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Abstract. We develop a simple and intuitive identity for calculating expectations of weighted k-fold sums over particles in branch-
ing processes, generalising the well-known many-to-one lemma.

Résumé. On développe une identité simple et intuitive pour calculer I’espérance des sommations k-plier sur particules dans les
processus de branchement, la généralisation du lemme bien connu ‘many-to-one’.
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1. Introduction

Consider the following simple branching random walk on Z. We begin with one particle at 0, which has two children,
whose positions are independent copies of some random variable X. Each of these two new particles has two children
of its own, whose positions relative to their parent are independent copies of X, and so on. If the initial particle is
the Oth generation, and its children are the first generation, then in the nth generation we have 2" particles. This is
a very basic stochastic model and a classical question asks for the position M,, of the maximal particle in the nth
generation when n is large. If we let Y, (x) be the number of particles in generation n whose position is at least x, then
we anticipate that

M, ~ sup{x :E[Yn(x)] > 1}.

Indeed, for an upper bound, P(M,, > x) = P(¥,,(x) > 1) < E[Y,(x)]. We would therefore like to calculate E[Y,, (x)],
and of course by linearity of expectation we have

E[Y,(x)] =2"P(S, > x), (D

where S;, i > 0 is a random walk with step distribution X. Thus a question about the 2" particles in the nth generation
becomes one about a single random walk, and we call (1) a many-to-one formula. There are ways of extending this
concept to far more complicated branching processes.

For a lower bound on M,,, we note that by Cauchy—Schwarz,

E[Y, (x)]?

PMy 2 x) =P(Ya() 2 1) 2 ponn
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and hence we want to calculate the second moment E[Y,(x)?]. By counting the number of pairs of particles whose
last common ancestor was alive at time j for each j =0, ...,n — 1, we see that

n—1
E[Y, ()] =E[Y, ()] + Y 2" 7'P(S; = x. S}, = x).
Jj=0

where for each j, (S;;,7 > 0) and (S;.’ ;»i > 0) are random walks with step distribution X such that

o Sji=2, foralli<j,and

o (Sjj+i—Sjj,i>0)and (S

/
j,j+i_S'

B’
Thus a question about the second moment of a branching random walk becomes one about two dependent random
walks: a many-to-two formula.

It turns out that this formula can also be greatly generalised, and in fact extends to higher moments. Questions
about kth moments of branching processes turn into questions about k dependent random walks.

Several results of this type are already known. A simple version for branching Brownian motion was given by
Sawyer [18]. Kallenberg [12] proved a version for discrete trees, which he calls a “backward tree formula.” Gorostiza
and Wakolbinger [10] extend Kallenberg’s formula to a class of continuous-time processes. Dawson and Perkins
generate what they call “extended Palm formulas” for historical processes (superprocesses enriched with information
on genealogy) in [8]. For the parabolic Anderson model with Weibull upper tails, Albeverio et al. [3] gave a similar
result by considering existence and uniqueness of solutions to a Cauchy problem. Bansaye et al. [4] develop a quite
general many-to-two lemma for Markov branching processes, allowing particles to be born away from their parent.
This list is unlikely to be exhaustive, but reflects the fact that many-to-few results exist in various specialised forms
with little in the way of a consistent underlying theory.

The theory in the many-to-one case is much more complete. The single random walk on the right-hand side of the
formula can be interpreted as a special particle or spine present in the original branching process, and this additional
structure can be used to construct and understand changes of measure on the branching system, which turns out to be
a powerful tool: see for example [2,13].

The aim of this article is to state a quite general kth moment formula which we call the many-to-few lemma, but also
to develop a corresponding theory involving multiple spines. This underlying structure will allow us to incorporate
similar changes of measure to those that have proved so useful for first moment calculations. It should also allow the
reader to transfer the many-to-few lemma to processes not covered by our setup.

There are already several applications of the many-to-few formula either published or underway. To name a few,
Aidékon and Harris [1] compute moments in order to show that the number of particles hitting a certain level in a
branching Brownian motion with killing at the origin converges in distribution in the limit approaching criticality. Both
Carmona and Hu [5] and Déring and Roberts [9] investigate a catalytic branching model. Giin, Konig and Sekulovié
[11] apply our result to a branching random walk in random environment. Maillard [15] uses many-to-two to bound
numbers and positions of particles in a branching Brownian motion with selection. Chen [7] also uses many-to-two to
investigate the time taken for particles in a branching Brownian motion to become the rightmost. Roberts [17] uses the
many-to-two formula at two different times to look at the consistent maximal displacement of branching Brownian
motion.

The article is arranged as follows. Mostly we work in continuous time, since this is slightly trickier to handle than
discrete time. In Section 2 we give a summary of the multi-spine setup, and then state our main result — the many-to-
few lemma — in Section 3. Since the resulting formula can be difficult to handle, we follow this with a discussion of
some special cases and fully worked examples in Section 4. In Section 5 we give full constructions of the measures
and filtrations used in the theory, and then prove the many-to-few lemma in Section 6. We then give an extension in
Section 7 that allows us to take sums over particles at two different times. Finally, in Section 8 we give a discrete time
version of the many-to-few lemma.

i > () are independent.

2. Multiple spines

In this section we detail the general continuous-time branching process that we will consider for most of the article,
and introduce the multi-spine setup that will be needed to state our main result.
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We consider a branching process starting with one particle at x under a probability measure IP,.. This particle moves
within a measurable space (J, B) according to a Markov process with generator M. When at position y, the particle
branches at rate R(y) (more precisely, the probability that the particle has not branched by time 7 is e Jo RX () ds
where X (s) is the position of the particle at time s), dying and giving birth to a random number of new particles
with distribution £©, supported on {0, 1,2, ...}. Each of these particles then independently repeats the stochastic
behaviour of its parent from its starting point.

