, and
assume further that the vector fields {Vi : i = 0, . . . , d} satisfy the UFG condi-
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tion. Then, if � ∈ Cm
b (Rd) there exists a unique u ∈ C

�m/2�,m
b ([0, T ) × Rd) that

solves (3). Moreover, for any multi-index α ∈ A1
m, there exist increasing function

cα, c̄α : [0,∞) → [0,∞) such that for any � ∈ Cm
b (Rd), we have

∥∥Vαu(t, ·)∥∥∞ ≤ cα

( ∑
α∈Am

‖Vα�‖∞
)
,(29)

∥∥Vαu(t, ·)∥∥∞ ≤ c̄α(‖�‖Lip)

(T − t)(‖α‖−1)/2 , t ∈ [0, T ).(30)

Observe that the directional derivatives of the value function explode as t ↑ T .
To compensate for this behavior we choose to work with a nonequidistant partition,
one that becomes more dense as we approach the boundary. In this manner, we
manage to achieve an order of convergence of 1/n2 with n points on the grid.

COROLLARY 3.7. Let assumptions (A), (B(5)) hold true, and assume that �

is Lipschitz continuous. Consider the discretization (9) along the partition π :

ti = T

(
1 −

(
1 − i

n

)β)
, i = 0, . . . , n,β ≥ 5.

Then there exists a constant C independent of the partition and of the value func-
tion u, such that

max
0≤i≤n−1

E

[∣∣Yti − Yπ
2,i

∣∣2 + 1

n2

∣∣Zti − Zπ
2,i

∣∣2]1/2
≤ C

n2 .

PROOF. Theorem 3.4 tells us that the error is controlled by

C

(∣∣Ytn−1 − Yπ
2,n−1

∣∣2 + δn

4d

∣∣Ztn−1 − Zπ
2,n−1

∣∣2)+
n−1∑
i=1

δ5
i max‖α‖=4,5

∥∥Vαu(ti, ·)
∥∥2
∞.

We examine every term separately.
According to Theorem 3.6, we have

n−1∑
i=1

δ5
i max‖α‖=4,5

∥∥Vαu(ti, ·)
∥∥2
∞

≤
n−1∑
i=1

δ5
i

C‖∇�‖∞
(T − ti)4

(31)

=
n−1∑
i=1

T 5
(∫ 1−(i−1)/n

1−(i/n)
βsβ−1 ds

)5 C‖∇�‖∞
T 4(1 − (i/n))4β

≤
n−1∑
i=1

Tβ5

n5

(1 − (i − 1)/n)5(β−1)

(1 − (i/n))4β
≤ C/n4
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since β ≥ 5.
To complete our proof we estimate the error on the first backward step. Using

the standard estimate on the Euler discretization error of Lebesgue integrals, we
have

∣∣Yn−1 − Yπ
1,n−1

∣∣2 =
∣∣∣∣Ei

[∫ tn

tn−1

f̄ (s,Xs) ds

]
∓ f (Xtn−1, Ytn−1,Ztn−1)δn

− f
(
Xtn−1, Y

π
1,n−1,Z

π
1,n−1

)
δn

∣∣∣∣
2

≤ Cδ2
n

(
1 + ∣∣Ytn−1 − Yπ

1,n−1

∣∣2 + ∣∣Ztn−1 − Zπ
1,n−1

∣∣2),
where once again, we have used the mean value theorem. Rearranging the terms,
we may argue on the existence of a constant C such that

(1 − Cδn)

(∣∣Ytn−1 − Yπ
1,n−1

∣∣2 + δn

4d

∣∣Ztn−1 − Zπ
1,n−1

∣∣2)
(32)

≤ Cδ2
n + Cδn

∣∣Ztn−1 − Zπ
1,n−1

∣∣2.
From standard estimates on BSDEs we know that under (A), (B(m)) and (C1)

sup
0≤t≤T

E
[|Zt |2]< +∞.

