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A SEQUENTIAL MONTE CARLO APPROACH TO COMPUTING
TAIL PROBABILITIES IN STOCHASTIC MODELS

BY HOCK PENG CHAN! AND TZE LEUNG LAI?
National University of Singapore and Stanford University

Sequential Monte Carlo methods which involve sequential importance
sampling and resampling are shown to provide a versatile approach to com-
puting probabilities of rare events. By making use of martingale represen-
tations of the sequential Monte Carlo estimators, we show how resampling
weights can be chosen to yield logarithmically efficient Monte Carlo esti-
mates of large deviation probabilities for multidimensional Markov random
walks.

1. Introduction. In complex stochastic models, it is often difficult to evaluate
probabilities of events of interest analytically and Monte Carlo methods provide a
practical alternative. When an event A occurs with a small probability (e.g., 10™%),
generating 100 events would require a very large number of events (e.g., 1 million)
for direct Monte Carlo computation of P(A). To circumvent this difficulty one can
use importance sampling instead of direct Monte Carlo changing the measure P
to Q under which A is no longer a rare event and evaluating P(A) = Ep(L14)
by m~! "1 Lila,, where (L1,14,),..., (L, 14,) are m independent samples
drawn from the distribution Q, with L; being a realization of the likelihood ra-
tio statistic L :=d P /d Q, which is the importance weight. While large deviations
theory has provided important clues for the choice of Q for Monte Carlo evalu-
ation of exceedance probabilities, it has also been demonstrated that importance
sampling measures that are consistent with large deviations can perform much
worse than direct Monte Carlo (see Glasserman and Wang [18]). Chan and Lai
[8] have recently resolved this problem by showing that certain mixtures of ex-
ponentially twisted measures are asymptotically optimal for importance sampling.
For complex stochastic models, however, there are implementation difficulties in
using these asymptotically optimal importance sampling measures. Herein we in-
troduce a sequential importance sampling and resampling (SISR) procedure to
attain a weaker form of asymptotic optimality, namely, logarithmic efficiency; the
definitions of asymptotic optimality and logarithmic efficiency are given in Sec-
tion 3.
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Instead of applying directly the asymptotically optimal importance sampling
measure Q that is difficult to sample from, SISR generates m sequential sam-
ples from a more tractable importance sampling measure O and resamples at
every stage ¢ the m sequential sample paths, yielding a modified sample path
after resampling. The objective is to approximate the target measure Q by the
weighted empirical measure defined by the resampling weights. Details are given
in Section 2 for general resampling weights (not necessarily those associated with
the asymptotically optimal resampling measure). Section 4 illustrates the SISR
method for Monte Carlo computation of exceedance probabilities in a variety of
applications which include boundary crossing probabilities of generalized likeli-
hood ratio statistics and tail probabilities of Markov random walks. These appli-
cations demonstrate the versatility of the SISR method and the relative ease of its
implementation.

Our SISR procedure to compute probabilities of rare events is closely related to
(a) the interacting particle systems (IPS) approach introduced by Del Moral and
Garnier [14] to compute tail probabilities of the form P{V (X;) > a} for a pos-
sibly nonhomogeneous Markov chain {X;} and (b) the dynamic importance sam-
pling method introduced by Dupuis and Wang [16, 17] to compute P{S,/n € A},
where S, = >}, g(X;) and {X,} is a uniformly recurrent Markov chain with
stationary distribution 7 such that [ g(x)dm(x) ¢ A. Both IPS and dynamic im-
portance sampling generate the X; sequentially. Dynamic importance sampling
uses an adaptive change of measures based on the simulated paths up to each time
t <n. A recent method closely related to dynamic importance sampling is sequen-
tial state-dependent change of measures introduced by Blanchet and Glynn [3] for
Monte Carlo evaluation of tail probabilities of the maximum of heavy-tailed ran-

dom walks. The IPS approach uses “mutation” to sample X [(321

the X Y) yeer X t(i) already generated) from the original measure P and then uses

(conditional on

“selection” to draw m i.i.d. samples from {(X%’), A X,(’), )?z(ﬁl) 11 <i <m} ac-
cording to a Boltzmann—Gibbs particle measure. The theory of IPS in [14] focuses
on tail probabilities of V (X;) for fixed ¢ as described in Section 2 rather than
large deviation probabilities of g(S,,/n) for large n as considered in Section 3. Our
SISR procedure is motivated by rare events of the general form {X,, € I'} that in-
volves the entire sample path X,, = (X1, ..., X;) and includes {V (X},,) > a} and
{S,/n € A} considered by Del Moral and Garnier, Dupuis and Wang as special
cases. The sequential importance sampling component of SISR uses an easily im-
plementable approximation 0 of Q;in many cases it simply uses O = P. Thus,
it is quite different from dynamic importance sampling even though both yield
logarithmically efficient Monte Carlo estimates of P{S,/n € A}.

2. Sequential importance sampling and resampling (SISR) and martingale
representations. The events in this section are assumed to belong to the o -field
generated by n random variables Y71, ..., Y, on a probability space (2, F, P).
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Let Y;=(Y1,...,Y;) for 1 <t <n. For direct Monte Carlo computation of o :=

P{Y, € I'}, i.i.d. random vectors YS,U , ...,Yﬁ,m) are generated from P and « is
estimated by

m
~ ] _
(2.1) ap=m""Y 1y -
i=1
The estimate &p is unbiased and its variance is «(1 — o) /m which can be consis-
tently estimated by

(2.2) 65 :=ap(l —ap)/m.

In most stochastic models of practical interest, the Y, are either independent
or are specified by the conditional densities p;(-|Y;—1) of Y; given Y;_1, with
respect to some measure v. Direct Monte Carlo computation of P{Y, € I'},
therefore, involves Y l(i), e, Y,gi) that are generated sequentially from these con-
ditional densities for 1 <i < m. In contrast, SISR first generates m indepen-
dent random variables Yt(l), e, 7,('") at stage t, with Yt(i) having density func-
tion qt(-|Yfi_> ) to form ?;i) = (Yt(i_) 1 ?,(i)) and then uses resampling weights
of the form wt(?gi)) / Z’J":l wy (?,(j )) to draw m independent sample paths Y,(j ),

1 <j<m,from {{(?), 1 <i < m}. Here g; are conditional density functions with
respect to v such that g; > 0 whenever p; > 0; one particular choice is g; = p;. In
Section 3, we show how the weights w, can be chosen to obtain logarithmically
efficient SISR estimates of rare event probabilities.

