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NAVIGATION ON A POISSON POINT PROCESS!

BY CHARLES BORDENAVE
University of California

On a locally finite point set, a navigation defines a path through the point
set from one point to another. The set of paths leading to a given point defines
a tree known as the navigation tree. In this article, we analyze the properties
of the navigation tree when the point set is a Poisson point process on RY. We
examine the local weak convergence of the navigation tree, the asymptotic
average of a functional along a path, the shape of the navigation tree and its
topological ends. We illustrate our work in the small-world graphs where new
results are established.

1. Introduction.

1.1. Navigation: definition and perspective. Let N be a locally finite point
set and O a point in R4, taken as the origin. For X, Y € R4, | X | will denote the
Euclidean norm and (X, Y') the usual scalar product.

DEFINITION 1.1. Assuming that O € N, a navigation (with root O) is a map-
ping 4 from N to N such that A(O) = O and for all X in N, there exists k ¢ N
such that A*(X) = 0.

A navigation is the ancestor mapping of a rooted tree, the navigation tree Tp =
(N, Ep), which is defined by

(X,Y)eEp if AX)=Y or A(Y) =X.

In this paper, we examine decentralized navigation algorithms over a random point
set. The concept of decentralization is loosely defined in a mathematical frame-
work and we will introduce another property of these mappings, regeneration (De-
finition 1.2). Roughly speaking, if the point set is a sample of a Poisson point
process, then decentralization and regeneration coincide.

Navigation algorithms have emerged in different classes of problems. A first
class is the small-world phenomenon. Kleinberg [16] showed that this phenom-
enon relies on the existence of shortcuts in a decentralized navigation on a geo-
metric graph (for extension and refinements see Franceschetti and Meester [10],
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Ganesh et al. [8, 12]). A second field of application is computational geometry.
Kranakis, Singh and Urrutia [18] have introduced compass routing (see Morin [22]
for a review of this class of problems). The ideas of computational geometry may
benefit the design of real-world networks: sensor and ad hoc networks (see Ko and
Vaidya [17]) or self-organized overlay and peer-to-peer networks (see Plaxton, Ra-
jaraman and Richa [27], Liebeherr, Nahas and Si [20] or Ganesh, Kermarrec and
Massoulié [11]). Finally, in the probabilistic literature, some authors have exam-
ined decentralized navigation algorithms (under other names): the Markov path
on the Delaunay graph in Baccelli, Tchoumatchenko and Zuyev [5], the Poisson
forest of Ferrari, Landim and Thorisson [9] and the directed spanning forest intro-
duced by Gangopadhyay, Roy and Sarkar [13] (see also Penrose and Wade [23]
and Baccelli and Bordenave [3]). The aim of the present work is to find a uni-
fied approach to these problems. The mathematical material used in this work is a
natural extension of the ideas developed in [3].

We start by giving three examples of navigation. Among these three, only the
last will draw our attention. These examples are nevertheless useful to understand
the context better. Let § be a connected graph § = (N, E) with O € N. Our first
example is the shortest path navigation. Assume that the edges are weighted and
define 7(X) = {X, X1, ..., O} as the connected path from X to O which min-
imizes the sum of the weights of the edges on the path [assuming that 7 (X) is
uniquely defined]. Then, A(X) = X; is the shortest path navigation. In [28, 29],
Vahidi-Asl and Wierman have studied the shortest path on the Delaunay triangula-
tion of a Poisson point process; see also Pimentel [26]. On the complete graph of a
Poisson point process and weight on the edge (X, Y) takenas |[X — Y|#, 8 >2,an
in-depth analysis was performed by Howard and Newman [15]. The shortest path
is the continuum analog of the first passage percolation on the regular Z?-lattice.
The shortest path navigation has poor decentralization properties.

Anirreducible recurrent random walk on § defines almost surely a decentralized
navigation. The length of the path from X to O is the hitting time of O starting
from X. However, on an infinite graph, one might expect that the walk is null
recurrent and that this navigation will not be efficient.

The maximal progress navigation on § is a greedy algorithm: A(X) =Y if ¥ is
the neighbor of X closest to O. Note that this navigation is not a proper navigation
on all graphs since it may fail to converge to O. If « is a navigation, the progress
at X is defined as

P(X) =[X] = [AX)].
Throughout this paper, to simplify the analysis, we will restrict ourselves to navi-

gation algorithms with a nonnegative progress for all X € N.

1.2. Directed navigation. Lete; € S, A directed navigation with direction
e1 is a mapping A4 from N to N such that for all X in N, limkﬁoo(,AZ (X),e1)=
+o00. Note that if (e1, e2) > 0, then a directed navigation with direction e; may
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also be directed with direction e;. In the sequel, a navigation with direction ey,
will be denoted by ., in order to stress the direction of interest. The directed
progress (with direction e) at X is defined by

Pey (X) = (A (X), e1) — (X, e1).

A few examples of directed navigation may be found in the literature: the directed
path on the Delaunay tessellation [5], the Poisson forest [9], the directed span-
ning forest ([13, 23]). On a graph §, we also define the maximal directed progress
navigation as the navigation which maximizes the directed progress.

A directed navigation is the ancestor mapping in a directed forest. The directed
navigation forest, 7., = (N, E,,), is defined by

(X.Y)€E,  if Ao (X)=7.

1.3. Regenerative navigation on a Poisson point process. Throughout this pa-
per, N =), cn 07, is a Poisson point process (PPP) of intensity 1 on R?. If 8y is
the Dirac mass at X € R¢, we will define N? = N+8p and NoX = N +68x +680.
From Slyvniak’s theorem, N © (resp. N 9-X) is a PPP in its Palm version at O [resp.
(0, X)]. Up to a scaling, it is not restrictive to assume that the intensity of N is 1.

In this paper, we analyze the properties of decentralized navigation trees on N ©.
The decentralization property on a PPP is captured by the notion of regeneration.
Regenerative navigation is defined via memoryless navigation. For a directed nav-
igation A, , let X = Algl (X) and £, =o0{Xy, ..., Xy} be the filtration associated
with the process (X )keN. e, is memoryless if, for all X e RY, k eN,

) P(Xk+1 — Xk € | Fi) =P(A, (0) € ).

In other words, a directed navigation is memoryless if the process (Xi41 — Xi)keN
is an i.i.d. sequence which does not depend on the initial position Xp = X. In
dimension 1, a memoryless directed navigation with nonnegative directed progress
defines a renewal point process. Similarly, for a navigation 4 on N9, let X; =
Ak (X). A is a memoryless navigation if, for all X € RY k e N,

) P(Xyy1 € 1Fk) =P(Xiq1 € -1 Xp).

the sequence (Xg)ren 1S then a Markov chain with O as absorbing state.

DEFINITION 1.2. A directed navigation -, is regenerative if there exists a
stopping time 6 > 0 such that X +> A? ,(X) is a memoryless directed navigation
and the distribution of 6 is independent of X .

A navigation 4 is regenerative if there exist xo > 0 and a stopping time 6 > 0
such that X — A(X) is a memoryless navigation and the distribution of 6 is
independent of X for | X| > xg.
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The stopping time 6 will be called a regenerative time. As we will see, the analysis
of regenerative navigation algorithms is easy. Then, using coupling techniques,
we will exhibit a method to prove that a decentralized navigation on a PPP is
regenerative. This provides a tool to analyze decentralized navigation algorithms
on a PPP. This is the cornerstone of this paper.

1.4. Notation. B(X,r) is the open ball of radius r and center X, and §d-1 =
{X e R?:|X| =1} is the d-dimensional hypersphere. A will denote the closure
of the set A C RY and A = R\ A. The d-dimensional volume of B(O, 1) is
ng =n4?/T(d/2 + 1) and wg_; = 2742/ T'(d/2) is the (d — 1)-dimensional
area of S~ Fore; € ¢! and X e RY, #,, (X) ={Y : (Y — X, e1) > 0}. £o(RY)
[resp. loo (RY)] will denote the set of measurable functions s : RY — R such that
lim| x| 00 5 (X) = 0 (resp. +00). For a real random variable Z, if F (1) =P(Z <1),
then F(¢t) = P(Z > t). We will write Z; <,; Z; if, forall t e R, P(Z| > t) <
P(Z, > t) (stochastic domination). For a discrete set A, |A| is the cardinality of A.

We will use Cyp to denote a positive constant to be thought of as small and Cy
to denote a positive constant to be thought of as large. The exact values of Cy and
C| may change from one line to the next. However, Co and C| will never depend
on parameters of the problem.

Let X; = A*(X). Throughout this work, we will pay attention to the path from
X to O: m(X)={Xo,..., Xux) = O} and to the distance of X from O in the
navigation tree,

H(X) =inf{k > 0: AX(X) = 0}.
1.5. Examples. For a few other examples, see [7].

Small-world navigation. The small-world graph is a graph § = (N, E) such
that forall X, Y € N9, (X,Y) € E with probability f(|X — Y|), independently of
everything else, where f is a nonincreasing function with values in [0, 1]. We will
assume, as ¢ tends to infinity, that

f)y~ct™P,

with ¢ > 0 and B8 > 0. More formally, to each pair (X, Y) € NO x N9, x +7Y,we
associate an independent random variable U (X, Y), uniform on [0, 1], independent
of N and such that

(X,Y)eE ifUX,Y)<f(X—=7Y).

It is easily checked that the degree of a vertex X is a.s. finite if and only if 8 > d.
The small world graph § is sometimes referred to as the long range percolation
graph. Small-world navigation is the maximal progress navigation on §:

A(X)=argmin{|Y|: (X,Y) € E}.
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As such, the small-world graph has isolated points and navigation is ill-defined
on nonconnected graphs. To circumvent this difficulty, given N, for each X € N,
we condition the variables (U(X,Y),Y € N° N B(0O,|X|)), on the event that
Vx ={Y e N° N B(0,|X|):(X,Y) € E} is not empty. This conditioning on U is
not problematic since, given N, for all X # X’ in N, the variables (U(X,Y),Y €
N°NB(0,|X])) and (U(X',Y),Y € N°N B(0, |X'])) are independent. In par-
ticular, the sets Vx and Vx/ are independent given N.
If B > d, the directed navigation with direction e; is defined similarly:

Ao, (X) =argmax{(Y,e1): (X,Y) € E}.

The directed navigation is properly defined if the set of neighbors of X in #,,
is a.s. nonempty and finite. Hence, when dealing with »4,,, we will assume that
the variables U are conditioned on the event that a positive directed progress is
feasible at any point X of N.

