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We consider a lattice gas on the discrete d-dimensional torus (Z/N Z)d
with a generic translation invariant, finite range interaction satisfying a uni-
form strong mixing condition. The lattice gas performs a Kawasaki dynamics
in the presence of a weak external field £/N. We show that, under diffu-
sive rescaling, the hydrodynamic behavior of the lattice gas is described by
a nonlinear driven diffusion equation. We then prove the associated dynami-
cal large deviation principle. Under suitable assumptions on the external field
(e.g., E constant), we finally analyze the variational problem defining the
quasi-potential and characterize the optimal exit trajectory. From these re-
sults we deduce the asymptotic behavior of the stationary measures of the
stochastic lattice gas, which are not explicitly known. In particular, when the
external field E is constant, we prove a stationary large deviation principle for
the empirical density and show that the rate function does not depend on E.

1. Introduction. A classical topic in nonequilibrium statistical mechanics is
the analysis of stationary measures (steady states) for interacting particle systems
with driving fields. Here we focus on driven diffusive systems, a typical exam-
ple being the ionic conduction. As microscopic model we consider high temper-
ature stochastic lattice gases with short range and translation invariant interaction
[14, 17, 19, 27, 29]. More precisely, let A be a box in 74 that we consider with pe-
riodic boundary conditions. Each site x € A can be either occupied or empty, the
particle configuration is therefore described by the occupation numbers 1, € {0, 1},
x € A. Consider a translation invariant Gibbs measure @, with short range inter-
actions on the configuration space Q25 = {0, 1}A and let Hp be the corresponding
Hamiltonian so that @ () o exp{—Ha (n)}. Note that we included the tempera-
ture in the definition of Hy. The (symmetric) Kawasaki dynamics is then defined
as a Markov chain on 2, in which the allowed transitions are the exchanges of
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the occupation numbers between nearest neighbor sites. The jump rate cx y a8soci-
ated to the bond {x, y} satisfies the detailed balance condition with respect to the

Hamiltonian H}p, that is,

(1.1) 2,0 =) () exp{Vie y Ha ()},

y

where n*Y is the conﬁguratlon obtained from 7 by exchanging the occupation
numbers in x and y and Vi yHA(n) = Hx(n*Y) — Hx ().

We regard the symmetric Kawasaki dynamics as the reference system and model
the effect of a driving field E by replacing the reference rates ¢ with the (asym-
metric) rates ¢£ satisfying the local detailed balance condition. In the case of a
constant driving field E this condition reads

(nx y) = C (77) exp{Wx y(n)}

Wi y(m) = Vi yHa(m) + (my —n) E - (y — x),

where - is the inner product in R¢. Observe that Wy y is the total work done in the
exchange of n, and n,. When the driving field E is not constant, the right-hand
side of the second equation in (1.2) has to be properly modified. We remark that,
in view of the periodic boundary conditions, a nonvanishing constant field is not
conservative and therefore (1.2) does not lead to a Gibbsian form of the invariant
measures. We assume that the rates ¢Z are strictly positive.

The total number of particles Ny = ) . 1x is conserved by the Kawasaki
dynamics. In view of the strict positivity of the transition rates, for each integer
K =0,...,|A| the chain is irreducible on the subset 2 x of the configuration
space with K particles. Therefore, on Q24 g there exists a unique invariant mea-

sure that we denote by vf’ k- If E =0, by the detailed balance condition (1.1),

vg x 18 the canonical measure corresponding to the Hamiltonian Hj, that is, it

is the measure u conditioned to {Ny = K}. For nonvanishing driving fields E,

a main issue is to understand the behavior of the measure vf x in the thermo-

dynamic limit A 7 7Z¢, K — oo with K/|A| — p € [0, 1]. About this problem
there are only few rigorous results and not much is known. In the case of constant
driving field, there are, however, some quite interesting conjectures that we next
briefly recall.

Let 7, : Qa — Q be the translation by x, the symmetric rates ¢° satisfy the
gradient condition if for each bond {x, y}

(1.3) e, (M (1x = ny) = h(zen) — h(zyn)

for some local function #: 25 — R. As shown in [19], if the symmetric rates ¢
satisfy the gradient condition, then v¥ A.x does not depend on the driving field and
therefore coincides with the canonical Gibbs measure associated to the Hamilto-
nian H,. In the case of the exclusion process, for which Hy = 0, the previous
statement corresponds to the fact that the uniform measure on €4 g is reversible

(1.2)

0
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in the symmetric case and invariant in the asymmetric one. On the other hand,
the gradient condition is quite restrictive ([29], Section I1.2.4), and the generic
picture is believed to be qualitatively different. In particular, as conjectured in [17]
and [29], Section II.1.4, for nongradient models the following behavior is expected
(recall we are only concerned with the high temperature regime):

(1) for each density p € [0, 1] there exists a unique translation invariant ther-
modynamic limit of the sequence {v f x | that we denote by vE;

(i1) in dimension d = 1 the measure vg has exponentially decaying correla-
tions;
(iii) in dimension d > 2 the pair correlation of v g decays as a power law.

As far as we know, there are no clear expectations whether the measure vE is

1
Gibbsian or not (see, however, the result in [1]).
We here analyze the asymptotic behavior of the sequence { vf, k) in a scaling

limit setting. Given the d-dimensional torus T¢ = R¢/Z¢ (which we regard as the
macroscopic domain) and a scaling parameter N, we take as microscopic domain
the box in Z¢ with side length N and periodic boundary conditions that we denote
by ’]I‘ﬁ,. In view of the natural embedding x — x /N, the set ']I“I{, can be regarded
as a discrete approximation of T¢. We then fix a macroscopic field E on T¢ and
let Ey = E/N be its microscopic counterpart. In this setting, the corresponding
Kawasaki dynamics is called weakly asymmetric. To each configuration n € QT%

we associate the piecewise constant function 7N (n) on T which is equal to 17, on
the cube x/N +[0,1/N)¢, x € ']I‘j{,. The map 7"V from QT% to the set of functions

on T is called empirical density. Given p € [0, 1] and a sequence { K} such that
Ky/N¢ — p, we let P](? be the law of the empirical density when the configu-

: : : En E En Ny—1
= (o] .
ration 7 is sampled according to VT;{, Ky’ namely, Py v’]I“f\, Ky () The

original question is then formulated in terms of the asymptotic behavior of the se-
quence {P]g } as N — oo. In this paper, we describe this behavior by proving the
corresponding large deviation principle. In the case of constant driving field, the
rate functional can be directly expressed in terms of the thermodynamic free en-
ergy of the reference system. In particular, it does not depend on the driving field
and coincides with the one associated to the sequence of canonical Gibbs mea-
sures {V'(I)r;{, KN}' This result shows that, as far as stationary large deviations of the

empirical density are concerned, weakly asymmetric nongradient stochastic lattice
gases behave as gradient models. We obtain an explicit formula for the rate func-
tion also for nonconstant driving field provided a suitable orthogonality condition
holds. We emphasize that the choice of the periodic boundary conditions is crucial
for the above result. Indeed, as shown in [2, 7, 8, 13], for one-dimensional (gradi-
ent) weakly asymmetric boundary driven stochastic lattice gases the presence of a
driving field, even in the weakly asymmetric regime, does effect the stationary rate
function.
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The basic strategy of the proof follows the dynamical/variational approach in-
troduced in [5]. This amounts to first analyzing the dynamical behavior of the
weakly asymmetric Kawasaki process in a fixed macroscopic time interval. The
dynamical law of large numbers for the empirical density is called the hydrody-
namic scaling limit and it is described as follows. If at time ¢ = O the empirical
density converges to some function y : T¢ — [0, 1], then at later time it converges
to the solution u = u;(r), (¢t,r) € Ry x T9 of the nonlinear driven diffusion equa-
tion
(1.4) ou~+V-[lowE]=V - -[Du)Vu]

with initial datum ug = y . In the above equation, the diffusion coefficient D and the
mobility o are d x d matrices which are characterized in terms of the symmetric
dynamics. The proof of the hydrodynamic limit extends the one given in [33] for
E = 0. Given p € [0, 1] we denote by ypE :T¢ — [0, 1] the stationary solution to
(1.4) with total mass equal to p and observe that for constant £ we simply have
yf = p. Of course, as N — oo the sequence {Pﬁ } weakly converges to the Dirac

measure concentrated in y/f .

The next step is to prove the dynamical large deviation principle associated to
the hydrodynamic limit, that is, to compute the asymptotic probability that the em-
pirical density follows some trajectory different from the solution to (1.4). For
gradient stochastic lattice gases, this has been proven for several models (see,
e.g., [20, 21]). For nongradient models, the proof of the dynamical large devia-
tion principle is technically much more involved and it has been achieved in [25]
for one-dimensional Ginzburg-Landau models (see also [26]). The basic approach
to prove such a large deviation principle is the one set forth in [31] which requires
us to construct a suitable perturbation of the original measure. For gradient lattice
gases this perturbation is obtained by modifying the driving field in such a way
that the fluctuation becomes the typical behavior. In the nongradient case this is not
enough and an additional nonlocal correction is needed [25]. Since our model is
not restricted to one dimension and its invariant measures are not product, we have
new technical issues with respect to the case studied in [25]. The conclusion is that
the law of the empirical density in the macroscopic time interval [Ty, T»] satisfies a
large deviation principle with some rate function / [’% 1, C1Y) (here y T¢ — [0, 1]
is the macroscopic density at time 77).

The final step is the analysis of the quasi-potential [16] associated to the dy-
namical rate function I[%,Tz]('h/)' Given p € [0, 1], this is the functional on the

set of functions p T4 — [0, 1] defined by
VE(p) = Tirifoinf{I[E_T’o](an), 7:[-T,0] x T¢ = [0, 1]

such that 7_7 = y;, 7o = p}.

In particular, VﬁE (p) is the minimal cost to produce the fluctuation p starting from
the stationary solution y;. In view of the conservation of the total number of parti-
cles, VﬁE (p) is finite only if the total mass of p is p. As proven in [16] for diffusion
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processes on R" and in [10, 15] in the present case of stochastic lattice gases, the
quasi-potential Vf is the large deviations rate function of the sequence {Pﬁ }.

We here show that the quasi-potential can be expressed in terms of the thermo-
dynamic free energy associated to the Hamiltonian H, and characterize explicitly
the optimal path realizing a given fluctuation. The key observation is the following.
Let x (o) be the compressibility of the system (this is a thermodynamic quantity
which coincides with the reciprocal of the second derivative of the free energy).
Then the transport coefficients in the hydrodynamic equation (1.4) satisfy the Ein-
stein relationship o (p) = D(p)x (p) ([29], Section I1.2.5); observe that while D
and o are matrices, x is a scalar. The Einstein relationship implies that the vec-
tor field describing the flow given by the hydrodynamic equation (1.4) admits an
orthogonal decomposition with respect to the metric associated to the dynamical
large deviation rate function. The characterization of the quasi-potential is then
achieved by using an argument analogous to the one for diffusion processes in R"
(see [16], Theorem 4.3.1).

2. The model. In this section we fix the notation (recall some basic concepts
about Gibbs measures) and define the weakly asymmetric Kawasaki dynamics.

2.1. The lattice and the configuration space. On R? and on the d-dimensional
cubic lattice Z? we consider the norm |x| := |X|oo = max;=1,. 4 |xi|; we denote by
d(-, -) the associated distance. The diameter of a set V C Z4 with respect to d (-, -)
is denoted by diam(V'). Given £ > 0 and x € 74, we set Axye={ye Z4-: ly —x| <
¢} and write simply A if x = 0. The canonical basis, both in Z¢ and in RY, is
denoted by ey, ..., eq. If A is a finite subset of 74, we write A CC Z¢ and denote
by |A| the cardinality of A. The collection of all finite subsets of Z? is denoted
by F. Given an integer N, we let Ty :=Z/NZ = {0, ..., N — 1} so that ']I‘Idv is
the discrete d-dimensional torus of side length N. Given A e Fand ¢p: A — R we
let Avyiep ¢ (x) := |A]7! Y ren @ (x) be the average of ¢. The average over T?{,
is simply denoted by Av,. The bonds in Z¢ are the (unordered) pairs {x, y} with
X,y € 74 such that y=x=xe; forsomei =1,...,d. The collection of all bonds in
74 is denoted by B. Given A C 74, welet By :={b e B:b C A} be the collection
of bonds in A and denote by By the collection of bonds in Tj{,.

Given A C Z¢, the configuration space in A is the set Q5 := {0, 1}*; we also let
Q:=Qya and Qy := QT‘J{/' For V.c A c Z% and n € Q2x, the natural projection
of Q4 to Qy is denoted by ny; we also write n, for (), x € A. A configuration
n € 2, describes the microscopic state of the lattice gas; a site x € A is occupied
by a particle if and only if n,, = 1. We consider the single spin space {0, 1} endowed
with the discrete topology and €2, with the product topology. Given A C Z4, we
let F be the o-algebra on Q2 generated by the one-dimensional projections 7y,
x € A. We also set F := Fyq and note it coincides with the Borel o -algebra as-
sociated to the product topology. If Vi, V, C Z? are disjoint, we denote by nvinv,
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the configuration in Qy,yy, equal to ny, in V;, i =1,2. For V.C A, V € F, the
number of particles Ny : Qpn — Z is the function Ny (n) := >, cy nx, While the
density ny :Q2p — [0, 1] is ny := Avyey . If V. = A ¢ for some x € 74 and
¢ € N, the density in Ay ¢ is simply denoted by 7, ¢ omitting the subscript x when
x = 0. The same notation holds when referred to the discrete torus Ti,.

Given x € Z¢, respectively, x € ']I“f\,, we define the shift t,:Q2 — Q, re-
spectively, 7, :Qy — Qn by (txn)y := ny4r. The map 7, is naturally lifted
to functions by setting (ty f)(n) := f(txn). Given i, j =1,...,d, i # j, we
denote by R/ the rotation by /2 in the plane spanned by e;,e j» that is,
R (....xi,....,xj,..)=(..,—Xj,...,X;,...). We denote by R the collection
of all such rotations. Given R € R, the map x — Rx is naturally lifted to con-
figurations and functions by setting (Rn), := ngx and Rf(n) := f(Rn). Given a
function f: Q2 — R, its so-called support Ay is the smallest subset V' C Z4 such
that f depends on n only through the projection ny. If Ay € IF, the function f is
called local. Given a local function f, we let f be the formal series

(2.1) f=> nf

xeZ4

2.2. Gibbs measures. In this paper, by an inferaction, we mean a finite range,
translation invariant interaction as defined below.

DEFINITION 2.1. An interaction ® is a collection of real-valued local func-
tion {®y:Q2— R,V €T, |V]| > 2} such that:

(i) foreach V € IF with |V | > 2 the support of &y is V;
(i1) there exists rg € N called range such that ®y = 0 if diam(V') > ro;
(iii) for each V € F with |V| > 2 and x € Z¢ we have 7, Py = Py .

In some statements we also assume that the interaction is isotropic, that is, it satis-
fies:

(iv) foreach V € F with |V| > 2 and each R € R we have ROy = Dpy.

Given an interaction ®, a parameter A € R (called chemical potential), and a set
A € IF, we define the Hamiltonian Hk :Q2— Rby

(2.2) Hym:= Y ®dym+ri)_ ns

V:VNA#Q xeA
dropping the superscript in the case A = 0. Given o € Q, called boundary condi-
tion, we also set Hﬁ’a n):=H ﬁ(n A0 x¢)- To the Hamiltonian H 1{ and the bound-
ary condition o we associate the finite volume (grand-canonical) Gibbs measure
in A, defined as the probability measure on (€2, F) given by

03 W= | ED T el =HYT() iy =0y,
0, otherwise,
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where the constant Zj\\’a, called partition function, is the proper normalization. In
addition, the canonical Gibbs measure associated to the interaction ®, boundary

condition o and particle number K € {0, 1, ..., |Al}, is the probability measure on
(2, F) given by
(2:4) VR & () =137 CINA = K),

noticing that this measure does not depend on the chemical potential A. In the case
of periodic boundary conditions, A = T4 , we denote the Hamiltonian, which has,
of course, no boundary condition, as H ,%, and by le\, the corresponding partition
function. The associated grand-canonical and canonical Gibbs measures are de-
noted by M?\, and vy g, respectively. Finally, we write py, Hy instead of M(])\,, HIQ,,
respectively.

Given a probability measure p and bounded measurable functions f, g, we
denote by u(f) the expectation of f with respect to u and by w(f;g) :=
w(fg) — u(f)u(g) the covariance, or pair correlation, between f and g. Given a
bounded measurable function f:$2 — R and a set A € F, we denote by Mf\"( )

the real function Q > o > uf\’a (f). As simple to check, the finite volume Gibbs
measures defined in (2.3) satisfy the compatibility conditions

W () =i () Vlocal f,YA' C A €F.

The definition of infinite volume Gibbs measure is then given in terms of the
so-called DLR equations as follows.

DEFINITION 2.2. Given A € R, a probability measure p on (€2, F) is called
an infinite volume Gibbs measure with chemical potential X iff

2.5) PR () =pu(f)  Vlocal f,VA €F.

