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Abstract. The limit distributions of the charged-polymer Hamiltonian of Kantor and Kardar [Bernoulli case] and Derrida, Griffiths
and Higgs [Gaussian case] are considered. Two sources of randomness enter in the definition: a random field ¢ = (g;);> of i.i.d.
random variables, which is called the random charges, and a random walk S = (S;),,cN evolving in 74, independent of the charges.
The energy or Hamiltonian K = (Kj),> is then defined as

Kp = Z 9iq;1{s;=s;}-

1<i<j<n

The law of K under the joint law of ¢ and S is called “annealed,” and the conditional law given ¢ is called “quenched.” Recently,
strong approximations under the annealed law were proved for K. In this paper we consider the limit distributions of K under the
quenched law.

Résumé. Les lois limites de I’hamiltonien dans le modele de polymeére chargé introduit par Kantor et Kardar dans le cas Bernoulli
et par Derrida, Griffiths et Higgs dans le cas gaussien sont considérées. Deux aléas interviennent dans la définition : un champ
aléatoire ¢ = (g;);>1 de variables aléatoires i.i.d., appelées charges et une marche aléatoire S = (S,),cN dans 74, indépendante
des charges. L’énergie ou hamiltonien K = (Kpy),,>2 est définie par

Ko=) qiqjlis,=s;)-
1<i<j<n

La loi de K sous la loi conjointe de g et S est appelée « annealed » et la loi conditionnelle sachant g est appelée « quenched ».
Récemment, des approximations fortes sous la loi annealed ont été prouvées pour K. Dans ce papier, nous considérons les lois
limites de K sous la loi quenched.
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1. Introduction

Let d > 1 and g = (g;)i>1 be a collection of i.i.d. real random variables, hereafter referred to as charges, and S =
(Sn)n=0 be a random walk in 74 starting at 0, i.e., So =0 and (S, — Sy—1)s>1 is a sequence of i.i.d. 74 -valued
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random variables, independent of g. We are interested in the limit distributions of the sequence K := (K,),>1 defined
by setting K1 := 0 and, for n > 2,

Ky = Z qiqjlis=s;}- (1)

1<i<j<n

In the physics literature this sum is known as the Hamiltonian of the so-called charged polymer model; see Kantor and
Kardar [14] in the case of Bernoulli random charges and Derrida, Griffiths and Higgs [5] in the Gaussian case. This
model has been largely studied by physicists since it is believed that a protein molecule looks like a random walk with
random charges attached at the vertices of the walk; these charges are interacting through local interactions mimicking
chemical reactions [17].

Results were first established under the annealed measure, that is when one averages at the same time over the
charges and the random walk. Chen [3], Chen and Khoshnevisan [4] proved that the one-dimensional limiting distribu-
tions are closely related to the model of Random walk in random scenery. Hu and Khoshnevisan [12] then established
that in dimension one the limit process of the (correctly renormalized) Hamiltonian K, is strongly approximated by
a Brownian motion, time-changed by the self-intersection local time process of an independent Brownian motion.
Especially, it differs from the so-called Kesten and Spitzer’s process [15] obtained as the continuous limit process of
the one-dimensional random walk in random scenery.

To our knowledge, distributional limit theorems for quenched charges (that is, conditionally given the charges) are
not known. Let us note that in the physicists’ usual setting the charges are usually quenched: a typical realization of
the charges is fixed, and the average is over the walk. In the case of dimension one, we determine the quenched weak
limits of K, by applying Strassen’s [21] functional law of the iterated logarithm. As a consequence, conditionally on
the random charges, the Hamiltonian K, does not converge in law. In contrast with the one-dimensional setting, we
show that the quenched central limit theorem holds for random walks in dimensions d > 2 with finite non-singular
covariance matrix and centered, reduced charges. In d > 3 we obtain convergence to Brownian motion under the
standard scaling \/n, while in d = 2 we are only able to show convergence of the finite-dimensional distributions
under the unusual +/nlogn-scaling and an additional condition on the charges, namely a moment of order strictly
larger than 2. We also provide in the Appendix a proof of a functional central limit theorem under the conditional
law given the random walk. In particular, our results imply annealed functional central limit theorems under weaker
assumptions on the charges than the ones in [4,12].

2. Case of dimension one
2.1. Results

In this section we study the case of the dimension one, S = (Sk, k > 0) is the simple one-dimensional random walk.
Moreover we assume that

E(g1) =0, E(g})=1 and E(g1/°) <oo.