Compass routing on the Delaunay triangulation. Compass routing was intro-
duced by Kranakis et al. in [18]; see also Morin [22]. Let § = (N O, E) denote a
locally finite connected graph. Compass routing on § to O is a navigation defined
by

A(X) = ar, max{< X X-r >'(X Y)EE}
N TR A
A(X) is the neighboring point of X in § which is the closest in direction to the
straight line O X. As pointed out by Liebeherr et al. in [20], on a Delaunay triangu-
lation, compass routing is a proper navigation. The associated directed navigation
with direction e is

Ao (X) = Y\ xveE
e ( )_argmax{<e1,|X_Y|>.( ,Y) € }

Radial navigation. For X,Y e N?, X # O, |Y| < |X|, the radial navigation is
defined by

AX)=|Y| ifN(BX.|X—-Y))NBO,|X|)=2.

A(X) is the closest point to X which is closer to the origin. Radial navigation
has an a.s. positive progress and +4(X) is a.s. uniquely defined. The corresponding
navigation tree is the radial spanning tree and it is analyzed in [3]. The directed
navigation associated with radial navigation is as follows: if X,Y € N and (Y —
X, e1) > 0, then

Ao (X)=Y ifNBX, | X-Y)NH, (X)) =2.
1.6. Overview and organization of the paper. In this paper, we illustrate our

results on the small world navigation on N©. In this paragraph, we state the main
results that our analysis implies for this navigation.
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Local weak convergence of the navigation tree. In Section 2, for the small
world navigation, we prove that the navigation tree converges to a directed navi-
gation forest for the local weak convergence on graphs as defined by Aldous and
Steele [1]. More precisely, for a graph § = (N, E), we define Sy 0 § = (Sy N, E)
as the graph obtained by translating all vertices N by Y and keeping the same
edges. For the small world graph, let 7, (N) [resp. To(N)] denote the directed
navigation forest with direction e; (resp. navigation tree) built on the point set N.

PROPOSITION 1.3.  Assume B > d in the small-world navigation. If | X | tends
to 400 and X/|X| to e; € S, then S_x o To(N?X) converges to T_e, (N9)
for the local weak convergence.

Path average. Let g be a measurable function from RY x R? to R and G(X) =
Zf:(é()_l g( Xk, Xk+1), G(O) =0. In Section 3, we will state various convergence
results for G(X) as | X| tends to oo for a regenerative navigation.

Proving that a navigation is regenerative. Section 4 is the main contribution
of this paper, wherein we prove that the small world navigation is regenerative.
The method relies on the geometric properties of the navigation and tail bounds
in the GI/GI/oco queue. It is based on a coupling which is related to the pseudo-
regenerative times in Markov chains; see Athreya and Ney [2]. We prove that the
small world navigation on N has good regenerative properties for 8 < d and
B > d + 2. We cannot extend this method to the case d < 8 < d + 2. The method
can, however, be extended to other navigation algorithms; see [7].

THEOREM 1.4.  For the small world navigation on N°, if B >d + 1 or d —
2 < B <d, then A is regenerative. Moreover:

o if B> d + 2, then there exists i’ such that a.s.
H(X) 1

,°

im =
IX|—>00 | X| Iz
e if B =d, then there exists [L such that a.s.
HX) 1

lim —;
IX|—oo In|X| [
e ifd—2<pf <d,thena.s.
. H(X) 1
lim =- .
|X|—o0 Inln | X]| In(1 —(d—p)/2)

The constant w1 is not computed explicitly; an expression will be given in the
forthcoming Theorem 4.1. w1/ is the asymptotic mean directed progress. We will
exhibit an analytical expression for the constant ft.
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Path deviation and tree topology. In Section 5, we examine the path from X to
O in the navigation tree. For regenerative navigation algorithms, we establish an
upper bound on the maximal deviation of this path with respect to the straight line
0X:
3) A(X)= max |X;— Xgl,

0<k=<H(X)

where X = (X, X/|X|)X/|X| is the projection of X on the straight line O X.

An important feature of a tree is its set of ends. An end is a semi-infinite self-
avoiding path in T, starting from the origin: (O = Yy, Y1, ...). The set of ends
of a tree is the set of distinct ends (two semi-infinite paths are not distinct if they
share an infinite subpath). A semi-infinite path (O = Yy, Y7, ...) has an asymptotic
direction if Y, /|Y,| has a limit in the unit sphere S¢~!. Following Howard and
Newman [15], some properties of the ends of T will follow from tail bounds on
A(X).For X € N, let [Ty (X) be the set of offsprings of X in T, namely the set
of points Y € N such that X € 7 (Y).

DEFINITION 1.5 (Howard and Newman [15]). Given f € £o(R), a tree is
said to be f-straight at the origin, if, for all but finitely many vertices,

Houw(X) C C(X, f(1X]),

where, forall X e R and e e R*, C(X,e) ={Y e R¢:0(X,Y) <€} and 6(X, Y)
is the angle (in [0, 7w ]) between X and Y.

[Recall that £o(R ) is the set of functions tending to 0 at +o00.] f-straight trees
have a simple topology described by Proposition 2.8 of [15] and restated in the
following proposition.

PROPOSITION 1.6 (Howard and Newman [15]). Let T be an f-straight span-
ning tree on a PPP. The following set of properties holds almost surely:

e every semi-infinite path has an asymptotic direction;

o for every u € 471, there exists at least one semi-infinite path with asymptotic
direction u;

o the set of u’s of ST~ such that there is more than one semi-infinite path with
asymptotic direction u is dense in S9!

f-straightness will be related to A(X). On the small world navigation, we ob-
tain the following proposition.

THEOREM 1.7. For the small world navigation on N O there exists C > 1
such that if B > (C 4+ 1)d + C, then, for all C(d +1)/(B —d) < y < 1, there exist
n > 0and Cy > 0 such that

P(AC) = |XI") < €| X| 74
and To is f-straight with f(x) = |x|7 L.
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Shape of the navigation tree. Finally, in Section 6, we will state a shape theo-
rem for regenerative navigation algorithms. We define

Tok)={X e N: AF(X) = 0).

On the small-world graph, we will obtain the following proposition.

THEOREM 1.8.  For the small-world navigation on N©, let i’ and fi be as in
Theorem 1.4. There exists C > 1 and a.s. for all € > O there exists K € N such that
the following all hold.

e [fB>(C+1)d+2C and k > K, then
NNB(O, (1 —e)kp) C Tok) C B(O, (14 €)ku).

Moreover, a.s. and in Ll, % — /L/d.

e [fB=dandk > K, then
NN B(0, =% c To (k) € B(O, e Tk,

Moreover, a.s. and in L', m“kﬂ —d.

e Ford—2<pB<d,leta=1—-(d—B)/2.If k> K, then
NN B(0, exp(a'=9%)) c To (k) € B(O, exp(aIT¥)).

Moreover, a.s. and in L', %W — Ina.
2. Local convergence of navigation to directed navigation.

2.1. Local weak convergence and proof of Proposition 1.3.  'We now introduce
stable functionals (see Lee [19] or Penrose and Yukich [24, 25]). For a Borel set
B, ¥ é\’ denotes the smallest o -algebra such that the point set N N B is measurable.

DEFINITION 2.1. Let 4 = (N, E) be a graph on N and F (X, §) be a measur-
able function valued in R. F is stable on §, if, for all X € R?, there exists a random
variable R > 0 such that F (X, §) is é\é X, R)—measurable and the distribution of R
does not depend on X.

Recall that 7, denotes the directed navigation forest associated with ., on N
and T the navigation tree associated with 4 on N©.

THEOREM 2.2. (For the small-world navigation on a PPP and B > d.) Let F
be a stable functional on T_,,. As x tends to 400, the distribution of F(xe1, Tp)
converges in total variation toward the distribution of F (O, T_,,).
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Proposition 1.3 is a corollary of Theorem 2.2. Using coupling, we start with an
upper bound for the total variation distance between the distribution of 4 (X) (built
on N?-X) and e, (X) (built on N X). The proof of the next lemma is postponed
to the Appendix.

LEMMA 2.3. (For the small world navigation on a PPP and B > d.) Let
X € ]Rd\{()} and e; € S471 with cosf = (X/|1X], e1). There exists a function
e € Lo(Ry) and a coupling of A(X) and A_., (X) such that

4 P(A(X) # A_e, (X)) < e(1X]) +&(1/]0]).

PROOF OF THEOREM 2.2. We set X = xej, x > 0 and build 7o on N9-X
and 7_,, on NX. For all ¢+ > 0, we define the event J,(X) = {Top N B(X,t) =
T_e; N B(X, 1)}. F is a stable functional on 7_,, with associated radius R = R(X)
and we have

P(F(X,T0) # F(X,T_¢,))
<P(Jrex) (X))
<P(R>1t)+ P(J; (X))

SP(R>I)+P< U A(Y)#A—el(Y))

YeNNB(X,t)
<P(R > 1) +P(N(B(X,1) = n)+ ne((x 4 %”)

where we have used Lemma 2.3. It follows easily that limy_, oo P(F (xe1, 7o) #
F(xe1,T_¢,)) = 0. To complete the proof, note that 7_,, is stationary: F(xey,
T_¢)) and F (O, T_,,) have the same distribution. []

2.2. Progress distribution in the small world. We consider the small-world
navigation + and the directed small world navigation +,,. This directed navi-
gation is defined if and only if 8 > d. Let F denote the distribution function of
the directed progress P, (X) = (A, (X) — X, e1) (which does not depend on e
and X) and Fx the distribution function of the progress at X in the small world
P(X) =[X] = |AX)].

LEMMA 2.4.  For the small world navigation on a PPP and d > 2, the follow-
ing properties hold.
1. if B >d, then, as t goes to infinity,

. -1 /2
F(t) ~1?7P Lwd; (1 _ o lrey0 f(y)dy> /n cos? =40 do:
0
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2. if B > d, then, for all function ¢ € £o(R}),

lim sup P74\ Fx(t) — F(1)| = 0;
1X|=>+00 /1 <|X|e(X])

3.ifd —2 < B <d, then the distribution of |A(X)|/|X|1_(d_’3)/2 converges
weakly and

|AX)]

In =@

sup E[ “A(X) ;eo} < o

X:|X|>1

4. if B =d, and Fx is the distribution of P(X) = —In(l — P(X)/|X]) €
[0, +00], then Fx converges weakly to a cumulative distribution function F
with fﬁ(s) ds = 1 € (0, +00) and, moreover, (I3X]l(f’x < 00)) xcRrd IS Uni-
formly integrable.