Finally, under (C1) we have that

E
[∣∣Zπ

1,n−1

∣∣2]= 1

δ2
n

E
[∣∣En−1

[
�(Xtn)�Bn

]∣∣2]
(33)

= 1

δ2
n

E
[∣∣En−1

[(
�(Xtn) − �(Xtn−1)

)
�Bn

]∣∣2]≤ C.

Substituting (33) into (32) and then taking square roots, completes the proof. �

4. An implementable second order scheme. As is the case with all other
FBSDE discretization methods (see, e.g., the first order method of Bouchard and
Touzi [5], Zhang [26] or the forward backward algorithm of Bender and Denk [3]),
the algorithm suggested in the previous section does not constitute on its own, an
implementable numerical scheme, as one needs to employ a method that approx-
imates the involved conditional expectations. To the best of our knowledge, to
date, four different methods have been suggested for computing these conditional
expectations: The Malliavin calculus algorithm of [5] (with a further refinement
presented in [11]), the regression on function basis approach of Gobet, Lemor and
Warin [14, 19], the quantization method of Bally and Pagès [1] and finally, the
algorithm presented by the authors in [10], based on the cubature on Wiener space
method of Lyons and Victoir [22]. In this section, we combine the latter with the
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discretization of the previous section, to construct an implementable scheme for
FBSDEs of second order.

In [10], the authors include a detailed presentation of the cubature algorithm
and how it may be applied to BSDEs in conjunction with the first order discretiza-
tion (6). We also suggest the use of the tree-based branching algorithm to control
the computational effort required by the cubature method. TBBA is a minimal
variance reduction method that keeps the computational effort per partition step
constant.6 As a result, the proposed algorithm not only enjoys nice asymptotic
convergence properties (see Corollary 4.2 and Theorem 5.5 of [10]), but it is also
competitive with other existing methods for BSDEs, even in high dimensions; see
Section 6 of [10].

All details regarding the asymptotic analysis of the error as well as the imple-
mentation, found in [10], lend themselves perfectly when we combine cubature
and TBBA with the second order scheme (9). This is of course of no surprise as
the two discretization methods, (6) and (9), have a very similar functional formu-
lation. We will not present here the details of this analysis. We restrict ourselves to
the basic definition and main results. The interested reader can fill in the details by
following the material in [10].

DEFINITION 4.1. Consider a fixed t > 0 and m ∈ N+. We say that the discrete
measure Qm

t supported on paths of finite variation ω1, . . . ,ωcm
d

∈ Cbv([0, T ];Rd)

with corresponding positive weights λ1, . . . , λcm
d

, Qm
t :=∑cm

d

j=1 λjδωj,t
is a cuba-

ture measure of degree m if

EQm
t

[
Jα

0,t

] := cm
d∑

i=1

λi

∫
0<s1<···<sk<t

dω
α1
j,t (s1) · · ·dω

αk

j,t (sk),

= E
[
Jα

0,t

] ∀α = (α1, . . . , αk) ∈ A(m),

where ωj,t (s) := (s,ω1
j,t (s), . . . ,ω

d
j,t (s)).

The scaling properties of Brownian motion imply that if Qm
1 is a cubature mea-

sure at time t = 1 supported on the paths ω1, . . . ,ωn, then we obtain the cubature
measure Qm

T by considering the paths

ω1,T (t) = √
T ω1(t/T ), . . . ,ωcm

d ,T (t) = √
T ωcm

d
(t/T )

and the same weights as in Qm
1 . The existence of cubature measures is proved

in [22]. However, their explicit construction is by no means trivial. This task is
carried out in [22] for cubature formulas of order 3 and 5 and in Gyurkó and

6A different but very efficient approach for controlling the growth in the number of particles in the
cubature method can be found in [21], the so-called recombination method.
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Lyons [15], Litterer [20] for cubature of order 7 in dimensions 1,2,3 and in [15]
for cubature of order 9 and dimension 1.