The preceding SISR procedure uses bootstrap resampling that chooses i.i.d.
sample paths from a weighted empirical measure of {?,(’), 1 <i <m}. Itis, there-
fore, similar to the selection step of the IPS approach that chooses i.i.d. “path-
particles” from some weighted empirical particle measure (see [14]). The Monte
Carlo estimate of « using SISR with bootstrap resampling is

m
2.3) ag=m~" Y LY )ha-1 (Y ) Loy
i=1
where hg =1 and
n k -
P (e lyi—1) w
Ly =[]z"— =[] ——.
i1 @ (elye—1) iy wi(ys)

(2.4)

m

_ 1 ~(i
wt = — Zw[(Ylgl)).
mi2y

Chan and Lai [9] have recently developed a general theory of sequential Monte
Carlo filters in hidden Markov models by using a representation similar to the
right-hand side of (2.3) for these filters. The method of their analysis can be applied
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to analyze m(dp — «), decomposing it into a sum of (2n — 1)m terms so that
the summands form a martingale difference sequence. Let E* denote expectation
under the probability measure O from which the ?5") and Y;i) are drawn and define
forl <t <n,

2.5  fily) = E* [LYy,er)]Yr =y ] = Ly)P(Yn, € TIY; =Yy1),

setting fo =« and f, (Yn) = L(Yn)l An important ingredient in the anal-

YeF

ysis is the “ancestral origin’ a,() of Yt(’). Specifically, recall that the “first gen-
eration” of the m particles consists of Y 1(1), LY ](m)
(i)

(before resampling) and set
= j if the first component of Y\ is 171(] ) Let #) denote the number of copies
of Y/(<) generated from {Y(l) .. ?,((m)} to form the m particles in the kth gen-

eration and let w( D = wy (Y(l)) / Z 1 Wk (Y(j )) Then it follows from (2.4) and
simple algebra that forl <i <m,

mw” =h,_ (YD) h (YD),
> AR YD) = Y # A (YP),

i: a,(')_J i: “z(')l =j

> Z HED) = (YD) TR (YD)

t= 1 @) _ .
ca4, =]

n
+Z Z (#t(l—)l_mwfgl)ff—l(Yfl—)l)hf—l(Yfl—)l)

=240,

= Z (YD) (Y)))) —
(1) .
ap_1=J

recalling that fy = «, hg = 1 and defining a(l) i.Let

e = > [AYD) = fioa (Y2 )] (YD)  forl<t<n,

i: al(l)] J

(2.6) 0 I
e = 3 @ —mw)\ YY) —a]  forl<r<n—1
(i) .
i: a[ 1= =]
Then for each fixed j, {e(J )1 <t <2n — 1} is a martingale difference sequence
with respect to the filtration {F;, 1 <t < 2n — 1} defined below and

m
2.7) m@s—a) =y (e +---+e5) ).
j=1
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The martingale representation (2.7) that involves the ancestral origins of the ge-
nealogical particles is useful for estimating the standard error of &g, as shown by
Chan and Lai [9] who have also introduced the o -fields

Frr—1 =o({171(i) 1 <i <m}

(2.8) u{(Y®,¥?®

ot12 @ g’)):1§s<t,1§i§m}),

Fu=0(Fua V(Y. a"): 1 <i <m))
with respect to which (2.6) forms a martingale difference sequence.
Since (YY) = L(Yg’))l{wer} and Y7 #D —mw’)y=0for1 <1 <n-—
1, summing (2.6) over ¢ and j yields (2.7). Without tracing their ancestral origins,

we can also use the successive generations of the m particles to form martingale
differences directly. Specifically, in analogy with (2.6), define fori =1, ..., m,

Zg)_l = [ft(?gl)) - ft—l(YEi_)l)]hz—l (Y;l_)l) forl <t <n,
(2.9)
th) FOY ), (YD) - Z w? £,(¥Y)h, (YY) forl<t<n-—1.
Jj=1

As noted by Chan and Lai [9], {(Z”,...,Z™),1 <t <2n — 1} is a martin-
gale difference sequence with respect to the filtration {¥;,1 <t <2n — 1} and

Z,(l), e Z,(m) are conditionally independent given J;_1; moreover,
2n—1 |
(2.10) m@s—a)= Y (Z"+---+2z").

t=1

From the martingale representation (2.10) it follows that E*(&g) = «. More-
over, under the assumption that

2.11)  of:= i E*[fﬁ(Yt)/ ﬁ wk(Yk)} E*[tl_[l wk(Yk)] — na? < o0,
=1 k=1 k=1

application of the central limit theorem yields

(2.12) Jm(@g —a)= N©0,08)  asm — oo.

A consistent estimate of aé is given by

o [ A 02

oD =

ap_1=

n—1 2
L E @ -mi]m]
=140 _;

l:

2.13)
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which can be shown to converge to aé in probability as m — oo by making use of
the martingale representation (2.7) (see [9] for details). Del Moral and Jacod [15]
have derived by a different method a martingale representation similar to (2.10)

(see [15], (3.3.7) and (3.3.8)), in which the term Z{.) | in (2.9) corresponds to the

tth mutation on the ith particle and Zgl) the ¢th selection by the ith particle. In [15],
these two terms are combined into a sum and a central limit theorem similar to
(2.12) is proved under the assumption of bounded f;,.

Note that in (2.12) on the asymptotic normality of &p and in the consistency
result 6‘% LS aé, the sample size n in the probability « = P{Y, € I'} is assumed
to be fixed whereas the number m of Monte Carlo samples approaches co. The
consistent estimate 6‘% of oé in (2.13) provides an estimate 6g/+/m of the stan-
dard error (s.e.)(&g) of the Monte Carlo estimate &g. Note that the usual estimate
Jag(l —ap) is inconsistent for \/m s.e.(ag) because of the dependence among
the m sample paths due to resampling in the SISR procedure as in [13, 14]. The
case of n approaching oo will be considered in the next section in which the rep-
resentation (2.6) will still play a pivotal role, but which requires new methods and
large deviation principles rather than central limit theorems.

Instead of bootstrap resampling, we can use the residual resampling scheme in-
troduced by Baker [1, 2] which often leads to smaller asymptotic variance than
that of bootstrap resampling. We consider here a variant of this scheme introduced
by Crisan, Del Moral and Lyons [11] that can result in further reduction of the
asymptotic variance. Let |-| denote the greatest integer function and let m; be the
sample size at stage ¢ with m| = m. We modify the bootstrap resampling step of
the SISR procedure as follows: let U,(l), e U,(m’) be independent Bernoulli ran-
dom variables satisfying P{Ut(i) =1}= m,wt(i) — Lmtw,(i)J. Foreach 1 <i <my
and ¢t < n, make #;i) = Lmtw,(i)J + Ut(i) copies of (?,(i), at(i_)l, h;i_)l, wt(i)). These
copies constitute an augmented sample {(Y;j),a,(j),hgj), w,(j)) 1 < j <myi1},
where m; 1 =1, #,(l) and h;l) = hgl_)l/(m,wt(l)). Estimate o by

my . .
aR:=m," ZL(Yfll))hgzl (Ylell)l{f(,ﬁi)el“}'

i=1

Define e,(cj ) by (2.6) in which m is replaced by m; and define F>;_1 (or Fy;) by
(2.8) in which m is replaced by mg4 1 (or by m;1). Moreover, define

Z8  =1AHD) = foa (Y ) e (YD) forl <t <n,

t

Z9 = #) —muw A YO (YD) —a]  forl<i<n-—1,

fori =1,...,m;. Recall that the first generation of particles consists of Y 1(1), ey
171('") and that af’) = j if the first component of Y§’) is ij ) for j=1,...,mand
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i=1,...,my1. Analogous to (2.7) and (2.10), we have the martingale represen-
tations

m
ma@r —a) = (e 4+ )
j=1

2n—1
_ Z (Z]EI) T +Z(m[(k+l)/2j))
k=1

(2.14)

Analogous to (2.13), define

From (2.14) it follows that E*[m,,(¢r — «)] = 0. Let

t t
77t=E*|:H wk(Yk):|, h;k(YZ):nt/Hwk(Yk),
k=1 k=1

andlet y (x) = (x — [x])(1 —x + [x])/x for x > 0. If (2.11) holds, then analogous

to corresponding results for &g and 3% in the bootstrap resampling case, we now

have as m — oo,

P
aﬁ—nfﬁ, my/m— 1 forevery t > 1,

Vm(@r —a) = N(0, op),
where al% < aé and

oR —ZE (LAY — fA (YD (Yo}

t=1

n-l R (Y DN\ [f (YR (Y,) — a]?
e
L E T ni(Yo)

Details are given in [9]. Note the additional variance reduction if residual resam-
pling is used instead of bootstrap resampling.