The compactness of 2 readily implies that the set of (infinite volume) Gibbs
measure is not empty. The nonuniqueness of solutions to the DLR equations (2.5)
corresponds to phase transitions. As stated in the Introduction, our analysis is re-
stricted to the high temperature regime. This is specified by a uniform strong mix-
ing condition on the interaction ®. Referring to [12] for the precise formulation,
this condition basically requires that the pair correlation ,u'}\’a( f; g) between two
local functions f and g decays exponentially fast in the distance between their
supports A ¢ and Ag. This decay is required to be uniform with respect the vol-
ume A, the boundary condition o and the chemical potential A. To be precise, one
also needs to allow chemical potentials which are not constant. As it is easy to
show, the uniform strong mixing condition implies that for each A € R there exists
a unique infinite volume Gibbs measure ;*. Moreover, u* has exponential decay
of pair correlations. In the one-dimensional case d = 1, standard transfer matrix
arguments show that the uniform strong mixing condition is always satisfied (re-
call that the interaction has finite range). For the standard Ising model in d = 2,
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the results in [4, 28] imply that the uniform strong mixing condition is satisfied for
any supercritical temperature. Finally, the uniform strong mixing condition holds
if the single site Dobrushin criterion ([23], Section 3.2) is satisfied uniformly in the
chemical potential A. In particular, it holds if the interaction & is small enough, that
is, in the high temperature regime. Throughout this paper we assume that the inter-
action @ satisfies the uniform strong mixing condition as stated in [12], Property
USMT there, without further mention.

Fix a configuration o € Q and a sequence {A,} of sets in [ invading Z¢
such that lim,,_, o |8;5 Anl/IA,] =0, where rg is the range of the interaction and

8;5 A:={xe Al:a (x, A) <rg}. A classical result in statistical mechanics (see,
e.g., [23], Section 2.3), states that the pressure, p: R — R,

%) = lim —— log Z%° = lim — log Z}
p) = 1,{n|An| 0gZy, = im ~glogZy
is well defined, that is, the limits exist (the first is also independent of o and the
sequence {A,}), and are convex. In view of the uniform strong mixing condition
(see [28] and reference therein), the pressure p is uniformly convex and real an-
alytic. The free energy f:10, 1] — R is defined as the Legendre transform of p,
namely,

(2.6) f(p) :=sup{rp — p(1), 2 € R},

which is a continuous uniformly convex function in [0, 1] and real analytic in
(0, 1). Moreover, as p 1 1 and p | 0, we have f'(p) 4+ +o00 and f’'(p) | —o0,
respectively. Given p € [0, 1], let u, := Mf '(®) be the (unique) infinite volume
Gibbs measure with chemical potential f’(p). We understand that i and w are,
respectively, the Dirac measures in the configurations identically equal to zero
and one. From the definition of the free energy and the regularity of p, we then
have ,(nx) = p, so that p is the density. We also define the compressibility
x :10, 1] — [0, c0) as

(2.7) x(0) =" wp(noi my) =

xeZ4

f”( )’

understanding that x (0) = x (1) = 0. By using the uniform strong mixing condi-
tion, it is not difficult to show the compressibility x satisfies the following bound.
There exists a real C € (0, oo) such that for any p € (0, 1),

1
(2.8) Lo 1o _¢

C ™ p(d=p)

The free energy f gives the asymptotic probability of deviations of the density

in the following sense. Fix p € (0, 1), recall 5y is the average number of particles
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in V and let {A,} be a sequence invading Z¢ as before. The sequence of proba-
bility measures on [0, 1] given by {uz o (7 An)_l} satisfies a large deviation prin-
ciple (see, e.g., [23], Theorem 2.4.3.1) with speed |A,| and convex rate function
f5:10,1] — [0, +00) given by

(2.9) f5(0) = f(p) = f() = f'(P)(p — P

The same result holds if one replaces the infinite volume Gibbs measure 5 with
a finite volume Gibbs measure, either with a fixed boundary condition o or with
periodic boundary, on A, with chemical potential f/(p).

2.3. Kawasaki dynamics. Having introduced the formalism of the lattice gases
at equilibrium, here we define the dynamics we are interested in.

Given a bond {x, y} € B and n € 2, we let n*>” be the configuration obtained
from 1 by exchanging the occupation numbers in x and y, that is,

Ny, if z=x,
M= nx,  ifz=y,
Nz, otherwise,

and let V, , be the operator defined by (V, , f)(n) := f(n*) — f(n), where
f:Q2 — R. Recall that Qpy := {0, I}T(IZ\' is the configuration space in the discrete

d-dimensional torus lev of side length N. The symmetric Kawasaki dynamics is
then defined by the Markov generator Lo y acting on functions f:Qy — R as

(2.10) Lonf():=N> Y ¢} )V, f(),
{x,y}eBy

where we recall that B is the collection of (unordered) bonds in Tﬁ{,. Note that the
generator has been speeded up by the factor N which corresponds to the diffusive
scaling. We need some conditions, that are detailed below, on the jump rates cg’ y
(recall rg is the range of the interaction ).

DEFINITION 2.3. The symmetric jump rates cg’y Q— Ry, {x, y} € By sat-
isfy the following conditions.

(i) Detailed balance. For any {x, y} € By and € Qy we have
L, or) = () exp{ Vi y Hy (m)}.

(ii) Finite range. The support of cg’y is a subset of {z € ']I“fv :d(z, {x,y}) <ro}.

0

1) Translation invariance. For each {x, y} e By and z € T9, we have 7,c° =
y N tx,y

0
cx+z,y+z'
(iv) Positivity and boundedness. There exists C € (0, co) such that for any
{x, vy} € By we have cl< cfg,y <C.

In some statements we also assume that the jump rates are isotropic, namely:
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(v) Rotation invariance. For each {x,y} € By and each R € R we have

ch,y = C%X’Ry.
Note that we consider the jump rates cg’ y as functions on €2 and not Q2. In view
of the finite range assumption, the generator Lg n is well defined on Q25 as soon
as N > rg. The detailed balance condition implies that the generator L y is self-
adjoint in L2(Qy, d ,UVIAV) for any A € R. Since the Kawasaki dynamics conserves
the total number of particles, the ergodic measures for L n are the canonical
Gibbs measures vy g on ']I‘ﬁl\,. In [12, 22, 34] it is shown that if the interaction
satisfies the uniform strong mixing condition then the spectral gap of the generator
Lo,y considered on L*(Qw, VN. k) 18 of order one uniformly in N and K (recall
that Loy has been speeded up by N?).

We next extend the previous symmetric dynamics by allowing the presence of
an external field E of order 1/N. Let T? :=R?/Z¢ be the d-dimensional torus of
side length one [the coordinate on T4 is denoted by r = (r1,...,rg)]. The gradient
and the divergence on T are, respectively, denoted by V and V-. We denote by
(-, +) the inner product in L2(T¢, dr). Let By be the collection of ordered bonds
in ']I‘d . Given a C! vector field E : T¢ — R?, we introduce a discrete vector field

En :IE% ~ — R as follows. Given (x, y) € IE%N, let yley be the oriented segment on
T¢ given by N, (1) := (x/N)(1 = 1) + (y/N)t, 1 € [0, 1]. We then set

2.11) En(x,y) = / dtE(yY, (1) - —yx}m

where - is the inner product in R¢. Note that Ey (x, y) is the work done by the
vector field E along the path yx’Yy. Moreover, Ey(y,x) = —En(x,y) and, if E
is constant, we simply have En(x, y) = (1/N)E - (y — x). The weakly asymmet-
ric Kawasaki dynamics is then defined by the Markov generator Lg y acting on
functions f:Qy — R as

(2.12) Lenfm:=N> " ¢k ()Veyf,
{x,y}eBy

where the weakly asymmetric jump rates cﬁ y(m) satisty the so-called local de-
tailed balance condition (see, e.g., [29], Section 11.1.4)

et ) =cf () exp{Ve yHy (1) + En(x, y)(ny — n2)}.
Note indeed that En (x, y)(1y —n,) does not depend on the orientation of the bond
(x,y) € By. In this paper, for simplicity, we shall consider the explicit choice

(2.13) k() =c) () exp{En(x, y)(n: — 1,)/2)

in which cg,y are the jump rates of the symmetric Kawasaki dynamics.
Given T > 0, we denote by D([0, T]; Q) the Skorohod space given by the
set of cadlag paths from [0, T] to Q2y. We consider D([0, T]; Q2x) endowed
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with the Skorohod topology and the corresponding Borel o-algebra. Elements in
D([0, T]; Qp) are denoted by n(t), t € [0, T]. The distribution of the Markov
chain on Qy with generator Lg x and initial distribution v on Q is a probability
measure on D([0, T']; Qx) which we denote by IP’f N In particular, Pg’N is the
distribution of the symmetric Kawasaki dynamics defined by the generator Lo x
in (2.10), with initial distribution v. If v = §,) with n € Q, we write simply IP’,175 N,
The expectation with respect to ]P’nE 'V is denoted by ]EnE N

If the vector field E is conservative, that is, E = —VU for some C? function
U:T¢ — R, then Ey(x,y)=U(x/N) — U(y/N) and the jump rates cf,y satisfy
the detailed balance condition with respect to the Hamiltonian

(2.14) HY () :=Hym+ > U/N)ns.

d
xeTy

In particular, if E is conservative, the weakly asymmetric Kawasaki dynamics is
reversible with respect to the canonical or grand-canonical Gibbs measures on lev
associated to the Hamiltonian H ]{,] . On the other hand, when the vector field E
is not conservative, then the weakly asymmetric Kawasaki dynamics is not re-
versible. If the unperturbed jump rates cg’y satisfy the gradient condition (1.3) and
the vector field E is constant then (see [19] and [29], Section II.1.4) the canonical
Gibbs measures vy, g, which are the reversible measures for the symmetric dy-
namics, are also the invariant measures of the weakly asymmetric dynamics. This
statement also holds if the field E has vanishing divergence (see [6], Section 2.5)
for the precise formulation. In the general case in which the gradient condition
does not hold and the vector field E is not conservative, the invariant measures for
the asymmetric dynamics cannot be computed explicitly.

3. Main results.

3.1. Hydrodynamic scaling limit. 'The hydrodynamic scaling limit of the sym-
metric Kawasaki dynamics has been proven in [33]. As discussed here, the proof
extends to the weakly asymmetric case.

We set M := L>°(T?; [0, 1]) which we consider equipped with the weak* topol-
ogy, namely, a sequence {y”"} C M converges to y iff (y", ¢) — (y, ¢) for any
function ¢ € L' (T?, dr), equivalently for any smooth function ¢ € C % (T9) [re-
call (-, -) is the inner product in L*>(T¢, dr)]. The set M is a compact Polish space
that we consider endowed with the corresponding Borel o -algebra. Given N > 1
and x € T4, let Q1/n(x/N) C T¢ be the set Q1/n(x/N) :=x/N + [0, 1/N)“.
The empirical density is the map 7"V: Qy — M defined by

3.1) ¥ ) =Y ndo /),
xeT%

where I 4 stands for the indicator function of the set A.
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We say that a sequence {n" € Qu} is associated to the profile y € M iff
the sequence {7™ (n")} C M converges to y. Given T < T», we denote by
M1,.151 := D([T1, T2]; M) the Skorohod space of paths from [T7, 73] to M
equipped with its Borel o-algebra. Elements of D([T1, T>]; M) will be denoted
by = = m;(r). Note that the evaluation map Mz, 7,1 3 7 +— 7; € M is not contin-
uous for ¢t € (11, T>) but it is continuous for t = T, T>. We also denote by N the
map from D([T}, T2]; 2n) to M7, 1,1 defined by N1 =N @)).

Recall that 1, is the unique infinite volume Gibbs measure with density o and
the formal series defined in (2.1). Given p € [0, 1], the mobility o (p) is defined as
the symmetric d x d matrix given by the following variational formula [32, 33],

1 [
(3.2) v-o(p)vi=infou, [Z c0.¢; Wilne; — nol + Vo.e, f)z},

i=1

where v € R? and the infimum is carried out over all local functions f:Q — R.
Since f 1s local, Vo, f is well defined as only finitely many terms in the sum
do not vanish. As shown in [33], Lemma 8.3, if the interaction and the symmetric
jump rates are isotropic then the mobility is a multiple of the identity. Namely,
there exists a scalar function, still denoted by o, such that o; j(p) = o (p)é; ,
i,j=1,....d. .

Let »®:[0,1] — Ry,i=1,...,d, be the function »® (p) := o ([no — 77e,-]2)-
As it is simple to check, the functions (") satisfy the following bound. There exists
C € (0,00) such thatforanyi =1,...,d and p € (0, 1),

1 @)
(3.3) L7

C ™ p(l—p)
The mobility o satisfies the following bounds. There exists a real C > 0 such that
for any p € [0, 1] and any v € R4,

d d
(3.4) Y XD pf <v-a (v =C Y=V (0)v}
i=1 i=1
Indeed, the upper bound follows directly from the variational expression (3.2) by
taking f = 0, while the lower bound is proven in [30].
Given p € [0, 1], the diffusion matrix D(p) is defined as the symmetric d x d
matrix given by

(35) D(p) =0 (p)—— =0 ()" (p),

x(p)
where the free energy f has been defined in (2.6) and the compressibility x (which
is a scalar) has been defined in (2.7). Note that, by (2.8), (3.3) and (3.4), the diffu-
sion matrix D is bounded and strictly positive uniformly for p € [0, 1]. As follows
from [33] and the arguments in [20], Chapter 7, the maps [0, 1] > p — o (p) and
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(0,1) 3 p — D(p) are continuous. In our analysis, however, we need the smooth-
ness of these maps on the interval [0, 1]. In the case in which the Gibbs measure
is product, that is, the interaction vanishes, this result is proven in [3]. The general
case remains, however, a long standing open problem in hydrodynamic limits.

ASSUMPTION 3.1. The maps [0, 1] > p = o(p) and [0, 1] > p — D(p) are
continuously differentiable.

The hydrodynamic scaling limit for the weakly asymmetric Kawasaki dynamics
is stated as follows. Given a sequence {n"V € Qy}, we set PfA}N = IP’HE;VN o™y~
that is, sz\’,N is the law of the empirical density when 7n(¢), ¢t € [0, T], is sampled

according to PnE,;,N. Then ”PfA}N is a probability measure on the path space Mo, r].

THEOREM 3.2. Fix T > 0, a vector field E € C'(T?;R?), a profile y € M
and a sequence {n" € Q) associated to y . The sequence of probability measures
{Pf,\}N} on Mo, 1] converges weakly to &, where u = u,;(r) is the unique element
of Mo, satisfying the two following conditions.

(i) Energy estimate. The weak gradient of u is in L>([0, T] x T¢, dt dr; RY),

T
(3.6) / dt (Vus, Vu;) < 400.
0

(i) Hydrodynamic equation. The function u is a weak solution to

du+V-[cw)E]l=V-[Du)Vul, (t,r) € (0, T) x T¢,

©D {uo(r) — (), reTe,

Of course, a function u in Mg, 7] satisfying the energy estimate (3.6) is said to
be a weak solution to (3.7) iff the identity

T
(3.8)  (ur, Hr) — (v, Ho) =/0 dt [{us, 8 Hy) + {0 (u) E — D(ui)Vuy, VH)]

holds for any H = H,(r) € C L0, T] x T9). We emphasize that the above condi-
tion is meaningful in view of the energy estimate. Since we assumed E to be a C'!
vector field, the uniqueness of a function u € Mo, 7] satisfying the two conditions
stated in the theorem can be proven by repeating the argument in [33]. We empha-
size uniqueness holds either if o is Lipschitz (recall Assumption 3.1) or if ¢ is a
multiple of the identity and continuous.

3.2. Dynamical large deviation principle. 1In order to state the large deviation
principle associated to the law of large numbers in Theorem 3.2, we first introduce
the rate functional. Fix a function y € M corresponding to the initial density pro-
file. Given m € Mo, ] satisfying the energy estimate [i.e., such that (3.6) holds
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with u replaced by ], let £,,  be the linear functional on CY([0, T] x T%) defined
by
E)/,T[(H) = (T[T’ HT> - (V, HO)
(3.9 ;
— [ dt i aut) + (o G E = D) Vi, VHO)

Note that ¢, ; vanishes iff 7 is a weak solution to the hydrodynamic equation
(3.7). The rate functional I[’gﬂ (-ly): Mjo,r1 — [0, +00] is then defined by

T
(3.10) Iy py(wly):=  sup {em(H)— f dt<VHz,a(m>VHt>},
HeCl([0,T]xT4) 0

if fOT dt (Vm;, V) < 400 and I[g’T](nly) := 400 otherwise. It is not difficult

to check, by choosing suitable test functions H above, that I[g’T](nly) < 400
implies 7 € C([0, T]; M) and mg = y.

An application of Riesz’s representation lemma allows us to write the rate func-
tion I[‘g,T](-ly) in a more explicit form ([20], Lemma 10.5.3). For this purpose,
we introduce some Hilbert spaces. Given a path 7 € Mo 1], let H (o (1)) be
the Hilbert space obtained by quotienting and completing C'([0, T] x T¢) with
respect to the pre-inner product defined by

T
(G, H)1.o(r) = /0 dt (VG,, 0 (1) VH,).

Denote the norm in H' (o (7)) by |- ll1,0 () and let H~ (o (7)) be the dual space.

The latter is a Hilbert space equipped with the norm || - [[—1 5 () defined by
1912100y =sup  @HE?= sup {20H) = |HI[]yem))
HeH (o (m)): HeH (o ()
IHll1,00r)=1

By density, in the above formula one can restrict to H € C!([0, T] x T¢).

Fix a path m € Mjo,7] such that I[g,T](rrly) < +00, in particular, 7 satis-
fies the energy estimate. Since the right-hand side of (3.10) is finite, the linear
functional ¢, -, as defined in (3.9), extends univocally to a continuous linear
functional on H!(o (u)), that we still denote by £y . From (3.10) we deduce
1€y,% ||2_1’ o) = 4I[€’T](n|y). Therefore, by Riesz’s representation lemma, there

exists a unique W, ; € H! (o (7)) such that
GAD Ly (H)=2(Wyr, H) 1oty forany H € H' (o)),
thus leading to the identity [|£, | —1,6(r) = 2I1Wy 7 l1,0 (x)- In conclusion, it holds

(3.12) 161G = 1y 2 15 ooy = 518y 121 -
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In view of (3.11), 7 is a weak solution to
O +V-[o(@)(E+2VV¥), )] =V [D()Vr],
(3.13) (t,r)€(0,T) x T4,
wo(r) =y (r), reT?,
so that 2VW,, » can be interpreted as the extra driving field to produce the fluctua-

tion 7.