We denote by N (¢) the set of all particles alive at time 7. For a particle v € N (t) we let o, be the time of its birth
and t, the time of its death, and define o, (t) = o, At and 7,(t) = Ty At. If v € N(¢) then for s <t we write X, (s) for
the position of the unique ancestor of v alive at time s. For technical reasons we keep track of particles that die without
giving birth to any children by introducing a graveyard state A ¢ J; if v has O children then we write X, (s) = A for
allt > 1,.

2.1. The k-spine measures PX and Q*

We define new measures PX and QX under which there are k distinguished lines of descent, which we call spines.

Briefly, IP’fC is simply an extension of P, in that all particles behave as in the original branching process; the only

difference is that some particles carry marks showing that they are part of a spine. Under Q§ the marked particles will

behave differently from under IP’fC, but non-marked particles will be unchanged. We will eventually see the relationship

between Q§ and IP’fC in terms of a Radon—-Nikodym derivative, but for now it is enough to state their properties.
Under P¥ particles behave as follows:

e We begin with one particle at position x which (as well as its position) carries k marks 1, 2, ..., k.

e All particles move as Markov processes with generator M, independently of each other given their birth times and
positions, just as under P, .

e We think of each of the marks 1, ..., k as distinguishing a particular line of descent or “spine,” and define éf to be
the position of whichever particle carries mark i at time ¢.

o A particle at position y carrying j marks by < by < --- < b; at time ¢ branches at rate R(y), dying and being
replaced by a random number of particles with law 110 independently of the rest of the system, just as under P,.

e Given that a particles vy, ..., v, are born at a branching event as above, the j marks each choose a particle to follow
independently and uniformly at random from amongst the a available. Thus for each 1 </ <a and 1 <i < j the
probability that v; carries mark b; just after the branching event is 1/a, independently of all other marks.

o If aparticle carrying j > O marks b; < by < --- < b; dies and is replaced by O particles, then its marks remain with
it as it moves to the graveyard state A.

Again we emphasise that under P’;, the system behaves exactly as under [P, except that some particles carry extra
marks showing the lines of descent of k spines. We call the collection of particles that have carried at least one spine
up to time ¢ the skeleton at time t, and write skel(z); see Figure 1. Of course IP”; is not defined on the same o -algebra
as P,. We let .7-'," be the filtration containing all information about the system (including the k spines) up to time ¢;
then PX is defined on FX . This will be clarified in Section 5.

Now, for eachn >0 and y € R let

ma() =Y a"u ),

(lEZ+
the nth moment of the offspring distribution. Define

a"u(y) (a)

, ac€ly;
m (y) "

i (@) =

/Lf{v ) is called the nth size-biased distribution with respect to ). Let

an(y) = (ma(y) = 1)R(y).
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Fig. 1. Each particle in the skeleton is a different colour, and particles not in the skeleton are drawn in grey. The numbers show how many spines
are carried by each particle.

For 1 <i, j <k define T (i, j) to be the first split time of the ith and jth spines, i.e. the first time at which marks i
and j are carried by different particles. Let D(v) be the total number of marks carried by particle v.

Suppose that ¢ (X, ) is a functional of a process (X;, ¢ > 0) such that if (X;, # > 0) is a Markov process with gener-
ator M then ¢ (X, ) is a non-negative martingale with respect to the natural filtration of (X;,t > 0), with ¢(X,0) =1
almost surely. For example if X is a Brownian motion on R then we might take ¢ (X, 1) = ¢X' /2. We will sometimes
slightly abuse notation by writing ¢(X,, t), or even ¢ (v, t), where v € N(¢). Since ¢ (X, t) must be measurable with
respect to o (X, s <t), it does not matter that X, («) is not defined for u > r.

Under Q’; particles behave as follows:

e We begin with one particle at position x which (as well as its position) carries k marks 1,2, ..., k.

e Just as under IP’;, we think of each of the marks 1, ..., k as a spine, and write v/, for whichever particle carries mark
i attime ¢, and &/ for its position (i.e. § = thi (1)).

e A particle with mark i at time # moves as if under the changed measure Q' lo i ,s<n) = (g, t)IP”;|G(E;‘,S§,).

e A particle at position y carrying j marks at time ¢ branches at rate m;(y)R(y), dying and being replaced by a

random number of particles with law ,ui.y ) independently of the rest of the system.

e Given that a particles vy, ..., v, are born at such a branching event, the j marks each choose a particle to follow
independently and uniformly at random.

e Particles not in the skeleton (those carrying no marks) behave just as under P, branching at rate R(y) and giving
birth to numbers of particles with law 1) when at y.

In other words, under Q’; spine particles move as if weighted by the martingale ¢, they breed at an modified rate, and
they give birth to size-biased numbers of children. The birth rate and number of children depend on how many marks
the spine particle is carrying, whereas the motion does not.

3. The many-to-few lemma

If Y is measurable with respect to F¥, then it can be expressed as the sum

Y= DR (TR VoL PR R S )
v1,...,UkEN (t)U{A}
where for any vi,..., v € N(t) U {A}, the random variable Y (v1, ..., vx) is F;-measurable. We sometimes write
Yy, ..., w,k ) for Y, but emphasise that ¥ need not depend only on the k spines and can depend on the entire process
up to time ¢.