We prove that under these assumptions, there is no quenched distributional limit theorem for K. In the sequel, for
0 < b < 00, we will denote by AC([0, b] — R) the set of absolutely continuous functions defined on the interval
[0, b] with values in R. Recall that if f € AC([0,b] — R), then the derivative of f (denoted by f ) exists almost
everywhere and is Lebesgue integrable on [0, b]. Define

Kc* :={feAC(R+—>R): f(0)=0,/oo(f'(x))2dx51}. (2
0

Theorem 2.1. For P-a.e. q, under the quenched probability P(-|q), the process

Ryi= Kn
" (32 1oglogn) /2’

n>e°,
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does not converge in law. More precisely, for P-a.e. q, under the quenched probability P(-|q), the limit points of the
law of K,,, as n — 00, under the topology of weak convergence of measures, are equal to the set of the laws of random
variables in Og, with

Op ={f(V1): feK"}, (©))

where V| denotes the self-intersection local time at time 1 of a one-dimensional Brownian motion B starting from 0.
The set Op is closed for the topology of weak convergence of measures, and is a compact subset of L%((By) r€[0.1])-

Instead of Theorem 2.1, we shall prove that there is no quenched limit theorem for the continuous analogue of K
introduced by Hu and Khoshnevisan [12] and deduce Theorem 2.1 by using a strong approximation. Let us define this
continuous analogue: Assume that B := (B(t));>0, W := (W (¢));>0 are two real Brownian motions starting from 0,
defined on the same probability space and independent of each other. We denote by P, Py the law of these processes.
We will also denote by (L;(x));>0.xcr @ continuous version with compact support of the local time of the process B,
and (V;);>o its self-intersection local time up to time ¢, that is

|72 :=/ L,(x)*dx.
R

We define the continuous version of the sequence K, as
Zt = W(Vl), IZO

In dimension one, under the annealed measure, Hu and Khoshnevisan [12] proved that the process (n=3/*K ([nt]) >0
weakly converges in the space of continuous functions to the continuous process Z = (2~!/ 2Z,),Zo. They gave a
stronger version of this result, more precisely, they proved that there is a coupling of ¢, S, B and W such that (g, W)
is independent of (S, B) and for any ¢ € (0, 1/24), almost surely,

K,=2"1%z,+ o(n3/4_£), n— —+o00. ()
Theorem 2.1 will follow from this strong approximation and the following result.

Theorem 2.2. Py -almost surely, under the quenched probability P(-|W), the limit points of the law of

7= Z
T 2132 loglog1)1/?’

t — 00,

under the topology of weak convergence of measures, are equal to the set of the laws of random variables in ©p
defined in Theorem 2.1. Consequently, under P(-|W), as t — 00, Z; does not converge in law.

To prove Theorem 2.2, we shall apply Strassen’s [21] functional law of the iterated logarithm applied to the Brow-
nian motion W.

2.2. Proofs

For a one-dimensional Brownian motion (W (¢), t > 0) starting from 0, let us define for any A > e°,

W(it)

W) =—F——, 1>
(0 Qrloglogh)i2’ =

Lemma 1.

(i) Almost surely, for any r > 0 rational numbers, (W, (t),0 <t <r) is relatively compact in the uniform topology
and the set of its limit points is Ko ,, with

Ko, := {f € AC([0, 71— R): £(0)=0, /r(f(x))zdx < 1}.
0
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(ii) There exists some finite random variable Ay only depending on (W (x), x > 0) such that for all » > &%,

W (@]

sup =: Ay < o0.
>0 /|t|loglog(|t| + 1/t + 36)

The proof of this lemma can be found in [10].
Let us define forall A > e andn > 1,

Hy=WaVD,  H" =W (V)L <)
Lemma 2. There exist some positive constants c1, ¢y such that for any A > e3® and n > 1, we have
Eg|Hy — H™| < c1e™" Ay, )
Eg|f (V)| Ly=n) < c1e™", ©6)
for any function f € KC*.

Proof. By Lemma 1(ii), Eg[(W(V1))?] < A3, Eg[|Vi|loglog(|Vi| + ﬁ +36)] < ¢1.A2%,, since V; has finite mo-
ments of any order. Then by Cauchy—Schwarz’ inequality, we have that

Eg|H) — H,\(”)| =Ep[Wa(VD1v;>m]

< VEB[Wa(VD)?]VPp (Vi > n)

)
<ciAwe ",

by the fact that: Pp(V] > x) < cle_”)‘2 for any x > 0O (see Corollary 5.6 in [16]). Then we get (5).

For the other part of the lemma, let f € K*, observe that | f (x)| <./|x fox (f'(y))2 dy| < /|x| forall x € R4. Then
by Cauchy—Schwarz’ inequality, we have that

Es[|f(VD[1vism] < VEB[f(VD2]VPB(V1I > n)

< VEs[ViIVPs(V > n)

2
<cie an”

Then (6) follows. O

Let L1(B) be the set of real random variables which are o (B;, 7 > 0)-measurable and Pp-integrable. For any
X € L'(B) and any subset & of LY(B), we denote by dL1(B)(X, ®) the usual distance infyco Eg[|X — Y|].

Lemma 3. Py -almost surely,
dLl(B)(H)L, Op)—>0, asi— o0,
where Op is defined in (3). Moreover, Py -almost surely, for any ¢ € Op,
liminfdy 1 g)(H;. ) =0.
Proof. Let ¢ > 0. Choose a large n = n(¢) such that cle"?"2 < g, where ¢y, cp are the constants defined in

Lemma 2. By Lemma 1(i), for all large A > Ao(W, &, n), there exists some function g = g1 w,e.n € Ko,» such that
SUP, 0.0 | Wa(x) — g(x)| < . We get that

E3|H£”) —g(VDLy, <ny| <e.
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We extend g to R4 by letting g(x) = g(n) if x > n, then g € K*. By the triangular inequality, (5) and (6),
Eg|Hy. —g(V)| < 2+ Aw)e.