Given a smooth function g :Rd →R and a cubature measure Qm
t , the stochastic

Taylor expansion (13) tells us that

sup
x

∣∣E[g(Xti,x
ti+1

)]−EQm
t

[
g
(
X

ti,x
ti+1

)]∣∣
(34)

≤ C

m+2∑
j=m+1

δ
j/2
i+1 sup

α∈A(j)\A(j−1)

‖Vαg‖∞.

Hence, for a small time step EQm
t
[g(X

ti,x
ti+1

))] is an efficient approximation of

E[g(X
ti,x
ti+1

))]. We can easily show that we also have

sup
x

∣∣E[g(Xti,x
ti+1

)
Zi

]−EQm
t

[
g
(
X

ti,x
ti+1

)
)Zi

]∣∣
(35)

≤ C

2m∑
j=m+1

δ
(j−1)/2
i+1 sup

α∈A(j)\A(j−1)

‖Vαg‖∞ + δ
(m−1)/2
i+1 ‖∇g‖∞.

Using the cubature method, we can produce an evolving cloud of points at every
point on our time partition π that approximate the integrals against the law of the
forward process. We denote by �t,x(ω) the solution of the ODE

yt,x = x +
d∑

j=0

∫ t

0
V (ys,x) dωj (s),(36)

where we make the identification ω(t) ≡ (t,ω(t)) ∈ R ⊕ Rd for any ω ∈
Cbv([0, T ];Rd). We denote by Sk, k = 0, . . . , n the set of weights and points in
the cloud at depth k (equivalently time tk),

S0 := {(1, x0)
}
,

Sk := {(λjλz,�δk,z(ωj,δk
)
); j = 1, . . . , cm

d , (λz, z) ∈ Sk−1
}
,(37)

k = 1, . . . , n.

Given a point x ∈ Sk we can approximate the expectations

E
[
g
(
X

ti,x
ti+1

)
Zi

]
, E

[
g
(
X

ti,x
ti+1

)]
by averaging out the involved functions on all the offsprings of x in the set Sk+1.

However, the cardinality of this sets of points grows exponentially, and this is
issue needs to be addressed if one wants to use the method efficiently on any par-
tition. The authors suggested in [10] the use of the tree-based branching algorithm
to control this growth. Formally, given a cubature measure at depth tk,Q

m
tk

, TBBA
constructs a random measure

Q̂m
t := ∑

(λ,z)∈Sk

λ̂zδz,
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where the λ̂z’s are random variables, some of which may well be zero. Let
(�̃, F̃, P̃) denote a probability space that supports these random variables, and let
also Ẽ denote integration with respect to P̃. The defining property of the measure
Q̂m

tk
is

Ẽ
[
Q̂m

k

]= Qm
k ⇔ Ẽ[λ̂z] = λz

(38)
∀z ∈ Sk, and #{z ∈ Sk : λ̂z > 0} ≤ N.

We denote by Ŝk the set of points selected by the TBBA,

Ŝk := {x ∈ Sk, λ̂x > 0}.
The offspring of every point x ∈ Ŝk that survive the selection process are denoted
by

Ŝx
k := Ŝk ∩ {offspring of x}, x ∈ Ŝk−1, k = 1, . . . , n.

There is an extensive discussion in Section 5 of [10] on the theoretical and prac-
tical details of TBBA, along with the corresponding pseudo code to facilitate its
implementation.

Using (9) as a template, we substitute integration with respect to the Wiener
measure with integration against the cubature and TBBA measures {Q̂m

tk
}1≤k≤n

where we consider a fixed value for m ( the cubature degree) and fixed N (the num-
ber of particles that are sampled at every depth). We denote by Êi the conditional
expectation with respect to the family {Q̂m

tk
}1.≤k≤n. Given a function g :Rd → R

we have

Êi

[
g(Xti+1)|Xti = x

]= ∑
(λz,z)∈Ŝx

i+1

λ̂z

λ̂x

g(z), x ∈ Ŝi .(39)

Also given a point x ∈ Ŝ i , z ∈ Ŝx
i+1 we denote by ωz the cubature path (i.e., one

of the paths ω1, . . . ,ωcm
d

) that was used to arrive at the point z starting from x. We
then have the following approximations for Yπ

2,i ,Z
π
2,i , i = 0, . . . , n:

• Initialization.