For example, if K =2 we might take ¥ = ]l{stl >x,E25x) and then Y (v, v2) = 1{Xu1 ()2, Xy, (D)2} - This choice of Y
would allow us to calculate T

E[#{ve N@): X,() = x}7].



230 S. C. Harris and M. I. Roberts

To prove that Y can be written in the form (2), one can generalize the argument on pages 24-25 of [16]. Since
this is a purely measure-theoretic argument and will be clear for most Y of interest, we leave it as an exercise for the
reader. We now state our main result (in continuous time) in full. A similar statement will be given in discrete time in
Section 8.

Lemma 1 (Many-to-few). For any k > 1 and ]-"[k -measurable Y as above,

Px|: > Y ) 0visl.... k}:|

v1,..., UkEN(1)
{(Xv, oy (1)) Ty (1)
:Q,]\(;I:Y 1_[ xp(/ aD(v)(Xv(S))ds>i|.
veskel(r) C(XU’ 7y(1)) oy (1)

We will see in the next section that although the quantity on the left-hand side depends on all the particles in the
branching Brownian motion, for many natural choices of Y the right-hand side will depend only the particles in the
skeleton, of which there are at most k at any time. Hence the name “many-to-few.”

Note that the many-to-few lemma is only interested in particles v € N (¢) such that ¢ (v, t) > 0. This can be useful
in applications: if we wish to introduce a model incorporating killing of particles in some subset of J, we can choose
¢ to be zero on J so that we only count those particles still alive at time 7.

4. Examples

Lemma 1 contains a large amount of information within a single identity. Here we expand some of that information
by working out the details of some simple cases.

4.1. The many-to-one formula

If kK = 1, then the skeleton simply consists of a single spine particle £. We obtain

1 t
Px|: Z Y(v)]l{i(v,t)>0}:| = Q}c [Y@efo “1(55)d5i|_

veN(t)

For example, if x = 0 and our branching process is branching Brownian motion (i.e. M = %A) with u™(2) =
1 (binary branching) and R = § > 0, we might choose Y = f (&) for some function f : R — R, and ¢(X, 1) =

*X1=2%1/2 We then obtain

PO[ > f(Xv(t))} = QU[f (E)e M RH/2+p1]

veEN (1)
To carry out an actual calculation, take f(z) = 1{;>5,} and A > 0 to get
_ 2 52
Po[#{v e N(t) : Xy (1) > At}] = QY[ Lig zanye M5 THH2FAI] < P27/,
We will use the many-to-two formula to get a similar lower bound in the next section.

4.2. The many-to-two formula

If k = 2, then under Q% the first particle in the skeleton branches at rate m,(y) R(y) when at position y, into a particles
with probability a? ) (a)/m2(y). At such a branching event, the two marks follow different particles with probability
1 —1/a. Thus T (1, 2) — the time at which the two spines split — satisfies

QT2 2 lel, 5 € [0,11) e e -me Ry,
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Writing out the many-to-two formula and simplifying, we obtain

Py [ Z Y (v1, vz)]l{;(u;,z)>ow=1,z}]

v1,02€N (1)

1
_ @2 [Y 44 ’IT(l ’ 2)2A D) SN (my ey —2my €+ DRED dst [ e (6) ds-+ [y o (62) d
X
¢, 056" 1)

1 1 1
— @2 [Y 6'/0 o (&) du
LocELn

! 2|: (&', s) 1 I, Jo e (E)) dut [ a1 (62) du
y—=> '’ _ ; y 188y, s @15y
+ [ @y n(e)) —an ()

Simplification: Many-to-two with binary branching at constant rate with { = 1

For a very simple version of the many-to-two formula, suppose that u©)(2) = 1 for all y and R(y) = r for all y,
so under P, we have binary branching at constant rate r. Suppose also that { = 1 and that Y depends only on the
positions of the two spines, ¥ = f(£!, 7). Then

T(1,2)2t]

T(,2) =s] ds.

Px[ 2 fXu, sz<f>)} =Qi[f (& &%) T TE2M],

v1,02€N (1)

But 7'(1, 2) is exponentially distributed with parameter 2r (the particle carrying the two spines 1 and 2 breeds at rate
22r = 4r, and at each of these events the two spines follow different children with probability 1/2), and the motion of
the spines is the same under Q?C as under IP’?C, SO

Px[ Yo (X, sz(o)}

v1,02€N (1)

t
=P f (e ENIT1,2) > 1]+ / 2re" IR f (£} E7)IT(1,2) = 5] ds.

0

Simplification: Many-to-two with homogeneous breeding
To include slightly more generality than the simplification above, suppose that m,(y) =m,, m1(y) =m; and R(y) =
B > 0 do not depend on y. Then we may write

Py [ Z Y (v1, vz)]l{;(v,-,z)>ow—1,2}]

v1,v2eN(1)
1
cELn

:e<m11>5’@§[y ‘T(l,Z)zt]

C(E's)
cELDCE
Example: Large deviations for branching Brownian motion

Fix A, B > 0. In the previous section we saw that for branching Brownian motion with binary branching at rate 8, we
have

t
+/ (mz—ml)ﬁemlf’@”)@ﬁ[y T(l,2):sj| ds.
0

Po(Fve N(@): Xo(t) = At) <Po[#{v e N(t) : X, (1) > Mt}] < B2/,

We will now use the many-to-two lemma to give a lower bound on the same probability when g — A2/2 < 0. We use
the random variable