It follows that d; 1 (g)(Hj, @) < (2+ Aw)e. Hence Pw-a.s., limsup, _, ., dy1(5)(Hx, @p) < (2+ Aw)e, showing
the first part in the lemma.
For the other part of the lemma, let 2~ € K* such that £ = h(V}). For any ¢ > 0, we may use (6) and choose an

. 2
integer n = n(¢) such that cje™?" < ¢ and

dri) (&, tn) <¢,

where ¢, := h(V1)1{v,<u). Applying Lemma 1(i) to the restriction of ~ on [0, n], we may find a sequence A; =
Aj(e, W,n) — oo such that SUP|y|<p |W;Lj (x) — h(x)| <e, then

dpy (B 6) <.
By (5) and the choice of n, dy 1 (g ( H)Ej' ), H, ;) < e Aw for all large 4, it follows from the triangular inequality that

dpip) (&, Hy) <2+ Aw)e,

implying that Py-a.s., liminfy_, o d; 1 (3)(1‘11, <R+ Aw)e —>0ase— 0. O
We now are ready to give the proof of Theorems 2.2 and 2.1.
Proof of Theorem 2.2. Remark that Py -a.s.,

W) L w(vi32) (7)

from the scaling property of the self-intersection local time of the Brownian motion B. The first part of Theorem 2.2
directly follows from Lemma 3. O

Proof of Theorem 2.1. We use the strong approximation of [12]: there exists on a suitably enlarged probability space,
a coupling of ¢, S, B and W such that (¢, W) is independent of (S, B) and for any ¢ € (0, 1/24), almost surely,

Ky =2""2Z, +0(n’*7%), n— +oo.

From the independence of (¢, W) and (S B), we deduce that for P-a.e. (¢, W), under the quenched probability
PP(-|g, W), the limit points of the laws of K,, and Z, are the same ones. Now, by adapting the proof of Theorem 2.2,
we have that for P-a.e. (¢, W), under the quenched probability P(-|g, W), the limit points of the laws of Zn, as
n — 0o, under the topology of weak convergence of measures, are equal to the set of the laws of random variables in
©p. It gives that for P-a.e. (¢, W), under the quenched probability P(-|g, W), the limit points of the laws of K, as
n — 00, under the topology of weak convergence of measures, are equal to the set of the laws of random variables in
®p and Theorem 2.1 follows.

Let (£,), be a sequence of random variables in @p, each ¢, being associated to a function f,, € K*. The sequence
of the (almost everywhere) derivatives of f, is then a bounded sequence in the Hilbert space L2(R+), SO we can
extract a subsequence which weakly converges to a limit whose integral is in C*. Using the definition of the weak
convergence and the fact that ¢, = fR+ Lo, vi1(») fn (y)dy, (&), converges almost surely. Since the sequence (&), is

bounded in L?(B) for any p > 1, the convergence also holds in L>(B), and compactness follows. (]

3. Case of dimension two
3.1. Assumptions and results

We will make the following two assumptions on the random walk and on the random scenery:
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(A1) The random walk increment S; takes its values in Z¢ and has a centered law with a finite and non-singular
covariance matrix X. We further suppose that the random walk is aperiodic in the sense of Spitzer [20], which
amounts to requiring that ¢(u) = 1 if and only if u € 2nZ¢, where ¢ is the characteristic function of Si.

(A2) E[q1]=0, E[qf] =1 and E[|q;|”] < oo for some y > 2.

Our aim is to prove the following quenched central limit theorem.

Theorem 3.1. Assume (Al), (A2) and d =2. Then, forany 0 <t; <--- <ty < 00,

K K
<¢ntr;gn""v \/nL;l;Nan> = (By, ..., Biy) underP(-|q) for P-a.e.q, ®)

where “=" denotes convergence in distribution as n — 0o, and B is a Brownian motion with variance ol =

(2m+/det X)L,

Remark 1. The conclusion of this theorem still holds if, alternatively, the assumptions (A1) and d = 2 are replaced
by the following:

(A1") The sequence S = (Sp)u>0 is an aperiodic random walk in 7. starting from O such that the sequence (%)n
converges in distribution to a random variable with characteristic function given by t — exp(—alt|) witha > 0,
in that case o is given by (2ma)~".

Indeed, the proof of Theorem 3.1 depends on S through properties of the self-intersection local time and of the
intersection local time of the random walk S which are known to be the same under assumptions (Al) in d =2 or
(A1) ind=1.

Remark 2. Theorem 3.1 implies convergence of finite-dimensional distributions of K ;) /«/n log n under the quenched
law in any countable set of times t. If additionally tightness in Skorohod space can be established, this will imply
functional convergence to Brownian motion.

An ingredient in the proof of Theorem 3.1 is the following functional central limit theorem under P(-|S), which
is of independent interest. Indeed, it implies the same result under the annealed law, improving the previously known
assumptions for such a theorem to hold (see [12]).