3. Logarithmically efficient SISR for Monte Carlo computation of small
tail probabilities. Let &, £;, &, ... bei.i.d. d-dimensional random vectors with a
common distribution function F such that i (0) := log(E e?) < oo for |16 < 6.
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LetS, =& 4+ ---4+&, uo=EE, ® ={0:¥(0) < oo} and let A be the closure of
Vi (0®) and A° be its interior. Assume that for any 6y € ®° and 6§ € © \ B,

lim(® — 60)' V(B + p(0 — ) =
P
Then by convex analysis (see, e.g., [4], Chapter 3), A contains the convex hull of

the support of {S,/n,n > 1}. The gradient vector Vi is a diffeomorphism from
©° onto A°. For given i € A’ let 6, = (V)™ (n) and define the rate function

(3.1 ¢ (1) = sup{0'u — Y (0)} =0, — ¥ (6)).
0e®

We can embed F in an exponential family {Fy, 6 € ®} with
dFy(x) ="V ® gF (x).

Under certain regularity conditions on g: A — R, Chan and Lai [6] have devel-
oped asymptotic approximations, which involve both g and ¢, to the exceedance
probabilities

(3.2) pn=P{g(Sp/n) = b} with b > g(no),
(3.3) pe=P| max ng(S,/nm)=cl.

where ng ~ pgc and ny ~ pic such that g(ug) < ,01_1. Making use of these ap-
proximations, Chan and Lai [8] have shown that certain mixtures of exponentially
twisted measures are asymptotically optimal for Monte Carlo evaluation of (3.2)
or (3.3) by importance sampling. Specifically, for A = {g(S,/n) > b} in the case
of (3.2) or A = {max,,<y<n, ng(Sy/n) > c} in the case of (3.3), an importance
sampling measure Q (which may depend on n or c) is said to be asymptotically
optimal if

(3.4) mVar( ZL 1A> O(Vnp?)  asn— oo
in the case of (3.2) and if
m
3.5 mVar(mIZLilAl) = O(pf) as ¢ — 00
in the case of (3.3), where (L1,14,),..., (L, 14,,) are m independent realiza-

tions of (L :=dP/dQ, 1,4). For the case of (3.3), since Eg(L14) = P(A) = pc,
Eop (L*14) > pg by the Cauchy—Schwarz inequality and, therefore, Q is an asymp-
totically optimal importance sampling measure if EQ(L21 A) = O(pz) which
leads to the definition (3.5) of asymptotic optimality for the Monte Carlo esti-
mates. Chan and Lai [8] have also shown that /n p,% is an asymptotically minimal
order of magnitude for E Q(L21 4) in the case of (3.2). They have also extended
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this theory to Markov random walks S, whose increments &; have distributions
F(-|X;, Xi—1) depending on a Markov chain {X,}.

The asymptotically optimal mixtures of exponentially twisted measures
i Pgﬂa)(u) dp in [8] involve normalizing constants B, (or B.) that may be dif-
ficult to compute. Moreover, it may even be difficult to sample from the twisted
measure Py, , especially in multidimensional and Markovian settings. In this sec-
tion we show that by choosing the resampling weights suitably, the SISR estimates
o can still attain

(3.6) m Var(@g) = p2e™ as m — oo and n — 00
for Monte Carlo estimation of p, and
(3.7) m Var(ag) = pfe"(") asm — oo and ¢ — 00

for Monte Carlo estimation of (3.3). Moreover, (3.6) and (3.7) still hold with ag
replaced by @r. The properties (3.6) and (3.7) are called logarithmic efficiency; the
variance of the Monte Carlo estimate differs from the asymptotically optimal value
by a factor of ™ (or ¢°(©)) noting that —n ! log p,, and —c~! log p. converge to
positive limits. To begin with, suppose the asymptotically optimal importance sam-
pling measure Q has conditional densities ¢, (-|Y;—1) with respect to v. To achieve
log efficiency, the resampling functions w; can be chosen to satisfy approximately

(3.8) W (Yr) X qr Vel Ye—1)/Gr (Yelye—1)

as illustrated by the following example, after which a heuristic explanation for
(3.8) will be given.

EXAMPLE 1. Suppose &1,&,... are i.i.d. random variables (d = 1) and
g(x) = x in (3.2), so that o = p, = P{Sy/n > b}, where b > E§| and 26, € ©.
Consider the SISR procedure with Q = P (and, therefore, E* = E) and resam-
pling weights

(3.9) w,(Y,) = P ACON
Then L =1 and hence, by (2.5),
(3.10) Ji(Yr) = P{Sy/n = b|Y} = P{Sy — S; = nb — 5|5}

Therefore, standard Markov’s inequality involving moment generating functions
yields
3.11) FA(Y1) < e Orb=S0+@=0Y ) _ Si—1/6)=nd(b).
By (2.6) and the martingale decomposition (2.7),
n
~ - Sa 1) \72 1
E@—a)’ <m™ Y E{[A(YY) — fiet (V2D R (YD)
=1

(3.12) .
S BT R 2R

t=1
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in which the superscript (! can be replaced by ) since the expectations are the
same for all i. The derivation of (3.12) uses the independence of [ f; (Yt(’) ) —
ft_l(Y( )1)]h,(Y(l_)1) for 1 <i <m when conditioned on F7;_5 and the pairwise

negative correlations of (# —mw ") £,(Y)h,(Y?) fori =1, ..., m when con-
ditioned on F»;_1. By (2.4), (3.9) and (3.11),

E{LA(Y") = i (V2D R (V)

- [N YN
3.13)  =E{if i [ATD) = i (VD)2 Sm 2y ey
0pé1—Y (6, 2\ t—1
< (1 L B -1 )l ¢~200) (202000
o m

To see the inequality in (3.13), condition on F7;_;. Since E[ f; (?;”)U—'z,_l] =
fi-1(Y'D)), it follows from (3.11) that

~ Oy
E{[f;(Y,(l)) —ﬁ_l(Y§1_>1)]2/e29bSH 2t 1)1//(91,)'}-%_1}
[ (Y(l)) 26;,51“31—2(1—1)1#(9;,)|]_~21_1] Se—2n¢(b)E(ezebg,—2¢(9;,)).

=2

Moreover, w7, ..., 0>

;_, are i.i.d. random variables with mean

m

2
(3.14) E|:m_1 Z(eebfl”—wb) —1)+ 1} =14+m ' E(»5VO) _1)?
i=1

and their product 12)% e 1I)t271 in the second term of (3.13) is J;_j-measurable.

This yields the inequality in (3.13). '

Sin.ce the cqnditional distribution of #;’) given F»;—1 is Binomial(m, w,’))
E[(# — mw)?|Fo—1] < mwi”. By 2.4), (3.9) and (3.11), f;(Y{)h (Y{")
<wi---we"® _ Since > wt( ) =1, it then follows by conditioning on F5;_|
that

1 N2 225Dy, 2
E{@#" —mw)* 2 )h7 (V1))

m
=m™ Y E{# —muw”)? YY)
i=1

{ (Z w(”) . w,e—"¢<b>)2} =e PO EW . 0P),

which can be combined with (3.14) to yield

m

t
3.15) E[# — muw")? fz(?,(”)h,z(?,(”)]=0(<l+£> e—anb(b)),
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where K = E(e%51 V) _ 1)2 By (3.12), (3.13) and (3.15),
1 K
liminf ——log[m Var(&p)] > 2¢ (b)) — —
n—oo n m

for any fixed m. Since p,,/[nfl/ze*”‘z’(h)] is bounded away from O and oo (see [8],
page 451), (3.6) holds.