Y = ]l{gsl <As+1Vs<t,E2<is+1Vs<t, &l >rt,62>h1)



232 S. C. Harris and M. I. Roberts

AX;

and the same martingale as before, £(X,t) =e —2%/ 2, These choices give

Po[#{v e N(1) : Xy(s) < hs + 1Vs <1, X, (1) > 2t }’]

1
2
= eﬁt(@o I:jl{gsl <is+1Vs<t,g!>xr) e)\stl 322 ‘T(l, 2) > t:|

t BQi—5) 2 oM —A2s /2
—S
+/0 2pe Q@ []l{é;sxs+1v;sz,sfsxsﬂv‘vsz,s}zm,g}zmm T(1,2) :s] ds
) t ‘ exzs/zﬂ
Seﬁt—x t/2 +2,3/ eﬁ@l_é)izds.
0 ert

When 8 — 12/2 < 0, this is at most (1 + %)e(ﬁ_’\z/z)’.
Using the many-to-one lemma with the same martingale and ¥ = Lg, <is+1vs<z,& >}, We get

Po[#{v e N() : Xy(s) <As+1Vs <1, X, (t) = At}]

1
1
=Q, [1{§S<AS+1V~‘<I’&>M} meﬂt]
. e—xe(ﬁ—kzﬂ)l@é(& <As+1Vs <t,& > A1),

. 2
Now, under Q(l), the process (&, s > 0) moves as if under the changed measure Qoo (g, ,s<1) = M=/ ZIP%IJ(SS,SS,).
By Girsanov’s theorem, (§; — As, s > 0) is therefore a standard Brownian motion, and we have

Po[#{v e N(1): Xy(s) < As + 1¥s <1, X, (1) = )] = e+ P/ Bh(E, < 1¥s <1,& > 0).

It is an easy exercise using the reflection principle to prove that this is at least a positive constant times e #=*"/27¢=3/2,

Putting these two calculations together, and using the inequality (from Cauchy—-Schwarz) P(X > 0) > P[X]?/
P[X?], we have that for B— k2/2 <0,

Po(Fv e N(1) : Xo(t) = A1) = Po(Fv € N(1) : Xo(s) <As + 1Vs <1, X, () = At)

_ Pol#v e N@ 1 Xo(s) Shs +1Vs <1, Xu(1) 2 At}?
T Pol#{ve N(@) : Xo(s) <As+1Vs <1, X, (t) > At}?]
CeZ(Bf)\z/Z)tt73

e(B—32/2)1

— ce B3 /D1,=3)2

for some constant ¢ > 0. Thus, together with the upper bound from the previous section, we have that when A > 0 and
B—1%2/2 <0,

1
lim ~logP(Jv e N(1): Xy (1) > At) = p — A%/2.
t—oo t
With only slightly more work, it is possible to show that the number of particles above A at time £ when g —2/2 >
0 is approximately P12, Similar techniques can be used to prove far more delicate estimates.

4.3. The many-to-few formula

In this section we will apply the many-to-few lemma to a very simple model. There are many other ways of doing the
same calculations, but we hope this will allow the reader to see how the many-to-few lemma is — despite appearances —
relatively intuitive even for higher moments. We then mention a further extension of the theory, which we will not
detail in this article.



Many-to-few and multiple spines 233

Example: Yule tree

We take the simplest possible choices: ¥ = 1, each ¢/ = 1, u(2) = 1 (purely binary branching, so ny = 2¥) and
R = 1. This completely ignores the spatial movement of the particles, so we shall simply be calculating the moments
of the number of particles in a Yule tree (a continuous-time Galton—Watson process with 2 children at every branch
point). Let T =infi<; j<x T(i, j) be the first time at which any two spines split, and let S; be the event that at time
T, j of the spines follow the first child and k — j follow the second child. Recall that under QF, the first birth time
is exponentially distributed with parameter 2%, and then each spine independently chooses to follow either of the
two children with probability 1/2. In particular T is exponentially distributed with parameter 2€(1 —27%+1)y =2k _2,

corresponding to a birth where not all of the spines follow the same child, and Q* (S;IT eds) = ( )

BV =] ] e ien-ao]

veskel(r)

k
122—,{“ Therefore

— Qe i1 +Z/ @k[

k—1

e+ ]< )/ SE[|NG =) JE[| N —5)[* ] ds

=

D(v) _ —
JELCENCAD) "”"))Jl{Teds}Jls,-]
veskel(r)

Thus E[|N (1)|?] =2¢% — e', E[|[N(1)]3] = 6¢% — 6e% + &', E[|N (1)|*] = 24¢* — 36e3 + 14¢* + 3¢, and so on.

Extension: Stopping lines

Rather than looking at a fixed time ¢, we might like, for example, to count the number of particles that hit some subset
of J at the time they hit. The theory of stopping lines allows us to extend the many-to-few lemma to cover this kind of
calculation. However, the concept of a stopping line involves a large amount of notation in itself, and combining this
with the many-to-few lemma would make this article longer than we would like. We therefore leave it to the reader to
extend our methods in this way. A detailed discussion can be found in [14].

5. Multiple spines and changes of measure
Our main aim in this section is to give full details of the setup introduced in Section 2.
5.1. Trees

We use the Ulam—Harris labelling system: define a set of labels

Q:={z)u N

neN

We often call the elements of 2 particles. We think of @ as our inital ancestor, and (3, 2, 7) for example as representing
the seventh child of the second child of the third child of the initial ancestor. For a particle u € Q2 we define |u|, the
generation of u, to be the length of u (so if u € N” then |u| = n, and || = 0). For two labels u, v € 2 we write uv for
the concatenation of u and v, taking Qu = u@ = u. We write u < v and say that u is an ancestor of v if there exists
w € 2 such that uw = v.