Let
2. |nlogn ifd=2,
Sn = {n ifd >3, ®
and
2 Qn/det2)!  ifd=2,
0% =1 S . (10)
Yo P(S,=0) ifd=>3.
Theorem 3.2. Under conditions (A1)—~(A2) and d > 2, or (A1')~(A2), for a.e. realization of S, the process
B :=s"Kpuj, 120, (11)
converges weakly under P(-|S) in the Skorohod topology as n — 0o to a Brownian motion with variance .
The proof of Theorem 3.2 is an application of the martingale CLT, and is given in the Appendix.
The proof of Theorem 3.1 will be given in two steps as follows. Define the subsequence
o 1 2
o == [expn®], Ev;<a<1. (12)

Then the following two propositions directly imply Theorem 3.1. Both assume d = 2 and (A1)—(A2).
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Proposition 4. Forany 0 <t <--- <ty < 00,

KLT)lt]J Kl_fntNJ
Jtlogt,) T T, logt,

) = (By, ..., Biy) underP(:|q) for P-a.e. q. (13)

Proposition 5. Define i(n) € N by t;(ny <n < tj(n)+1. Then, for any t > 0,

Kin) _ Kz
Jnlogn /T log Tign)

(14)

converges in probability to 0 as n — 0o under P(-|q) for P-a.e. q.

Propositions 4 and 5 are proved in Sections 3.3 and 3.4, respectively. First, we recall in Section 3.2 some results
about two-dimensional random walks.

3.2. Two-dimensional random walks

We gather here some useful facts concerning the local times of two-dimensional random walks. In the following we
always assume (A1) and d = 2. Analogous results hold under the alternative assumption (A1").

3.2.1. Maximum local times
Let N,(x) := Z?:l 1(5,—x} be the local times of the random walk S up to time n and

N := sup N,(x) (15)

n
xeZ?

be the maximum among them.

Lemma 6.

(i) Forall k e N, there exists a K := K (k) > 0 such that

E[(N5)] < Kdogn)®*  vn > 2. (16)
(ii) There exists a K > 0 such that

P(N;} > K(logn)?) <n™% Vn> 1. a7)
Proof. The two statements follow from Lemma 18(b) in [8]. O

3.2.2. Self-intersection local times

For p € N, the p-fold self-intersection local time I,Ep Tof s up to time n is defined by
=3 Nw= Y 15, ==s5,,)- (18)
xezZd 1<iy,..,ip<n

When p = 2 we will omit the superscript and write 7,,.
Lemma 7. When d =2, for all p>?2 and k € N there exists a K > 0 such that

E[(11)] < Kn*(lognm)*?~D vn > 2. (19)
Proof. The statement can be found in [9] (Proposition 2.3). O

We will also need the following lemma about the self-intersection local times of higher-dimensional random walks.
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Lemma 8. Let S be a random walk with a finite, non-singular covariance matrix in dimension d > 3, and let I, ﬂp ]
denote its p-fold self-intersection local time up to time n. Then, for all p > 2 and k € N, there exists a K > 0 such

that

E[(TP)] < kn* vn=2. (20)
Proof. er can follogv the proof of itegl (1) of Proposition 2.3 in [9], using the fact that, for all k~ e N,
sup, E[N, (0)F] = E[Noo (0)%] < 00 since Nao(0) := Zf,ozl 1{§n=0} follows a geometric law with parameter P(S,, # 0
Vn>1)>0. O

3.3. Proof of Proposition 4

3.3.1. Truncation
Fix 8 €(0,1/4). Forn > 1, set b, := n?, define q(”) e RY by

4 = qilg<bny — Elgilygi<pyl, =1, b
and K™ by
KM= Y ¢"q (”’1{5,.:Sj}, k>2. (22)
I<i<j<k

The following proposition shows that, in order to prove Proposition 4 for K,,, it is enough to prove the same
statement for K\

Proposition 9 (Comparison between K and K'™). Forany T > 0,

im s FE o o
n=00)k<lr,7) VT 10gTn a

Proof. Let
ql<n) =qiYig;1>b,) — Elgil{jg;|>b,}] o

and note that, since g is centered,

aiq; —a" 4" =—a"" 4" +qiq}"” + 4" q;. (25)
Write
,1 2 ,3
Ki— K" =& 4 £8P 467, (26)
where
1<i<j<k

and £ ,E”’z), & ,E"’3) are defined analogously from the corresponding terms in (25). Let us focus for the moment on &£ ,E”’]).
Note that it is a martingale under P. Therefore, by Doob’s maximal inequality,

B[ swp [gVF] <E[lef) P <E[la” PR )
2<k<|nT]
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Since
(> 2 2 C
Eller™ [T = 2B{la1 P a1 ] < = (29)
n
by (27)-(29) and Lemma 7 we get

D2 c
. = 30
I:ZS:;JBTJ nlogn ] ~ n28(y-2) (30)

which is summable along 7, since y > 2. Analogously, we can show a similar inequality for £% and £"3 with the
bound Cn~P~2) instead, which is also summable along t,. The proof is concluded by applying the Borel-Cantelli
lemma. O