3.1. A heuristic principle for efficient SISR procedures. The asymptotically
optimal importance sampling measure for p, = P{S,/n > b} is Q under which
&1, 62, ... are i.i.d. with density function D5V ) with respect to P (see [8]).
Since we have used Q = P in Example 1, (3.9) actually follows the prescription
(3.8) to choose resampling weights that can achieve an effect similar to asymptot-
ically optimal importance sampling. We now give a heuristic principle underlying

this prescription. The SISR procedure uses the importance weights p,(i) / th(i) (for

the change of measures from P to Q) and resampling weights w,(l), 1 <i<m,
for the m simulated trajectories at stage ¢. The resampling step at stage ¢ basically
converts (?;l), p,(’) /at(l), wt(l)) to (Y,(l), pt(l) / (c?t(l)w,(l) ), 1), and, therefore, the pre-
scription (3.8) for choosing resampling weights (satisfying Z[t(’)w,(l) = qt(’)) is in-
tended to yield the desired importance weights p,(l) / qt(l). To transform this heuris-
tic principle into a rigorous proof of logarithmic efficiency, one needs to be able
to bound the second moments of the importance weights and resampling weights.
This explains the requirement 26, € ® in Example 1.

Example 1 indicates the key role played by the martingale decomposition (2.7)
and large deviation bounds for P(I',,|Yx), 1 <k < n, in the derivation of asymp-
totically efficient resampling weights. To generalize the basic ideas to the more
general tail probability (3.2) with nonlinear g, we provide large deviation bounds
in Lemma 1, whose proof is given in the Appendix, for

(3.16) P{g((x + Syx)/n) > b},

where S, xr = S, — Sk; note that (3.16) is equal to P{g(S,/n) > b|Sx = x}. The
special case k = 0 and x = 0 has been analyzed by Chan and Lai (see Theo-
rem 2 of [6]) under certain regularity conditions that yield precise saddlepoint
approximations. The probability (3.16) is more complicated than this special case
because it involves additional parameters x and k, but we only need large devia-
tion bounds rather than saddlepoint approximations for logarithmic efficiency. Let
o = Vi (0) and define

(3.17) I =inf{¢(n):g(n) = b},
(3.18) M ={0:¢(ug) < 1I}.
LEMMA 1. Letb > g(ug). Then as n — oo,
(3.19) P{g((x + Sux)/n) = b} < e "1Fom /M XKV g,

where the o(n) term is uniform in x and k.
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The proof of (3.19) in the Appendix uses a change-of-measure argument that
involves the measure Q for which

(dQ/dP)(Y,) = /M &SmO 49 1 vol(M).

The bound (3.19) is used in conjunction with the inequality [, RV O) gp <
vol(M) exp{k maxgep[0'x/k — ¥ (0)]} to prove the following theorem.

THEOREM 1. Letting b > g(lo), assume:

(C1) g is twice continuously differentiable and Vg # 0 on N := {u € A?:
g(w) =bj.

(C2) Ee* &l < o0, where k = supgc 101l and M is defined in (3.18).
Letéb =0 and define for 1 <t <n,

0, = argmax{0'S, /1t — ¥ ()},
(3.20) oM

w;(Y) = exp{0)S; — 1 (@) — [0]_,Si—1 — (t — DY (@11}

With é = P and the resampling weights thus defined, the SISR estimates &g and
R are logarithmically efficient, that is, (3.6) holds for &g and also with aR in
place of ap if m — 0o and n — 0.

Besides (3.19), the proof of Theorem 1 also uses the bounds in the following
lemma. These bounds enable us to bound E (11)%71 |F2(:—1)—2) in the proof of The-
orem 1.

LEMMA 2. With the same notation and assumptions in Theorem 1, there exist
nonrandom constants & and K > 0 such that

lim & =0, E[w(Y)|S;—11<e” and
=00

(3.21)
E[w>(Y)|Si—11<K  forallt>1.

PROOF. Let n =supgcp | (0)]. Then
018, — 1y @) =16,Si—1 — (t = DY @)1+ [6/& — ¥ (@)1
<1011 — ¢ = DY @]+ [6/& — ¥ (0]
and, therefore, it follows from (3.20) that w, (Y;) < e“I&1147 Hence, by (C2),
(3.23) E[w (YOl =c)|S—1] < E[T Mg o] >0 as g — oo,

(3.22)

It will be shown that for any fixed ¢ > 0,

(3.24) Vi, = €SS sup||§; — @_1 ILqg<cy — O ast — oo.
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Let 7 = supy¢c IV (0)]|. Combining (3.24) with (3.20) and (3.22) yields
E[wi (YD) ljg =c)1Si-1] < E[e"5 ™ O 1ye<115,-1]
(3.25) < e)’t,{((‘Fﬁ)E[eét/_]St_W(ér—l) |St—1]
=1+4+0()
as t — 00. Moreover, by (C2) and (3.24), as ¢ — oo,
E[w; (YO g >c)1Si-1] < E[I5 12716 )] — 0

(3.26)  E[wl (Y0l =)|Si1] < 2 CHD B[220 0n)s, ]

< sup eV 2O =2v ) + o(1),
0eM

and (3.21) follows from (3.23), (3.25) and (3.26).

To prove (3.24), let fy,(6) = 6'x — t(#) and let 6, be the unique maxi-
mizer of f (6) over M. Let Apin(-) denote the smallest eigenvalue of a sym-
metric matrix. Since sz//(Q) is continuous and positive definite for all 6 € M,
and since M is compact and Api, is a continuous function of the entries of
V29 (0), infgeps Amin(V29 (0)) = 28 for some B > 0. Therefore, by Taylor’s the-
orem, fy;—1(0) < fx.r—10x.1—1) — Btl|0x 1—1 — 9||2 for all 6 € M. It then follows
that for [y — x|l < ¢,

Syt Oxi—1) = [y (Oy0) = fr1—10y1) +9/ Ay =x) =¥ (y,)
< fri—1(Ox1—1) — Bt||Ox 1—1 — yt” +9y[(y x) =Y (Oy,)

< [yt Ori—1) = BtllOr.—1 — Oy 1> + (& + D16r.—1 — Oy

and, therefore, [|0, ;1 — 0y ;|| < (¢ +1)/(Bt). Hence, (3.24) holds by setting x =
St—] andy:S[. O

PROOF OF THEOREM 1. To simplify the notation, we will suppress the super-
script M in o A( ) below. By (2.4) and (3.20),

G2 h-(YD) (ﬂwk>exp 080+t = Dy @-p).