We define T to be the set of all trees: subsets T C 2 such that

e O € 1: the initial ancestor is part of 7;

e forallu,v e Q, uv et = uer:if t contains a particle then it contains all the ancestors of that particle;

e for each u € 7, there exists A, € {0, 1,2, ...} such that for j e N, uj € t ifand only if 1 < j < A, each particle in
T has a finite number of children.
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5.2. Marked trees

Since we wish to have a particular view of trees, as systems evolving in time and space, we define a marked tree to be
aset T of triples of the form (u, /,,, X,,) such that u € Q, the set

tree(T) := {u :3l,, X, such that (u,[,, X,) € T}

forms a tree, I, € [0, 00) is the lifetime of u, and, setting o, ==Y, _, Iy and 7, ;=) _, L,

v<u

Xy ilow, ) > J

is the position function of u. We think of the inital ancestor & moving around in space according to its position
function X until time /. It then disappears and a number A of new particles appear; each moves according to its
position function for a period of time equal to its lifetime, before being replaced by a number of new particles; and so
on.

We let 7 be the set of all marked trees, and for T € 7 we define

N(t) := {u etree(T):0, <t < ru},

the set of particles alive at time ¢. For convenience, we extend the position path of a particle v to all times ¢ € [0, 7)),
to include the paths of all its ancestors:

X, () i= X,(t) ifo, <t <1y,
T X, () ifu<vando, <t <7,

and if A, = 0 then we write X, () = A Vt > 1.
5.3. Marked trees with spines

We now enlarge our state space further to include the notion of spines. A spine ¥ on a marked tree t is a subset of
tree(t) such that

gey;

¥ N (N(t) U{A}) contains exactly one particle for each ¢;

ifvey andu <vthenu € y;

ifvey and A, > 0,then3j € {1,..., Ay} such that vj € i; otherwise Yy N N(t) = O Vt > 1.

If v e ¥ N N(¢) then we write 1, := v, and write & := X, (¢) for the position of the spine at time_ t. We say that a
marked tree with spines is a sequence (7, vl w2 3, ...) where T € T is a marked tree and each v/, j > 1 is a spine
on 7. We let 7 be the set of all marked trees with spines.

5.4. Filtrations

We now work exclusively on the space T of marked trees with spines, and use different filtrations on this space to
encapsulate different amounts of information. We give descriptions of these filtrations below; formal definitions are
similar to those in [16] and are left to the reader.

The filtration (F;, ¢t > 0): We define (F;,t > 0) to be the natural filtration of the branching process — it does not
know anything about the spines.

The filtrations (F k> 0): Foreach k > 1 we let (]-'tk, t > 0) be the natural filtration for the branching process and
the first k spines. It does not know anything about spines y* 1, y*+2 .

The filtrations (Q,J ,t >0): For each j we define Qtj = U(SSJ ,5 €[0,1t]), where ESJ represents the position of the jth
spine at time s. G/ contains just the spatial information about the jth spine up to time # (and whether or not it has
died), but does not know which nodes of the tree actually make up that spine.
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stit, .l

Gl g (GRU AR UCK ke i, ... i),
where

A ={v=vyt}:ve,sel0,1)
and

Cf:{{v<1//,k,Av=a,ov§o}:veQ,az2,ae[O,oo)}.

In words, ,C';,{ll """ i) contains all the information about spines Wl, e Wi up to time ¢: which nodes make up the
spines, their positions, and for all spine nodes not in N (¢) (so all the strict ancestors of the spines at time ¢) their
lifetimes and number of children.

The filtration (Qf, t > 0): We use the shorthand G,k = ~,{1 """ k}, so that th knows everything about the first k spines

up to time ¢. (Note in particular that éf is different from _C’;,{k}, which only knows about the kth spine.)
5.5. Probability measures

We may now take a probability measure P, on T such that under P,, the system evolves as a branching process
starting with one particle at x, each particle moves as a Markov process with generator M independently of all others
given its birth time and position, and a particle at position y branches at rate R(y) into a random number of particles
with distribution ,u(”. This is the system described in Section 2. This measure, however, has no knowledge of the
spines (since it sees only the filtration ;). We would like to extend this to a measure on each of the finer filtrations
]i",k To do this, we imagine each spine, at each fission event, choosing uniformly from the available children. Then
it is easy to see that, for any particle # in a marked tree 7' and any j > 1, we would like the probability that u is in
the jth spine, conditional on the family sizes (A,, v < u), to be ]_[,Ku Aiv. We recall from Section 2 that if Y is an
JF¥-measurable random variable then we can write:

U D DI (CIRR TS L TR @)
v1,...,Uk €N (t)U{A}

where each Y (vq, ..., vg) is J;-measurable.

Definition 2. We define the probability measure ]P’]; on (T, Fuo), by setting

k

1

IP’];[Y]=IF’X|: > Y(vl,...,vk)l_[l_[A_] @
V1,..., UkEN (£)U{A} j=lu<v; 4

for each F¥-measurable Y with representation (3). Note that P, = PK| z_.

In summary, particles carrying spines behave just as they would under P,, and when such a particle branches, each
spine makes an independent choice uniformly from amongst the available children.