Ŷ π
2,n(x) := �(x), x ∈ Ŝn,

Ẑπ
2,n(x) :=

{
0, if (C1) is in force,
∇�(x)V (x), if (C2) is in force,

x ∈ Ŝn

If (C1) is in force:

Ẑπ
2,n−1(x) = 1

δn

E
Q̂m

n

[
Ŷ π

2,n�ωn|Xtn−1 = x
]
,

x ∈ Ŝn−1,�ωn = ωδn(tn) − ωδn(tn−1),

Ŷ π
2,n−1(x) = E

Q̂m
n

[
Yπ

2,n|Xtn−1 = x
]+ δnf

(
x, Ŷ π

2,n−1(x), Ẑπ
2,n−1(x)

)
,

x ∈ Ŝn−1.
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• Backward induction.
For x ∈ Ŝi , i = n − 2, . . . ,0,

Ẑi (z) = 4

δi+1

(
ωz,δi+1(ti+1) − ωz,δi+1(ti)

)− 6

δ2
i+1

∫ ti+1

ti

(s − ti) dωz,δi+1(s),

z ∈ Ŝx
i+1,

Ẑπ
2,i(x) = E

Q̂m
i

[(
Ŷ π

2,i+1 + δi+1f
(
Xti+1, Ŷ

π
2,i+1, Ẑ

π
2,i+1

))
Ẑi+1|Xti = x

]
,

Ẑi := (Ẑ1
i , . . . , Ẑd

i

)T
,(40)

Ŷ π
2,i (x) = E

Q̂m
i

[
Yπ

2,i+1|Xti = x
]

+ δi+1

2

(
f
(
x, Ŷ π

2,i(x), Ẑπ
2,i(x)

)
+E

Q̂m
i

[
f
(
Xti+1, Ŷ

π
2,i+1, Ẑ

π
2,i+1

)|Xti = x
])

.

The computation of the involved (conditional) expectations follows a straight-
forward logic. For example,

E
Q̂m

i

[(
Ŷ π

2,i+1 + δi+1f
(
Xti+1, Ŷ

π
2,i+1, Ẑ

π
2,i+1

))
Ẑi |Xti = x

]
(41)

= ∑
(λ̂z,z)∈Ŝx

i

λ̂z

λ̂x

(
Ŷ π

2,i+1(z) + δi+1f
(
z, Ŷ π

2,i+1(z), Ẑ
π
2,i+1(z)

))
Ẑi (z).

The analysis of the overall error of the algorithm |Y0 − Ŷ π
2,0| presents no sig-

nificant differences with similar analysis appearing elsewhere in the numerics for
BSDEs literature. In the usual fashion, one breaks the error in two components.
The discretization error |Y0 − Yπ

2,0| and the simulation error |Yπ
2,0 − Ŷ π

2,0|. The dis-
cretization error has already been addressed in Theorem 3.7. Regarding the simu-
lation error, a derivation of its asymptotic behavior can just follow the steps in the
proof of Theorem 5.5 of [10]. In fact, the only thing that appears to be different is
the quantification of the error

E
[
g
(
X

ti,x
ti+1

)
Zi

]−EQm

[
g
(
X

ti,x
ti+1

)
Zi

]
.