Making use of E[f (Y{)|F2 2l = fi-1(Y{")), E(supgep €252V @) < o0 and
the independence of u')% e u')tz_l and &;, we obtain from Lemma 1 and (3.27) that

E{LA(YY) = i (Y2 PRE (V)
(3.28) < E{it i (V") exp[20]_, S, = 2 = Dy @-n)])

5 e—2n[+0(n)E(w% .. J)tz_l)
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By (2.4) and Lemma 2,

2
m . .
E (0} || Fag-1)-2) = <m_l ZE[wtl(Yt(l_)l)ISt(l_)z]>

i=1

+m 23 Varfw 1 (F9,)159,]
i=1
<1+ KmHe*
and proceeding inductively yields
(329) E@?---w? ) <d+Km ! exp<§ 2sk> < eK=D/mFon),
k=1
Similarly, under bootstrap or residual resampling,

E[#" —mw) 2 (Y1)

(3.30) Y B[ =l 2]

S e—2nl+0(l’l)E(a)% - TI)tz)
By (C1), p, = e +°M (see [6], Theorem 2) and hence, it follows from (3.12)
and (3.28)—(3.30) that both @r and &g are logarithmically efficient. [

The heuristic principle described in the paragraph following Example 1 can also
be used to construct logarithmically efficient SISR procedures for Monte Carlo
evaluation of (3.3) as illustrated in the following example.

EXAMPLE 2. Let T, = inf{n:S, > c}. Consider the estimation of p. =
P{T, <np} [i.e., withd =1 and g(x) = x] when g < 0 and n; ~ ac for some
a > 1/¢%'(0,), where 0, is the unique positNive root of v (6,) = 0. We shall assume
26, € © and use the importance measure Q = P and resampling weights

0«6+ ifr<T
L ATEE s ifr <T,
wi (Y1) {1, ifn; >t>T,.

Let n(Yz,an,) = ™= Since 1(Y7,an,) = Limax,=, 5,0} it follows that

(31)  fi(Yo) = P{maxs, = ¢V} < Eln(Yr.n,) Y] = =),

Making use of (3.31) in place of (3.11), we obtain that, analogous to (3.13),
E{LAY") = ia (V2R (YD)

(3.32)
K —1
< (1 " _*) =205 [ (205,
m
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where K, = E (%51 — 1)? and that, analogous to (3.15),

(3.33)  E[#" —mu") V)0 (V)] = 0((1 + %)He”*c).
Hence, by (3.12) (with n; in place of n), (3.32) and (3.33),

m Var(@g) = O (nj exp[(n; Ky/m) — 20,c]).
Since n1 = O(c) and p, /e_e*c is bounded away from 0 and oo, as shown in [22],

(3.7) also holds.

In Theorem 2, we provide the resampling weights for logarithmically efficient
simulation of (3.3), for which the counterparts of (3.17) and (3.18) are also pro-
vided. The basic idea is to use the resampling weights (3.20) up to the stopping
time

(3.34) T. =inf{n > ng:ng(S,/n) > c} A ny.

THEOREM 2. Let g(uo) < al,ng=8c+00)andn; =ac+ O0()asc—
oo for some a > 8 > 0. Let I =inf{¢(1):g() = 8"} and M = {0 : ¢ (ug) < I}.
Let Q = P and assume that (C1)~(C2) hold for all a=' < b < 8~ and that

(C3) ri= Supu:g(u)za*I mln{g(p,), 671}/¢(M) < 0o0.
Let 8y = 0 and define for 1 <t <nj — 1, 6, = argmaxgep[0'S; /1 — ¥ (0)] and

(335)  wi(Y,) = OIS @10 ==y @01 ey < T
1, ifny >t>T,.

Then (3.7) holds for ag and with g replaced by &R if m — 0o and ¢ — o0.
PROOFE. Letu = (t — 1) AT V. By (2.4) and (3.35),
(3.36) h (YD) = (]‘[ wk> exp[— (") S 4 uy (BV)).

Let I, = inf{¢(u) :g(n) > b}. By Lemma 1,

(3.37)
oot f ST @ o, it <1,
= n=t+1
1, ifr > 7.
Note that
inf b_llb = min{ in M, inf ¢(//i) } =1
a~l<b<s~! pral<g(u<s=! (1) pn:guy>s-1 8~
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by (C3). Hence, by (3.36) and (3.37),
(3.38) E([A(V") — fia (V)R (VD)) < e 2/ OB @i - i ).
Similarly, it can be shown that under either bootstrap or residual resampling,
(3.39) E[(#ﬁl) _mwt(l))zftz(?fl))htz(‘?;l))] < e—20/r+0(C)E(1D% . "@271)-
By (C1) and Theorem 2 of [6], p. = e~¢/"*°() and hence, it follows from (3.29),
(3.38) and (3.39) that both &r and &g are logarithmically efficient. [J

3.2. Markovian extensions. Let{(X;, S;):t=0,1,...,}beaMarkov additive
process on X x R? with transition kernel

P(x,Ax B):=P{(X1,S51) € Ax (B+s)|(Xo, So) = (x,s5)}
= P{(X1, §1) € A x B[(Xo, So) = (x, 0)}.

Let {X,,} be aperiodic and irreducible with respect to some maximal irreducibility
measure ¢ and assume that the transition kernel satisfies the minorization condition

(3.40) P(x,Ax B)>h(x, B)v(A)

for any measurable set A C X, Borel set B C R? and s € R? for some probability
measure v and measure & (x, -) that is positive for all x belonging to a ¢-positive
set. Ney and Nummelin [19] developed a theory to analyze large deviations proper-
ties of S,, under (3.40) or when its variant P(x, A x B) > h(x)v(A x B) holds. Let
T be the first regeneration time and assume that 2 :={(6, ¢): E, eS¢ < o0} is
an open neighborhood of 0. Then for all 6 € ® :={6:(0, ¢) € Q2 for some ¢}, the
kernel

(3.41) Py(x, A) :=/e9’SP(x, A x ds)

has a unique maximum eigenvalue e¥ @, for which ¢ = v/ () is the unique so-
lution of the equation E, e 5:=7¢ = 1, with corresponding right eigenfunctions
r(-; ) and left eigenmeasures ¢,,(, -) defined by

F(x;0) = Eye? SV @),

T—1
(3.42) 0.(0; A) = E, (Z e Sn—"W)l{XneA}),
n=0

£,(0; A) =/£X(9; A)dv(x).
Let  denote the stationary distribution of {X,} and let

(3.43) 0= (V)" ().
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To begin with, consider the special case d =1 and g(x) = x for which the
importance sampling measure with transition kernel

(3.44)  Py(x,dy x ds) := e VO (r(y:0)/r(x; 0)} P (x,dy x ds)

has been shown to be logarithmically efficient by Dupuis and Wang [16] and
asymptotically optimal by Chan and Lai [8] for simulating the tail probability
Py, {Sy/n > b} when 6 is chosen to be 6, in (3.44). We shall show that by us-
ing SISR with Q=P and resampling weights w; (Y;) = %%~V ) we can avoid
computation of the eigenfunctions. To bring out the essence of the method, we
first assume instead of the minorization condition (3.40) the stronger uniform re-
currence condition

(3.45) agv(A x B) < P(x,Ax B) <ajv(A x B)

for some 0 < ag < a; and probability measure v and for all x € X, measurable
sets A C X and Borel sets B C R. At the end of this section, we show how this
assumption can be removed. Note that Y, consists of (X;, &), i <, in the Markov
case.

EXAMPLE 3. Let b > Er& and assume that 6, € © and E, (e261-2V(0b))
< 00. We now extend Example 1 to Markov additive processes by showing that
the choice Q = P and

(3.46) w; (Y,;) = 5=V )
results in logarithmically efficient simulation of Py,{S,/n > b}. The dependence

of the weights wt(l) and wt(" ) for i # j, created from a combination of the Marko-
vian structure of the underlying process and bootstrap resampling, requires a more
delicate peeling and induction argument than that in Example 1. By consider-
ing & — ¥ (6p)/6p instead of &, we may assume without loss of generality that
v () =0.