3.3.2. Decomposition of quenched moments
From now on, we will work with the truncated and recentered version K ™ of the energy. In fact, for convenience we
will work with

2k = Y ql(")ql")l{sizs;-}, D
i#ielk
where [t]:={1,..., [1]}.
Fix p = (Pl,.--,PN) e (NN, and put p := |p|; = p1 + --- + pn. Since the qi(") are bounded, the quenched
moments
. N  pk N pk
P = 3 ... > I1 l_[q(”) %’”P(ﬂ (S = 5;5}) (32)
Al il A elnn] VA i A ey k=10=] k=16=1

are all well defined and satisfy

N
m” = E[]‘[(zchj;gk D

k=1

q] P-a.s. (33)

We aim to prove that the m(p ) when properly normalized converge a.s. along 7, to the corresponding moments of
a Gaussian process. In order to do that, we will first show how they can be decomposed into sums of terms that are
easier to control.

In the following we will use the notation 1 = (Z{‘ s if,k),]g’:l, ~ € {., -}, and we will write i # 1 to mean that
ik #1% forall k € [N] and £ € [py].
Let
I‘E = {(kvng): kE[N],EG[pk],NE{,}} (34)

Note that |Z;| =2p. For Q C I, let
ko :=inf{k € [N]: (k,€,~) € Q for some £ € [pi], ~ € {-, -} (35)
and, for a collection Q of subsets of Z3, let
D2 = {b=(bo)gecq: bo € [nt,] and by # bp VO # P € Q}. (36)
For a given pair i # 1, we define a graph structure on Zj as follows. We say that

(k1, 1, ~) # (ka, £2, —) € Ly are adjacent  if and only if 151 = zZ (37)
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Let P be the resulting partition of Z; into connected components according to the graph structure given above. Then
P belongs to

P := {partitions Q of Zj: |{(k,€,"), (k,¢,-)} N Q| <1Vk €[N],£€[p]and Q € Q}. (38)
Define a = (ap) pep € Df by setting
ap =1 forany (k,¢,~) € P. (39)

Using 1| < -+ < ty, it is straightforward to verify that the map (i,1) — (P, a) is a bijection. Thus we obtain the
decomposition

N pk
WP =YY Tl IPlp(ﬂﬂ{S&:Srg})v w0

PeP;aeDP PP k=1¢=1

where in the above i, 1 are seen as functions of P and a.
Next we define another graph structure, this time on P, as follows. We say that

Q # P € P are adjacent if and only if 3k € [N], £ € [pi]: {(k, 2,9, k, L, --)} cPUQ. 41

Let & denote the partition of P into connected components according to the graph structure above. We call S the
superpartition of i,1. Note that |S| > 2 forall S € G.
We will now show that a consequence of the previous definitions is that

ﬂﬂ Sk =8x3= () [ {Sap=Sao)
k=1¢

Se& P,QeS

= U S =2} (42)

SeB xe72?2 PeS
To see this, first note that

Pk

N
ANsi=so=N N N s=s

k=1+¢=1 SeB PeSk,t: (k,L,)eP

=) () [ Sar =Sap}- (43)

SeG PeS Qadj. P

Thus (42) will follow once we show that, for all S € G,

Esi= () [ (Sr=50)C [ (Sup=Sup)- @
PeS Qadj. P P,QeS

Indeed, for P, Q € S, there exist Qg, ..., Q; € S such that Qo = P, Q; = Q and Q,, is adjacent to Q,,_ for all
m € [J]. We will prove that Eg C {S;, = an} for all m € [J] by induction on m. Since Eg C {San = San,l}
by definition, the case m = 1 is covered and, supposing that Eg C {San—l =Sup), we get Eg C {San =S, 1N
{SaQ = Sap} C{Say,, = Sap}, proving the induction step. Hence (44) is verified, and (42) follows.
P .

Om—1

Thus we see that we may decompose m,,

Per;

in the following manner:
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where

niPer= 5 i) "#( ) ) 15 =80)

aeDP PeP SeS P,QeS

Next, using the identity

H(CP+dP)= Z H cp l_[ dp,

PeP AcCP PeA P¢A

we see that we may further decompose m,(f’ ) (P) as

mP Py =" mP P, A,
AcP

where

mP P A= 3 TTEE)™] T - E[@)™) (ﬂ N {Sap—SaQ}>.

ae'DP PeA P¢A SeG P,QeS
Let
N:={PeP: |P|>1}.
Since m(p)(P, A) =0if ANNC # & and mP (P, P) = E[m{P (P)],

AcCN: A";ég

Moreover, when A€ # & we may write

mP®. A= 3 [TH@)" ~El@) "I (@r)rea. P, A).

(ap)pgacDAC PEA

where

Wn((“P)P(;é.Aa P? A) = Z l_[ qg;’) |P| ( m m {SaP - SaQ})l{(ap)PEPEDZD}‘

(ap)peacDp PeA SeG P,QeS

3.3.3. Analysis of the terms
We begin with the terms in which A° = &, i.e., the ones corresponding to E[m(p ) P)].

Proposition 10. For all p € (N*)V | there exists a constant K € (0, 00) such that
IE[m{ (P)]| < K (nlogn)?/? Vn>2,
where p:=|pli=p1+- -+ pn.