5.6. Martingales and a change of measure

As in Section 2 define T'(i, j) :=inf{t > 0 : lp,i #+ 1//tj }, and suppose that we are given a functional ¢(-,7), t > 0,
such that ¢ (Y, t) is a non-negative unit-mean martingale with respect to the natural filtration of the Markov process
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(Yy,t > 0) with generator M. We call ¢ the single-particle martingale. We recall that we sometimes slightly abuse
notation by writing ¢(X,,?), or even ¢(v,t), where v € N(¢). Since ¢(Y,t) must be measurable with respect to
o (Ys, s <t), it does not matter that X, («) is not defined for u > ¢.

Recall that we defined skel” (r), the skeleton, to be the subtree up to time ¢ generated by those particles carrying at
least one of the k spines,

skelk(t) = {u € Q:3s <t, j <k such that 1#3/ = u}
We also set
D*(v) =#{j <k:3r with v =)
to be the number of spines following particle v, and define
T (1)
Ef(v,1) = exp(— /M) ap) (Xo(s)) ds),

where we recall that o, (y) = (m,(y) — 1)R(y). Since we will not always know which particles are the spines (when
we are working on F; for example), it will sometimes be helpful to have the above concepts defined for a general
skeleton of k particles uy, ..., u; instead of the spines. For this reason we define

skel,,
Du|,...,uk(v) :#{] v = Mj},

@) ={veQ:o, <t,3j withv <u;},

,,,,,

and

Ty (1)
Eul,..‘,uk(vv t) = exp<_/ aDul ..... up (U) (XU(S)) ds>
oy (1)

so that

skel' () =skely1 e, D*W)=Dyy s () and E*(v.1):=Ey1

.....

]//k (U, f).

----- oy

Remark. We note that, with the notation given above,

—Dyy,...uy (V)
Py = ur, .. Y =l F) = I Ayt
,,,,, up (D\N (1)

veskelul

Definition 3. We define an ]:}k -adapted (and, in fact, Qf -adapted) process £*(1),t > 0 by

. ¢ (Xy, Ty (1)) kK
0 =L n>0vi=1,...k} 1_[ (mEk(v’t)> 1—[ Ay

veskel® (1) veskelk ()\N (1)
(if Ay = 0 then we define £ (X, To(t)) = 0) and an F-adapted process Z*(t), t > 0 by

1_[ (Xy, T (1))

A Lig u; i=
0= Y Lwn=0vici .kl £ (X, 0u(1)

Uly.ons ureN(t) UGSkelul ..... ”k([)

Eu1 ,,,,, g (v,1).

We remark here that Z¥ and ¢(&/, -) are, in fact, simply the projections of Z¥ onto the relevant filtrations:

250 =B[F0IFR] and ¢(s,r) =PE[EF016].
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Lemma 4. The process £* (1), t > 0 is a martingale with respect to the filtrations g}k and ftk

Proof. Let x = (v, v2,...) be a single line of descent (so in particular v < vy < ---), with x; representing the
position of the unique v; that is alive at time #. The births along x form a Cox process driven by y, with rate function R.
Thus for any j > 0,

t
PX[H A{)' Xs» S € [0, t]] =exp</ otj()(s)ds).
0

V<X

We work by induction on k. The case k = 1 is just the single spine case, and is proved by conditioning first on G/,
since the births along the spine form a Cox process driven by %}1 with rate function R. Then, by induction, it is enough
to consider the process up to the first split time of the skeleton, since after this time no particle carries more than k — 1
spines. But up to the first split we have a single particle carrying k spines, so the same argument holds as for the single
spine case: the births again form a Cox process driven by é,l with rate function R. (I

Definition 5. We define the measure Qﬂ‘c by setting

dQk
dIP)§ ]:[k

=k,

The proof that Q§ behaves as claimed in Section 2.1 is identical to the proof for one spine given by Chauvin and
Rouault [6], applied to each branch of the skeleton independently.

6. Proof of the many-to-few lemma
We first calculate the probability that particles (u1, ..., ux) make up the skeleton at time ¢.

Lemma 6 (Gibbs—Boltzmann weights for QX). For any ui,...ux € N(1) U{A},

{(Xy, T (1)

1
k(o1 k_ - -
Qv =ur o ¥y =l F) = H $(Xy, 0p(1))

E v, t).
0 Ulyeons uk( )
UGSkelul ,,,,, uy )

Proof. By the fact that IP’; [Z (t)|F:]1= Z(t) and standard properties of conditional expectation,

k 1 ko o=\ XN =,
=uy,..., =ui|F;) = -
Qulyr =, =l 71) PE[Z (1) F ]

— L( 1_[ MEM] ’’’’ uk(v,l‘))

UGSkelul ..... ug (1)
Duy,.coouy (V)
( I1 Ay )Pi(w)=u1,...,vff=uklﬁ)
UESkelul ,,,,, uy O\N (@)

_ 1 1—[ ¢ (Xy, T (1))

~Z0) Xy, ay(2)) " ' 0

vESkC]ul,,,.,uk (t)

The proof of the many-to-few lemma is now straightforward.
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Proof of Lemma 1. We begin with the right-hand side.

k Y L ( Xy, 0u(t)) 1 i|
Qx|: ve!;[l(t) ¢(Xy, T(1)) E(v,1)