Letk =sup,cy 7 (x;6p)/infrex r(x; Op) and let Eg be expectation with respect
to Py. Then by (2.5) and (3.44),

f1 (Y1) = Py {Su/n > bY, ) = P{S, — S = nb — §|X;, 8}
= r(Xs;0p) Eq,[e S ™501 s, 5,5 np—5,1/7 (X3 06)1 X1, St]

< ke~ Or(b=51)
We shall show that
(3.47) E(w}---w?)=e’®  asm — oo uniformly over 1 <7 <n — 1.

Then logarithmic efficiency of bootstrap resampling follows from (3.12)—(3.15).
We first show that for any k < ¢ and i # j,

E{ﬁ)/%(EX]@ee”S"") (Exo " 5k) | Fo o)
(3.48)

<m Y (B P By EHIH) 4 m 1B,
u#v
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where B = sup;,~o cex Ex{€*®*1(Ex, %52}, which is finite by (3.45). Note that
wy is measurable with respect to 2,1 and that under bootstrap resampling, X @
and X ,EJ ) are mdependent conditioned on F7,_1. Moreover, since X M _x ,(f) with
probability wk = wy (Y(Z))/ Y wk(Y(J))

E{wk(E (1)6 OpSi- k)|]-"2k 1 = Wy Z w(u)Eil(cu)EGbSrfk’
u=1
()
which is equal to m = Yr_ | %5 E £ %S+ in view of (3.46) and that / (6;) =
k
0. Hence,
E{J’/%(EX]@@O" )E, we OSi=k) | Fog—1 }

2
£ @)
:< -1 2 & E . ()eGbSr k)

u=1

(3.49) -2 pE ™ 0pS o™ 055,
§ : 33 E b St—k b8k E -y Sk
u#v ()e )(e Xli)e )

m 2Zezebs,£”)(E ()eebsf 02,

u=1

Since (E(“) X (”)) and (é(v) X (U)) are independent conditioned on Foi_5 for u # v
and E[egbék (E ()e(’bsf Y Fok—2l=E X0, ehSi-k+1(3.48) follows from (3.49).
We shall show using (3.48) and 1nduct10n that
(3.50) E@7---w)) <y*(A+m~'B)*  wherey = sup E,e®5h(>1).
xeX,h>0
Fork=1,

0) 0 = 0]
EIZ)% =m2 Z Exoegbsl Exoeg”slj +m~2 Z ExerGbél < )/2 + m_l,B
i#] i=1

and indeed (3.50) holds. If (3.50) holds for all £ < ¢, then by repeated application

of (3.48), starting from k = ¢, we obtain
—1

E@7] - w;) < (Exye™)? +m™' B> E7 - wp)

k=0

-1

< yzil +m Y (A +mT ) =y A+ m Y
k=0

and (3.50) indeed holds for k = ¢. Hence, (3.47) is true and logarithmic efficiency

is attained.
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The peeling argument used to derive (3.48) and (3.50) can also be used to extend
Theorems 1 and 2, which hold for general g, to the following.

THEOREM 3. (a) Let M, @ and w;(Y;) be the same as in Theorem 1. Then
Theorem 1 still holds when the i.i.d. assumption on & is replaced by the uniform
recurrence condition (3.45) on the Markov additive process (X;, Sy =&1+---+&)
and assumption (C2) is generalized to

(3.51) / 2IEy (X, dg) <oco  where k = sup ||0].
R4 feM

(b) Let M, é\, and w¢(Y;) be the same as in Theorem 2. Then Theorem 2 still
holds when the i.i.d. assumption on &, is replaced by the uniform recurrence con-
dition (3.45) and assumption (C2) is generalized to (3.51).

Note that Q = P in Theorem 3. We next show how the uniform recurrence
assumption (3.45) can be removed, extending the preceding results on the loga-
rithmic efficiency of suitably chosen SISR procedures to more general Markov
additive processes such that for some 6 € ®, 0 < 8 < 1, function u : ¥ — [1, 00)
and measurable set C:

(U1) sup,ccu(x) < o0, [pu(x)dv(x) < oo, sup,cc€yx(0;C) < 00, [4Lx(0;
C)dv(x) < o0,

(U2) Effe” SV Ou(Xp)) < (1 - Bu(x) forx ¢ C,

(U3) a:=sup,cc Exle? 17V @u(x))) < oo,

(U4) Ky :=sup, .y E {28200 ,2(X 1) /u2(x)} < 0.

We illustrate in Section 4, Example 5, how (U1)-(U4) can be checked in a con-
crete example. Condition (U1) [in which €, is defined in (3.42)] holds when C
is bounded and v has support on a compact set. Conditions (U2)—-(U4) are often
called “drift conditions” (see [8]). Although the arguments are essentially modi-
fications of the peeling idea in Example 3 by making use of (U1)—(U4), they are
considerably more complicated than those in the uniformly recurrent case. We,
therefore, only consider the univariate linear case [d = 1, g(y) = y] in the fol-
lowing theorem to indicate the basic ideas without getting into the details of these
modifications, such as replacing for general g the 6, in (3.52) by sequential esti-
mates @, as in (3.20) and (3.35).

N THEOREM 4. Let b > E &1 and assume that (U1)-(U4) hold for 6 = 6y,. Let
O=Pand

(3.52) wi(Y;) = ™5V y (X)) fu(X,_1).

Then (3.6) holds with p, = Py,{S,/n > b}, for dp or &r, as n — oo and m — oo.
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PROOF. By considering & — ¥ (6p) /65 instead of &;, we assume without loss
of generality that ¢ (6,) = 0. By (2.4) and (3.52),

-1
~ _ _ . o) ~
(3.53) h,_l(Yil_)l) = (H wk)e gbsf*'u(xo)/u(Xt(l_)l).
k=1
It will be shown in the Appendix that
(3.54) Kr:= sup E {e®Su(Xy)/u(x)} < oco.
xeX,h>0
Note that

555 Fi:(Y0) = Exy(1(s,/nzp)|Y) < e B, (e%50]Y))
' = b (St—nb) Ex, (eQbSn—t) < Kzegb(S’_nb)u(X,).

Since Ey [ f;(Y)) | Fo—al = fi1 (YD), it follows from (3.53), (3.55) and (U3)
that

(1 1 2 1
Eqo{[£i(YiY) = fics (Y2 Ph7_ (V)
_ _ z(1) ~
(3.56) < K3 POPE, [y - - 1)2 P (xo)u (X D) /u? (X D)
< Be IPE (i -y y),

where 8 = K1K22u2(x0).
By (3.53) and (3.55), under either bootstrap or residual resampling,

1 D\2 2351 S
Exo[(# —mw(") 2V )7 (Y]]

m
(3.57) =m 'Y E [ — mw®)? f2(Y)RHY )]
i=1
< K3E, (0} --- w?)e 2"%bu2 (xp).