THEOREM 3.3. Fix T > 0, a vector field E € C'(T?;R?), a profile y € M
and a sequence {n" € Qn} associated to y. The sequence of probability mea-
sures {P:]QN} on Mo, satisfies a large deviation principle with speed N 4 and
good rate function I[lg’T](-ly). Namely, I[%,T](‘W) : Mo, 71 = [0, +00] has com-
pact level sets and for each closed set C C Mo, 1) and each open set O C Mo, 1)

1

(3.14) hmsup—logP v (C) < - 1nf IO (@),
N—o0 N

(3.15) liminf 1og7>ENN (0) = — inf 1[0 7 Iy).

3.3. The quasi-potential. From now on we assume that the driving field E
admits the following orthogonal decomposition.

DEFINITION 3.4. The vector field E € C1(T¢; R?) is orthogonally decom-
posable iff it admits the following decomposition. There exists a function U €
C%(T%) and a vector field E € C'(T¢; R?) such that

(3.16) E=—-VU+E, V.-E=0, VUGr)-Er)=0  VreT?

Given a C! vector field E, the first two requirements in the above definition
are met by letting U be a solution to the Poisson equation —AU =V - E and
then settlng E = E + VU. Then (3.16) requires that for each r € T¢ we have
VU() - E (r) = 0. Observe that a conservative or divergenceless vector field is
orthogonally decomposable; indeed in first case (3.16) holds with E =0, while in
the second case (3.16) holds with a constant U and E = E. In the one-dimensional
case d = 1, a vector field is orthogonally decomposable either if it is constant or if
it is conservative. On the other hand, when d > 2 there exist orthogonally decom-
posable vector fields for which the decomposition (3.16) is not trivial. Although U
is univocally determined by (3.16) apart an additive constant, all the U-dependent
definitions given below are not affected by the choice of the additive constant. In
the sequel, we shall restrict to either one of the three following cases: (i) E is a
conservative vector field, (ii) E is a constant vector field, (iii) the mobility o is a
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multiple of the identity and E is orthogonally decomposable. As stated above, if
the interaction ® and the symmetric jump rates ¢ are isotropic, then o is indeed
a multiple of the identity.

Recall the definition of the free energy f given in (2.6). Given an orthogonally
decomposable field E and p € (0, 1), let y;: T¢ — (0, 1) be the function satisfying

(3.17) f'yp(m) + U @) =a(p),

where «(p) € R is chosen so that [dry;(r) = p. Equivalently, y; is de-
fined as y;(r) = (f’ Yy~1(=U(r) + ¢), where the constant ¢ is chosen such that
[ dry;(r) = p. By the properties of the free energy mentioned just after (2.6), the
function y; is well defined. When p equals O or 1 then we define y; as the func-
tion, respectively, identically equal to O or 1. A simple computation shows that,
under either condition (i), (ii) or (iii) above, for each p € [0, 1] the function y; is a
stationary solution of the hydrodynamic equation (3.7). Moreover, as we show in
Section 7, under the flow defined by the hydrodynamic equation (3.7) any point in
the closed subset M (p) C M defined by

(3.18) M) ::{peM:/dr,o(r):,é}

converges as t — +00 to the stationary solution y;. Furthermore, this convergence
is uniform with respect to the initial condition.

We next define the guasi-potential as in the classical Freidlin—Wentzell the-
ory for finite-dimensional diffusion processes [16]. We denote by I[’% ,T2]('|V) the
functional (3.10) when the time window is [T}, T>]. Given p € [0, 1] we then let
the quasi-potential VﬁE :M — [0, +00] be the functional defined by

(3.19) Vi (p):= inf inf{1" 1 o (T1¥p), 7 € Mi—1.01:70 = p}.

Since Ij_1,0)(r|y) < +oo implies m_r = y, the quasi-potential VﬁE (p) measures
the minimal cost to reach the profile p € M starting from the stationary solution y.

We can also define the quasi-potential by considering directly paths defined on
a semi-infinite time interval. To this end, let I[%’Tz] : M1y, 151 = [0, +00] be the
functional defined by

E . E
Igy 1) () = Iy 1y (|7 (T1)).

This functional can also be expressed by the variational formula (3.10) in which
the linear functional ¢, ; is replaced by

ZJT(I_I) = (nTzv HT2> - <7TT1’ HT]>
(3.20)

T
-/ "t [, 9 Hy) + (0 () E — D(y) Vg, VH,)1.
1
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Given p € [0, 1], we define M (_,01(p) C M(—c0,0] by
(3.21) M o0.01(P) 1= | € M(—ox : lim = V)

‘We then let I(E_ %.0] M (Z0,01(p) — [0, +00] be the lower semicontinuous func-
tional given by

(3.22) IEeop(m) 1= lim I )(m)

observing that the limit on the right-hand side (possibly taking the value +00)
exists by monotonicity. We finally let V g : M — [0, 400] be the functional defined
by

(3.23) VE(p) =inf{IE  0;(1). ™ € M(—o0,01(P) : 0 = p}.

In the context of diffusion processes in R”, in view of the continuity of the quasi-
potential, it is simple to check that the functionals defined in (3.19) and (3.23) are
identical. We show this is also the case in the present setting in which the quasi-
potential is only lower semicontinuous.

The next result states that the quasi-potential has a simple representation in
terms of the function yz, which does not depend on the divergenceless part E
in the decomposition (3.16). Moreover, the variational problem on the right-hand
side of (3.23) has a unique minimizer that can be explicitly characterized. We
first introduce such optimal path. Recall (3.18). Fix p € [0, 1], p € M(p), and let
v:[0, +00) x T — [0, 1] be the weak solution to

v+ V- [o@)(~=VU — E)]=V-[D(v)Vv],
(3.24) (t,r) € (0, +00) x T,
vo(r) = p(r), reT?.

Note the change of sign in the field E with respect to (3.7). Then, as we show is
Section 7, v; — yp as t — +o00. Therefore, denoting by 6 the time reversal, that
is, (Bv); := v_y, it holds Ov € M(_,0](p) so that Qv is a legal test path for the
variational problem (3.23).

THEOREM 3.5. Assume either one of the three following conditions:

(1) E is a conservative vector field,
(i1) E is a constant vector field,
(iii) the mobility o is a multiple of the identity and E is orthogonally decom-
posable.

For each p € [0, 1] we have VﬁE = \A/g = .7:/%], where the functional .7-"/%] M —
[0, 4+-00) is given by

(3.25) fg(p) _ { /dr f;f](r,,o(r)), if p e M(p),

+00 otherwise,
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in which, recalling (2.9), f—U T4 x [0, 1] — Ry is the function

(3.26) )= / R /y dv £ () = fyp) ().

Moreover, the unique minimizer for the variational problem on the right-hand side
of (3.23) is the path Ov, where v is the weak solution to (3.24).

Note that .7-"5] is a lower semicontinuous strictly convex functional which at-
tains its minimum for p = y;. Moreover, if E has vanishing divergence then U
is constant and y;(r) = p; in particular f ﬁU (r; p) does not depend on r and coin-
cides with f5(p) [see (2.9)]. In this case, we drop the dependence on U from the
notation. Note, however, that the optimal path v depends also on the divergence-
less part E in the decomposition (3.16). As stated before, the previous result is an
infinite-dimensional analogue of [16], Theorem 4.3.1. The condition that o (p) is
a multiple of the identity can be slightly relaxed.

REMARK 3.6. Assume o (p) = o¢(p) X for some scalar function oy : [0, 1] —
[0, +00) and some constant symmetric strictly positive d x d matrix . Replace
the condition (3.16) on the driving field £ with the following assumption. There
exists a C2 function U:T¢ — R and a C! vector field E:T¢ — R such that
E=—VU + E with VU(r) - TE(r) = 0 for anyreT¢ and V - (ZE)=0. Then
Theorem 3.5 still holds.

3.4. Stationary large deviation principle. As a corollary of the large devia-
tions analysis of the weakly asymmetric dynamics and the characterization of the
quasi-potential in Theorem 3.5, we deduce the asymptotic behavior of the corre-
sponding invariant measures.

We first discuss the case of the symmetric dynamics. As stated before, in this
case the ergodic invariant measures are the canonical Gibbs measures vy g . Fix
a sequence {Ky} C N such that N 9Ky — p €10, 1] and set P](\), ‘= VN,Ky ©
(N)~1, that is, Pz(\)/ is the law of the empirical density when the configuration
n is sampled according to vy g, . Then the sequence of probability measures on
M given by {PI(\),} satisfies a large deviations principle with speed N and con-
vex rate function F; (recall that F; = .7-"})] when U is constant). This result can
be derived from the large deviation principle for the sequence of grand-canonical
Gibbs measures {un}. On the other hand, it is also a corollary of Theorem 3.5 and
Theorem 3.7 below.

We now consider the weakly asymmetric dynamics with a smooth orthogo-
nally decomposable external field E. Since the total number of particles is con-
served, we have a well defined dynamics on the hyperplanes Quy x := {n €
Qy: er?l‘j’v =K}, K=0,..., N9 Tt easy to check that the generator Lg y is
irreducible when restricted to 2y, g so that there exists a unique invariant measure
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denoted by vﬁ’K. Fix a sequence {Ky} C N such that N79Ky — p €[0,1] and
set Pﬁ = vf,’KN o (wN)~L. As discussed in Section 2.3, if E = —VU the weakly
asymmetric Kawasaki dynamics is reversible with respect to the Gibbs measures
on ’]I‘jl\, corresponding to the Hamiltonian H k,’ defined in (2.14). Accordingly, the
sequence of probability measures {P,‘\Lf} on M satisfies a large deviation principle
with convex rate function ]—"g as defined in (3.25). Also this statement can be ob-
tained as a corollary of Theorem 3.5 and Theorem 3.7 below. It remains to discuss
the more interesting case in which either the vector E is constant or o is a mul-
tiple of the identity and E is orthogonally decomposable with some nontrivial E.

We emphasize that in this case the invariant measures vf, x cannot be computed

explicitly. The following result, which states that the quasi-potential Vﬁ-f gives the
rate function of the empirical density when particles are distributed according to
v ]]\5, Kk 18 proven in [10] for the one-dimensional boundary driven symmetric sim-
ple exclusion process. See also [15] (where this statement is proven in greater gen-
erality) for more details. The basic argument is analogous to the one for diffusions
on R” (see [16], Theorem 4.4.3). In view of the dynamical large deviation principle
stated in Theorem 3.3 and the uniform convergence of the hydrodynamic equation
(3.7) proven in Theorem 7.7 below, the arguments presented in [10, 15] extend to
the current setting of nongradient weakly asymmetric stochastic lattice gases with
periodic boundary conditions. We therefore only state precisely the result.

THEOREM 3.7. Fix a vector field E € C'(T?; RY) satisfying either one of the
conditions in Theorem 3.5 and a sequence {Ky} C N such that N KN — pE
[0, 1]. Then, the sequence of probability measures {Plg } on the compact space M
satisfies a large deviation principle with speed N and rate function V[-f M —
[0, +o0] as defined in (3.19). Namely, for each closed set C C M and each open
set O C M,

1
li — log PE(C) < — inf VE(y),
imsup g log N (C) =< L Vs )
liminfilog PE(0) > — inf VE(y)
Nooo N9 NAZI=Jeo P
The above result, together with Theorem 3.5, describes explicitly the large devi-
ations behavior of the sequence {Pﬁ } in the scaling limit N — oco. In particular, as
discussed before, it implies that, as far as stationary large deviations of the empiri-

cal density are concerned, weakly asymmetric nongradient stochastic lattice gases
behave as gradient models.

4. Nongradient tools. In this section we collect some technical results which
will be used in the proof both of the hydrodynamic limit and of the dynamical large
deviation principle. We heavily rely on the results in Vardahan and Yau [33].
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4.1. Additional notation. For the reader’s convenience, we fix here some ad-
ditional notation needed in the sequel. We first define some (not scaled) generators.
Given abond b € B weset Lo p := cgvb, Lgp:= cl;E V. Moreover, given A C 74,
we define Lo A := > pep, Lop and Lg A =} pep, LE»- Recalling (2.10), for
f:Qy — R we set

Lof(:=N"Lonfm= Y ¢ ()Veyf).
{x.y}eBn

With some abuse, we also denote by Lg the operator

d
Lof(n) = Z chﬁx-g-g[(n)vx,x—&—ef(n)

xezdi=1

acting on local functions f:Q — R. The meaning of Ly will be clear from the
context. The same definitions hold for L g by replacing cg’y with ¢£

x,y°
As in [33], given an integer £ we set £; = £ — +/¢ and, given parameters
aij,az,...,ay, suchthat q; - o, i =1,...,n, hmsupal—wz],a2—>a2,...,an—>an is a

shorthand for limsup,,, _,, limsup,,_,,, ---limsup, _,, . We recall that we write
Avy and ), instead of Av, €T, and ), EVE respectively.

Given « € (0, 1), fix a C* function ¥ :R¢ — [0, co) such that ¢ ®) (r) =0
if r]>1, ¥@ @) =2"9is |r| < 1 —k and [dr ¢® () = 1. We write ¢ for
the mollifier we('()(r) = S*dw(")(r/ €). Given w € M, we then define the smooth
mollified function 7°¢ as the convolution

4.1) ) = ().

Finally, we isolate some classes of special functions. Recall the definition (2.4)
of the canonical Gibbs measure. As in [33] we define the function space G by

G:={f:Q— R: fislocal and ng,K(f) =0
4.2)
VK €{0,...,|A¢]},0 € Q}.
If f€Gthen vy x(f) =0 forany A €F such that A D Ay. It is simple to check
that the current jg, (m = cg, (M (Mo — n.), where e is an element of the canonical
basis, belongs to G. Moreover, if g is a local function on €2 then Lyg € G.
The following class of functions will also play an important role in the sequel.

DEFINITION 4.1. A function g = g,(n) = g(n, p) : 2 x [0, 1] — R is called
good iff:

(i) g is Lipschitz in p uniformly with respect to n, that is, there exists C > 0
such that for any p, p’ € [0, 1] and n €

1gp(m) — g (M| <Clp—p'l;
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(ii) g islocal in 1 uniformly with respect to p, that is, there exists a set Ag € F
such that for any p € [0, 1] we have Ag, C Ao.

Note that good functions are bounded. Working with good functions it is conve-
nient to introduce the following convention. Given a good function g = g(n, p) we
will add the superscript 1 both to generators and to gradients applied to expressions
as g(tyn, nx,¢) when these operators act only on the first entry. For example,

(4.3) V. cre8 (@, ) = g1y (7 5), 71 ) — g(Tym, i ).
Given a good function g and a function m : 2 — [0, 1] we set
(4.4) g, m@m) =Y g(rn, m(n)).

xezd

In words, g(n, m(n)) is obtained by first considering the formal series g, as defined
in (2.1) and then setting p = m(n).

4.2. Spectral estimates. Recall that py denotes the grand-canonical Gibbs
measure on 2y with zero chemical potential and that IP’%]f]V denotes the law of the
reversible symmetric Kawasaki dynamics with initial distribution p . We discuss
a standard method to get super-exponential estimates of the type

1
4.5) limsup — log PON(BN) = —0
ktoo, Ntoo N9 S

for events of the form B,ﬁv ={| fOT ds h,l{v(s, n(s))| > &8} for some function h,I(V on
[0, T] x Q. Since el < e* + ¢ and log(a + b) < log[2(a V b)], by the ex-
ponential Chebyshev inequality and the Feynman—Kac formula (see, e.g., [20],
Appendix 1, Lemma 7.2) for each y > 0 we have

1
~i log IP%A’;’ (BY)

1 T
<—y5+ WlogE%]y <exp”/0 ds )/Ndh,}(v(s, n(s))

)

<5 0g2, 1 1E0N< {de N ( ())})

— —— 4+ — sup logE”"(ex SO s, (s

< —y8+a + ya sup logEy (expy | yNm (s,
log2 T

<—yé+ % + v sup ds supspec{oh,]cv(s, )+ y_lNz_dLo},
N o=£170 L2y

where spec L2(w) denotes the spectrum in Lz(u ~). Hence, in order to get (4.5) it
is enough to show that for each y > 0

T
(4.6) limsup [ dssupspec{#h) (s,-) +y 'N*"9Lg} <0.
ktoo,Ntoo /0 L2(uy)
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A useful tool to derive the estimate (4.6) is given by the following perturbative
result concerning sup spec; 2,y {aV + £}, where £ is an ergodic reversible Markov
generator on a countable set £ with invariant measure v, « € R, and V is a function
defined on E. We refer to [20], Appendix 3, Theorem 1.1, for the proof.

LEMMA 4.2. Let gap(£,v) be the spectral gap of £ in L>*(v) and (-,-), be
the inner product in L*(v). If v(V) = 0 and 2a gap(£, v) V| Vleo < 1, then

0 < supspec{aV + £}
L2(v)

a2

- vV, —£7'v),.
~ 1 —2agap(g, V)_1||V||oo( »

Since the operator £ is not injective, we need to specify the meaning of
(V,—£71V),. By ergodicity, the kernel of £ is given by constant functions. In
particular, f — g is a constant function for all f, g € £~ (V). Since v(V) =0, we
conclude that (V, f), does not depend on the special function f € £~!(V) and
this constant value is the precise meaning of (V, —¢-y)y,.