Proof. Integrating (46) we get

[ (P)] = I El NP Z[P(ﬂ N {SapzSaQ}).

PeP aeDP  'Se& P,QeS

713

(46)

(47)

(48)

(49)

(50)

D

(52)

(53)

(54)

(55)
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We may suppose that | P| > 2 for all P € P since otherwise E[mﬁ,ﬁ ) (P)] =0. In particular, |P| < p. Estimating
P _ _
E[lg{" "] = 2P B Ig1 gy <6m1"""] = 2P E lg1 1y 2017 20F] < 2P I12, (56)

we see that the absolute value of the first term with the product in (55) is at most Cbﬁ(p —IPI)' On the other hand, the
second term is smaller than

3 E[H S TI1 l{s{,P:x}} ZE[]_[ 3 N[f,'NJ(x)}

aelniy]l?  ~SeS xez? PeS Se6 xez?

= E[ I1 [{n‘?llj} < Cn'®l(logn) 17191, (57)
Se6

where we used Holder’s inequality and Lemma 7.
Combining (55)—(57) we obtain

We now split into different cases. Note that |G| < |P|/2 < p/2.If |P| = p and |&| = p/2, then (54) holds by (58). If
|P| = p and |S| < p/2, then (58) divided by (nlogn)?/? goes to zero as n — oo. Lastly, if |P| < p, then

(nlogn) ™" [E[m;” (P)]| < Cn~ (=P8 (og )2/ (59)
which goes to zero as n — 0o since 8 < 1/4. 0

The rest of the analysis consists in showing that all other terms with A¢ # & converge to zero a.s. along t, when
normalized.

Proposition 11. For any fixed choice of p and P, if A° # & then

mP (P, A)

o W =0 P-a.s. (60)

Before we proceed to the proof, we need to introduce a decoupling inequality, due to de la Pefia and Montgomery-
Smith, that will be important for us.
For fixed A # P, let (4™ ")) pg 4 be | A°| independent copies of ¢ and put

Al .= > 1) = E[6@) " W (@p) pga. P. A). 6D

(ap)pgacDAC PEA

i.e., analogously to (52) but with independent copies of ¢ for different P. Then the main theorem in [19] implies that
there exists a constant C > 0 depending on |.A¢| only such that

(|m(”)(73, A >u) < CIF’(|fﬁ§Lﬁ)(73, A)|>u/C) “

for all u > 0. In particular, we can bound the probability in the Lh.s. of (62) using Markov’s inequality and the fact
that

7 @ = 1) =B 5 Wi(area P, A) @

P¢A (ap)pgaeDA
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Proof of Proposition 11. We may suppose that A C . Extending the sums in (53) and (63) to [niy 14, respectively,
[ntN]AC, we may estimate

| @ A5 < TT 1™ = E[@™)" 3 TT El@™) "] BucP. ), (64)
P¢A PeA

where

P A= Y { 3 E[HZH{Sap=x}}}2

(ap)pgaclnty]A” "~ (ap)peaclniy]A  ~SeG xeZ? PeS

2
- X 1M TT s (65

(ap)pgaclniyA®  ~S€6 xez? PeSNA°

We proceed to bound B, (P, A). Denoting by N (x) the local times of an independent copy Sof S, and by N (x,y)
the local times of the 4-dimensional random walk S,, = (S,, S ), we can rewrite (65) as

Z E®2[H Z (NLntNJ(x)ﬁLnlNJ(y))lsmAl l_[ I{S“P:x’§"P=y}:|

(ap) pga€lnty]A 5e6 x,yez? PeSNA°

o N ISNA| ~51SNAC|
=E| [T D Mty Ny (30) NG ,y)]
~Se6 x,yez?

_ ®2 f(sn ’T\SH TSI N ISNA| 5ISNAC|
=K | | IL"TNJ Lnty | IUUNJ | | E (NLntNJ (XN |ty ()’)) NUUNJ (x, y):|
~ScA Sc A S: @#SNA#S x,yer?

(S 7S TSI = ISNAl F{ISNA|]
1_[ ! 1 1_[ (NE(WNJNEKWNJ) 1 j|’ (66)

(3]

<E®

[ntn ] LmNJ [ntn ] [ntn ]
-ScA Sc A S: IASNA£S

where [ A[k] T[k] are the analogues of I Uk for the corresponding random walks, and N "= sup, N (x). Using Holder’s

mequahty, Lemmas 6(i), 7 and 8, and the fact that S is a partition, we see that (66) is at most

CnIGI-H{S: Sc A}l (logl’l)z(‘AHZ& DASNAAS ISNA|-{S: SCAH)' (67)

Now we note that |&| < [|P]/2], {S: S € A}| < ||A|/2] and 2| A| + | A€| < 2p. Therefore,
ti=p—16]—[{S: SCcA}=0 (68)

and there is equality if and only if

(1) |A| and | A€| are even;

(2) |[P|=2VP e Aand |P|=1VP e A,
3) IS|=2V¥S e &;

(4) forany S € G, either SC Aor S C A°.