The distribution F in statement 4 is given by (38) and the weak limit of
|A(X)|/|X|'~@=P)/2 has a distribution obtained in (37). Ford >3 and 0 < 8 <
d — 2, similar convergence results hold. To avoid longer computations, we will not
state them. The proof is postponed to the Appendix.

3. Path average for memoryless and regenerative navigation. In this sec-
tion, under various assumptions, we derive the asymptotic behavior of H(X), the
generation of X in the navigation tree 7o when A is a regenerative navigation.

3.1. Finite mean progress.

PROPOSITION 3.1. Let A be a memoryless navigation with nonnegative
progress. Let Fx(t) =P(P(X) > t) and assume that Fx converges weakly to F as
| X| tends to oo and that (Fx) ycgda is uniformly integrable. Then, a.s.

H(X) 1

m
X400 |X|

where = [5°rF(dr) < oo.
Before proving this proposition, we state a simple lemma.

LEMMA 3.2. Let A be a navigation with nonnegative progress on a PPP. Let
x0 >0, T(X) = inf{k > 0: |AK(X)| < xo} and s(-) € Loo(R?). If a.s. (resp. in LP)
T(X)/s(X) converges to Z, then a.s. (resp. in LP) H(X)/s(X) converges to Z.

PROOF. The progress is a.s. positive: A(X) € B(O,|X]). It follows that
t(X)<HX)<1t(X)+ SUPY € B(0.x) N HY)<t(X)+ N(B(O, xp)). We con-
clude by noticing that for C > 0, Eexp(CN (B(0O, xp))) <oco. U
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PROOF OF PROPOSITION 3.1.  Assume, first, that u > 0. Letting 0 < n < /2,
we may find xg < x; and a function £ such that if | X| > x, then

1(t <x0)(F(t) — h(t)) < Fx(t) < F(t) + h(t),

where [h(t)dt <n, h(t) < F(t) and [;° F(t) — h(t)dt > p — 27. Let T(X) =
inf{n:|X,| < x1} and (U,),n € N [resp. (V,),n € N] be an i.i.d. sequence of
variables with tail distribution 1 A (F + h) (resp. F — h). We define Y, =
1X| = Y0Zg Uks Zn = X — 24020 Vil (Vi < x0), T+(X) = inf{n:|Y,| < x1},
7_(X)=inf{n:|Z,| < x1} and obtain

1(t(X) > n)Z, <5 L(v(X) > n)|X,| <5t L(z(X) > n)Y,.

We deduce that

(5) T_(X) <o T(X) <g T+(X)-

We have EU,, < u+nand EV,1(V, < x9) > u — 2n. By the renewal theorem, a.s.

_(X 1 X 1

—X) >—— and limsupur( ) < .
|X| m+n X |X] n—2n

By (5) and (6) we obtain a.s. liminfy t(X)/|X| > 1/(n + n) and limsupy t(X)/
|X| <1/(u — 2n). Then, by Lemma 3.2, H(X)/|X| tends a.s. to 1/u. If u =0,
consider only 7_(X). [

lim inf
(6) 1n}(1n

REMARK 3.3. Using results on renewal processes, the case F(t) ~_ o0 ct ™%,
a € (0,1), ¢ > 0 is treated in [7] and the scaling obtained for H (X) is | X|* for
a€(0,1)and | X|/In|X]| for o = 1.

3.2. Scaled progress. In this paragraph, we discuss cases when (|X| —
P(X))|X|™¢ converges for some 0 <« < 1.

3.2.1. Scale-free progress. (For a definition of scale-free navigation, see
Franceschet‘gi and Meester in [10].) Let P(X)Nz —In(1 — P(X)/|X]) e Ry U
{400} and Fx(t) =P(P(X) <t). Note that P(P(X) = co) may be positive.

PROPOSITION 3.4. Let A be a memoryless navigation with nonnegative
progress. If Fx converges weakly to F as |X| tends to infinity and (Px1(Px <
00)) xcrd IS uniformly integrable, then a.s.

H(X) 1

im = —,
X|>+co In|X| [

where i = fsﬁ(ds) < 00.
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PROOF. Defining, for 0 <i < H(X) — 1, f’,- = —In(l — P(X;)/|Xi]), we
have |Xx| = |X|TT\Zg(1 — P(X;)/1X;]) and In|X| = In|X| — Y*2) P;. The
corresponding path in R U {—o0} is 7(X) = {In|X]|,In|X| — Py, ..., —oo}. Let
7(X) = sup{n:In|X,| < 0}. From Lemma 3.2, a.s. 7(X) and H(X) are equiva-
lent as | X| tends to infinity (provided that they tend to infinity). We may apply
Proposition 3.1 to the path {In [ X|,...,In|X;(x)|}. O

3.2.2. Sublinear scaling. We study the case when Q(X) = |A(X)||X|™* =
(|X] = P(X))|X|™“ has a nondegenerate limit for some 0 < o < 1.

PROPOSITION 3.5. Let A be a memoryless navigation with nonnegative
progress. Assuming that supy. x> E[|In Q(X)||Q(X) # 0] < +o0, then a.s.

H(X) 1
im =——
|X|—+oo Inln | X| Inox

PROOF. For 1 <k < H(X), let Q = |X;||Xs—1|7%. If k < H(X), then
In|Xg|=oFIn|X|+ Y5, ¥ In Q;, hence

(7 In|Xx| = o In|X| + Rx,

with |Ry| < Zy = Zle o*~1|1n Q;|. With the convention that Z; = 0 for k >
H(X), (Z, X1), k € N is a Markov chain and

Ziy1=aZry+ |In Qiy1].

Let 0 < B <1 — . By assumption, there exists C; such that supy pe EL(Q(X) #
0)|In Q(X)| < C; (with the convention “0 x co = 07). It follows that

) E(L(H(X) > k+1)(Zkt1 — Zi)|Zk=2) < —(1 —a)z+ C}
<—Bz+Cil(z€0),

withC ={zeR; :z2<Ci/(1—a—p)}. Equation (8) is a geometric drift condition
on a Markov chain (see (V4), page 371 in Meyn and Tweedie [21]). Let K =
inf{k > 1:Z; € C}. By Theorem 15.2.5 in [21], for some s > 0,

9) SupE[es(KAH(X))|ZO — Z] < 00.

zeC
Set xg =exp(l + C;/(1 —a — B)). By Lemma 3.2, it is sufficient to show that a.s.
T(X) 1

im =— ,
|X|—+oo Inln | X| Ino

where 7(X) = inf{k > 0:|Xy| < x0}. We fix € > 0 and let (X"),n € N be a
sequence in R? such that |X"| tends to infinity. We define K(n,¢€) = |—(1 +
€)(Inln|X"|)/(Ina)] and K'(n, €) = H(X) Ainf{k > K (n, €) : Z; € C}. From the
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Borel-Cantelli lemma and (9), a.s. for n large enough, K’ (n, €/3) <2K (n,€/3) <
K (n, €). Therefore, for n large enough, from (7), we have

In|Xg .o <In[Xgem| <n|X*)" +C1 /(1 —a—p) <Inxo

and it follows that a.s.

7(X) - 1

lim sup < .
x Inln|X]| Ino

The same computation can be carried out with K (n, —¢) to get a lower bound. [J

3.3. Average along a path. We have thus far taken interest only in H (X).
More generally, we may also consider G (X) = ZiH:(g( -1 g(Xi, Xi+1), where g is
a measurable function on R? x R?. The proof of the next lemma is omitted since

it is identical to the proof of Proposition 3.1.

LEMMA 3.6. Let A be a memoryless navigation with nonnegative progress.
Assume that H(X) tends almost surely to infinity, that (g(X, A(X)))ycgra con-
verges weakly as |X| tends to infinity and that (g(X, A(X))) xcga is uniformly
integrable. Then, a.s.

G(X)

——= 1 Eg(X, A(X)).
|X|1Lnoo H(X) |X|1>H—1|—oo 8( X0

3.4. Path average for regenerative navigation. The next lemma is elementary,
but nevertheless useful. Let 4 be a regenerative navigation, 6(X) its regenerative
time and X = A*(X). We define 6y = 0, 641 = 6(Xp,) and HY(X) = inf{k >
0: A%(X) = 0} = inf{k > 0: (A" (X) = 0}.

LEMMA 3.7. Let A be a regenerative navigation with nonnegative progress
and regenerative time 6. Assume that there exists a function s(-) € leo (RYY such
that 1im x| o HY(X)/s(X) =1/u, u > 0. If lim|x|— 00 EO(X) = 0 < o0, then
a.s.

HX) 0
im =—.
|X|—>+00 s(X) “w

9H9(X)—1 H(X)

, SX) < S0 =
fgg) . Letting A = A, we can apply Lemma 3.6 to g(X, A(X)) = 6(X) to obtain

that Oye x)/H %(X) converges almost surely to 6. [

PROOF. Note that 0yex)_; < H(X) < 6ye(x), hence

4. Proof of Theorem 1.4. The method of proof of Theorem 1.4 can be ex-
tended to a broader context and can be applied to, for example, radial navigation;
see [7].
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4.1. Directed navigation on a small world. 1In this paragraph, we prove that
the small-world directed navigation is regenerative. We consider the model in-
troduced in Section 1.5 with 8 > d. The maximal progress navigation from
X € N with direction e; € S97! is s,, (X) = argmax{(Y,e;) : U(X,Y) < f(|X —
Y|),Y € N}. As above, F is the distribution function of the directed progress
Pe, (X) = (A (X) — X, eq) (which does not depend on e and X), X; = A’;l (0)
and Py, x = Po, (Xk).

THEOREM 4.1. For the small-world directed navigation on a PPP and 8 > d:

o if B>d+1,then A, is regenerative for a stopping time 0;
e if8>d+2,then EO < oo and a.s.

(AL (0),e1)
im —
k— 400 k

, E(A? (0), 1)

The regenerative time 6 is built with the help of coupling techniques, 6 is a
stopping time on an enlarged filtration F; = o ((Xg, wo), ..., (Xx, wx)), where
(wr) are independent PPP’s of intensity 1, independent of N. The remainder of the

paragraph is devoted to the proof of Theorem 4.1.

PROOF OF THEOREM 4.1.