[ $(Xy, 0y(1)) 1
zQi Z Y(ur, ... w0 1_[ ]1{1//1:,41 U =g}
“uy,.. ik €N (HU{A) veskely, ... () §Xu, T(®) Euno 0, 1) t

k(1 k _
o 3 Yur .. up) I1 §(Xy,00(0) Qu(¥) =ui1,.... Y —uk|]:t):|

X
“ul,...,ur €N (@)U{A)} veskely, ..., () {(Xo, T(D)) Eupo 0:1)
[ 1
k
= —_— Y(u,...,u
% 75 > Y k)}
- Ul,...,.uy€N(t)

1
=qQf SEs E Y(ui, ..., u) L, n>0vi=1,...k}
Zx(1)
- Ul,...,.ur€N(t)

=P’;[ Z Y(up, ..o wi) g w;,n>0vi=1,.., k}i|,

Ul,...,.uk€N(t)

k
where for the last step we used the fact that fl%’ lF = Zk ). O

7. Many-to-two at two different times

We can also calculate things like
Pe[#{v e Ns), w e N(1): Xy (s) = x5, Xu(0) = x:}],

where s < t and x, xg, x; € R. This is useful for example in [17] to estimate the number of particles that stay near the
maximum in a branching Brownian motion. In this case we might expect an expression involving one spine at time s
and the other at time 7. A calculation using the many-to-few formula confirms this, and indeed similar statements for
k particles at k different times. To save ourselves from having to carry around too much notation, we restrict to the
case k = 2.

One complication is as follows. When working with one time ¢, we asked that our random variable be }',2-
measurable. Now that we are handling two different times s < ¢, we need something more subtle: Y should depend
only on some part of the tree after time s. The following definition makes this precise.

Fix s < t. Suppose that we have an .F,z—measurable random variable Y. We say that Y respects the tree at time s if
Y can be written in the form

Y= 2 Y@y,

veEN(s) weN(t)

where for each v € N(s) and w € N(t), Y (v, w) is F;-measurable and, given ]—'3, on the event {v ﬁ w}, Y(v,w) is
independent of the subtree generated by v (that is, the labels, positions, lifetimes, and number of children of v and its
descendants).

For example, for any measurable functions f, g : R — R, the random variable f (5;1) g(gg) respects the tree at
time s.
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Lemma 7 (Many-to-two at two different times). Fix s < t. Suppose that we have an .Ez-measurable random vari-
able Y that respects the tree at time s. Then

Px|: > Y(v,W)Jl{g(v,s)>o,;(w,z)>0}]

veN(s) weN(t)

1 :
_@? [Yg(é ,]T(1,2)2A s)efom,zm (&) dut 1y 0y @1 (60 dut [ 5y p 1 €D du | )
£(&Y, )55 1)

Proof. For a particle v € N (¢), let vs be the ancestor of v that was alive at time s. Write T as shorthand for 7'(1, 2),
the split time for the two spines. For v, w € N(¢) let S(v, w) be the death time of the most recent common ancestor of
v and w (in particular if v = w then S(v, w) = 1, > t). Also set

~ f
Y(v,w)= ]I{S(v,w)fs}]]-{;‘(v,s)>0,§(w,t)>0}Y(USv w)]]-{v:vs}efs R(Xy(@))du

+ Lis,wy>1} L w,n>0 Y (vs, w). (6)

We will prove the result by showing that both sides of (5) are equal to P[>, ,,en () Y (v, w)].
From the definition of ¥ (v, w),

~ t
Px[ 2 Y(v’w)}sz[ YD Tewe=0cn0Y (0, W) eh R(X”(”))d”}

v, weN (t) veN(s) weN(t):

otw
+Px[ Z Z IL{s“<w,z)>0}Y(v,w)}. -

veEN(s) weN(1):
v<w
By the fact that Y respects the tree at time s, given ]—'sz, ifve N(s), we N(t) and v ﬁ w, then Y (v, w) is independent
of the subtree generated by v. Also P(t, > t|]-'s2) —e K RXy@)du g

Px|: Z Y(v,w)} Z]P’x[ Z Z 1{{(1},s)>0,{(w,t)>0}Y(Uaw)i|

v,weN (t) vEN(s) weN (¢):

vﬁw
+]P’x[ >y 1{;(w,r>>0}Y(v,w):|

veEN(s) weN(1):
v<w

=1P’x[ Z Z Jl{g(u,s)>o,g(w,t)>0}Y(v,w):|-

veEN(s) weN (1)

We have shown that the left-hand side of (5) is equal to Py[Y_, NG Y (v, w)]. We essentially want to apply the
standard many-to-two lemma to this quantity, but it turns out that this does not quite give us the required expression
and thus we need to rework the proof to adapt it to ¥ (v, w).

We return to the definition (6) of f’(v, w). We have that

~ t
Px[ Z Y@, w)} - ]Px[ Z Lisw,w)<s) L{g (v,)>0.¢ (w.0)>0} Y (Vs w)l{v=vs}eL R(Xv(u))du}
v, weN (t) v, wEN (1)

+ Py [ > Lswwsoliwn>0Y s, w)} -
v, weN (1)
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First note that

_ t ,
PX|: Z Lisw,wy>1) Lz w,n>0Y (vs, w)i| = Q)zc Y1(r>p (52 5 efo Otz(fu)dui|
v,weN (1) - ¢ ’
— Q/% g(sz t) ef() 0‘2(5[{)0,14]]- Q2 (T > t|gt , ]_—2)]
B s 2 t 2
— Q3| ¥ el b m(;,)duﬂ{m}}

We will also show that

[ > Lisww= L 0.wn=01Y W5, W) L=y e R(Xv(u))du]

v, weN (1)