Thus by (65)~(67)

_‘_Ac‘/z . _
By(P.A) _ {C(logn) ifr=0, 69)

(nlogn)? — | Cn~"(logn)3?  ift > 0.

We will consider three cases separately:

Case l:t > 1;
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Case 2: t =0 and | A¢| > 4;
Case 3:t =0and |A°| =2.

For each of these cases we will show that, for every € > 0,

[e.e]

Z]P’( ﬁig)(P, A)| > ey/tylogT,) < 00, (70)

n=1

and the result will follow by (62). To prove (70), we will use Markov’s inequality together with (64) and (69). In the
third case, the variance estimate (64) is not good enough, but we will get a better bound estimating a higher moment.
Case 1 (t > 1). For P € A, we have

[(gf") "' < 227152071 an

as in (56) and, for P ¢ A, we can estimate in a similar fashion

|(@™)" —E[(g{")""] ||§ < 22PIE[(q1114,1<6,)* "]
< 22PIE[(q111),126,)* 71 Vet ]

< 22IP\b5(|P\—1)_ (72)
Using (64), (69) and |S| + |{S: S C A}| < |A| + |.A°|/2, we get

~(P) 2 . 4
WP P A _ L sipe1a-a1

b t
1] 3r<cl22) a 3p
(nlogn)? n~ (logn)”" < . (logn)

= Cn~ "4 (logn)3P (73)

which is summable along T, since 8 < 1/4.
Case 2 (t =0, | A°| > 4). As mentioned above, in this case |P| =2 for P € A and |P| =1 for P ¢ A. Using
Ellg\" 2] < El|g11*] = 1, we get from (64) and (69) that

I (P, A2

(nlognm? = Clogm)™? (74)

which is summable along 7, since o > 1/2.
Case 3 (t =0, | A°| = 2). In this case, (64) is not enough to prove (70). However, since | A°| =2 and ¢t = 0, by (52)
and the discussion after (68) these terms are of the form

P A= D a0 P Waar, apy), (75)

ap,
ap #ap,€lnty]

where Pj, P, € P are such that A° = {P;, P>} € & and

Walap . ap) =E[(¢")"]"772 Y P(ﬂ M (Sap = aQ})l{aeDf}. (76)

(ap)peAGDf SeG P,QeS

Rewrite

PP A=Y q"T Wl ), (77)

i#jelnty]
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where g is an independent copy of g. Since W, (i, j) is symmetric and

ks > g Wa. ) (78)
i#jelk]

is a centered martingale, by Burkholder’s and Minkowski’s inequalities we have

. 5 lntn |
| . A, < ¢
j=1

2
T DR LA
ielntyI\{j}

14

[nin ]

— CE[lg"[ 7Y

Jj=1

Y WG )

i€lntn\{Jj}

2
. (719)
v

By the Marcinkiewicz—Zygmund and Minkowski inequalities, (79) is at most

C > W2G.)) < CBy(P.A) < CnP(logn)? ™, (80)
i#jelniy]

where we used (65) and (69). Combining (79)—(80) we get

I P, AL

(nlogn)? < C(logn)—)//z &)

which is summable along 7, since @ > 2/y. O

3.3.4. Conclusion
From the results of Section 3.3.3 we obtain the following two propositions. Together with Proposition 9, they will
allow us to finish the proof of Proposition 4.

Proposition 12 (Convergence of annealed moments). For every p € (N*)V,

N KEﬂ) |\ N
1. E nty — E BPk , 82
| [1(Grie) |1 ”

where B is a Brownian motion with variance o 2.

Proof. First we note that, because of the annealed functional CLT for K (see the Appendix) and Proposition 9, K
satisfies a functional CLT with variance o' under IP. Integrating (45) and applying Proposition 10, we see that, for all
pe @)Y,

N (n) (p)
K Pk Erm'?
Lk - [Elm,"1]
E | | —_— =277 —_— , 83
|:k:1<~/nlogn> jH lelg (nlogn)r/? = (83)

sup
n>2

and hence ]_[,1(\]=1 (K™ /. /nTogn)P* is uniformly integrable for all 5 € (N*)V. O

[nik]
Proposition 13 (Convergence of quenched moments). For every p € (N*)V,

K(tn)

N Kft”)J P N o\
lim E o ‘ _E (4”) =0 P-as. 84
n>00 |:E<\/Tn10g7:n) 1 ,El VT logt, “ &
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Proof. Combining (45) and (51), we see that

N
o el Tt "o | - st 1} m? et

k=1

is a sum of terms m,(f) (P, A) with A C N, A¢ # @, so the result follows from Proposition 11. O

Proof of Proposition 4. The conclusion is now straightforward: Propositions 12—13 give us (13) with K in place
of K by the Cramér—Wold device and the method of moments, and this is passed to K by Proposition 9. ]

3.4. Proof of Proposition 5

Before we start, we note some properties of the subsequence 7, that will be used in the sequel: there exist positive
constants K, K> such that