Step 1: Coupling. Let Ny = N N #,,(X) — X. No is a PPP of intensity 1 in
He, (O). However, due to the dependency structure, Ny, is not a PPP of intensity 1
in #,,(0). The idea of the proof is to enlarge the filtration ¥ to build a sequence
(Zi), Zk € Ry such that (Xy, e1) < Z; and Nz, is a PPP of intensity 1. It can
then easily be checked that if (X, e1) = Z, then 6 = k is a regenerative time. [J

LEMMA 4.2. Given (Xo,...,Xy,), Nx, is a PPP of intensity A,(x) =
T2 = f(x + Xy — Xi]) in He, (O).

PROOF. The proof is by induction. Set Xo = O and assume that Ny is a PPP
of intensity Ao (x) dx. It is sufficient to prove that Nx, is a PPP of intensity A (x) =
(I = f(x+ X1D)ro(x + X1) in H,, (O).

The set of neighbors of O in #,, (O) is denoted by V. It is a thinning of No
and Vo is a nonhomogeneous PPP on #,, (O) with intensity f(|x[)Ao(x)dx, con-
ditioned on {Vp # @}. In the next computation, 170 will denote a PPP on #,, (O)
of intensity f(|x|)Ao(x)dx. If A is a Borel set in H#,,(O), then P(Vp(A) =0) =
P(Vo(A) = 0)P(Vo (H,, (0) N AC) > 0)/P(Vo (H,, (0)) > 0). We then write

P(N(A) =k|A C H,, (X1))
=P(Vo(A) =0|N(A) =k)P(N(A) = k)/P(Vo(A) =0)



722 C. BORDENAVE

_ (1 _ Sa FUxDAo(x) dx)k |A|ke—|A|+fA FUxDao(x)dx
|A] k!

_ A_/ (XD ro(x)d “1 Al Fxhds
= ( 1Al Aleloxxk!e :

Therefore, N N #,, (X1) is a PPP of intensity (1 — f(|x|))Ao(x). Hence, Nx, is a
PPP of intensity A1 (x) = (1 — f(Ix + X1])Ao(x + X1) in H,,(O0). U

By Lemma 4.2, far from X, the distributions Nx, and No are close. We for-
malize this idea with the next lemma.

LEMMA 4.3. There exists a random variable Y1 = Y (X) > (X1, e1) such that
fort eR,,

L
(10) Ny, e, 1(X1,Y1) = No,
(11) P(Y; — (X,e;) > 1) < Cyt97P,

Ny, e, 1(X1, Y1) £ No is a shortened notation for stating that the conditional law of
Ny,e,, given the pair (X1, Y1), is equal to the law of Ng.

PROOF. Since Xo = X, N N H#H,,(X1) is a PPP of intensity (1 — f(|x —
X|)dx. Let V(X) be a PPP with intensity f(|X — x|)dx and independent of
N.Then, (V(X)+N)N H,, (X1) is a PPP of intensity 1 on #,, (X1). V(X) is a.s.
a finite point set and letting p(X) = inf{r > 0: V(X) C B(X,r)}, we have

P(p(X)>1)=1— exp(—/B f(x)dx) <Ct?b.

(0,1)¢
We define

Y1 =Y (X) = (X, e1) + max (P, (X), p(X))

and (11) holds. If A is a Borel setin #,, (Y (X)ey), then (V(X) + N)(A)=N(A).
Since (V(X) + N) N H,,(Xy) is a PPP of intensity 1, we deduce (10). [

Now, let V(X;),k € N* be an independent sequence of PPP’s, independent
of Ny,, with intensity f(|X; — x|)dx. We define px = inf{r > 0: V(Xy) C
B(Xk,r)},

Y = max((Xg, e1), (Xx—1,e1) + px—1) and Z; = b0 Y.
Let F; be the o-algebra generated by ((X1, Y1), ..., (Xk, Yx)). For the sake of

simplicity, we will simply write F; for . Using the same argument as in
Lemma 4.3,

L
(12) Nz, |Fx=No.
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Note also that, since py is independent of N, we have
(13) P(Ye — (Xg, e1) 2 11Fi) <P(op = 1) < Cit? 7.
We endow the set of point processes with the natural partial order relation:
N < N'if, for all Borel sets A andt € N, P(N(A) >t) <P(N'(A) >1).
LEMMA 4.4.
(14) Nx; |Fx <s:t No
and, for some Co > 0:
@) P(Pe, k = 1|Fk) = Co;
(1) P(Yr = (X, e1)|Fx) = Co.

PROOF. Equation (14) is a direct consequence of the fact that Ny, is a non-
homogeneous PPP of intensity ]'[;:01(1 — f(x + Xr — X;])) <1 (by Lemma
4.2). Statement (ii) is a consequence of (i) since P(Yy = (Xk, e1)|Fr) = P(pox <
DP(P,, x > 1|Fr) = Cp. Assertion (i) stems from the fact that the progress is a.s.
positive. Indeed, let ¢ > 0 and Agx(x) = ]_[f.:(}(l — f(lx + Xr — X;|)). By Lemma
4.2, we have

P(Pey i > t|Fr) = (1 — e_j‘%"l (tey) f(|x|)7»k(X)dx)(1 . e—fyeel () f(lxl)Ak(x)dx)_l

- ( /ﬂ o FsDro s ) /ﬂ "
= </J€el (ter) A dx) </}€g (

1

-1
f<|x|)xk(x)dx)

-1

d
1D x)

[We have used the inequality (1 — e *)/(1 —e ™ Y) > u/U forall 0 <u < U.
The last inequality following easily from the fact that A;(]x|) is a nondecreasing
function of |x|in #,,(0).] U

Note that (13) and Lemma 4.4(ii) imply that there exists a variable o such that

(A5)  Yi — Xk|Fk <s: 0, P(e=0)>0 and P(o>1)<Ct? P,

Step 2: Regenerative time. We define W, = Z,, — (X, e1) = 0, Wy = 0. With
the convention that inf over an empty set is +o00 and letting 6y = 0, 6,41 = inf{k >
0, : Wy =0}, 8 =60, we have

n—1 +
W, <y max (oj_1— T ,
n =st 2<iono1 i—1 Z k

k=i—1

where (o%)ren 1S a sequence of i.i.d. copies of o and (tx)ren 1S a sequence of
i.i.d. copies of T with P(t = 1) = Cg and P(t =0) = 1 — Cp, as in Lemma 4.4,
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assertion (i). Hence, W, is upper bounded by the largest residual service time in
a GI/Gl/oo queue (see Appendix A.3). By Lemma A.1, for 8 >d + 1, 6 is a.s.
finite and for 8 > d + 2, Ef < oo.

Step 3: Embedded memoryless directed navigation.  Assume B > d + 2. From
Step 2, there exists an increasing sequence (6,),n € N with 6y = 0, 6 = 6 and
such that (0,41 — 0p)nen is i.i.d. and E6 < co. We define

Oks1—1

0
Pghk = <X9k+1 - Xek, €1> = Z Pel,n-
n=~0y

The sequence (Pz ’ «)» k € Nisiid. It remains to check that EPfl’O < 00. Note that

(16) P(Peyn > t|Fn) <1t > W) F (1 — Wy) + 11 < Wy).

By Lemma 2.4, as ¢ tends to infinity, we have F(t) ~ C1t97B. Moreover, by
Lemma A.1, Wi <;; M, where M is the stationary solution of the GI/GI/oo queue
P(M > t) < C1t'+9=F 1t follows that
6—1
EP! o <EOEP, o+EY W, < oo.

e
n=0

(E ZZ;(I) W, < oo is due to the cycle formula or Kac’s formula; see, e.g. Sec-
tion 3.1 of Baccelli and Brémaud [4].) Then, Theorem 4.1 follows from the strong
law of large numbers.

4.2. Proof of Theorem 1.4. The proof is an extension of the ideas presented in
the previous paragraph. We will only point out the differences with the proof of
Theorem 4.1. We set X = Ak(X) and P, = P(Xy) = | X¢| — | Xk+1]-

4.2.1. Proof of Theorem 1.4: 8 > d + 1.
Step 1: Coupling.

LEMMA 4.5. There exists a random variable 0 < Y (X) < |X| — P(X) such
that, for all Borel sets A with A C B(O,Y(X)),t €N,

(17) P(N(A) =t1(X1, Y (X)) =P(N(A) =1),
(18) P(1X| - Y(X) > 1) < Cyt97P.

PROOF. N9NB(0, X)) is a Poisson point process of intensity (1 — f(|X —
x])) dx under its Palm version at O. The proof uses the same coupling as Lemma
4.3. Let V(X ) be a PPP with intensity f(|X — x|) dx and independent of N. Since
V(X)NB(O,|X|— P(X))and NN B(O,|X|— P(X)) are independent, (V(X)+
N)NB(O, |X|— P(X))isaPPP ofintensity 1 on B(O, | X|— P(X)). V(X) is a.s.
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a finite point set. Letting p(X) = inf{r > 0: V(X) C B(X,r)}, for some C; > 0
(not depending on X), we have

P(p(X)>t)=1- exp(—/B

We then define Y (X) = (| X| — max(P(X), p(X)))*. O

f(x)dx> <CitéP.
(0.1)¢

Let V(X)) be a PPP with intensity f(|Xx — x|)dx, independent of N, and
ok = inf{r > 0: V(X)) C B(X, r)}. We define Yy = | X| and Y = (min(| X_;| —
ok, | X)) and let F; denote the o -algebra generated by (X1, Y1), ..., (X, Yz).
Let Zg =|X| and

Zy =min(Zy—1, | Xg—1| — pk, | Xk]) = min V.
1<i<k

For A C B(O, Z;), we have
(19) P(N(A) =t|F) =P(N(A) =1).

The next lemma is the analog of Lemma 4.4. The proof is omitted.

LEMMA 4.6. For all Borel sets A C B(O, |Xk|),t €N,
(20) P(N(A) > t|Fi) <P(N(A) > 1)
and for some Cy > 0:

(1) if 1 Xkl = 1, then P(Py > 11F%) > Co;
(1) if | Xg| = 1, then P(Xi 41 = Yi11F%) = Co.

Since pi and X are independent, P(|X;| — Y > t|Fi) <P(ox > 1) < C1t97F.
Thus, Lemma 4.6(ii) implies that there exists a variable o such that, if | X| > 1,
then

QD (Yr — Xp)|Fr <st 0, Ple=0)>0 and P >1)<Cit?P.