4.3. Central limit theorem variance. Given a function f € G, an integer £ so
large that Ay C Ay, (recall £; =¢ — /) and a canonical measure v on Ay, we
define V,(f;v) as

4.7 Ve(fiv) =+ 1D A Lyl A :
“.7) (=D (A wfi~Loh, AY T f),
The above H_1-seminorm appears from the application of Lemma 4.2 to get super-
exponential estimates of the form (4.5) for h,iv = Av, 17, f (there is no dependence
on k).

Given A € IF let K5 be the o-algebra generated by the random variables Ny
and 1y, x € z¢ \ A.In [33], Section 8, it is proven that for any p € [0, 1], the limit

(4.8) Vo(f):= El_ig)lo o Ve fs ip CICA))]
p'—=p

exists and is finite. The above limit is called central limit theorem variance and
in what follows will be briefly denoted as CLTV. We recall below some results of
[33] concerning the CLTV.

On the space G the functional V), (-) 172 defines a semi-norm and, by polarization,
a pre-inner product (-, -) », thatis, V,(f) = (f, f),. The corresponding completion
H, of G/N,, where N, :={f € G:V,(f) = 0}, is therefore an Hilbert space. In
what follows, given a local function f € G, we will denote again by f the image
of f under the projection plus the inclusion map G — G/N, < H,. In general,
given an element ¢ of the canonical basis, V,.n = n, — ng does not belong to G, but
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it is possible to show ([33], page 656) that

4.9) hes =Ven — pp(Venla,)

is a Cauchy sequence in H, as s 1 00. As in [33], with some abuse of notation we
denote by V,n the limiting point of 4. s in H,,.

We recall a table of computations in the Hilbert space H,. Below e, ¢’ belong to
the canonical basis, jg, ()= c8’ (M (mo — ne) is the current in the direction e and
g, h are generic local functions. Recall the notation introduced in (2.1) and (2.7).

(4.10) (6.er J0.ep = 38e.e tolel o (1) (e — 10)*],
(4.11) (S es L0g)p = 21tolcd . (1) (0 — ne) Vo,e 8],
(4.12) (j6.er Vern)p = —8e.e X (),
(4.13) (Ven, Log)p =0,

1 d
(4.14) (Log, Loh)p = 5 3 1ple o, (1 V0.6:8V0.e: 1.

i=l

See, respectively, equations (8.7), (8.8), (8.13), (8.14) and the computations after
(8.6) in [33]. We stress that the signs in (4.11) and (4.12) differ from the ones
in [33]. A simple check of the correctness of the above statement, in the case
(4.12), is the following. When the Hamiltonian is zero, the jump rates are constant
and jgy . =¢(M0 — ne), ¢ > 0. In particular, V,n coincides in H,, with the standard
gradient and it holds <j(()),e’ Ven)p = —c(no—"ne, N0 — Ne) p» Wwhich must be negative
as in (4.12).
Define the following linear subspaces of H,,

d
g(‘)):{ZaiVein,aeRd}, LoG ={Log,g €6}

i=1

As follows from [33] and the arguments in [20], Chapter 7, the closure of
{Log, g local function} in H, coincides with the closure of L¢G. Moreover, H,
admits the orthogonal decomposition

(4.15) H, =69 @ LoG.

Observe that orthogonality follows easily from (4.13).

Recall the definitions (3.2) and (3.5) of the mobility o (p) and the diffusion
coefficient D(p). We can give a simple geometric interpretation of o (p) and D(p)
referred to the Hilbert space H,. Indeed, due to the table of computations (4.10)—
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(4.14), for each v € R4,

.

1 d
SHo| 20 Wil =m0l + Vo, f)z]
i=1

d d
(4.16) =V, (Z v,-j(?,e,.) + 2<Z Vijore Lof> +Vo(Lof)
i=1 P

i=1
d
=V, (Z vijgyei + L0f>.
i=1

Let P:H,— G © be the orthogonal projection of H, onto G ©_ Then, in view of
(4.16), the variational formula (3.2) simply reads

d
(4.17) v-o(p)v= Vp(PZvij(()),ei>'
i=1

Equivalently,

418) 03k (P) = (Pjg o+ Pide)o = (Pibe, Joe)or  ik=1,....d.

By writing Pj, = —Y{_, aix(p)Ve.n, from (4.12) and (4.18) we deduce
ai k(p) x (p) = oi k(p). This implies the key identity
d
(4.19) W6 == Dix(0)Ven+A—=P)jo,, — inH,.
k=1

In the next lemma we give some additional characterization of the entries of o (p),
which will be used below. We omit the proof, which easily follows from (4.10) and
(4.18).

LEMMA 4.3. Foreach p €[0,1]landi,k=1,...,d it holds

(4.20) 01.i(0) = ey Jore)o = (o L= PJg.e,) ps
01k(0) = =(j.;» L= P)jgLe)p

4.21) o
=—(T=P)Jo.e;> Jo.er ) 0 i #k.

By definition of P, for .each p€l0,1]andi =1,...,d there exist local func-

tions g,(f) such that —Log;()’) approximates (I — P) j(())’ ¢, In H . Moreover, it is pos-
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sible to choose the family of approximating functions in such a way that some
regularity is achieved. More precisely, recalling Definition 4.1, (4.19) and [33],
Corrolary 3.5, imply the following statement.

LEMMA 4.4, For eachi =1,...,d and § > 0 there exists a good function
g[(f)(n) [0, 1] x 2 — R such that, setting

d

o9 = jo o + > Dik(p)Ven+ Logt) = A — P)ji, + Log",
k=1
we have
(4.22) sup V(o) <.

p€l0,1]

4.4. Super-exponential estimates. We introduce some perturbations of the
weakly asymmetric dynamics. Given £ > 1, H € C'2([0, T'] x T%) and a family of
good functions g = {g(’)(n, p),i =1,...,d} we define the functions F = F}LIV

4.8
and F = FZ’E’g on [0, T] x Q by

(4.23) Ft,n) = ZHI( )+ Fam,
(4.24) Ft,n) = —ZZ NHt( >(i)(fx77,77x,e),
X =1

where the discrete gradient V" is defined by VY £ (r) := N[ f(r +e;/N) — f ()],
r € T¢. We then consider the time-inhomogeneous Markov chain on Qy with
jump rates N ch,’yH’g, where cf,’yH’g is defined at time ¢ by

o B ) = cF () exp{F(t, ") — F(t,m)}

(4.25)
= E+VH’(;7) exp{F(t,n"Y) — F(t,n)}

in which the rate cy ;v " is defined as in (2.13) with the field E replaced by

E 4+ VH,;. Welet LE 72 be the corresponding time-inhomogeneous generator and

denote by IPE He v the law of the perturbed chain with initial condition n"v. We

convey to wrlte simply IP’E AN and L, N i g = 0. Note that in this case, in view

of the last identity in (4. 25) the above dynamics coincides with the weakly asym-
metric Kawasaki dynamics with time-inhomogeneous external field £ + V H,.
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We observe that there exists a constant C > 0 depending only on H and the
functions g such that for any {x, y} € By it holds

sup sup |V F(t,n)| <
0<t<T neQly

9

(4.26)

zla z[a

sup sup |V, F(t,n)| <
0<t<T neQy

LEMMA 4.5. Fix E € C'(T¢;R%), H € C1%([0, T] x TY), £ > 1, a family of

good functions g and let Pfj(,H’g’N as defined above. For each p € [1, 00) there

exists a constant Cq such that for any N > 1, T > 0, and any sequence {n" € Q)

1 d]P’El{,H’g’ P
lim sup — 1ogE0’N(["7} ) <Co(T +1).
Nooo N4 ZHN AL gpl

PROOF. By the assumptions on the interaction (see Definition 2.1), there ex-
ists a constant C depending only on ® such that for any n" € Qy we have
logun(nV) > —CN9. It is therefore enough to prove the lemma with ]P’%V re-
placed by ]P’?]’,év.

Given an ordered bond (x, y) € IE%N, te[0,T]and n € D([0, T]; Q2x), denote
by Ny, y (1) the total number of particles that in the time interval [0, 7] jumped from
x to y. Set also Jy y(#) :== Ny y(t) — Ny, (¢). By standard tools in the theory of
jump Markov processes (see, e.g., [11], Section VI.2) we can compute the Radon—
Nikodym derivative as

E.H,g,N
dp="8

n
— v —(m
d]P’?]’NN

—exp| X [Ene a2, () P~ FO.m)
{xvy}EBN

T
- NZ/ drc® (n(t
REEWCIO)
« (BN IO =1y O Vi Ftn () _ 1)“_
Note indeed that Ey (x, y)J,:’,y(T) and Ey(x, y)[nx(t) — ny(#)] do not depend on

the orientation of the bond (x, y); therefore they can be thought of, as in the above
expression, as functions of the unoriented bond {x, y}. The previous expression
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yields
[dIP’nE;,H’g’N ( )]p
—
0,
dIPn;V
deEva,g’N
_ '7[\’—(,7)
= o
d]PnNN
T
xexp{NZ/ Y o) (@)
O (xy)eBy

X [ePENGEIUO=1yOHpVay FEn®) _

(BN O Oy Flen®) _ 1)]}.
By using (4.26) and the bound |Ey (x, y)| < CN~! for some C > 0 [see (2.11)]
we get that there exists a constant C' = C'(E, H, g, p) > 0 such that

[ePEN(x,y)[nx—nprVx,yF(t,n) —1- p(eEN(x,y)[nx—ny]+Vx.yF(t,n) _ 1)] < .

The lemma follows readily. [

The following simple consequence of the previous lemma will be repeatedly
used to deduce super-exponential estimates from those obtained in [33].

REMARK 4.6. Consider a sequence of events {B,ﬁv} in D([0, T]; Qx) which
have super-exponentially small probability with respect to the stationary process
]P’%IC] , that is, such that

1
limsup — logP%N(BY) = —c0.
ktoo, Ntoo N9 N Tk

In view of Lemma 4.5, an application of the Holder inequality shows that the

previous estimate holds also for the probability IP’HE,(,H’g’N.

As is well known, key points in the proof of the hydrodynamic limit are the
so-called one and two block estimates. By standard methods (see, e.g., [20], Chap-
ter 10) one can prove the one block estimate at a super-exponential level. The
basic statement is given in the following lemma; in the sequel we also use, without
further mention, slight variations of this result.
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LEMMA 4.7 (One block estimate). For each ¢ € C([0, T] x T9), each local
Sfunction h on Q2 and each ¢ > 0 it holds

lim sup Nilog]P’ (‘/ thV(pt(N>[h(Tx7]) /L,,”(h)]‘>§> —00.

£1o0,N oo

As explained in [33], as a byproduct of the spectral estimates in Section 4.2
and [33], Theorem 6.2, the two blocks estimate holds in super-exponential sense
with respect to IP’%IIVV

LEMMA 4.8 (Two blocks estimate). For each local function h on Q and each
¢ >0, it holds

1 T
lim su —lo PO,N< dt Av Av h(e () —h(@y o) (@)| > )
ZTOO,(NO,]I\?TOO Nd & KN 0 X ylly—xlfaNI Nx,¢ My, e | ¢

= —00,

1 T
lim sup —logIP’O’N</ dt AVIh(x,an(t)) — h(nx,0)(1)] > ;) = —00.
£100,a0, Ntoo Nd N 0 X x,a x

As in [33], Theorem 3.9, given ¢ > 0,i =1, ...,d and a site x, we define the
density gradient in the direction e; as

Nx+cNe; — Nx—cNe;
2cN

In Proposition 4.9 below we collect super-exponential bounds for suitable
events. Such events appear naturally in the proof of the hydrodynamic limit
and the dynamical large deviation principle. To introduce these events, we first
fix some notation: in the following definitions ¢ = ¢;(r) and H = H,(r) are
functions in C'2([0, T] x Td), while g and g are families of good functions
g={gVm, pi=1,....d}, g={8D, p),i =1,...,d} [the function F,{,V’&g
has been defined in (4.24)] and recalling the notation (4.1) for the smooth convo-

(4.27) v )=

lution we shorthand 7N ()¢ with 7V (). In addition, we set

Tl(t T]) _NAVZVN(pl(N)]x x+e;?

=

e N, (X .0
e = (5), Ay B

U

1

Ts(t,m) =S Av) V] §0t< )cﬁ?,m (M) (x — Nxte)*Ei (x/N),
i=1

=z =
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1 X
a1 = 5 AV SV ) e, 0D = 20 Hi /),
d X _
Ta gt ) 1= N AV SV 00 (3 )62 e D = e Ve P g0

1 d d . 2\
=AY T X9 ()T H () 000 e
X Vx,x+€ig(j)(fz77, Nz,6),
1 d N X \onN Z
T6,g(ta77)3=§ XVZZZV,' @t N Vj H; N
— ¢

1 j ~
X C)(g’x+ei (77)(77)6 - nx+€[)vx’x+eig(‘])(fzn’ r]Z,é)’

E.H,g1 (i _
T7,g,g(t, n):=N XVZVlet LI’N g 8(1)(Ty77777x,e),

\%
y:ly—x|<;

E.H,g~(i —
Av LR (ym, ),

Teoalt,n):=NAVY VN
s, X Z e yily=xl<ty

y:ly—x|<;

Tiog(t,m):=NAV) V¢ Av _ Log" (tyn i, ).

y:ly—x|<;

)
)
) AV Log®(ryn, i),
)
)

(
(
Tog(r.) = N AvY Vi
(
(

Tirg(t,m :=NAVY V¢ AV LogV(ryn, iy o),
. 1

yily—x|=<t

d d
o No (X \p. .7 ()
Tiatt ) i= N AV Y V() D) | Ay W)

N X _ ﬁx-i—cNe-,Zl - ﬁx—cNe-,Zl
= xVZZVi ¢I<N>Di,j(nx,aN) ! 2 —

1 d X
Tt = 5 AV Y VM5 )l D01 = v, + 0, )
»

Z 1 i _
x (N) y: Iyé}clldl vz,z+ejg(l)(ryn’ Nx,e)s
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d

Ti4g5(,1m): ——AVZZZXd:Xd:V ( )Vk HI(N) 2,z+e,-(’7)

v =1 j=1k=1

X Vz,z+ej g(k) (T, Mv,e)

1

X AV VZ,Z+ej§(i)(Tyr]a ﬁx,€)7

yily—x|=b

X v
> 9V (5 )9 ()b, O

d
= 1k=1

1 d
Tisgg(t,m:i=5AV) ).
< =

v

1)

X V;,z—‘rej g(k) (tum, ﬁv,ﬁ)

1

x Av V) 8D, i,

yily—x|=t

Tis(t,n) : —ZZ / dr 39 (r) Dy, &N () (r) 3,7 Y () ().

i=1j=1

Moreover, recalling (4.4) and introducing ¢ as variable of integration on €2, we
also define

1 d
Kiem=3 Ay i1 (¢ U+ 83 Y e, )60 = 60,
1 d d
Kagltom) =3 A4v3 Z lwt(%)[E,- + 8_;Hz](%>
_ 0 1 (i) -
X ity o [€0.e; () (0 = 8e))V0,0;8" (¢, 11x,0)],
1 d d
Kigaltn) =3 av3 30 Y a5 ) ot ()
i=1j=1k=1
X Wit [€0,0, (V50,80 (€. 7 0)
x V0,,87, 1x,0],
1 d d
Kag(t,n) =5 AV ZZ lwt( )a H,(N)

X Wi [€0 6, ()60 = Ee) Vi 0,8V (&, 0],

Ks(t, n)—AVZZEWz( )o,k<nxe>[Ek+akHt]< )

i=1k=1
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In the above definitions, instead of a generic family of good functions, we will
sometimes take the family of good functions provided by Lemma 4.4, which we
denote by g[§]. In this case, we will add the dependence on § in the notation. For
instance, 75 g{s](f, 7) denotes the function 75 ¢(f, n) when the family g is chosen
so that the bound (4.22) holds.

PROPOSITION 4.9.

of good functions. Then for each { > 0 the expressions 11, ...,
defined above satisfy the following super-exponential estimates:

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

limsup — logIP’
N1too Nd

1
lim sup ~7
§10,0100,a10,c,0,Ntoo N

xlogPONQ/ dt [T> + Thi,g151 + T12] (2, n(2))

lim sup N—log]P’ (‘/0 dr[T3 + Ty — K11(z, n(1))

{100, Ntoo

1 T
limsup — logIP’O’Iflv(‘/ dt [Te,g — K4.g1(t, n(1))
2100, Ntoo 0

1
limsup — log]P
£1oo,Ntoo

T
(‘ /O dt (T3 — K2.gl(t. (1))

T
lim sup —logIED ('/0 di[Ti5,65 — K36 51(2, n(1))

£1o00,N oo

T
lim sup N—logIP’ (‘/0 dt[Ts,g — Te,gl(t, n(1))

£100,Ntoo

lim sup

1 T
—logIP’O’NQf dt [Ty g g — Ty g g1 (1)
oo, Ntoo N9 Ao BEhEE

1
limsup — logIP’
£1oo,Ntoo

('/ dt [To.g — Trogl(t, 11(1))

limsup — 10gIP’
£1o0,Ntoo

(‘/ dt [Tiog — Ti1.gl(t, ()

1 T
lim sup —logIP (‘/0 dt[Ti4,g5 — T15,4 511, n(1))

£too,Ntoo

Let ¢, H € C2([0, T] x TY), and let g, & be families
Tie, Ky, ...