1T) T i s | ' 2
— Q2| v, ¢, I az(gu)dwaal(su)du+fTa1(su)dui|_ 3
@ rirea gt et ®

Combining these two equalities, we get that

7 02 CENT As) fTMaz(SJ)du+fsmal(Su')du—&—ftMal(Sl%)du}
P"[ 2 Y(”’w)}_@"[Y;(sl,sx@z,z)eo ' '

v, weN (1)

which will be enough to complete the proof.
It remains to show (8). By the definition (4) of IP)%,

1
Px[ Y Lsea=s Hewn=0.c.0=0Y @, )=y, ek R(Xv(u))du]
v,weN (1)

2 TREN 2
:Px[1{T<s}]l{;(él,s)>0,§($2,t)>0}Y]l{xp}:lpsl}efj @) u( H Av)( 1_[ A”)( l—[ Av>i|'
vgw} w}<v<1//,l w%<v<1//,2

On the event {/] = 1!}, the second product above can be restricted to v < v} without changing anything. Then,
using the fact that Y respects the tree at time s, the above is

2 2
P [ﬂ{T<s}]l{;<s1,s>>0,;(s2,z>>0}Y( [1 Av)( [1 Av)( [1 Av)]-
TR A TSI QN St

Using again the fact that Y respects the tree at time s, we see that given F, 2, on the event {T" < s},

C(é l") — a
roe bt [ A rzs
(& Ny
Yy <v<ir,

is a martingale that is independent of Y ]_[1//; <v<y? A,. Putting this together with the above, we have that

1
Px[ Y st L w.9=0.5w.0=0 Y @O W) L=y e R(XU(”))du]

v,weN (1)

t
=P [1{T<sc(é1 0>0.0(€, t>>0}Y% ek al(sbd"(l_[ Ag)( I1 Av)( I Av)] ©)

vy Yl <v<y! Y2 <v<y?
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Recall now that on the event {T" < s}, since s < ¢, we have that T < ¢ and hence by Definitions 3 and 5,

dQ?
dP?

(€ DCE ) et ooy
= 1 1 2 e Jo x2(,)du ey (€)) du— [l ey (£2) du
7 C(El,T)  WEL.D>006E0>0)

.(1—[ A3>< ul A,,)<21_[ A)

USW} 1/’11-<U<¢t1 Y <v<yyf

Applying this to (9), we get that

ot
Px[ Y L@t L@ =0.can=01Y (05, W)Ly, eh R(X”(u))du]
v, weN (t)

1 i
(€N, )0

This establishes (8) and completes the proof. (]

8. Many-to-few in discrete time

We state here a version of the many-to-few lemma for discrete-time processes. We shall not prove it, as it is very
similar to the continuous-time version studied above.

We begin, under a probability measure P,, with one particle in generation O located at x € J. Any particle at
position y has children whose number and positions are decided according to a finite point process Dy on J. The
children of particles in generation n make up generation n + 1. We define G(n) to be the set of all particles in
generation n, N (n) = #G(n) to be the number of such particles, and X, to be the position of particle v. We set
mj(y)=P,[N( 1)7] to be the jth moment of the number of particles created by the point process D,. Write |v| to be
the generation of particle v. For a particle v in generation n > 1, let p(v) be its parent in generation n — 1.

8.1. The measure Q§ and the main result in discrete time

We define a new measure ]P’fc which has k distinguished lines of descent w], e wk just as in the continuous-time
case, which we call spines. Under ]P’ﬁ, if a particle carrying j marks (i.e. the particle is part of j spines) in generation n
has [ children in generation n + 1, then each of its j marks chooses a particle to follow in generation n + 1 uniformly
at random from the / children. We let & be the position of the ith spine in generation n and define skel(n) to be the
set of all particles of generation at most n which are part of at least one spine. Let D, be the number of marks carried
by particle v.

For any i, we note that X g X g X g is a Markov chain with some generator M’ not depending on i. Suppose
that ¢ (X, n), n > 0 is a functional of a process (X, n > 0) such that if (X, n > 0) is a Markov process with generator
M’ then ¢ (X, n), n > 0 is a martingale with respect to the natural filtration of (X,,, n > 0).

Under Q particles behave as follows:

e A particle at position y carrying j marks has children whose number and positions are decided by a point process
such that: ' 4 4
— foreach j and [ >0, Q)(N(1) =1) = /Py (N(1) =1)/Py[N(1)/];

— for each i, the sequence X g Xg,', X SERRE is a Markov chain distributed as if under the changed measure
1
Qllg = CE" mP|g0.
e Given that a particles vy, ..., v, are born at such a branching event, the j spines each choose a particle to follow

independently and uniformly at random.
o Particles not in the skeleton (those carrying no marks) have children according to the point process D, when at
position y, just as under P.
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In other words, under Q§ spine particles move as if weighted by the martingale ¢, they breed at a modified rate, and
they give birth to size-biased numbers of children. The birth rate and number of children depend on how many marks
the spine particle is carrying, whereas the motion does not.

Lemma 8 (Many-to-few in discrete time). For any k > 1 and f,’l‘-measurable Y such that

Y= Z Y(vl, ey Uk)]].{w’gzvl’“”lpn:vk}
vl,...,0k€G(n)U{A}

we have

Px|: Z Y(vy,..., Uk)ﬂ{g“(v,-,n)>0Vi:l,...,k}:|

v1,...,0k€G(n)

vl =1
:Qi [Y 1_[ M’”Dp(v)(xp(v))]-

veskel(n)\{2} ¢ Jvh)
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