Step 2: Regenerative time. We define W, = |X,,| — Z, > 0, Wy = 0 and for
n> H(X), W, =0. Then,

n—1 +
(22) Wh 5st< max (Uil_ Z tk)) s

2<i<n-—1 ki1

where (o1)ken is a sequence of i.i.d. copies of o given in (21) and (7x)ken iS a
sequence of i.i.d. copies of t with T = 1 with probability Cy and 0 otherwise, as
in Lemma 4.6.

By (22), W, is upper bounded by the largest residual service time in a GI/GI/oco
queue (see Appendix A.3). Let W, be the right-hand side of (22) and let 6 =
inf{k > 1: Wy = 0}. By Lemma A.1 (in the Appendix), if 8 > d + 1, then 6 is a.s.
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finite and if B > d + 2, then Ef6 < co. By (19), 0 is a regenerative time for the
small-world navigation [for | X| < 1, we set 8(X) = H(X)].

Step 3: Embedded memoryless navigation. A° is a memoryless navigation and
we define P?(X) = |X| — |Xo| = X0 Pr,

(23) PPy > t|Fk) < Fx(t — W)l(t > Wy) + 1(t < Wy),

where Wy, < M, P(M >t) < C1¢t'=F=D and Fx(r) < C1t9P. If (Up)ren de-
notes an i.i.d. sequence of variables such that P(Uy >¢) =1 A CtP~4 with Uy in-
dependent of ¥, then we obtain from (23) that PY(X) <, 0= Zz;(l)(Uk + Wp).
Therefore, EQ = EOEU + E Zg_l W < oo and it also follows that (P? (X)) xeprd
is uniformly integrable.

The last step is to identify lim, XHOOEP@(X ). For the directed navigation
with direction e, the same regenerative time 6 was introduced. Theorem 4.1

gives IEPf1 (0) = W'EO. Moreover, Pfl (X) is a stabilizing functional of the small
world directed navigation tree 7, and the distribution of Pg (0) does not de-
pend on ¢. Hence, from Theorem 2.2, P?(X) converges weakly to Pfl (0). Since

(PY(X)) xeRrd 18 uniformly integrable, we obtain
lim EP’(X)=EP’(0)=u'E6.
| X|—00 1

Thus, we can apply Proposition 3.1 and Lemma 3.7 and deduce that H(X)/|X]|
tends a.s. to 1/u’.

4.3. Proof of Theorem 1.4: f = d. We define the scaled progress Py =
—1In(1 — P¢/|Xkl). We have In|Xy| = In|X| — *2) Py. Up to this scaling, the
proof is analogous to the case 8 > d. We need to be careful with the event { P(X) =
oo} = {P(X) =|X|}: in this section, we use the convention “In 8 =+400."

Step 1: Coupling. We define Y (X) = min(|A(X)|, sup{r >0: B(O,r)N V(X) =
1), where V(X ) is a PPP intensity f(Jx — X|), independent of everything else.
As in Lemma 4.5, we obtain the following.

LEMMA 4.7. For all Borel sets A with A C B(O,Y(X)),t €N,
P(N(A) =1[(X1,Y(X))) =P(N(A) =1).
Moreover, for all X € R4,

P(ln |J;((§))| > s) < Cjpexp(—2s).

We define the sequence (Yi)ren+ and (Zp)ken+ as previously: Yp =
min((|Xx—1] — pk—1)", | Xk|) and Zx = minj<;<¢ ¥;, where pp = |X| — supfz :
B(0,1) N V(Xy) =@} and V(Xy) is a PPP with intensity f(Jx — X¢|) and inde-
pendent of everything else. Equation (19) still holds, and the analog of Lemma 4.6
is as follows.
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LEMMA 4.8. For all Borel sets A C B(O, | Xk|),t € N,
P(N(A) > t|Fx) <P(N(A) > 1)
and for some Cy > 0:

(i) if | Xk| > e, then P(Py > 1|F) > Co;
(1) if | Xk| > e, then P(Xgy1 = Yi1|Fx) = Co.

We deduce that then there exists a r.v. o such that if | Xz | > e, then

X
24) lnlyk—H||}‘k <5t O, P(oc =0)>0 and P(azs)fCle_zs.

k+1
Step 2: Regenerative time. We define H'(X) = inf{k > 0, | X¢| < e or Y; = 0}.
By Lemma 3.2, if H'(X)/In|X| converges then H(X)/In|X| converges, to the
same limit. Now, for n < H'(X), set W,, =In(|X,|/Z,) > 0 and we have

|Xn| |Xn+l|>
,In .
|Xn+1| Yn—|—1

Wit1 = max(Wn —1In

It then follows that

n—1 +
(25) Wy fst( max (Ui—l_ Z Tk)) ,

2<i<n-—1 ki1

where (0})ken 1s a sequence of i.i.d. copies of o given in (24) and (Tx)reN 1S a
sequence of i.i.d. copies of T with P(z > 1) > Cy. W, is upper bounded by the
largest residual service time in a GI/GI/oco queue (see Appendix A.3). Let 0 be
the first positive time at which the queue appearing on the left-hand side of (25) is
empty. By Lemma A.1 (in the Appendix), € is a.s. finite and, for some C > 0,

(26) Eexp(CH) < 0.

Step 3: Embedded memoryless navigation. We define P?(X) = Zz;é Py. From
(26), (23) and Lemma 2.4, we deduce that (1(159(X) < OO)ISG(X))XERJ 1S uni-
formly integrable. We assume for now that PY(X) converges weakly as | X| tends
to infinity. Define 4" = lim|x|— oo EPY(X) /IE6. From Proposition 3.4, we obtain

. HX) 1

lim = —.
IX|—oo In|X| @&/

P-a.s.

It remains to prove that P?(X) converges weakly as | X| tends to infinity (since
B = d, we cannot apply Theorem 2.2). As already pointed out N N B(O, | X1]) is
a PPP of intensity Ax,(y)dy = (1 — f(|Xo — y|)) dy. The set of neighbors of X
in B(O, |X1]|) is a PPP of intensity Ax,(y) f(|X1 — y|) dy with an extra atom at O
with probability f(|X{]), conditioned on not being empty, hence

A(s)

P(Py(X) > 5| F1) = A0)
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with A(s) =1 — (1 = F(X11)exp(— [5(0.1x,1e-5) £ (X1 = YDAxo () dy). With
the change of variable z = y/|X | and ¢; = X;/|X;|, we obtain

A)=1— (1= f(X1D)
x exp(—/ X1 £ (X ller — zD(1 = £(1X1]lege™ — z|>)dz).
B(0,e™)

Since |X1| = |X|e~ P, P(By(X) + Py (X) > s) is equal to
1 —E(1 — f(|X]e o))

x exp(— [ e X e X — 2
B(0,e—5~10)

x (1= £(IX1leo —ze_ﬁol))dz),

divided by the same expression with s = 0. Letting | X| tend to infinity, we deduce
that Py(X) + P1(X) converges weakly to Qg + 01, where (Q)ren is an i.id.
sequence of variables with common distribution function F. Similarly for all 1 €
N, Zz;é Py (X) converges weakly to ZZ;(I) Q. Since the sequence (ZZ;(I) P (X))
is uniformly integrable, we deduce that lim| x|~ E ZZ;(I) I3k (X)= E@EQ 1 and it
follows that o = /.

4.3.1. Proof of Theorem 1.4:d —2 < 8 <d. The proof follows from Propo-
sition 3.5 and the argument used in the case 8 =d. Leta =1 — (d — B)/2. We
define, for 1 <k < H(X), Qr = | X|/|Xr-11* and Qf =0, for k > H(X).

Let px = |Xx| — sup{r: B(O,r) N V(X;) = @}, where V(Xy) is a PPP with
intensity f(|]x — Xg|) and independent of everything else. We define the se-

quences (Yx)ren+ and (Zp)gen+ as usual: Yy = min((|Xx—1| — px—1) ", | Xx|) and
Zi =minj <<k Y. Letting s > 0, we have

|X [X1]

P(1n —>s‘Y1>O ln—zs‘Y1>O
Y1 (IX] = po)*
X| — +
§P<1nQ1 _ i WXL P0)” > 5| > 0)
| X]¥

=P(In Q| = s[X1 #0)

1 X1 = po
+P(‘1n—|x|a ’zs\po<|X|>

< Cexp(—Cos?).

Let H (X) =inf{k > 0: |X;| <1 or Y, =0} and W,, = In(|X,,|/Z,) > 0. The
remainder of the proof is similar to Section 4.3, with obvious changes.



NAVIGATION ON A POISSON POINT PROCESS 729
5. Navigation tree topology.

5.1. Maximal deviation, tree topology and f-straightness. Let A be a nav-
igation on N©. Recall that X; = A*(X), Py = |Xi| — | Xkt1], H(X) = inf{k:
AK(X) = O} and F; = o{Xo, ..., Xi}. The path from X to O in the navigation
tree Tp is denoted by 7 (X) = {Xo, X1, ..., O}. The maximal deviation A(X) of
this path is defined by (3). The next result relates f-straightness to A(X). Itis an
extension of Lemma 2.7 of [15].

PROPOSITION 5.1. Let A be a navigation on N© and T its navigation tree.
Let y € (0,1) and n > 0. If P(A(X) > |X|”) < C1|X|™%" and supypa E|X —
A(X)|" < oo forsomer > (d+1)/y,then T is f-straight at the origin for f(x) =
el

PROOF. If N =3, 87,, then let K be the number of points 7,, of N such that
A(T,) > |T,|” . From the Slivnyak—Campbell formula,

o
EK :a)d_1/ P(A(x) = |x|") x4 dx
0

0
< wj_1 f x4 min(1, Cix~ 4" dx < oo.
0

We define B, , ={3X € N:|X| <2x and |X — A(X)| > x”}. Using the inequal-
ities P(N(B(O, x)) >1t) < exp(—tln(t/(endxd))) and supycpd E| X — A(X)]" <
C1, we have
E|X — AX)|
P(By.x) <P(N(B(0,2x)) > mg2x?) + 129 x* '—y()'
X
< exp(—e?m2¢x) + 2 Cim 29 x4y
< Clxd—ry‘
From the Borel-Cantelli lemma, it follows that there is some finite random xg such
that for X € N\B(O, xp), | X — A(X)| < |X|”. The rest of the proof uses the same
argument as Lemma 2.7 of [15] (with 1 — § replaced by y). U

5.2. Memoryless isotropic navigation. For e, er € §9-1 we define Ul(eq,
e2) = {R € U:R(ez) = e}, where U is the orthogonal group of R4, that is,
U(ey, e2) is the set of isometries which maps e> to ej.