, Ks

() / dr [Ty — T3], n(t))‘>€)

\
w

\
i
|
8

i
|
8

\
v

i
|
8

\
w

i
|
8

\
oY

!
|
8

\
w

i
|
8

\
w

\
i
|
8

i
|
8

I
|
2

\
w
N——— N——— N——— N—" N——— N——— N———— N——— N—— N——
Il
|

\
w



32 L. BERTINI, A. FAGGIONATO AND D. GABRIELLI

) 1 r
limsup — log]P)g’[y< / dt [K3,g 6151 + Ka,g](2, n(t))’ > {)
540,€100,N10o0 0
(4.39)
= —OO’
. 1 0, N T
limsup ——loglP; ( / dt [Ki + K2 151 — K5](t, n(t))‘ > ;)
50,6100, Ntoo N 0
(4.40)
= —0Q,
. 1
lim sup —

€ 10,6100,a40.5" 10,6 0,c40.Ntoo N¢

T
(4.41) X logIF’%jf/v(’/o dt[Ti» — Tis(t, n(z))‘ > g)

= —0OQ.

PROOF. We prove the stated super-exponential bounds one after the other. We
denote by C a generic constant, independent of the parameters we are taking the
limit, whose numerical value can change from line to line.

The estimate (4.28). Summing by parts we get

d
. x y
Tit,n) — T, m=NAvY jo .. A vN (_)_V.N <_)}
15, n) — Ta(t, n) xvizljx’x+e’y"y—¥<‘fl[ i i\ Ny i o\ N

The term inside the square brackets, after taking average, gives a contribution of
the order EZ/NZ. Hence, T — T is of the order ZZ/N.

The estimate (4.29). This is the core of [33] and follows from [33], Theorem 3.9,
the arguments presented in Section 4.2 and the definition of g[5] (look also at [33],
Step 3, page 637).

The estimate (4.30). It is an immediate consequence of the one block estimate.

The estimate (4.31). Let us define Tég(t, n) as the expression obtained from
Ts,g by replacing the term gV (1, nz.¢) with gV (z.n, nx.¢). We observe that,
due to the definitions of good functions and of the gradient V', both in 7 4 and

Té(lg) we can restrict the sum over z to the sites z such that |[x — z| < C. In view of
the Lipschitz property of good functions, we thus have

SIE®)

C _ 3
|To.g(t, 1) — Té(,g(t, n| < ~a > e — izl <

X zi|z—x[=C

Using again the above sum restriction and due to the smoothness of H, in Té’{g)
we can afterward replace VJN H;(z/N) with VJN H;(x/N) with an error O(1/N).
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Finally, we can remove the sum restriction over z. At the end we get

A ()T ()0 s 00 = k)

11]1

1 1
Xv)lx—ke ng(fzﬂ Nx Z)+0< )+0<£>

and (4.31) follows from the one block estimate.

T6,g(t7 77)

NI'—

The estimate (4.32). Recalling the definition of V!, we observe again that we
can restrict the sum over z to the sum over z:|z — y| < C. As a consequence,
|z—x| < C+£;. Hence, by an error of order O(£/N), we can replace ViNqot(x/N)

with ViN 01 (z/N). We call T1(31,)g the resulting expression. Let us now define T1(32 )g

T1(31,)g with g(i)(ryn, nx.¢) replaced by g(i)(ryn, Nx.an). By the Lipschitz property
of good functions, we can estimate

1 2) - _
T = T3l ) < C AVIiiv. — Tix.an

By the two blocks estimate (see Lemma 4.8), we conclude that

1
limsup  — InPY, N(‘/ de [T}3), — T3, ], n(t))dt' > g)
£100,al0,N10o0
(4.42)
= —00.
3) 2) : (i) - ) -
We next define T13’g as Tl3,g with g%/ (tyn, Ny «n) replaced by g%’ (tyn, 17,an).
Since |x — z| < C + {1, by the Lipschitz property of good functions we get

2
|T1() A 77)<CAV|77xaN—T7zaN|<CW

At this point we define Tl(3 )g as T1(33 )g with the term g(i)(ryn nz.an) replaced

by g(i)(tyn, Nz.¢)- As in (4.42), we obtain that the event {|fO T1(33)g Tg)g](t,
n:) dt| > ¢} has super-exponentially small probability. In order to prove (4.32) we
can therefore replace 773 ¢ with Tl(§,)g’

4 1 Z <
T1(3)g(t’ n) = 5A%V Z Vl-N(p;<N>[Ej + 8J'Ht]<ﬁ>c(z)7z+gj (m; — 771+ej)

X vzl z+e; Zg( )(Tyn Nz.0)-

The thesis now follows from the one block estimate.

The estimate (4.33). The proof of this bound follows by the same ideas used
in the proof of (4.32), apart the fact that now there are more indexes. Anyway, in
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Ti595 one cansumoverz € T4, y: |y —z| <C,x:|x —y|<fjand v:|v —z| <
C + £. Then one has to use the two blocks estimate and, at the end, the one block
estimate.

The estimate (4.34). If

(4.43) Vixte, 8 (T, 12.0) # Vi 40,87 (120, 712.0),

then the bond {x, x +¢;} must intersect both A; ¢ and its complement. In particular,
given z the number of sites x leading to the inequality (4.43) are of order O (£471).
In addition, since g\/)(n, p) is Lipschitz in p uniformly in 7, setting @ = n**+¢
with {x, x 4 ¢;} intersecting both A; , and its complement, we get

|Vx,x+e,-g(j)(7z77’ Nz,0) — V;,x_yeig(j)(fz’?’ ﬁz,€)|
1
Z_d-

The above observations imply that |75 ¢ — Tg g| < C/£, which trivially implies
(4.34).

= ’g(j)(fza)» Wz ¢) — g(j)(rza), ﬁz,[)’ <Clwge—1nz6l <C

The estimate (4.35). We define

d
) . N x) 1 A@) —
T, :(t, .——NAVE V; — Av L v, ,
7,g( m) x = ! (pt(N yily—x|<t 087 (Ty1: x.0)

d
1) . N X NG —
T, (t, .—NAVE V: — Av L TR .
&g( m) x ! (pt(N)y:Iy—xlih 087 (T Ux,z)

By Taylor expansion of the perturbed jump rates [see (5.8) below together with

(4.26)], we can write T7 g 5 = T;lg) +VandTg g5 = Tg(lg + W, where V and W are
uniformly bounded functions of #, . One can then prove that |V — W < C/¢

by the same arguments used in the proof of (4.34). Finally, the event {|T7(g —

Tg(’lg)| > ¢} has super-exponentially small probability as proved in [33], between
Lemma 3.8 and Theorem 3.9 there.

The estimate (4.36). In view of (4.6), we only need to prove that for each y > 0

limsup sup supspec{x(To,g — T10,g)(t, 1) + y_lNz_dLo}
100, N1ootel0,T] L2(uy)
(4.44)
<0.

We point out three facts. (i) It holds N2 Ly < ¢(d) Av, NZE_dLoyAx,m in the op-
erator sense. (ii) Since for self-adjoint operators W the quantity sup spec;2(,, .\ {W}

equals the supremum of (f, Wf),, among the functions f € L%(uy) satisfying
(f, fluy =1, the map W — sup specLz(MN){W} is subadditive. (iii) Both in 79 g
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and T1o,g we can replace Lo with Lo 4, ,, if € large. Combining (i), (ii) and (iii)
we deduce

sup spec{®(T9 g — T10,g) + )/_lNz_dLo}
L2(uw)

(4.45) <C AV sup sup spec{:I:VNgo, ( al )NLO,AXA]OKR(TXU)
v LZ(V) N '

+ c(d)y—‘Nze—dLo,AxW},
where v varies among all canonical Gibbs measures on A, 19, and
R = Av [¢D@m. iy0 - ¥ @n, 7o)
yilyl=b

By the uniform strong mixing assumption on interaction, there exists a constant
C > 0 such that gap(Lo A, o) > E_Z/C (see [12, 22, 34]). Applying Lemma 4.2
with £ =c(d)y 'N2¢~7L,, Ay 10¢» USINg translation invariance and the expression
of the Dirichlet form for reversible processes, we can then bound the right-hand
side of (4.45) by

Ed Sup(Rv _LO,Al()g R)U
%

(4.46) )

<Csup{ Av Zﬂ{xm] AoV [(Vexge R L,

) xeAme

where I denotes the indicator function. By the same arguments used in the proof of
(4.34), in (4.46) we can replace Vi x4 ; by V x xte; with an error of order O (£~1).
On the other hand, due to the definition of good function, there exists a constant
K > 0 such that g(i)(-, p) has support in Ag for all p € [0, 1]. We take £ > K.
Then, using the Lipschitz property of good functions, we can bound the right-hand
side of (4.46) by

d
C Av ZH{{xHe JCA00)

XGAIO/Z

2
|:(v)1 x+ej Z [8(1)(677, ﬁy,ﬁ) - g(’)(fyﬂ, ﬁZ)]) i|

YEA |y—x|<2K

ol

2 1
<C A v — 7 ol-).
seal( 8 me-aa) o)

YEA 1 ly—x|=2K
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The proof is now concluded observing that the last bound above vanishes uni-
formly in v as £ — oo by the equivalence of ensembles.

The estimates (4.37) and (4.38). The proof is similar to the proof of (4.34).
The estimate (4.39). Due to (4.14) and (4.11) we can write

X
K g1 (0. ) = AvZZalgot( )k (5 )iLogl Log161), .,

i=1k=1
Kag(t,n) = AVZZW:( )8 Ht<N)<J(()) Log/(,J)>p xe
i=1j=1

Hence,

[K3.g.g151 + K4, g](t, n)

X
= VZ Z 8"”( ) 3kHt<ﬁ>(Logfak)’ Jo.e +Logy 181) ;. ,-

i=1k=1

Due to Lemma 4.4, the orthogonal decomposition (4.15) and the definition of the
orthogonal projection P we can write for all p € [0, 1]

(Log®. o, + LogV18]), = (Log, Pjg.,) + o(1) = o(1),

where the error term o(1) goes to zero uniformly in p € [0, 1] as § goes to zero.
The thesis follows.

The estimate (4.40). Using (4.10), (4.11) and Lemma 4.4 we can write

Kit,m) = AvZalcpf( Ui+ 05 ) ey 8o

K011, 1) = AVZZalgo,( YU + 058 (Ui Lo,y

i=1j=1

—AVZZM,( YU+ 81 (50 ) ey T P8 e

i=1j=1
+o(1).

We apply Lemma 4.3 in order to rewrite the above terms Ky, K> g(s] in terms of
the matrix o. By (4.20) and (4.21), respectively, we can write

Ki(tn) = AvZa,go,( s+ 8 (3 Joua o) + ECt )
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d
X X _
K> gs1(2,m) = AXVZ Z ai‘Pt(ﬁ)[Ej + ath](ﬁ>Ui,j(77x,€)
i=lj:1<j<d
J#
- E(t9 77) + 0(1)7

where E(t,n) = Avy Y5 i GOLEr + i HAGD Gy (1 = P18 ) pmiies
Comparing with Ks(¢, n), the above identities trivially imply the thesis.

The estimate (4.41). Given x € T‘Z{] and s > 0, denote by K, ; the o-algebra
generated by the observables 7y, y € Tj’v \ Axs, and by 7y . In the proof
of Theorem 3.9 in [33], page 649, it is shown that in 77, one can replace
D j (fle.an) AVy: [y—x|=e, B\ () With Dy j (7x,0) AVy: [y—x|<t, (ye; —11y). We
call T}, the resulting expression. As the proof is based on the two blocks esti-
mate and [33], Theorem 5.3, it needs the property that the function D; j(7x an)
is Ky an for some A (take A = a). The same property holds indeed also for
Di,j(ﬁN(n)"*“(x/N)) with A = (1 — k)a. In view of Assumption 3.1, it holds

|D; j (7@ () (x/N)) = Di j (1x.an)| < Cre,
which allows us to apply the two blocks estimate as in [33], page 650. As a con-
sequence, the expression Tl(zl), obtained from 71 by replacing D; j(7x qn) With
D; ; (ﬁN(n)’““(x/N)), is equivalent to Tl’2 and therefore to 77,

T ) _
/0 dt[Ti — T}, (¢, n(0)| > ¢ | = —o0.

1
lim sup —7 log IP’%}{/V (
x10,0400,al0,c10,Ntoo

By replacing ViN ¢; with 9;¢; and summing by parts, we can write

1
Tl(z) (t,m)

d d
1 b by
=—Av> Y iy —[31'(/%(— + Cej)Di,j (ﬁN(U)K’a (— + cej))
o 2c N N
X 5 X
R )
+o0(1).

Observe that 7V ()% belongs to C*(T%). Moreover, fixed a, x, we can bound
its derivatives by a constant depending only on a, k. Hence, by Taylor expansion,

Z—IC[S,@D,(% + cej>D,~,j <ﬁN(n)K’a(% + cej)>
val oo (o)

_ 3,[0ii D, m%Wm“ﬂn(%)‘ <ce,
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where C = C(k, a) and c is the scale parameter. Up to now we have proved that
Ty, is equivalent, in the super-exponential sense stated in (4.41), to Tl(zl), which,
by the above observations, is equivalent to
2 _ - X
1) == AVY 3 i, 000001 ) ()

d
i=1j=

1

Note that the scale parameter ¢ does not appear anymore. By the same argument
used in the proof of equation (4.28), in Tl(zz) we can replace the local density 7 ¢,
with 7, paying an error bounded by C(a, k)(£/N)?, and therefore negligible. We
call the new expression T S’). By the same argument used to derive (4.28) we can
replace 7, by 7, n With an error bounded by C(a, k)&?, therefore negligible. By
this replacement we get Tl(§). Since |y, eN — ﬁN(n)K,’S(x/N)| <C(k'+1/N¢)
and the limits N 1 oo,«’ | 0 and ¢ | O are taken before the limit a | 0, by a
uniform estimate we can replace 7y .y with aN (n)¥ e (x/N) getting

d d
i=1j=I

With an error negligible as N 1 oo, in T1(25 ) we can replace the average Av, with the

integral over T¢. By an integration by parts, the resulting expression is indeed Tis.
O

5. Hydrodynamic limit. In this section we prove the hydrodynamic scaling
limit for the weakly asymmetric Kawasaki dynamics. In order to prove the dynam-
ical large deviation principle, we need a more general version of Theorem 3.2 that
is stated below. Recall that IP’EI(,H’g’N is the law of the process with the perturbed
rates defined in (4.25) and observe that by setting H =0 and g = 0 we recover
the law IPE](,N of the original weakly asymmetric Kawasaki dynamics as defined in
(2.12).

THEOREM 5.1. Fix T > 0, functions E € C'(T?;R%), H € C"2([0, T] x
TY), a profile y € M, a sequence (nN e Qu) associated to y and a family
g={g®:1<i <d} of good functions. The sequence of probability measures

{]P’nE,;,H’g’N o (nN)_l}Nzl on Mo, 1) converges weakly to §,,, where u is the unique
element of Mo, 1] satisfying the two following conditions.

(i) Energy estimate. The weak gradient of u is in L%([0, T] x T¢, dt dr; RY),

T
(5.1) / dt (Vu,, Vu,) < +o0.
0
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(i) Hydrodynamic equation. The function u is a weak solution to

ou+V-low)(E+VH)]=V - -[Du)Vu], (t,r)e(0,T) x Td,
5.2)
uo(ry =y (), reT?.

To prove this result, we shall first discuss the tightness of the sequence

{IP’E,(,H’g’N Ny=1}y=1 and prove the energy estimate. Since these results are

o(m
also relevant for the large deviation principle, they will be proven at the super-
exponential level. We then discuss a microscopic characterization of the hydrody-

namic equation and conclude the proof of the hydrodynamic limit.

Exponential tightness. Recall that a sequence of probability measures { P,} on
a Polish space X is exponentially tight iff there exists a sequence {K,} of compact
subsets of X’ such that

1
(5.3) limsup —log P, (ICE) = —00.

£1o0,ntoo0 11

LEMMA 5.2. Under the same hypotheses of Theorem 5.1, for each ¢ €
C%(T%) and each ¢ >0, it holds
) 1 E.H,.gN
lim sup —dlogIP’nN (

sup |z, 0) — (0} > ¢)
t}0,Ntoo

s,t€[0,T]: |s—t|<t

5.4)
= —00.

PROOF. The bound (5.4) is proven in [33], Section 4, for the reversible process

]P’?L’]{,v . Therefore, by Remark 4.6, it holds also for IP’HE,(,H’g’N. ([

Since M is compact, by definition of the weak* topology on M and standard
characterizations of compacts in the Skorohod space, the above lemma implies that

the sequence {Pf,{,H’g’N o (mN)~1}y=1 is exponentially tight. We also observe that,

since in (5.4) we used the modulus of continuity on the set of continuous path and
not the one in the Skorohod space, Lemma 5.2 also implies that any limit point of

the sequence {IP’UE,’VH’g’N}Nzl is supported by C([0, T']; M).

Energy estimate. Let Q: Mo, 71 — [0, +00] be the functional defined by
(5.5) Q) :=sup{Qr (), F € C'([0, T] x T*; R%)},
where, given F € Cl([O, T] x T¢; ]Rd),

T T
(5.6) Or(m) = —2/0 dt (n,,V-F,)—/O dt (Fy, Fy).
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Observe that Q is convex and lower semicontinuous. Moreover, by a stan-
dard argument, Q(7) = supF(foT dt (m;, F))?*/ fOT dt (F;, F;). Hence, Riesz rep-
resentation theorem implies that Q() < +oo iff the weak gradient of 7 be-
longs to Lo([0, T] x T4, dr dr; RY). If this is the case, we also have Q(7) =

fOT dt (Vm;, V). In view of Remark 4.6, the energy estimate proven in [33], Sec-
tion 5, implies the following bound.