In view of (3.12), it now remains to show (3.47). It follows from the proof of (3.48)
that for any k < ¢ and i # j,

E o[ u(X, )]\ E g[S u(X,—p)]
EXO{“_)/%( : O )( : ) )’fz“}
u(X,”) u(Xy)

EXI({U_)l [eebS’_k+1 u(X;—k+1)] ) < Exli@l [eel’S’_"Jr1 u(Xi 1)1 )

vEW M(XIEU,)Q M(X;Elf)l)

An argument similar to that in (3.48) and (3.50) can be used to show that
Ex (@} w}) < K3(1+m~ 1)k,
Hence, (3.47) again holds and (3.6) follows from (3.56) and (3.57). U
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3.3. Implementation, estimation of standard errors and discussion. As ex-
plained in the first paragraph of Section 3.1, at every stage ¢, the SISR procedure
carries out importance sampling sequentially within each simulated trajectory but
performs resampling across the m trajectories. Since the computation time for re-
sampling increases with m, it is more efficient to divide the m trajectories into r
subgroups of size k so that m = kr and resampling is performed within each sub-
group of k trajectories, independently of the other subgroups. This method also
has the advantage of providing a direct estimate of the standard error of the Monte
Carlo estimate @ := r~! >.r_, @i, where @; denotes the SISR estimate of « (using
either bootstrap or residual resampling) based on the ith subgroup of simulated
trajectories. Specifically, we can estimate the standard error of @ by & /./r, where

,
(3.58) =0 - @ -
i=1

In Section 2 we considered the case of fixed n as m — oo and provided estimates
of the standard errors of the asymptotically normal @g and ar. The validity of
these estimates is unclear for the case n — oo and m — oo as considered in this
section that involves large deviations theory instead of central limit theorems. By
choosing m = kr with k — 0o and r — oo in (3.58), we still have a consistent
estimate & //r of the standard error in the large deviations setting with n — oo.

The resampling weights in Theorems 1 and 2 have closed-form expressions
in terms of the cumulant generating function () in the i.i.d. case or the loga-
rithm v (0) of the largest eigenvalue of the kernel (3.41) in the Markov case. When
¥ () does not have an explicit formula, we can use numerical approximations and
thereby approximate the logarithmically efficient resampling weights, as will be il-
lustrated in Example 5. This is, therefore, much more flexible than logarithmically
efficient importance sampling which involves sampling from the efficient impor-
tance measure that involves both the eigenvalue and corresponding eigenfunction
in the Markov case (see [5, 8, 10, 16, 21]). Note that approximating the eigenvalue
and eigenfunction usually does not result in an importance (probability) measure
and, therefore, requires an additional task of computing the normalizing constants.

The basic ideas in Examples 1 and 2 and Sections 3.1 and 3.2 can be extended
to more general rare events of the form {X7 € I'} and more general stochastic
sequences X; and stopping times 7. To evaluate P{Xr € I'} by Monte Carlo, it
would be ideal to sample from the importance measure Q for which

(3.59) Z—IQD(Xt) = P{Xr el'|X;}/P{XreTl} fort <T,

because the corresponding Monte Carlo estimate of P{Xr € I'} would have vari-
ance 0 (see [16], page 2). This is clearly not feasible because the right-hand side
of (3.59) involves the conditional probabilities P{X7 € I'|X;} and its expectation
P{X7 € T'} which is an unknown quantity to be determined. On the other hand,
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SISR enables one to ignore the normalizing factor P{X7 € I'} and to use tractable
approximations to P{Xr € I'|X;}, as in Example 1, in coming up with a logarith-
mically efficient Monte Carlo estimate of P{X7 € I'}.

4. Illustrative examples. We use the following two examples to illustrate
Theorems 1 and 4.

EXAMPLE 4. Let X, X»,... be i.i.d. random variables with EX; = 0. Let
& = (X;, X?)and S, =& + -+ &,. Define g(y,v) = y//vfory e Rand v > 0
and note that g(S,/n) is the self-normalized sum of the X;’s. There is extensive
literature on the large deviation probability p, = P{g(S,/n) > b} (see [12]). Con-
sider the case b = 1/+/2 and X; having the density function

1
f0= !

with respect to the Lebesgue measure. Thus, X; is a mixture of N(1,1) and
N(—1,1). In this case, ® = {(01,62):62 < 1/2}, A={(y,v):v> yz} and

e (D2 ot D2), x €R,

2 01/(1-262) 4 ,—61/(1-26))
x5y 1) | )
2) 2 2-46, 1—26,

for 0 € ®. The infimum of the rate function over the one-dimensional manifold
N ={(y,v) : y=4/v/2}is I =0.324 and is attained at (y, v) = (1,2). Then M =
{6 = (01,02): ¢ (yg,vg) < I} [see (3.18) and Theorem 1]. We implement SISR
with bootstrap resampling as described in Section 3.3, with m = 10,000 particles,
divided into 100 groups each having 100 particles. The results, in the form of
mean =+ standard error and for n = 15, 20 and 25, are summarized in Table 1, which
also compares them to corresponding results obtained by direct Monte Carlo with
m = 10,000 in (2.1) and (2.2). Table 1 shows 18-fold variance reduction by using
SISR when n = 15, 25-fold variance reduction when n = 20 and that direct Monte
Carlo fails when n = 25.

EXAMPLE 5. Let ¢y, ¢2,..., V1, V2, ... beii.d. standard normal random vari-
ables and let
4.1) XH-H =MXn) + Cn+1s Sn =X, + Vu,
TABLE 1

Monte Carlo estimates of P{g(Sy/n) > 1/+/2}

n

15 20 25

SISR  (1.10£0.07) x 1073 (1.9+£02) x 107*  (4.0+0.7) x 107>
Direct  (0.940.3) x 1073 A+ x1074 0
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where A(x) is a monotone increasing, piecewise linear function given by

x+1 x—1
)»(x)=xl{|x|<1}+< > )1{x>1}+( 5 >1{x<—1}-

Let & > 0. We now show that (U1)~(U4) hold for u(x) = ¢*1%*" and C =
(—o00, p], where p > 1 is chosen large enough so that (U2) holds, as shown below.
Since (a + b)T <a + bt for a > 0 and since €205 < ¢=0-050x;, () it follows
that for x > p,

E P17V Oy (X))} = BTy OF 2100+ D/ 20T
< u(x)e*0-059xE{eey1fl/f(e)+1.ose+z.1e;l+}

and, therefore, (U2) holds if p is large enough. It is easy to check that (U3) holds.
Note that SUPye(—00.1] E, [eX51-2v®) 2 (X )] < 0o and that for x > 1,

EL [0V Ou2(X))]u? (x)

_ E[620x+29}/1—21//(9)+4.29((x+1)/2+{1)+]/e4.20x+

. _ +
< (e 0.10x eZQX)E[ezeyl 29 (0)+2.10+4.20¢, ]—0 as x — 00

and, therefore, (U4) holds. Since limy_, _oo Ey(e?517¥®) = 0, it follows that
limy_ o0 € (0; C) = 0; moreover, u(x) = 1 for all x < 0 and hence, (Ul) also
holds.