DEFINITION 5.2. A navigation 4 on NO is isotropic if, for all ey, e3 in gd-1
x>0and R € Uler, e2), RA(xes) = A(xer).

Let X £ O and ey, e in §9-1 " with (ej, X/|X]|) =0 for i =1,2. If A is

isotropic, then (A(X), e1) £ (A(X), e2). In particular, with ey = —e», we obtain
E(A(X), e1) = 0. All examples in Section 1.5 are isotropic.
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THEOREM 5.3. Let A be a navigation on NO . If A is isotropic and memory-
less, with nonnegative progress, and.

(1) supycpd E|X — A(X)|" < oo, withr > (d+1)/y;
(i) for |X| = xo, P(P(X) = Co) > €, with xo, Co, € > 0,

then, foralln € (0,r — (d + 1)/y), there exists Cy such that
P(A(X) = |X|") < Ci|X| 747"
and To is f-straight with f(x) = |x|V L.

The straightness of T is a consequence of Proposition 5.1. As an immediate
corollary, we have the following.

COROLLARY 5.4. Under the assumption of Theorem 5.3, assume, further, that
forallr > 1, supycpa E|X — A(X)|" < 00. Then, for all n > 0 and n € N, there
exists Cy such that

P(AX) = |X|'/2H) < Cy1X| ™"
and To is f-straight with f(x) = |x|~1/7+7,

5.3. Proof of Theorem 5.3. Let e, es € S9!, with (e, e2) = 0, and assume
that X = | X|e;. We define

Ur=(Xk,e1) and Vi = (X, e2).

Let F =vect(ey, e2), X ,f be the orthogonal projection of X; on F and (cos 6y,
sin ;) be the coordinates of the projection of X ,f /1X ,f | on the basis (eq, e2). Let
R € U be such that Ry X; = |Xi|e; and elzc = Rk_lez. We define py = (X,f —
X};l, Xi/1Xk|) and g = (X,irl — X,f, elz‘) (see Figure 1). We have p; > 0 [since
the navigation has nonnegative progress, Xy € B(O, | Xk|)] and

Vi1 = Vi + qi cos Ok — py sinb,
(27) Uk+1 = Uk — pi cos Ok — qi sin b,
tan 6y = Vi / Ug.

If the navigation is isotropic and memoryless, then the distribution of p; and g
depends only on | Xg|, and E(gx cos Qk)2”+1 = 0. We define

k—1
Ok = qk cos by, Sk = sup |Xp41 — Xn| and My = sup Z On
0<n<k 0<l<k,_y

(where, by convention, the sum over an empty set is equal to 0).
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Vk+1
Vk

e2

Fi1G. 1. g, pk, Ok and V.

LEMMA 5.5. If0<k < H(X), then Vi < Sy + M.

PROOF. We prove this result by iteration. Assume that the inequality holds
for k — 1 and 6x_1 € (0, ). Then, by (27), Vi < Vi1 + Qk—1 < Sk—1 + M.
Otherwise, 01 € (—m,0], Vi1 <0and Vp < S+ Vi1 < 8. O

LEMMA 5.6. Let v’ < r. For all/t > 0, there exists C; > 0 such that
P(Supofgfk Zfl;(l) Qn > kyt) < Clkl—)/r .

PROOF. This lemma is a consequence of Theorem 3.1, equation (3.3) of Gut
[14] (see also Theorem 2 in Baum and Katz [6]). This theorem is stated for a sum
of independent variables, but it applies here as well. Indeed, note that:

1. (] Qx|ken is stochastically bounded by an i.i.d. sequence (Zy)ren With P(Zy >
t|Fi) < Cit~", thus EZ" < oo;

2. (Qr)ken are nearly independent: if n, m, k # [ € N, then IEQ,%”Jrl Q" =0and
E|Q;"Qi"| < EZ*"EZ*™.

Since the proofs of Gut, Baum and Katz rely only on the Markov inequality and
truncation, their proofs apply here as well. [

LEMMA 5.7. Letting A be as in Theorem 5.3, there exist positive constants
C| and Cq such that P(H(X) > | X|/un) < Crexp(—Co|X]).

PROOF. Let 7(X) =inf{k:|Xy| < xo} and (Bg), k € N be an i.i.d. sequence of
Bernoulli variables with P(B1 =0) =1 — € and P(B; = 1) = € [¢, ¢ and xo were
defined in assumption (ii) of Theorem 5.7]. Letting 1’ < ce, n > 0 and u be such
that 1/u = 1/u’ + n, we have

P(H(X) = |X|/n) <P(N(B(O,x0)) = nlX]) +P(z(X) > |X|/1)

LX/w' 11
<P(N(B(0, x0)) = n|X|) -HED( > P<|X| —XO>
k=0
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LX/p']-1
<P(N(B(O,x0)) = n|X|) -HP’( > Bk<|X|/CO)
k=0

< Crexp(—Cp|X|),
where we have used the inequality P(N (B(0O, xg)) > t) < exp(— tln(t/(endxo)))

and Hoeffding’s inequality: for t < ne, IP’(ZZ;(I) By <t) <2exp((t — ne)? /(2n)).
O

We now conclude the proof of Theorem 5.3. Let ¢ > 0 and mj; = — ming<g<j X
p <t<
Zﬁ;; Q,. By symmetry, Lemma 5.5 implies that |Vy| < Sx + My + my, hence

IP( max |Vi| >txV, H(X) §n)
0<k<H(X)

0<k=<n

< ZIP( max Mj > tx”/3> +P(S, > txV/3).

Note that maxo<k<, My = maXo<i<n Zlg;(l) Q¢ — minp<x<p Zlg;(l) Q¢ and so
. !/
Lemma 5.6 gives P(maxo<x<n, My > tx? /3) < Cin'=7"". We deduce that

IP’( max  |Vi|>tx?, H(X) < n> <Cn'"" 1 Cnx7".
0<k<H(X)

From the isotropy of the navigation, we obtain

P(A(X) > x7)

< dIP( max | Vi| > xy/d>
0<k<H(X)

Y
<dP(_max Vil =7 /d. HOO < /) + dP(H(O) 2 3/0)

< Cix"7"" 4 Cexp(—Cox).

If v’ < r is close enough to r, then yr’ — 1 > d and this concludes the proof of
Theorem 5.3.

5.4. Isotropic regenerative navigation and proof of Theorem 1.77. Let + be a
regenerative navigation on N ¢ with regenerative time 6 so that 4 is a memory-
less navigation. We define

0—1

L(X)=) X1 — Xul.
k=0

[Recall that X; = A% (X).] We have the following corollaries of Theorem 5.3.
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COROLLARY 5.8. Let 4 be a navigation on N© and y € (1/2,1). If A is
isotropic, regenerative and with nonnegative progress, and.

(i) supycped EL(X)" < oo, withr >(d+1)/y;
(1) for |X| > xo, P(P(X) > ¢) > €, with xo,c, € > 0;

then the conclusions of Theorem 5.3 hold true.

COROLLARY 5.9.  Under the assumption of Corollary 5.8, assume, further,
that for all r > 1, supycpd EL(X)" < 00. The conclusions of Corollary 5.9 then
hold true.

PROOF OF COROLLARY 5.8. Let A(X) = A%(X), Xi = AK(X), H(X) be

the length and A(X) be the deviation of the path {X, X{,..., 0 = Xﬁ(X)}- Note

that Theorem 5.3 applies to /4 and A(X). Therefore, Corollary 5.8 follows easily
from Lemma 5.7 and the inequality, for all 0 < r’ < r,

P(A(X) > 2|X|") < P(A(X) > |X]")

+IP< max L(X ZXV>+IPI:IX3X
o<k 1%, LKD) = 1X] (H(X) = |X]/m)

=GiIx"r O
As an application, for the small-world navigation, we obtain Theorem 1.7. In-
deed, for § > d + 2, the small world navigation is isotropic regenerative with non-

negative progress. Moreover, we have P(|X — A(X)| >1) < C1197# and the tail
of # is bounded by a constant times #2+t¢=#,

6. Shape of the navigation tree and proof of Theorem 1.8.

6.1. Shape of memoryless navigation. Let 4 be a navigation and let 7o (k) =
{X € N: AK(X) = 0}, the set of points at tree-distance less than k from the origin.

THEOREM 6.1. Let A be a memoryless navigation with nonnegative progress
on NO. Assume:

(1) supycpe EP(X)" < oo for some r > d +2;
(ii) Fx converges weakly to F with u = [rF(dr) > 0.

Then, for all € > 0, there exists a.s. K such that if k > K, then
(28) NﬂB(O,(l—e)ku)CTO(k)CB(O,(l—i-e)kM).

Moreover, a.s. and in L',

To®l 4

29
(29) vy
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In the literature, the constant u is known as the volume growth. The intuition be-
hind Theorem 6.1 is as follows: from Proposition 3.1, a point k jumps away from
the origin is asymptotically at Euclidean distance Dy ~ ku from the origin. The
ball of radius Dy contains rrdD,‘f points in N, asymptotically. In order to prove
Theorem 6.1, we need an estimate of the tail of H(X) around its mean.

PROPOSITION 6.2.  Under the assumption of Theorem 6.1, let r' < r. For all
V < W, there exists a positive constant Cy such that

if|X|<nv—1landn=>1, then P(H(X) > n) < Cin(nv — XD~
Similarly, for v > pu,
if|IX|>1+nvandn=>1, then P(H(X) <n) <Cin(|X| — )"

In particular, if v > u, consider n = [x/(2v)]. We obtain
(30) P<H(X) > f) <oy x|
v

(and similarly for v < ).
Similarly, if assumption (i) is replaced by (i') supycgre Eexp(s P(X)) < oo for
some s > 0, then we may prove an exponential tail bound for H (X) (see [7]).