LEMMA 5.3.  Under the same hypotheses of Theorem 5.1, it holds

1
lim sup 11msup—10gIP’E HgN(Q @Yy > a) = —c0.
000 pecoo((0.T]xT4:Rd) Ntoo N4

Fix a countable family {F;} C C*°([0, T] x T<4: R4) of smooth vector fields
dense in C' ([0, T] x T¢; ]Rd). Givenn e Nand @ € R, set

(5.7) MO {ne/\/l[o T]: I{nax OF (m) < },

so that M* := {m € Mjo,11: Q) < a} =), M*". The following statement is
then an immediate corollary of Lemma 5.3.

COROLLARY 5.4. Under the same hypotheses of Theorem 5.1, it holds

1
lim sup dlogIP’EHgN( N¢ M¥") = —c0.
atoo,ntoo,N1oo N

Identification of the hydrodynamic equation. The following result will allow

E.H.gN

us to characterize the limit points of {P o (rV)y~hy ~N>1- Recall the notation

for the smooth convolution introduced in (4.1).

PROPOSITION 5.5. Given ¢ € CY([0, T]1 x T?) and a path w € Mo, 7, set

T
Wr () := (. o1) — (770, 90) — /0 dt (70, 3 r)

T I
+ [ di (Voo GEDLE + VHI = DGEEOVAL).
0
Then, under the same hypotheses of Theorem 5.1, for each ¢ > 0 it holds

lim sup IP’EHgN(IWT(ﬂ )N >¢)=
K 10,a 40,k 10,60, N 400 "

The proof of the above result will be based on standard martingale estimates,
the super-exponential bounds in Proposition 4.9, the Taylor expansion of the rates

1
LR =y )+ 3 e DO~ s Es+ 0t ()

(5.8) 1
+ C)(z,erei (M Vi xte; F(l‘, n)+ O <m>
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and of the currents

1
]x x+e, (77) ]x ,x+e; (77) + — N x ,X+e; (U)(nx 77x+e,) [E + a Ht]( )
(5.9)

_ 1
+ C27x+ei (m(nx — 77x+e,~)vx,x+ei F(t,m+ 0 <m>’

where the function F = F 111\[ g is the one defined in (4.24).
PROOF. Given ¥, ¥ : T¢ — R, set (¥, ¥2)x := Avy Y1 (x/N)Yra(x/N) and
observe that for any ¢ € C([0, T'] x T9) it holds
lim (7 (), ¢1)« = (7" (). @)
N—o0

uniformly for ¢ € [0, T] and n € Q. Hence, it is enough to prove the statement
with (-, -) replaced by (-, ).
By standard martingale estimates (see [20]) and recalling the definition of

Lf I’VH’g given after (4.25), we get

lim P N(‘M(n(r», o1 — (7Y (1(0)), g0}

T
(5.10) - / de (1Y (1)), pr)

~¢)=

We next introduce the microscopic scale parameters £, ¢ and the family of good
functions provided by Lemma 4.4 which, as in the previous section, is denoted
by g[§]. All approximations below have to be understood with respect to the limits
N*1oo,¢l0,e]0,"}0,al0,£1 00,k | 0andfinally § | 0. We use the func-

/ dt LE 8 (2N (n(0), 1)

tions 71, ..., T1g and K1, ..., Ks introduced in Section 4.4. Below we frequently
use Remark 4.6 without explicit mention.
Since

d
E.H, E.H, .E,H,
Ly ®ne=N? Z/x Dk ) = N2 i,
i=1
summing by parts and using the Taylor expansion (5.9) we deduce

d
E.H, E.H,
Loy 8N, e« =N éVV,'N(Pt<N)]x )
i=1

=[T1 + T3+ T4+ T5](t, n) +o(1).

In particular, inside (5.10) we can replace the last integrand by [T1 + T3 + T4 +
T5,¢1(z,n(2)). By (4.28) and (4.29), we can replace T; by 7, and then 7> by
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—Th1,g151 — Th2- By (4.30), we can replace T3 + T4 by K. By (4.34) and (4.31),
we can replace T5 g by T ¢ and then Tg ¢ by K4 . In conclusion, inside (5.10) we
can replace the last integrand by

(5.11) [Ki + Kag — Ti1,g151 — T12](2, n(0)).

By a standard martingale estimate (see the paragraph before Lemma 3.6 in [33]),
it holds

E.H.g N

lim sup ]P’ & <‘/ dr Ty g.g151(2, ﬂ(t))‘ >§)
£1o0,N oo

In particular, in (5.11) we can add T3 g ¢(5)(f, 7(7)). By (4.35), this last expression

is equivalent to 77 g ¢(51(¢, n(¢)). On the other hand, by the Taylor expansion (5.8)

we can write

T7.9,9051(t. 1) = [Th1,g151 + 113,151 + T14,g,9151] (2, 1) + 0(1).

By (4.32), we can replace T13 g(51 by K2 g[5), While by (4.38) and (4.33) we can
replace T14,g g(5] by T15,g,g[s) and this by K3 g o[5].

Let us stop and see where we are: up to now we have showed that inside (5.10)
we can replace the last integrand by

[K1 + Ko, gi5) + K3,g.0151 + Ka,g — T12] (2, n(1)).

In view of the estimates (4.39) and (4.40), the above expression can be re-
placed by [Ks — T12](¢, n(¢)). Finally, using the two blocks estimate in Lem-
ma 4.8, we can replace in K5 the microscopic scale ¢ with the mesoscopic
one aN getting a new expression [Kg — Ti21(t, n(t)). Given m € M, we
define 7%(r) := m * ¥ (r) where ¥(r) := (2a)~%I(|r| < a). Due to (4.41)
we can replace T1» with Tjg and, using the regularity of o, we can replace
Jodt Ki(2,n(1) by [o dt (Ve,, 0@ m@))IE + VH,]). In addition, since
7N (m)® — 7V (1)< 4| s < Ck’, we can replace 7V ()¢ with AN (@m)<a. Com-
paring with the definition of Wr, the proof is complete. [

We can now conclude the proof of the hydrodynamic limit.

E.H.gN

PROOF OF THEOREM 5.1. Set 735 H.— =Py o (m™¥)~!. As proven be-

fore, the sequence {Pﬁ’H } is relatively compact. We therefore only need to
show that any limit point P equals §,. By taking a subsequence, we can as-
sume that Pﬁ’H converges weakly to P. By the continuity of Qf and Port-
manteau theorem P(M%*") > limsupy Pﬁ’H(M“’”). Corollary 5.4 then yields
limy— 00 P(M*) = 1. Hence, P almost surely, the weak gradient Vzr belongs to
L2([0, T] x T¢, dt dr; RY).

We write the function Wr defined in Proposition 5.5 as Wy (7%, % g ). More-
over, given w € M satistfying the energy estimate, we let Wr (;r, w) be the same
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expression with 7/°¢ and 7% both replaced by m. By Schwarz inequality and
the regularity of D and o, there exists a constant C not depending on the scale
parameters such that

Wy (7, 7€) = Wr (. m)| < C(I7 — x|+ |VF** = Vr|l2),

where || - |2 is the norm in L2([0, T] x T¢, dt dr). Since ||7/]|oc < 1 and P al-
most surely Vrr belongs to L2([0,T] x T4, dt dr; R?) by standard properties of
convolutions we deduce that for each ¢ > 0

limsup  P(|Wr (&<, 7%) — Wr(r, )| > £) =0.
k40,600,"]0,al0
On the other hand, Proposition 5.5 and Portmanteau theorem imply that for each
>0

lim sup P(IWT(ﬁK’a,ﬁK/’SN > ¢)
k40,e}0,’10,al0

< lim sup PJ\E,’H(IWT(ﬁK’a, 7<) > ¢)=0.

K 10,640,6710,a0,N oo
The above results readily imply that the identity W7 (7, ) = 0 holds P almost
surely. Since by hypothesis the sequence {1V} is associated to the profile y, this
amounts to say that & is P almost surely a weak solution to (5.2). By the unique-
ness of such solution we conclude P =§,. [

6. Dynamical large deviation principle. In this section we prove Theo-
rem 3.3. Since the driving field E and the time T are here kept fixed, we drop them
from most of the notation. In particular, the space Mo 1] is denoted by M and

the rate function defined in (3.10) by 7 (-|y). Recall that PfA}N = IF’UE[;,N o (™M)~

6.1. Upper bound. We first outline the basic strategy, which is the classical
Varadhan’s one [31] for Markov processes applied to the context of interacting
particle systems in the diffusive scaling limit [9, 20, 21, 25, 26]. In view of the
exponential tightness already proven, it is enough to show the upper bound (3.14)
for compact sets. Moreover, Corollary 5.4 implies that the probability of paths
not satisfying the energy estimate is super-exponential small as N diverges; more
precisely, that the large deviations rate function is infinite if the weak gradient of
7 does not belong to Lz([O, T1x T4 dtdr; ]Rd), that is, the second line in (3.10).
By constructing a suitable family of exponential martingales for the probability
measures IP’UE,;,N, we then essentially prove that for any measurable set B in M and

any function H € C1-2([0, T x T¢)

. 1 E,N .
6.1) hmsupmloanN (B) < —;21;]11,),(71),

N—o00



44 L. BERTINI, A. FAGGIONATO AND D. GABRIELLI

where, recalling (3.9), if m € M satisfies the energy estimate Jy ,, (1) is given by

T
Ji1.y () = €y 0 (H) — fo dt (VHj, o () V H,)
6.2) — (rr. Hr) — {y. Ho)
T
—/O dt [, 3 Hy) + (0 (i)IE + VH,] — D(m) Vi, VH,)].

This is clearly the main step of the proof; the exponential martingales are con-
structed from the microscopic dynamics and are not a function of the empirical
density. However, the super-exponential bounds proven in Proposition 4.9 imply
that such exponential martingales can be approximated by functions of the em-
pirical density with probability super-exponentially close to one as N diverges.
In view of the variational definition (3.10) of the rate function /(-|y), the upper
bound (3.14) for compact sets then follows from (6.1) and (6.2) by an application
of a min—max lemma. As stated before, while for gradient models the exponential
martingales are constructed simply by changing the driving field, for nongradient
models, the correction provided by Lemma 4.4 is needed.

Exponential martingales. Fixl E e CY(T4; R, H € C}%([0, T] x T%) and a
family of good functions g = {g”): 1 <i < d}. Given £ > 1, recall the definition
of the function F = F 1]}’ g given in (4.23) and consider the exponential martingale

E=€ g g associated to the function 2 F, that is,

&)= exp{2F (1. n(0) ~ 26 0.0 0)
(6.3) .
_/ ds [e—ZF(S,ﬂ(S))(as +Lg N)eZF(s,r](s))]}‘
0 ,

By, for example, [20], Appendix 1.7, £(¢) is indeed a mean one positive martingale
with respect to the measure PTIYE](,N. We next show that, as N diverges, £ is super-

exponentially close to a function of the empirical density. The first step, stated
below, comes directly from a Taylor expansion of the exponential and (5.8); we
therefore omit the proof.

LEMMA 6.1. Set jf,{@’g(n) =N logé’giz’g(T), ne D0, T]; Q). Then
Th e.gm = (@ (), Hr) — (x™ (1(0)). Ho)

T
- /0 di [ ((0)), 9 Hy) + J1 (. (@) + ot n(0))

+ J3(t, (1)) + R (1, n(1)],
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where, for n € Qy,

Ti(t.m) =Ty 0 gt m)

d
x
= NA;CV.X;CS’HQ () |:V,NHt (N) (Nx — Nx-+e;)
i=

+ vx,x+e, Z Z VN ( ) (J)(Tzn 77z K):|

z j=1
_ N
JZ(I’ n)_JZ,H,[vg(tv 77)

1 & X
5 VIX;CX x+e; (M E; (N)(Ux - 77x+ei)

x| VN H:(i)mx are)
1 N i

+Vxx+e,ZZVN < ) D (., nzﬁ):|

Z]l

Tt n) = JgNH,ggu, )

1

5 VZCX x+e; (77) |:V Ht( )(Ux 77x+ei)

i=1

2
+ vx,x—|—e, Z Z VN < ) (])(77277 nz E):|

Z]l

while the error term R = RZ,Z,g satisfies

C
sup sup |R(7,n)| < —
1€[0,T] neQy N

for some constant C > 0 depending on T, H, £, g.

We next choose the family g as the one provided by Lemma 4.4; as usual, we

denote it by g[§]. Then the super-exponential estimates in Proposition 4.9 together
with Remark 4.6 imply the following key result.

PROPOSITION 6.2. Fix T >0, E € CH(T?;R?), H € C2([0, T] x T9),

a profile y € M, a sequence {n" € Qn} associated to y, and let Jge g be de-
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fined as in Lemma 6.1. Then, for each ¢ > 0 it holds

. 1 .
lim sup —710g PN (1TH g1 ) = Thy 2N ()] > ¢)
540,k 40,£100,a40,k' 10,60, N1oo NV
= —OO’
where, for 1 € M,

Ty () = {mr, Hr) — (v, Ho)
T
(64) —A dt [(T[t, 8,H;)
+ (0 GEDE + VH,] — DFEYVESE VH)].

PROOF. In what follows we write g instead g[é], understanding the depen-
dence on §. In order to have compact formulae below, it is also convenient to
introduce the following notation. Given functions Fy, F; on [0, T] x Qp depend-
ing also on the parameters 8, k, £, a, k', €, c, N, we write F| ~ F; if for any ¢ > 0
it holds

1
lim sup —
540,k 10,0100,a40,k"40,640,¢L0,Ntoo N

T
<tog P (| [ ar i) = o | = ¢)
= —0OQ.

We use Lemma 6.1 and analyze separately the terms Ji, J2, J3. We start by J,
which can be rewritten as

X

d
N
A =NAVYY; (5
i=

)[j,?,x—i—ei () + Log ¥ (ten, fix.0)]-
Consider the expressions 711, ..., T1g, K1, ..., K5 defined in Section 4.4, where
now the function ¢ entering in their definition has to be replaced by H. By the
same arguments used to derive (4.28), it holds J; ~ T> + To g. Due to (4.36) and
(4.37) we then get Ty g ~ Ti0,g ~ T11,¢. Hence, we get that J1 ~ 75 + T g. Finally,
by (4.29) and (4.41), we get

(6.5) Ji(t,m) ~ =T2(t,m) ~ —Te(t, n).

We now analyze the term J>. Due to Definition 4.1 of good function, in the
expression of J, given in Lemma 6.1 we can restrict the sum over z to the set
{z:]z—x] < (C+1£)}, where the constant C > 0 is such that the functions g (-, p)
have support inside A¢c for all i = 1,...,d and p € [0, 1]. As a consequence,
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in Jo» we can first replace discrete gradients by partial derivatives; afterward we
can replace 0;H,(z/N) by d; H;(x/N) with an error O(£/N). Moreover, similar
to (4.34), we can replace Vi yi., with Vx xtei- At this point, by the one block
estimate and (4.32), we get

d
Bt~ lAvZE,-(i) B Ht( )unxl[cog (€)@ — L]
R VY N !

d

+%§V;]§ ( >8H’(N>

X Wiy o [€0., (00— E)Vg 0,8 (L. Tix.0)].

Recall the discussion of the CLTV in Section 4.3, in particular the definitions of
the inner product (-, -),, and of the orthogonal projector P. By (4.10), (4.11) and
Lemma 4.4 we then get

d d
Jz(r,n>~/§cv<ZEl( )me, Z ( )JOe,+Log(l)(',,0)]>
i=1 i=1

p:ﬁx,l

A(E (o ()i

In view of (4.18), we deduce that J(f, ) ~ Avy E(x/N)-0(nx,¢)VH;(x/N). Ap-
plying the two blocks estimate and afterward making a uniform estimate, we con-

clude that
J ~AvE(Z Ny () )\va, (2
(2, m) XV (ﬁ)'a(n (m) <N)> t(ﬁ)

~(E, o (@Y ()" VH).

/0:7_].)(,[

(6.6)

We finally consider J3. As done for J», we can replace discrete gradients by
partial derivatives; afterward we can replace d;H;(z/N) by 9;H,(x/N) and fi-
nally Vy , 4. by V! Then, by the one block estimate together with (4.32) and

X, x+e;*
(4.33), we can write

1 d 2
B~ 3 A Y m(%) i LD ()0 — L)?]

—l—AVZZB Ht( )a H,(N>MW

i=1j=1

x [€0.¢, (050 = £e))V5.0,8 (¢ 71x.0)]
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(s

1
+ - Av
2 % 1k=1

d
i=

d

1j=
X i [€8 6 ()8 0,8 (C T1x0)

X V0,80 (¢, 71 .0)].

Recalling that (f, f), = V,(f), from the identities (4.10), (4.11), (4.14) and
Lemma 4.4 we deduce

d
x\, . -
Js(t.m) ~ AV Vi, (Z it (3 )i, + Lhe . p)])
i=1

6.7) .,

X .0
~ AxV Vp:ﬁx,l (; 8[ Ht (ﬁ) PJO,@,‘) .
Then, by (4.18), we get J3(t,n) ~ Avy VH;(x/N) - 0 (nx¢)VH;(x/N). As in the
derivation (6.6) we then conclude

s J3(t,m) ~ Av VHI<%> .o(ﬁN(n)"’“(x/N))VH,<%>

~ (VH, o @Y ()“)VH;).
The thesis now follows combining Lemma 6.1, (6.5), (6.6) and (6.8). [

Conclusion. Recall the definitions of the set M*"™ in (5.7) and of the func-
tional J,, in (6.4). Let J;’I'; : M — [0, +00] be the functional defined by

6.9 JE" :={JHvy(7T>» if 7w & MPA,
(6.9) H,y () +00, otherwise.

Note that, even if not explicitly indicated in the notation, the functional Jfl'; de-

pends also on the parameters k, a, K/, €.