However, this can be treated similar to equation (3.5) of [10]. Putting everything
together, we have the following error estimate:

THEOREM 4.2. Let the coefficients of system (1) satisfy assumptions (A),
(B(m)), (C1), (UFG) and (V0) and consider a partition π with n points of [0, T ]
defined as

ti = T

(
1 −

(
1 − i

n

)β)
, i = 0, . . . , n,β ≥ 5.
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Along the partition π we consider the random variables Ŷ π
2,i , Ẑ

π
2,i defined as

in (40) using a cubature measure of order m ≥ 7 and at most N points in the
support of the intermediate measures. Then there exist a constant C > 0 such that

E
∣∣Y0 − Ŷ π

2,0

∣∣≤ C

(
1

n2 + n

N1/2

)
.

4.1. A numerical example. A detailed analysis through numerous numerical
examples of the performance of the cubature and TBBA algorithm for BSDEs in
conjunction with a first order discretization is presented in [10]. We do not intend
to engage here in a similar discussion. We merely want to present a simple case
where we compare the performance of the second order algorithm with the first
order method so as to convince the reader of the comparative advantage of the
second order discretization.

To that end we focus on a smooth example also considered in [10], namely the
FBSDE

X
0,x0
t = x0 +

∫ t

0
μXs ds +

∫ t

0

√
1 + X2

t dBt , 0 ≤ t ≤ T ,

Y
0,x0
t = arctan

(
X

0,x0
T

)− ∫ T

t
rYs + er(T −s)(μ − 1)

X
0,x0
s Z

0,x0
s√

1 + (X
0,x0
t )2

ds(42)

−
∫ T

t
Z0,x0

s dBs.

It is easy to check, by means of Itô’s lemma, that the solution to the above system
is given by

Y
0,x0
t = e−r(T −t) arctan

(
X

0,x0
t

)
, Z

0,x0
t = e−r(T −t)√

1 + (X
0,x0
t )2

.

We test our example with parameters

T μ r x0

1 0.1 0.2 1
.

We repeat the scheme 10 times and collect values. Let ym = Ŷ π
2,0 for m =

1, . . . ,10. We plot in Figure 1 the average relative error, that is,

Error = 1

10

10∑
m=1

∣∣∣∣y
m − Y0

Y0

∣∣∣∣.
It should be clear from these graphs that the cubature and TBBA algorithm
achieves errors an order of magnitude better when combined with the second order
discretization than when combined with first order one.
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FIG. 1. Numerical results on system (42).

APPENDIX

PROOF OF THEOREM 4.2. We will only give some comments on the proof as
it follows very closely the proofs of Corollary 4.2 and Theorem 5.5 of [10]. As
mentioned in the beginning of this subsection, the discretization error is already
analyzed in Corollary (3.7). The simulation error |Yπ

2,0 − Ŷ π
2,0| is broken in its own

turn in two parts: ∣∣Yπ
2,0 − Ŷ π

2,0

∣∣≤ ∣∣Yπ
2,0 − Ȳ π

t0

∣∣+ ∣∣Ȳ π
t0

− Ŷ π
2,0

∣∣,
where Ȳ π

ti
, Z̄π

ti
, i = 0, . . . , n are random variables defined exactly as in (40) but

with the pure cubature measures Qm
i in place of Q̂m

i . We can then, using esti-
mates (34), (35), follow the steps in the proof of Theorem 3.4 and Corollary 4.2
of [10] to show that ∣∣Yπ

2,0 − Ȳ π
t0

∣∣≤ C/n2.

Finally, the influence of the sampling process to the error may be assessed exactly
as in Theorem 5.5 of [10]. Indeed, the only thing that differs between (40) and the
first order algorithm presented in [10] is the weight in the conditional expectations

approximating Z, that is, Z l
i versus

�Bl
i+1

δi+1
, l = 1, . . . , d . However, note that Zi is a

random variable of the same order as
�Bl

i+1
δi+1

which, and this is the crucial part, has
conditional expectation 0 when conditioned against Fti . Hence the Lipschitz like
property as it appears in equations (5.7), (5.9) of the proof of Theorem 5.5 of [10]
is enjoyed by scheme (40). All else follows in an identical manner. �
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