PROOF OF THEOREM 6.1. We define Gy = |To (k)| = X ycy L(H(X) <k).
G is the size of the ball of center O and radius k for the graph-distance in 7. We
start with the proof of (29). Letting € € (0, 1), we write

1Ge — N?(B(O, uk)| < )" 1(X ¢ B(O, uk) N H(X) <k)
XeN

+ ) 1(X € B(O, k) N H(X) > k)
XeN

<Y 1(X ¢B(0,(1+e)uk)NH(X) <k)
XeN
+N(B(O, (1 +e)uk)\B(O, (1 — €)uk))
+ > 1(X € B(0, (1 — e)uk) N H(X) > k)
XeN
< I+ Jx+ L.
From the Slyvniak—Campbell formula, using (30) for v = (1 + €/2), we obtain

El, = / P(H(X) <k)dX
RI\B(O, (1+€)12k)

> 1 _d—1
< wg—1 Cix "x dx
(1+€)uk

!/
< Clka'—r +1‘
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From the Borel-Cantelli lemma, we obtain that almost surely Iy = 0 for k large
enough. Similarly, letting v = (1 — €/2)u, we obtain

EL; = / P(H(X) > k)dX
B(O,(1—e)uk)

(1—€)uk ' del
gwd_lf Cik(kv —x)"" x*"dx
0

_ 041G /(1_6)“kxd—1dx
= (kew)"=1 Jo

’ ’

We deduce that almost surely Ly = 0 for k large enough. Then, the ergodic prop-
erties of the PPP imply that

Je  N(B(O,(1+€)uk)\B(O, (1 —€)uk))

7 k4
converges almost surely and in L' toward 2d7, (Me)d_l. We have thus proved that
for all € > 0, almost surely

i |G — N(B(O, pk))l
im sup
k k4

< 2dmg(pne)® .

Hence, almost surely

lim Sk = jim Y BO 1K)
k ki Tk kd = i
The convergence in L' is a consequence of Scheffe’s lemma. Equation (28)
holds since a.s. for k large enough, I and L are both equal to 0. I is the cardinal-
ity of To (k) N B(O, (1 + €) k)€ and Ly is the cardinality of T (k) N B(O, (1 —
e)uk).

6.2. Proof of Theorem 6.2. The following lemma is proved as Theorem 4 in
Baum and Katz [6]. For details, see [7].

LEMMA 6.3. Let (Yi), k € N be a sequence of i.i.d. real-valued random vari-

ables. We assume that EY, = 0 and E|Y1|" < oo for some r > 1. Then, for all
1 <r’' <randty>0, there exists C1 such that, forall t > ty and n > 1,

p( Sy

k=1
Asusual, for 1 <k < H(X), we define the progress Px(X) = |Xx—1| — | Xk| and
fork> H(X), P.(X)=0.Wefixr' <r" <r.

/ /
> tn) <Cit"'nlr.
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Case v < ju. There exists v’ > 0 such that v/ < v < and | X| < v'n — 1. Since
(P (X)) is uniformly integrable, there exists xq such that

31D if | X| > xo, then EP(X) > v.

Letting [ < n, we have

P(H(X) > n)
n—1
:]P’(Z Py < |X|>
k=0
n—I—1
<P(N(B(O0, xp)) > 1) —HP’( Z Pr < |X]| —x0>
k=0
(32) <ex (—lln L)
=P emdxd

n—I—1 n—l—1
+IP>< Y P —E(PF) <|X|—xo— ) E(Pkm))
k=0 k=0

)
fexp(‘”“m)
0

n—I[—1
+IP>< Y. P—E(Pi|Xp) <|X|—(n —l)v),

k=0
where, in the last inequality, we have used (31). We define Yy = P, — E(Py| Xk).
By assumption (i),

EY, =0 and E|Y;|" <C.

The sequence (Yx)ren is not independent, however:

1. (|YkDken is stochastically dominated by an i.i.d. sequence (Zi)xen Wwith
IEZ,?N < 00;
2

2. if p,geNand k #1, then EY”T'Y =0 and EY;Y}! <EZ;’EZ}.

We can apply Lemma 6.3 to (¥). It is stated for i.i.d. variables, but also holds in
this case since the proof relies only on truncation and the Markov inequality. If
m=>1andv — |X|/m > tg, to > 0, then we obtain

m—1
IP(Z P —E(P|Xx) < |X| — mv) < Cym@mv —|X)~".
k=0
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Hence, using this last inequality in (32) and setting [ = [ (v'/v — 1)n], we obtain
[since (n — Dv > nv’ > | X|]

(33) P(H(X) > n) < exp(—Con) + Cin(nv' — |X|)™" .

Then since n > (nv’ — | X|)/v’, we obtain our result (with v’ instead of v).
Case v > . This case is slightly simpler. There exists x; such that

if [ X|>x;, thenEP(X) <v.
Then, arguing as in the case v < p, we have

n—1
P(H(X) <n) < P(Z P> |X|— x1>

k=0

IA

n—1 n—1
]P’(Z P —E(P|F) > | X| —x1 — ZE(PkIJ"k)>

k= k=0

0
n—1

< P( P —E(P| Xy) > | X| —nv)
k=0

<Cin(|X| —nv)™". O

6.3. Shape of regenerative navigation. Let A be a regenerative navigation on
N9 and 6 its associated regenerative time. We define P (X) = |X|—|Xq| = | X| —
|A? (X)| and Fg to be the distribution of P?(X). We assume

(i) A is aregenerative navigation with non negative progress;
(A6.3) (il) Supycgd EP?(X) < oo and EO" < oo for some r > d + 2;
(i) F )9( converges weakly to a distribution F ¥ with JrF O dr) > 0.

We let 6 = lim)x|— 0o EO(X) and u = 1/ [ r F?(dr) > 0. From Proposition 3.1
and Lemma 3.7, as | X| tends to infinity, a.s. H(X)/|X| — w. Not surprisingly, we
obtain the next two results as corollaries of Theorems 6.1 and 6.2.

COROLLARY 6.4. Under the foregoing assumption (A6.3), the conclusions of
Theorems 6.2 and 6.1 hold true for A.

As an example, for the small world navigation, we deduce Theorem 1.8.
PROOF OF COROLLARY 6.4. As in the proof of Theorem 6.1, it is sufficient

to show that the conclusions of Theorem 6.2 hold true. Let (6x) denote the regener-
ative sequence, #4(X) = A?(X) and H (X) = inf{k : Xy, = 0} = sup{k : A¥(X) =
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0}. We first assume that | X| <nv—1and v < . Wemay find 0 <4 < 6 such that
vV =v0/8 < pand |X| <v'n — 1. We obtain

P(H(X) > n) <]P><H9(X) > ) +P(O1ns5) <n)

. ln/8]—1
_]P’(HO(X)>5>+]P’< kg(:) Ok +1 —9k<l’l)
_IP’(HO(X) > g)

1n/8]—1
]:P)<

> (Oks1— 0 —0)

k=0
Since | X| <nv' —1 < (%)(\/5) — 1, Theorem 6.2 applies to 4 and D =10 < uf.
The first term in the latter inequality (34) is thus bounded by Ciné~'(nv'6/8 —
|X|)_’/ =Ciné (v —|X|)™ =" We can also apply Lemma 6.3 to the sequence of
i.i.d. variables Yy = 0+ 1= Gk — 6. Thus, the second term in (34) is upper bounded
by C1(1-0/8 — 1/n)~ "n="" forn large enough to guarantee 1 —60/8 — 1/n > to
with 0 <19 <1—6/8. Flnally, we obtain [since n > (nv — |X|)/v], for n large
enough,

(34)

>n(1—§/5)—1>.

P(H(X) >n) < Cin(nv — | X))~

By suitably increasing C, we obtain the result foralln > 1.

APPENDIX

A.l. Proof of Lemma 2.3. Let V(X,N¥) ={Y e N:U(X,Y) < f(IX —
Y|)}, where the variables U are independent and uniformly distributed on [0, 1].
We define 5(X, N¥) =inf{r > 0: V(X, NX) c B(X,r)}. V(X, N)\{X} is a PPP
of intensity f(]X — x|) dx, hence, for ¢ > 0,

P(5(X,N*) > 1) =P(V(X, N )N B(X, 1) = @)

35
( ) =1— e_fB(O.r)Cf(x)dx < Cltd_ﬁ.

We now define
Vo(X,NO"Y={Y e N:U(X,Y) < f(IX = Y])},

where the variables U are independent and uniformly distributed on [0, 1], con-
ditioned on the event Q(X) = {Vo(X, NX) N B(0, |X|) # @} = {P(X) > 0}.
Similarly, we define

Voey(X, N) ={X}U{Y e N:U_,,(X,Y) < f(IX = Y])},

where the variables U_,, are independent and uniformly distributed on [0, 1], con-
ditioned on the event Q_,, (X) = {V,, (X, NN H_e,(X) # T} ={P_.(X) > 0}.
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We have
A(X) = arginf{|Y|:Y € Vo(X, N?¥)}
and
Ao (X) =arginf{(Y, e1): Y € V_,, (X, N)}.

Let p—¢, (X, NX)y=inf{r >0: V_e (X, NXyc B(X,r)}and C =P(V(0,N9%)n
H_e,(0) # ). From (35), we deduce

POX NN 20 _ g

c .
Hence, the directed small-world navigation 4A_,, is a.s. defined if and only if
d < B. Similarly, let po(X, N9¥) = inf{r > 0: Vo(X, N?¥) C B(X,r)} and
Co(X)=P(V(X,N%*)n B(O, |X|) # @). Since infy.pa Co(X) > 0, we ob-
tain, for 8 > d,

P(p—e, (X, N¥) > 1) =

0.X P(p(X, N®¥) > 1) i p
P(po(X,N*)>1)= Co0 <Cit“7".

We will now couple the variables U and U_,, via U in order to obtain the
statement of the lemma. Without loss of generality, we may assume 6 > 0 and
X = xey, with x > 0, e; € S9! Let K(X,e)) ={Y e RY:|Y| > |X|, (Y —
X,e1) <0}, L(X,e)) ={Y eRL:|Y| < |X|,(Y — X,e1) >0} and M(X,e) =
B(O, | X])\L(X, e1). The sets K (X, e1) and L(X, e;) are depicted in Figure 2. Set
Se; (X) =N N B(X, p—e; (X, N¥)) and So(X) = N N B(X, po (X, N?X)).

If Se,(X) NK(X,e1) =@ and So(X) N L(X,er) = <, then both A(X) and
A_e (X) are in N N M (X, er). Hence, if S, (X) N K(X,e1) =@ and So(X) N
L(X,e1)=@,forall Y e NN M(X,e1), wemay set U(X,Y)=U_, (X,Y) =
U(X, Y), where U(X, -) is conditioned on the event fZ(X, e1) = {V(X, NN
M (X, e1) # @}. It follows that

P(A e, (X) # A(X))
(36) <P(Se, X)NK(X,e1) #92)+P(So NL(X, e)) # D)
+ P(A_e, (X) £ AX)IQUX, €1)),

with A(X) = arginf{|Y|: Y € M(X,e1) NV (X, N¥)} and A_,, (X) = arginf{(Y,
e1):Y e M(X,e)) NV (X, N5)).