LEMMA 6.3. Fix T > 0, a vector field E € C'(T%; R?), a profile y € M and
a sequence {n" € Q) associated to y . For each H € C12([0, T] x T¢) and each
measurable set B C M., it holds

. 1 E,N . a,n o,n
lgnjgop WlOgP’iN (B) < [— T}Ielfé JH’V(T[)] \Y, RK’L,’a’K,’S,

where

. o,n _
lim sup Ry g e =—00
atoo,ntoo,x0,£400,al0,£]0,e,0
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PROOF. Recall Proposition 6.2 and, given ¢ > 0, let QZ(;) be the subset of

D([0, T]; Q) defined by

G (¢) :={n € DO, TL: 2N : | TH g1y (D) — Ty N ()] < ¢ .
Given the measurable set B C M, set also

By () :={neD(0.T]: Qn):7" (n) e BAM*"} NG (£).
Then, by Proposition 6.2 and Corollary 5.4, for each ¢ > 0
1
lim sup —7 log IP’EJ(,N(Bg(g‘)E) =—00
a100,n100,8 0,k 40,0400,a 0.k’ 10,60, N 100 "

On the other hand, recalling £(¢) in (6.3) is a positive mean one martingale with
respect to the probability IP’;E,’VN and £(T) = exp{Ndj}XZ,g},

P (BR©) =B (ET) expl=N"Ti sy o)

< sup exp{—N“[J5" (7) — ¢1}.
weB

The statement is a straightforward consequence of the above bounds. [

PROOF OF THEOREM 3.3 THE UPPER BOUND. In view of the exponential
tightness of the sequence {PE,\;N }, it is enough to prove the bound (3.14) for com-

pact sets. Observe that, for each H e C12([0, T] x T9), the functional J
lower semicontinuous on M. From Lemma 6.3 and the min—max lemma in [20]
Appendix 2, Lemma 3.3, we deduce that for each compact K C M

hmsupilogp V(K < — 1nf sup {Jf,’)’/(n) A(— RM )
N—o0 TeK g an k. l,ax e
In view of Lemma 6.3 and the variational definition (3.10) of the rate function,
the proof of (3.14) is now completed by taking the limits ¢ |, 0,«" | 0,a | 0, £ 1
00,k | 0,n 1 0o, 1 0o, and finally optimizing over H (see [9], Section 3.3, for
more details). [

6.2. Lower bound. The following is a general result concerning the large de-
viation lower bound. Its proof is elementary (see [18], Proposition 4 1) Given two
probability measures P and Q we denote by Ent(Q|P) = [d Q log =< the relative
entropy of Q with respect to P.

LEMMA 6.4. Let {P,} be a sequence of probability measures on a Polish
space X and X° C X. Assume that for each x € X° there exists a sequence of
probability measures {Q;;} which converges weakly to 8 and such that

1
(6.10) limsup — Ent(Q; | Py) < I°(x)
n n
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for some function 1°: X° — [0, +00]. Then { P,} satisfies the large deviation lower
bound with rate function I : X — [0, +00] given by

(6.11) I(x) = sup inf  I°(y),
OeN, yeONnx?o

where N denotes the collection of open neighborhoods of x.

Let:X — [0, +o0] be the functional defined by

fo) ::{Io(x), ifxeA.,’",

~+00, otherwise.
Then the functional 7 in (6.11) is the lower semicontinuous envelope of I, that
is, the largest lower semicontinuous functional below 7. As is simple to show, the
condition that a large deviation rate function is lower semicontinuous is not re-
strictive. More precisely, if a sequence of probabilities satisfies the large deviation
lower bound for some rate function 7, then the lower bound still holds with the
lower semicontinuous envelope of /. The previous lemma is therefore stating that
the entropy bound (6.10) implies the large deviation lower bound.

We are going to use Lemma 6.4 with X’° given by the collection of some “nice”
paths in M. For such paths we can prove the bound (6.10) with /° given by the
restriction of the functional 7 (-|y) defined in (3.10). To conclude the proof of the
lower bound (3.15) we then need to show the functional 7 in (6.11) coincides with
the functional 7(-|y) on the whole space M. We start by defining precisely what
we mean by “nice” paths. We basically require that 7 is a smooth function bounded
away from zero and one. However, as [ (;r|y) < +oo implies g =y and y € M
is not necessary smooth and bounded away from zero and one, we shall require
that 7w solves the hydrodynamic equation (3.7) in some time interval [0, 7) and 7
is smooth only on [z, T] X 4.

DEFINITION 6.5. Given T > 0 and y € M, let /\/l;’, be the collection of the
paths w € M, called nice paths, satisfying the following conditions:

(i) the map (0, T'] x T¢ 5 (¢, r) — 7,(r) is continuous;
(ii) foreachs € (0, T]there exists ¢ > Osuchthate <7 < 1—egin[8, T] x T9;
(iii) there exists T = 7, € (0, T'] such that, in the time interval [0, t), the path
7 satisfies the energy estimate and solves (3.7) while in the time interval [z, T'],
the map (¢, r) — m;(r) is in Cl2([7, T] x TY).

Observe that if 77 belongs to M7, then 7, — y in M as ¢ | 0. Moreover, nice
paths trivially satisfy the energy estimate (3.6).
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Lower bound for nice paths. Fix y € M, a sequence {n" € Qy} associated to
y and a nice path 7 € /\/l; Given ¢ € [t,, T], regard the first equation in (3.13) as
a Poisson equation for ¥,, . In view of Assumption 3.1, item (ii) in Definition 6.5
and the bounds (3.3), (3.4), the symmetric matrix o (;r) is uniformly elliptic and
continuously differentiable. Since 7 belongs to C'2([1,, T] x T%), by elliptic reg-
ularity, we can solve this equation and get a function, denoted by H = H;, which
belongs to CY2([ty, T] x T¢). We understand that for ¢ = t,; the time derivative
dsr stands for the right derivative. We finally extend H to a piecewise smooth
function on [0, T] x T¢ by setting H =0 on [0, 7;) X T<. We remark that H can
be discontinuous at 7;. In any case, H belongs to HY (o (7)) and therefore, by
(3.12),

T
(6.12) 1(ly) :/ dt (VH,, o (,)V H,).

Recall the exponential martingale introduced in (6.3) and let, for the function
H = H,; constructed above, ]P’;V,QE’” be the probability measures on D ([0, T']; Q)
defined by

N,E, N,E
(6.13) AP =Eq g0 (T AP

where g[4] is the family of good functions provided by Lemma 4.4. Observe that

the measures IP’;VA’,E’” and IP’;V,(,E are equal if restricted to the time interval [0, 7,;).
As we next show, the sequence {]PT]NA’,E’” o (wN)~!} fulfils the requirements

in Lemma 6.4. By, for example, [20], Appendix 1, Proposition 7.3, the proba-

bility IP’UNJQE’” restricted to the time interval [, T'] is the distribution of the per-

turbed Kawasaki dynamics with rates cf, ’yZH’g[(S] [see (4.25)]. The construction of

the function H and the hydrodynamic limit of the perturbed Kawasaki dynamics
stated in Theorem 5.1 (applied with H = 0, g = 0 in the time interval [0, 7;) and
with H = H, g = g[4] in the time interval [, T']) then imply that the sequence
{IP’”NA’,E’” o (M)~ 1) converges weakly to §;. The entropic bound (6.10) is an im-
mediate consequence of the next statement.

PROPOSITION 6.6. Fix T > 0, a vector field E € CY(T¢;R?), a profile
¥ € M, a sequence {n" € Qn}, a nice path € M;’/ and let IP’T]NA’,E’” be the proba-
bility measures on D([0, T]; Qy) constructed above. Then

1
limsup  — Ent(®N57IPYNE) < 1(r|y).
510,100, N 100 g g

We premise an elementary lemma on perturbations of Markov chains.

LEMMA 6.7. Let X be a continuous time Markov chain on a finite state space
E with generator Lf (i) = }_;ci j[f(j) — f(i)] and, given T > 0, denote by P;
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its law in the time interval |0, T] starting from i € E. Fix a function F :[0, T] x
E — R, consider the time inhomogeneous Markov chain with generator L,F f@ =
Zj ci,jexp{F(t, j) — F@, D)} f(j) — f@)] and denote by PiF its law in the time
interval [0, T] starting from i € E. Then

T
Ent(Pf |P;) = Eff dt S(t, X (1)),
0

where ]EZF is the expectation with respect to IP’;v and

St,i) =Y ¢ jel CITFCDAFCD=FCD] _y 4 F(, j) — F(1,i)).
j

PROOF. From the explicit expression of the Radon-Nikodym derivative
in [20], Appendix 1, Proposition 7.3, we deduce

Ent(Pf|P))
T
- Ef[F(T, X(T)) — F(0, X(0)) —/O dte  FOX0) g, 4 L)eF(t’X(t))].

By using that F (¢, X (1)) — F(0, X (0)) — [¢ ds (35 + LE)F(s, X (s)) is a Pf mar-
tingale, straightforward computations yield the result. [J

PROOF OF PROPOSITION 6.6. Set t := 1. By definition (6.13) [see also
(6.3)] and Lemma 6.7, a Taylor expansion of the exponential yields

1 T
lim sup — Ent(PY" 7 |PY:F) = lim sup Ny 7 f dt J3(t, n(1)),
Ntoo N 7 7 Ntoo T

where J3 is defined in Lemma 6.1. In the sequel we shall make use of the super-
exponential estimates in Proposition 4.9 together with Remark 4.6 keeping the
family g[d] fixed. In particular, the first super-exponential equivalence in (6.7)
holds also with respect to the measure IP;V,\’,E’”. Since the function J3 is bounded
uniformly in N and ¢, we deduce

1
limsup — Ent(IP’NA’,E’” |PNA’,E)
£100,N too n n

T
= limsup E;v,\’,E’ﬂ/ dtév Vp=iieet)
T

£10o0,Ntoo
d X
0 Hy | —
(o)

x [jge + Log181C, ﬁx,at))]).
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In view of the two blocks estimate in Lemma 4.8, we can replace above 1, ¢ with
N () (x/N). Recalling that the family g[4] is still kept fixed, the hydrodynamic
limit in Theorem 5.1 yields

1
limsup —; Ent(IF’N o IPNNE)

{4o0,Ntoo
T d .
=/ dt[[ridr Vzrag (Z 3 Hy (N[0, + Log " [81(, ﬁf“@))])
4 ‘ i=1
+§K,d9

where lim SUP, 10,440 Sxa = 0. In view of the identities (4.10), (4.11), (4.14) and
Lemma 4.4, by taking the limits a | 0, « | 0 and finally é | 0 we get

1 T
limsup — — Ent(PYy" 7 [P :/ dt (VH,, o (7;)VH,),
§10,0400,N oo 7 1 T
which, recalling (6.12), concludes the proof. [J
Conclusion. We here conclude the proof of the lower bound (3.15) by showing
how to approximate arbitrary paths in M by nice ones. To this end we need a

suitable a priori estimate. Let xo:[0, 1] — R4 be defined by xo(p) = po(1 — p)
and recall the bound (2.8). Let Q: M — [0, 4-00] be the functional defined by

Q(r) :=sup{Qr(n), F € C'([0, T] x T¢; R},
where, given F € cl(o, 1] x Td: ]Rd),

- T T
Or () i=—2 fo dt (0, V - F) — /O dt {Fy. xo(m) Fy).

By the concavity of X0, the functional Q is lower semicontinuous. Recalling (5.6),
we note that Q(r) < Q(r). We next show that the Q can be bounded by the rate
function 7 (-|y).

LEMMA 6.8. Fix T > 0 and a vector field E € C'([0, T] x T%; R?). There
exists a constant Cy = Co(T, E) such that for any y € M and w € M

Q) < Coll (m|y) + 1]

PROOF. We can assume [ (7]|y) < 4+00. We first observe that in such a case
the linear functional ¢, ; in (3.9) can be extended to a linear functional on
H'(o (7)) and the supremum in (3.10) can be taken over all H € H! (o (1)). Pick
a positive function ¢ € C%(R) uniformly convex and such that for any p € [0, 1]



54 L. BERTINI, A. FAGGIONATO AND D. GABRIELLI

we have ¢” (p) < (1/2)x (p)~!. Since 7 satisfies the energy estimate, the function
H = ¢/(r) is a legal test function in (3.10). We deduce

T
1(tly) = €y x (@ (7)) — /0 dt (Vo' (1), 0 (1) V' (1))
- / dr [ (7 (1) — ¢ (o(r))]

T
- fo dt (o () E — D) Vy, ¢ (1) Vre)

+(¢" () Vry, 0 (m)@" () Ve,

Whence, recalling D = o x ! and the bounds (2.8), (3.3), by Schwarz inequality
we deduce there exists & > 0 and a real C, such that

T T
ocf dt (Vr,, ¢" (m) V) §I(n|y)+/dr¢(no(r))+Ca/ dt (E,o(m)E).
0 0

Since Q(rr) = fOT dt {xo(m;)Vm;, V), the proof is now completed optimizing
over ¢. [

In view of Lemma 6.8, the following proposition can be proven by adapting the
arguments given in [26], Section 6, or in [9], Section 5.

PROPOSITION 6.9. Fix T > 0, a vector field E € CY(T?; R?) and y € M. The
Sfunctional I(-|y): M — [0, +00] has compact level sets, in particular is lower
semicontinuous. Moreover, for each m € M such that I (|y) < 400 there exists
a sequence of nice paths {z"} C M, such that 1" — 7 in M and I(7"|y) —
I(z|y).

PROOF OF THEOREM 3.3 THE LOWER BOUND. Apply Lemma 6.4 with X°
given by M3, and choose the perturbation as discussed above. In view of Proposi-
tion 6.6, the bound (6.10) holds with 7° given by the restriction to M;’, of I1(-|y).
Finally, Proposition 6.9 implies that the functional in (6.11) coincides with 7 (-|y).

4

7. The quasi-potential. In this section we analyze the variational problems
(3.19) and (3.23) defining the quasi-potential and prove Theorem 3.5. Throughout
this section we assume that the vector field E is orthogonally decomposable (recall
Definition 3.4) without further mention. We shall only discuss the case in which
assumption (iii) in Theorem 3.5 holds; the other two cases are actually simpler and
the corresponding details are omitted. We will first consider the problem (3.23) and
show that it admits a unique minimizer which is explicitly characterized. From
this we then deduce V% = FZ. Finally, we prove the identity V = VZ. The
characterization of the minimizer will be achieved by exploiting a time reversal
duality analogous to the one in [16], Theorem 4.3.1, and the convergence, as t —
+00, of the solution to (3.24) to a stationary solution yz, p € [0, 1].
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Time reversal duality. Given T € (0, +o0], we introduce the time reversal
0 : Mi—1,00 = Mijo,1] as follows. For m € M[_r 0] we set (O7); := mw_; for any
t € [0, T] such that —¢ is a continuity point of 7. This defines the values of Ox
apart a countable subset of [0, 7] where the values of 67 are determined by im-
posing that 67t € Mg, r]. For the next result, recall (3.21) and (3.22). Moreover,

for m € Mo, +00) set I[%,+oo) (m) :=limr_ 4 I[’g’T](n).
THEOREM 7.1. Fix p € [0, 1]. For each m € M(_,01(p) it holds
(7.1) IC Zg;E (1) = FY (m0) + I g o, " (O70).

Of course, the identity (7.1) means that either both sides are infinite or both sides
are finite and the respective values coincide. In order to prove this result, we need
to introduce some more notation. The norms in L?(T¢, dr) and in the standard
Sobolev space Wh2(T9, dr) are, respectively, denoted by || - || ;2 and || - [ yy1,2. Fix
Ty < T». By choosing a test function independent on the space variable, we easily
deduce that I[T1 Tz](n) < +oo implies that the total mass [ dr 7r,(r) is constant
in time. Given p € [0, 1], we then set M7, 7,1(p) := D([T1, T>]; M (p)) [recall
(3.18)]. Also let M[OTI’Tz](,o) C M1,.1,1(P) be the collection of paths = € M7, 1,
satisfying the following conditions: (i) there exists ¢ > O suchthate <7 <1 —¢,
(ii) the map [T, T»] x T¢ — m;(r) belongs to C12([Ty, T>] x T¢). Note that if
€ MJ_r ¢ (p) then O € M‘[’O’T](,B). Given y € M, we denote by MFTI,TZ]J/
the collection of nice paths, as in Definition 6.5, in M7, 7,]. We observe that if
belongs to /\/l[T1 ] (p) for some p € [0, 1] then the linear functional ¢, in (3.20)
can be rewritten as

T
(7.2) 5 (H) = /T Cdi (0 + V- [o () E — D()Vry], Hy),
1

where we also included in the notation the dependence on the driving field E.

The next elementary result will be the key point in the proof of Theorem 7.1.
Recall (3.26) and, given p € (0, 1), let g5 T4 x [0, 1] — R be the function defined
by

ad
(7.3) g5, p) := %fﬁU(r, p)=f'(p) = f'(rp(r).

LEMMA 7.2. Fixp € (0, 1) and p € C3(T%; (0, 1)). Let G =G, :T¢ — R be
the function defined by G (r) := g;(r, p(r)). Then

(V-[o(p)E—D(p)Vpl,G) —(VG,o(p)VG)=0.
REMARK 7.3. Recall that the vector field E satisfies (3.16). The statement of

Lemma 7.2 does not depend on the divergenceless part E; in particular, it holds
also if E is replaced by the vector field —VU —
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PROOF OF LEMMA 7.2. By the definition of G and (3.17),
VG(r)= f"(p(r)Vor) — f vz Vys(r) = f (p(r)Vp@r) + VU ().