We compute Py{S,/n > 2.5} for SISR using resampling, with m = 10,000 par-
ticles divided into 100 groups, each having 100 particles, and with resampling
weights (3.52) for which the following procedure is used to provide a numerical
approximation for 6; 5. First note that by (4.1),

(4.2) E % =12 %1

The procedure involves a finite-state Markov chain approximation to (4.1) with
states x; and transition probabilities p;; (1 <i, j < 1,000) given by

. 1,000
I 2 2
X = —2.505, = e X AM))/2 e~ k=2 (xi))7/2
i 100 Pij / ]?:1

For given 6, it approximates () by 62/2 + U (0), where ¥ @ is the largest
eigenvalue of the matrix (eg"f Pij)l<i,j<1,000, in view of (3.41) and (4.2). Since
Y'(625) = 2.5 by (3.43), it uses Brent’s method [20] that involves bracket-
ing followed by efficient search to find the positive root 65 of the equation
1}(9) + 92/2 = 2.50, noting that 1}(0) = 0. The root 52‘5 = 0.273 is then used
as an approximation to 6,5 in (3.52). Table 2 gives the results, in the form of
mean = standard error, for the SISR [with several choices of 6 in (3.52), including
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TABLE 2
Monte Carlo estimates of Py{S,/n > 2.5}

n

0 15 20 25
SISR 0.1 (9.68 £1.37) x 10~4 (2.81+£0.57) x 10~4 (470 £1.22) x 107
0.2 (9.65£0.75) x 10~4 (2.45+0.24) x 1074 (6.70 £0.64) x 107
0.273 (8.31£0.48) x 10~4 (2.42+0.19) x 10~4 (6.33+£0.44) x 107
0.3 (9.114£0.51) x 1074 (2.5440.20) x 1074 (5.27 £0.38) x 1073
0.4 (9.78 £0.80) x 10~4 (2.60 £0.20) x 10~4 (6.58 £0.67) x 107
Direct 8+3)x 1074 3+£2)x 1074 0

0= 52.5] and direct Monte Carlo estimates of Po{S,/n > 2.5}. It shows a variance
reduction of 35 times for n = 15 and 80 times for n = 20 over direct Monte Carlo
when 52,5 is used as an approximation to 65 s in the resampling weights (3.52) for
SISR. When n = 25, direct Monte Carlo fails while the SISR estimate still has a
reasonably small standard error.

APPENDIX: PROOF OF (3.19) AND (3.54)

PROOF OF (3.19). ForO<e < I,let

My ={0:9(up) =1 — ¢}, H(©0)={neA’:0"(u— g) = 0}.
If w € H(H), then 6’ u > 6’y and, therefore,

AL ¢ =supl@n— @)z 6/ — v (©) = 0'pg — v (O) =1 —e.
0

Moreover, for 6 € M., H(0) is a closed half-space whose boundary is the tangent
space of {iu:¢p(u) =1 — e} at ug. Hence,

(A.2) p(u)#£1—¢  forpeA’\ |J H®O.
feM,

Making use of this and (A.1), we next show that

(A3) U HO® = ko) =1 ~¢)
eM,
and, therefore, by (3.17),
(A4) Ii={u:gw) =b} Clu:p(w)=1—¢c}= | J H®).
OeM;

By (A.1), Upem, H@) C {:¢ () = I — &}. Therefore, it suffices for the proof
of (A.3) to show that {u:¢(u) <1 — e} D A\ Upepm, H(0). Suppose this is
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not the case. Then there exists uy € A%\ Ugep, H(0) such that ¢ (1) > 1 —&.
Since A%\ Ugep, H(O) D {n:¢(n) < I — e}, there exists uz € A2\ Ugep, H(0)
such that ¢(u2) < I — €. By continuity of ¢, there exists p € (0, 1) such that
¢ (pp1+(1—p)uz) =1 —e.Since A°\ H(0) is a half-space, A\ Upep, H(O) =
MNoem, (A?\ H(0)) is convex and, therefore, pu1 + (1 —p)puz € A°\Ugepn, H (),
but this contradicts (A.2), thereby proving (A.3).

Define the measure Q by

d ,
d—g(Y") = / 5= ®) g9/ vol(M),
M

where vol(M) is the volume of M. Let w, = S, /n and h,,(0) = 6’ ,, — ¥ (6). From
(A.4), it follows that if 1, € T, then there exists 6, € M, such that 6, (i, — jtg,) >
0 and, therefore,

(A.5) B (65) = Oy in — Y (Bx) = O n6, — ¥ (0:) = p(po,) =1 — ¢,

since 0, € M;. Let B, = {0:(0 — 6,)'Vh,(8) >0, |0 — 64| <n~'/?}. Then for

all 0 € By, hy(0) = hy(0%) + (0 — 0%) VI (0:) — (0 — 0.) V2 (0,)(0 — 6,) /2 +

0(]|6 — 64 |%) and, therefore, by (A.5) and the definition of B,,,
h,0)>1—e—(K+1)/(2n) for all large n,

where K = supyc, V2 (6)]|. Hence, for all large n,

d
ﬁ(Yn) > 1y, ery /Bn exp{nh, (0)}d0/vol(M)

(A.6)
> 1y, ery(ca/2)e 7= ETD2p =412 yo1 (M),

in which c; denotes the volume of the d-dimensional unit ball. Letting ¢ — 0
in (A.6) yields (dQ/d P)(Y,) > €"!t°™1, cry in which o(n) is uniform in Y,,.
Hence,

dp
o

_ do
< nl+o(n) Y
<e —dP( k)

d
Pg(S,/m) = BIY4) = Eo| G0 (Yalis,mer) S (V| Vi

proving (3.19). [J

To prove (3.54), we use ideas similar to those in the proof of Lemma 1 of [7]
and the following result of [19], page 568.

LEMMA 3. Let t(0) = 0. Under (3.40), there exist regeneration times t (i),
i > 1, such that:

() t@+1)—1t@),i >0, arei.id. random variables,
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) {Xzay, oo Xeir =1, 82i)+15 - - e}, 1 =0, 1, ..., are independent
blocks,
(iii)) X has distribution v for all i > 1.

PROOF OF (3.54). Let £, = E,{Y7_, e"Su(X,)}, €, = [ £, dv(x) and A =
{tr@):i >1}.Sinceu > 1,
Ec{e®Su(X)} = Ex{e” % u(Xi)1zi))

k—1
(A7) + 0 Ex(€?¥1jea) Eu (€™ u(Xpm Drzi—j))
j=1
<l +7, [SUP E, (eebsjl{jeA})]-
j=1

Let0 <o =0(1) <o(2) <--- be the hitting times of C. Then

b < Exizeebswxn)}

n=1
(A.8)
o(k+1)
‘f‘Ex{ Z e So ) Z 69b(5n—50(k))u(Xn)}‘
k:o(k)<t n=o(k)+1

Let y e X. By (U2), forall n > 2,
Ey[e®Smu(X) <oy} < (1 = BYEy (™5 1u(X - 1) 1jn-1<0)),

from which it follows by proceeding inductively and applying (U3) that

(A9)  E, { > eGbS"u(Xn)} < B max{a, (1 - Bu(y)} < au(y),

n=1
where o = -1 max{a, (1 — B)}. Substitution of (A.9) into (A.8) then yields

T—1

(A.10) £y < a[ u(x) + Ex (Z eebS"u(Xn)l{xnea) } < au(x) + 0l (6p; C),
n=0

where n = sup, ¢ u(y). Since Jyu(x)dv(x) <ooand [, £,(0p; C)dv(x) < o0,
it follows from (A.10) that l y < 0o. Combining

€03 ©) = Ex(e™57)| sup £,05: O]
yeC
with (A.9) yields

(A.11) sup{€,(Gp; C)/u(x)} < oo.

xeX
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Let Q* be a probability measure under which

dQ* _ _
dP ({(Xta St)t S T(Z)}) = eebsf(l)'
v
Then
(A.12) sup Ey (%5 1ze 1)) = sup 0*{z (i) = k for some i} < 1.
k=1 k>1

From (A.7), (A.10), (A.11) and
Ec(e"1jen)) = Ex(e® =)

i1
+ ) B Lo Eu (€751 —neny)
h=1
<E; (eebsf)il + sup Ev(egbskl{keA})],
k>1
(3.54) follows from (A.12). [
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