We first upper bound the second term of the right-hand side of (36). Note that
L(X,ey) is contained in a cone of apex 6 (see Figure 2). Letting Cg be a cone
issuing from O with apex 6, we have

P(So(X) N L(X, e1) # &)
<P(NNCyNB(0,07"%) £ @) +P(po (X, N?¥) > 071/?)
<1 —exp(—Co8'/?) + C10@—P/2,
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(Xel)

theta

7

KX.,el)

FIG. 2. The sets L(X, eq) and K (X, e1).

The first term of (36) is upper bounded similarly:
P(Se, (X) N K (X, 1) # D)
< 2P(N N Caresin(t/21x)+6 N B(O, 1) # D) +2P(p—, (X, N¥) > 1)

t
< 2(1 — exp(—Cot <arcsin(ﬁ> + 9)) + C1td_’3).

If 1//[X] <6, we choose t = \/[X], otherwise we choose t = 1/+/6.

It remains to bound the last term of (36). For Y € B(X, p(X)),let K’ (Y, X, e1) =
{Z e B(X, p(X, NX)): |Z| > |Y]|,(Z =Y, e1) <0}, that is, the set of points with a
larger norm but a smaller projection on e; we have K'(X, X, e;) = K(X, e1). We
obtain

P(A_e, (X) # A(X))
<P@EY e NNBX, (X, N¥)):K'(Y, X,e1) N N # 2)
<P(5(X,N*) > 1) + P(N(B(X, 1)) > n)
+2nP(N N Caresin(r/2( x|—n)+0 N B(O, 1) # D).

We choose ¢ = min(|X|,1/0)'/3¢, n = |X|'/2. Then, using the inequality
P(N(B(X,t)) >n) <exp(—nln #), we obtain the required bound.
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A.2. Proof of Lemma 2.4. Since the proof relies on explicit computation
and does not involve any subtle arguments, we skip most of the details. Let
V(X,N) = {X}U{Y e N:U(X,Y) < f(IX — Y|)}, where the variables U are
independent and uniformly distributed. V(X ,N¥\{X}isa nonhomogenous Pois-
son point process of intensity f(|X — x|)dx.

Statement 1. Conditioning on the event {V(X , NN He, (0) # I}, we have

P(P,, (0) > ) =P(V(0,N°) N H(te)) # & | V(X, N*) N #,,(0) # 2)
— (1 _ e*fq}fel (;gl)f()’)d)’)/(l _ e*f(;fel(o) f()’)dY)

~(1 _e_fﬁ’el(O)f()’)dY)—lf F(y)dy
F(ter)

as ¢ tends to infinity. Let A; = fﬂ(zel) f(y)dy. Writing y = r cosfe] + rsinfey,
with {(ej,ez) =0and e; € §9-1 we obtain

/2 oo
Ar =242 / f Frri=tdrde
0 t/cos6

/2 poo
~ 2wd_2/ / cr®P=Varan
0 t/cosf

2cwg— m/
N d—2 l‘dﬁ B
B—d 0
Statement 2. We can suppose, without loss of generality, that X = —xej, with
x > 0. By definition, for 0 <t < x,

P(P(X) > t)
=P(V(X,N>*YnB(O,x —1) £ 2 | V(X, N>*)n B0, |X|) # @)
=P(V(X,N>*YNnB(O,x —1) # 2)/P(V(X,N>X*)N B(0,x — 0) # 2).
It thus suffices to compute
P(V(X,N®*)N B(O,x — 1) # @)

=1-(1- f(x))exp(—_/B(O

In R2, foru € (0,1) and 0 < 6 < arcsin(1 — u), the straight line with equation y =
tan 6 intersects the sphere of radius u# and center (1, 0) at two points of respective
norms A(6, u) and B(6, u). A direct computation leads to

A®©, 1) 9(1 1 ”(2_“)> vy < ! )
, 1) = COS —J1—= =
" cos26 cos 9 ° cos 6

B, u) e(1+ 1 ”(2_“)) 2c0s0 — —— 4+ ( - )
,u) = Cos —— ") =2cosf — )
" cos26 cosd  \coso

2
cos?~1 9 do.

f(IX—yl)dy)-
—1)

X
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Let A;(x) = fB(O’x_t) f(X —y|)dy. As ¢, x tend to infinity and ¢/x tends to O,
we obtain

arcsin(1—t/x) pxB(0,t/x)
Ar(x) =204 2 / / £y dr ao
0 X

A(0,1/x)
arcsin(1—t/x) pxB(0,t/x)
~2w4i_7 / / cr®P=Varae
0 xA@0,t/x)
2ca)d_2 arcsin(1—1/x)
~ (xA@O,1/x) P — (xB@©,1/x))* P do
B—d Jo
~ F(t).
It also follows that
/2
A0 = A0 < [ £y dr do
arcsin(1—z7/x)
arcsin(1—#/x) pxA(9,t/x)
+/ / Fryrd=V drde
0 t/cos(0)
arcsin(1—¢/x) poo
n f / i~V arao.
0 xB(0,t/x)

If r = x?Pe(x) with & € £°(R,.), we obtain that 18~¢|A,(x) — A(¢)] tends to 0.
Statement 3. Let Q(X) = |A(X)|/x* = (x — P(X))/x%, with | X|=x and o =
1—(d—-p)/2€(0,1). Letting 0 < s < x!17% we have

P(Q(X) <)
=P(V(X,N%*)n B(0, sx%) # 2)/P(V(X, N> %) N B(O, x) # 2).
Again, it suffices to compute

P(V(X,N%%)n B(0, sx*) # @)
=t =seep(= [ rax—yndy)

=1- (1 — f(x)) GXP(—Ax—sx“ (x))’

with, as x tends to +oo, uniformly in s < x'~%, o’ > a,
arcsin(sx*~ 1)  pxB(O,1—sx*"1) d :
Ay _gxa(x) ~ 20)d—2/ / cr —B- dr do
0 XAO,1—sx2—1)

Ot—l)

(xB(O,1—sx*" 1)) P

2cwy_n [aresin(sx
5 h
— (xA@,1—sx*"") P ap.
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We have B@,1 — sx* 1) = cosO(1 + \/szxz(“_l)/COSZQ—tanZG) =
cosf(1 + \/szxﬁ—d/COSZQ—tanZO) and A@,1 — sx® 1) = cosf(1 —

\/s2xr3_d/ cos2 @ — tan2 6). Hence, as x tends to 0o, we have

(xB@©,1— sx“_l))d_ﬂ — (xA@O,1— Sxa_l))d_ﬂ

~2(d — B)x P cos™F 9/s2xP~4 ] cos? 6 — tan 0
and we obtain

arcsin(sx(ﬁ_d)/z)
J

Ay—sxa(x) ~decwq— 0

x cos? P 9\/s2xﬂ—d/ cos26 — tan?6 d@

~ 4ca)d,2s2.
Finally, we have proven that, uniformly in s < x@=#)/2=7 (for some 5 > 0),
(37) lim P(Q(X) > s5) = exp(—4cwy_252).

| X|—o00

Statement 4. Again, we suppose that X = —xej, with x > 0. Letting s > 0 and
u=1-—exp(—s) € (0, 1), we have

P(P(X) > s)
=P(P(X) > xu)
— (1 _ (1 _ f(x))e_fB(o,(1—u)x)f(IX—>'I)d.v)/]p(‘}(X’ NO,X) N B(O,x) # @)‘
As above, with A;(x) = fB(O,x_[) f(X —y|)dy, we have

arcsin(1—u) pxB(0,u)
Aux (X) = 2042 / / Frri=tdrde
0 x

AO,u)
arcsin(1—u) pxB(0,u)
Nza)d%/ f c/rdrdf
0 xA6,u)
arcsin(1—u) B 9’
~ 2cw4_2 / in 201 4
0 A0, u)

We define

» arcsin(exp(—s)) B(Q’ 1 — exp(—s))
(38) F(s)=1 —exp(—an)d_z f In d9>
0 A, 1 —exp(—s))

:1—exp(—c/ le —Y|_ddY>
B(0,exp(—s))

(39) ~dcwy_nre”

as s tends to +o00. Statement 4 follows.
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A.3. Tail inequality in the GI/GI/oco. Let {0,,1,},n € Z be an i.i.d. se-
quence of R x R -valued random variables representing the service times and in-
terarrival times in a GI/GI/oco queue. The random variables (o0;,) and (t,,) are inde-
pendent. We set 7p = 0 as the arrival time of customer 0; forn > 1, 7, = ZZ;(I) Tk

is the arrival time of the nth customer. Let ¥ € R, be a nonnegative initial con-

dition, independent of the {0, 7,,} sequence. We set W(EY] =Y and, forn > 1, we

define
+
wil = max(Y — (T, — To), max oj—1 — (T, — T,-))
1<i<n

=max(W — 2, 1, 0,1)

(where, by convention, ZZ;}l - = 0). The random variable WY1 is the largest resid-
ual service time just after the arrival of the nth customer in the GI/GI/oco queue
with initial condition Y. Let #, be the o-field generated by the random variables
Y and {(o%, 7x), k=0, ...,n — 1}. Consider the {¥,,}-stopping time

(40) 6(Y) =6 =inf{n > 1: W' =0}.
0 is the time needed to empty all queues. The proof of the next lemma follows
from a classical computation in queueing theory; see [7].

LEMMA A.1. Let 6 be the stopping time defined in (40). Assume:

() there exists an o > 1 such that P(o1 > t) < C1t ™%, P(Y > 1) < C1t!7%;
@i1) P(r; >0) > 0;
(iii) P(o1 =0) > 0.

0 is then a.s. finite and if a > 2, there exists C1 > 0 such that
EO <oo and PO >1)<Cit> .

Moreover, for all n, W,EO] <5t M, where M is the stationary workload and P(M >
1) <Crti=e.
If assumption (i) is replaced by

(i") there exists s > 0 such that Eexp(so;) < 0o and Eexp(sY) < oo,
then there exists Co > 0 such that Eexp(Cof) < co and Eexp(CoM) < co.
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