Recalling (2.7), (3.5) and that we assumed o to be a multiple of the identity, the
statement of the lemma is therefore equivalent to

(0(DE+0a(p)VU, f"(p)Vp+VU) =0,

Recall that E = —VU + E. Using again (2.7) and (3.5), the above equation holds
if and only if

(E, D(p)Vp) + (0 (p)E, VU) =0.

Since D is also a multiple of the identity, the first term above vanishes because E
is divergenceless. Finally, as we assumed E(r) - VU (r) = 0 for any r € T9; also
the second term above vanishes. [

LEMMA 7.4. Fix p€(0,1) and T > 0. For each H € C'([—T, 0] x T%) and
each € MF—T,O]@) it holds [recall (7.2)]

~ 0
z;VU+E(H)—/ dt (VH,, o (,)V Hy)
-T
(7.4) = FY (o) = FY (up) + ;7 U~ (—6 1)
T

- /O dt (VO ), 0 (07))V (O 1)),
where H = H,(r) is given by
(7.5) H=H-[f'(m)— f'(pl

PROOF. The proof follows by a direct computation. As in Lemma 7.2, we call
G:[-T,0] x T? — R the function G, (r) := f'(m;(r)) — f'(y5(r)). We start from

the left-hand side of (7.4) and add and subtract £ VU+E (G). We obtain the sum of
three terms: the first one is

0 -
[ dt (370 + V - [0 (i) (—VU + E) — Der) V], Hy — Gy)
-7
(7.6) 0 0
- / At (VH o () VH,) + / d1(VG,.0 (V).

the second one is

0
(7.7) /_ At (i, Go) = F (o) = Ff (1)
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and the third one is

/ di (V - [0 (1) (=VU + E) — D)V, Gy)
(7.8)
—/sz (VG,.0(m)VG,).

From Lemma 7.2 it immediately follows that this last term vanishes.

We now elaborate the first term (7.6). Using (7.5), that is, H = H — G, and
performing an integration by parts, it can be rewritten as

0 - ~
/ dt (0,7t +V - [0 (71;)(=VU + E) — D(7;)Vr], Hy)
(7.9 . .
—/_sz (Vﬁt,a(n,)Vﬁt)+2/_Tdt (V[0 ()VGy], Hy).

From the Einstein relation (3.5) and (3.17) we obtain o (m)VG = D(m)Vrm +
o (m)VU which, inserted into (7.9), gives

O ~ ~
/ Tdt <8;7T[ + V. [O—(T[t)(VU + E) + D(n[)VTFt], Hl’)

0 ~ ~
—f dt (VH;,O'(JTI‘)VH[>
-T

Performing a change of variable in the time integral and adding (7.7) we obtain the
right-hand side of (7.4). O

From Lemma 7.4 we deduce the time reversal duality for bounded intervals.
LEMMA 7.5. Fix p€[0,1]and T > 0. For each w € M[_1,01(p) it holds
(7.10) 1259 E () = FY (o) — FY (eop) + 1,5V E 0.

PROOF. Since the statement is trivial when p =0 or p = 1, we can assume
p € (0, 1). First consider the case w € M[OfT 0] (p); then the correspondence H <>

—0H [see (7.5)] define a bijection between CY([~T,0] x T?) and C([0, T] x
T9). From (7.4) we deduce

- - 0
I E ) = sup{z;V‘”E(H) - f dt (VH,, a(nt)VH,)}
H -T
= FY (mo) — F5 (m_7)
T
+sup{eev” E(—0H) - / dr<V<0ﬁ>t,a<(en>z>weﬁ),>}

= FY (o) — FY (e_p) + Iy 3 E (0).
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Now consider an arbitrary path 7 € M|_r 0;(p) such that I[__VT%TE (r) < 4+o00. By
Proposition 6.9, there exists a sequence {7"} C M{_z o, ;.. such that 7" — 7 in
Mi_7 07 and I[__VT%TE(N”) — I[__VT%TE (7r); in particular, {7} C M[—r,01(p). Let
" > 0 be the time such that 7" solves (3.7) in the time interval [T, —T + t"].
From the result for nice paths we deduce that for each n
I—VU+E(7TVL) — I—VU+E (n,l’l)
-T,0 —T+11,0
711 [-T.0] [~T+1",0] ~
=FY () = F§ " p o) + 1o 7oy (07,
where the second identity follows from the fact that the restriction of 7" to
the time interval [—T 4+ t", 0] belongs to M([)_Tﬂn’o] (p). It is easy to see that
we can always choose 7" in such a way that lim, t” = 0. This implies that
lim, 7" 7, » —7—7| 2 =0. Since ]—'f;] is continuous with respect to the L? topol-
ogy, we get lim,, F g (Tl o) = ]—"g (w_7). By using the lower semicontinuity of
]—'}sj on M and of I[BVTl]/_E on Mg, 1], from (7.11) we then deduce that for each
S € (0, T) it holds

—VU+E Y —VU+E
Iizror™ () = lim Izgop (%)

.. U U —-VU-E
= lim inf{FZ (76) = 75 (lqpon) + Lo 770y (07"}

> fg(no) — fg(ﬂ’_T) + I[BE?_E(Qn)-

Observing that 6 is necessarily continuous, we can take the limit § 1 7 and
deduce

I E o) = FE (o) = FY (o) + I 7~ F 0m).

The proof is now completed by exchanging the roles of 7 and 6. [

Recall that the set M _x 01(p) has been defined in (3.21) by requiring that
T —> ¥p in M as t — —oo. The next lemma states that if I(E_OO’O] () < 400, the

above convergence actually takes place also with respect to the L? topology. The
proof, which is omitted, is achieved by repeating the arguments of [7], Lemma 5.2,
in the present setting.

LEMMA 7.6. Fix p € [0, 1] and a path m € M _s0,01(p) With finite rate, that
is, satisfying I(éoo 0] () < +00. Then lim;_, _oo |77 — Y5l 2 = 0. Moreover, there
exists a sequence T, — —o0 such that lim,_, o |77, — V512 =0.

PROOF OF THEOREM 7.1. Consider the case in which m € M _x,01(0) is

such that / (__ vu

OO’SF]E () < +00. From Lemma 7.6 and the continuity of ]—'g in L2 we
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deduce lim7_ 4 .7-"5’ (w—71) = 0. Therefore, (7.1) follows from (7.10) by taking

the limit 7 — +o0. In particular, if / (__ZgaL]E () < +o0 then also I[E’Z(ég)é Or) <

+o00. The proof is now completed by exchanging the roles of 7 and 7. [

Convergence to a stationary solution. 'We next discuss the asymptotic behavior
of the solutions to the equation (3.24). Observe that, since VU (r) - E(r) = 0 for
any r € T, for each p € [0, 1] the function y; defined in (3.17) is also a stationary
solution to (3.24). While the following result is stated for the equation (3.24), it
holds also for the hydrodynamic equation (3.7). As we need to emphasize the
dependence on the initial condition, given p € M, we denote by v;(p) = v;(r; p)
the solution to (3.24) with initial condition p.

THEOREM 7.7. Fix p € [0, 1] and let v;(p) be the solution to (3.24). Then,
lim  sup Jlv;(p) — ¥l 2 =0.
0 peM(p)
Moreover, for each p € M(p) there exists a sequence T, — 400 such that
lim, o0 ”UTn (p) — Vﬁ”Wl,z =0.

The proof of this result will be achieved by showing that fg is a Lyapunov
functional for the flow defined by (3.24) and using comparison arguments.

LEMMA 7.8. If0 < p1 < pp <1then 0 <y; <ys < 1. Moreover, if p 11
or p{ 0then y; 1 1orys| 0, respectively.

PROOF. Recall that f’:(0,1) — R is strictly increasing and denote by
(f/)_1 :R — (0, 1) its inverse. Then the map p — «(p) in (3.17) is defined by
requiring

L dr 7 U0 +a@) = 5.

In particular, since (f')~! is strictly increasing, the map p — a(p) is strictly in-
creasing. Again by the strict monotonicity of (f')~!, the first statement follows.
To prove the second, it is enough to notice that if p 1 1, respectively, p | 0, then
a(p) 1T 400, respectively, a(p) | —oo. U

LEMMA 7.9. Let v:[0, +00) x T¢ — [0, 1] be the solution to (3.24) and as-
sume there exist 0 < py < pp < 1 such that y; < p < yp,. Then for any t > 0 we
have y5, < v (p) < vp,-

PROOF. By classical results for uniformly parabolic equation, v is smooth on
(0, +00) x T4. Let w:[0, +00) x T¢ — [0, 1] be defined by w;(r) := Yo (r) —
vy (r; p) and observe that, by hypotheses, wg < 0. Recall the bounds (2.8), (3.3),
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(3.4), definition (3.5) and that o is a multiple of the identity. Since yp, is a sta-
tionary solution to (3.24), it is simple to check that w solves the linear parabolic
equation

hw=aAw+b-Vw+ cw

for some continuous functions a, b, ¢ on [0, +00) X T9. Moreover, a is uniformly
positive on [0, +00) x T¢. By Theorem 3.7 and the remark (ii) following it in [24],
we then deduce w; < 0 for any 7 > 0. The inequality v;(p) < y;, is proven by the
same argument. [

LEMMA 7.10. Fix p € (0, 1). For each ty > O there exists 6 € (0, 1/2) such
that for any t > ty and any p € M(p) it holds 5 < v:(p) <1 —6.

PROOF. Let p € M and consider a sequence {p"} C M converging to p in M.
By standard parabolic regularity, for each r > 0 the sequence of functions on T¢
given by v;(-; p"*) converges uniformly to v (-; p). Set

8o := inf{vy (r; p), r € T, p € M(D)}.

By the compactness of M (p) and the above continuity, there exists p* € M(p)
such that 8o = inf{v,,(r; p*),r € T9}. Since p* is not identically equal to zero,
by applying Theorem 3.7 and the remark (ii) following it in [24], we deduce
3o > 0. By Lemma 7.8, there exists p; € (0, 1) such that y5 < §p. Setting § :=
min{y;, (r),r € T?} and using Lemma 7.9 we deduce that for any ¢ > 1y we have
vi(p) = vp = 6.

The uniform upper bound is proven by the same argument. [

PROOF OF THEOREM 7.7. Since the statement is trivial when p =0 or p =1,
we assume p € (0, 1). Recall that the functional fg :M — [0, +00) has been
defined in (3.25). In view of the uniform convexity of the free energy f, it is simple
to show that for each p € (0, 1) the functional fé](-) is equivalent to | - —y,3|iz.
Namely, there exists a constant Cop = Cp(p) > 0 such that for any y € M(p) we
have

7.12 ! 2, <FUy <C 12
(7.12) C—OIIV—VpIILz_ 5 W) =Colly —vall2-

By parabolic regularity, the function v(p) is smooth on (0, +00) x T¢. Using
Remark 7.3 we then deduce that for ¢ > 0 it holds

d
(7.13) Efg(vt(p)) =—(VG, 0 (p)VGy),

where, recalling (7.3), G is the function defined by G;(r) = g5(r; v/(r; p)). In

particular, fg is a Lyapunov functional for both the flows defined by (3.24) and
(3.7). Given € > 0 set

Ac:={y e M(p): F§ (y) <&}
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and let 7.(p) := inf{t > 0:v,;(p) € A¢} € [0, +00]. In view of (7.12) and (7.13),
the proof of the theorem is completed once we show that for each ¢ > 0 the hitting
time t.(p) is bounded uniformly for p € M (p).

Given p € (0, 1) and 8 € (0, 1/2) set

Ms(5) = {y e L2, an. s <y <1-5, [dry() =ﬁ},

which is a closed subset of L2(T9, dr) that we consider endowed with the relative
topology. Fix 7o > 0 and observe that if we choose § as in Lemma 7.10 then this
lemma implies that v;(p) € Ms(p) for any ¢ > t9 and p € M(p). Moreover, the
functional Fg 1s continuous on Mg (p). Given y € Mg (p) let G, :T¢ — R be the
function defined by G, (r) = g5(r, y(r)). Let also Rz : Mg (p) — [0, +00] be the
lower semicontinuous functional defined by

Rs(y) = Sl;p{—2(V F,Gy) —(F,F)},

where the supremum is over all F € Ccl(T4; RY). If R;(y) < +oo then G, be-
longs to the Sobolev space Wbh2(T4, dr) and Rs(y)=(VG,y,VGy). In particu-
lar, by Sobolev embedding and elementary estimates, the functional R 5 has com-
pact level sets. It is finally straightforward to check that R;(y) = 0 if and only if
y = yp. Recalling (7.12), we deduce that for each ¢ >0 and § > 0

ce :=inf{R5(y), v € Ms(p) \ A} > 0.

Given 79 > 0, let § € (0, 1/2) be as in Lemma 7.10 and set m = min{o (1), § <
u<1-—56}>0.Setalso K = sup{}"/%/(y), y € M(p)} < +o0o. We are now ready
to conclude the proof. If 7.(p) < tg there is nothing to prove, otherwise, in view of
Lemma 7.10 and (7.13), we deduce that for each ¢ >0, p € M(p) and t > 1

U U tATe(p)
K = FY (0y(0)) = FY (vireu) (0)) + / ds (VGy, 0 (u,(0))VGy)

tATe(0)
>m ds R (vs(p)) = meslt Ae(p) — to).

fo
By taking the limit ¢ 1 +o00, the previous bound yields sup{z:(p), p € M(p)} <
+00.

It remains to prove the second statement. By the regularity and uniform con-

vexity of the free energy f, it is simple to check that for each p € (0, 1) and
6 € (0, 1/2) there exists areal C1 = C1(p, 6) such that for any y € M;(p)

ly = vall312 < CLIR (1) + ly — vpll721.

Fix 9 > 0 and let § be as in Lemma 7.10. From (7.13) we deduce that for any
p € M(p)andany t > 1y

t
FY @i +m [ dsRy(wi(o)) = FE (wy (o) < K.
0
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In particular, there exists a sequence 7;, — +o00 such that R5(vr, (0)) — 0. [

Conclusion. We next conclude the proof of the identity between the quasi-
potential and the functional .7-"/%] and the characterization of the minimizer for
(3.23).

PROOF OF THEOREM 3.5 (THE IDENTITY Vg = ]—“g). For p € [0, 1] and
p€M(p),let m € M(_s.01(p) be such that 7y = p. From Theorem 7.1 we get

(7.14) 17504 E (o) = FY(p) + 1,70 (6).

Since I[0 +Oo) E >0, we deduce I VUO] () > .7-'/%](,0). The lower bound Vg(p) >
F¥ (p) follows.

Now let v = v(p):[0, +00) x T¢ — [0, 1] be the solution to (3.24). Theo-
rem 7.7 implies that v € M|o to0)(0) and therefore v € Mo 01(p). Since

I[B’VTI]]_E (v) =0 for every T > 0, it holds I[B’Y&)—)E(v) = 0. Considering (7.14)

when 7 = v we get I_"UHE (0v) = FY (). Whence VE(p) < FY (p). O

PROOF OF THEOREM 3.5 (CHARACTERIZATION OF THE MINIMIZER). As
the previous argument implies that fv is a minimizer for (3.23), it remains only to
prove uniqueness Suppose that 7* is a minimizer for (3.23). By (7.14), it neces-
sarily holds /i, +OO) E@x*) =0 and, by monotonicity, this is possible if and only

if I[BVTZ]] E(Grr*) =0 for any T > 0. This is equivalent to say that 67* is a weak

solution to (3.24) in any time interval [0, T']. Whence 7* =6v. [0

LEMMA 7.11. Fixp €(0,1) andlet y € M(p) be suchthats <y <1—§ for
some § E (0,1/2). Then there exzst a constant C=C()>0,atime Ty >0anda
path 7° € Mo 1) such that ©§ = v, nTO y and

16,70 lys) < Clly = ¥l 5121

PRrROOF. Elementary computations (see, e.g., [7], Lemma 4.3) show that, by
taking Tp = 1, the “straight” path 7r; = yt + y;5(1 — ¢) fulfils the requirements. [

PROOF OF THEOREM 3.5 (THE IDENTITY VE VE) Fix p € [0, 1] and
p € M(p). Recall that any path 7 € M|_1 ¢ such that I (—7.0)(TlYp) < +o0 sat-
isfies necessarily the condition 7_7 = y;5. This means that if we extend 7 to an
element 7 € M (_x0,01(p) by setting 7; = y; for t € (—oo, —T), we then have
IE o) = I 1 4, (T]yp). This readily implies the inequality V£ (p) < VE(p).

Since we have already proven that Vg = ]—'})] (p), it is enough to show VﬁE <
]-'/g]. Fix p € (0, 1). We need to prove the following statement. For each p € M (p)
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and & > 0 there exist a time 7 > 0 and a path 7 € M|_r o) such that 7_7 = y;,
7o = p and I[IiT’()](T[lV,E) = féj(p) +e€.

Let v(p) be the solution to (3.24). Given ¢ > 0 to be chosen later, by Theo-
rem 7.7, there exists a time 77 such that |[vr, (0) — y5llw12 < e1. Set y :== v, (p);
by Lemmas 7.10 and 7.11 there exists a time Ty and a path 7° € M1, =Ty, -7y
such that JTng_TO = V5, JTng =y and I[€T1—7}),—T1](7T0|y/5) < Ce%. We claim the
path 7 € M[_7,_7,,0) defined by

Ty 1=

{n,o, ifte[-Ty—Ty, =T,
(Qv(p))tv lfte[_T170]7

fulfils the above requirement with T = Ty + 7. Since 7 is continuous, we indeed
have

—VU+E —VU+E 0 —VU+E
Loy Gelve) = Iq gy (T 1Yp) + Iy ) (OV)

<Cet+ FY (o) — FY () + 1530 F ) < Cet + FY (o).

We conclude the proof choosing ¢; small enough. [l
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