(1) lim 71 /7, = 1;
n—oo
(P2) Kiexp(n®/2) < w1 — Tn < Katy/n' ™ VneN¥; (85)
(P3) ™ < Kyexp(n®) VneN*
Proof. For integers b >a > 2, let
Kap:=Kp—K,. (86)
Once we show that

K
lim sup K izt ]

n—oee I_rntjfkf\_l'n+]tj m

Proposition 5 will follow by noting that

=0 P-as., 87)

Vnlogn /Ty log Tigny | ~ J/nlogn

+ |K|_r,-(,1)tj | (1 _ Ti(n) log Ti(n) ) (88)
Vi 10g Tin) nlogn

Then, by (87) and since limnﬁoon_lr,-(n) = 1, the first term in the r.h.s. of (88) converges a.s. to 0. Moreover, the
second term converges for P-a.e. g in P(-|g)-probability to O since, by Proposition 4, K|,/ /+/Tn log 7, is a.s. tight

under P(-|g). Therefore, we only need to show (87). By Proposition 9, it is enough to prove (87) for the sequence

g™V i>1,ie.

K[ntj KLTi(n)TJ < |KLmJ - KLTi(n)TJ|

(Tn-H)
|K |
lim sup Ltut) K

=00 |4t <k<|tyt1t] vV Tn IOg Tn

To this end, we will make use of a maximal inequality for demimartingales due to Newman and Wright [18], as well
as Bernstein’s inequality.

The sequence (K‘(l'flz) k>a 1S a zero-mean martingale under both P and PP(:|S) with respect to the filtration
0((qi)i<k, S). Indeed,

=0 P-as. (89)

k
(n) n) _ ) (n) _ (n) (n)
Kyip1 — Kap =K — K = a4 Zqi Lisi=si41)
i=1
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and the r.v.’s qi(”), i > 1 are independent and centered. Therefore,

b k—1 2
E[(K)%1S]= > [(qin)zqi(")l{si:sk}> ‘S}

k=a+1 i=1

=C Z Zl{s =5y=C Z Ni—1(Sk)
k=a+1i=1 k=a+1

<C Y NN b () < CV Iy Tap, (90)
xeZ?

where N, p(x) 1= ZZ:a 11 Yse=xys Loy = erzz Naz’ 5 (x) and for the last step we used the Cauchy—Schwarz inequal-
ity. Integrating (90) and using Holder’s inequality we get

E[(K")?] < CELTpy/Tap) < Cy/ETIH1E g 5]

< Cy/blogh/(b —a)log(b —a) < Chlogh, 91)

where for the third inequality we used Lemma 7 and that I, 5 has the same law as Ij_,.
Since Ké",i is in particular a demimartingale under IP, by Corollary 6 in [18] we get

IP( sup \Kg:t*ju >2¢e+/1,log t,,)

Ltnt | <k=<lTnt17]

K(Tn-H

Ltnt], I_TJH—IU i € v Tn log ‘Cn)
= C\/P(‘KSZZI,)U"WJ | = e/ log ) 92)

by (91) and the properties of t,,.
Now note that Ka(",z can be rewritten as

D (Ap(x) = A(x)),

xeZ?

(Tnt1) 2
Z]E[(Kl_fntj |_Tn+ltj) ]\/]P;(|
g2, log T,

where

A=Y ¢, Li)={1<i<k S=x].
i<jely(x)

Given the random walk S, the random variables Ap(x) — A, (x),x € 72 are independent, centered and uniformly
bounded by (b, N, ,’)“)2. Furthermore, by (90),

3 E[(Ab() — 4a@))15] < C/Tap/To). (93)

xeZ?

Thus we may use Bernstein’s inequality under P(-|.S) to estimate the probability in the right hand side of (92), obtain-
ing that, for all u > 0,

R N
2 Iy plp + u(bnN;)2
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Integrating with respect to the random walk, we get, for every ¢ > 0,
(Tu+1)
]P)(| K\_Tnals [Thg1t] | z 8%)

1
< ]E|:exp<—C Tn OB Tn . 2)} (94)
VI it Dz + VT 10g T (bg, (N )

Recall that, by Lemma 6(ii), there exists C > 0 such that

P(N{ > C(loghk)?) <k™% Vk=>1. (95)
Now fix 0 < < %(oe’1 — 1) and an integer 6 > 2/(«é$). By Markov’s inequality and Lemma 7, we have
E[IN c

P(Ix > k(loghk)' ™) <

= W logh) 170 = (oghy " =7 00

By (94)—(96), the subadditivity of /- and the fact that e 2/ 0+ < e=X/Y 4 e¥/2 for any x, y, z > 0, we see that
(92) is at most

— —668/2 — — _
C1(tas) ™" + Ca(log(tst — ) /% + C3(log 1) /2 4 e~ Codilen 4 =Cadulfn, 97)
where C1—C4 are positive constants and

dy :=r1,log1,,

2
en = /T (Tt — T)[log(Tu1 — ) log(z)] 2, (98)
Jn=+/tnlog 'Cn(fn—&-l)zﬂ(log 'Cn+1)4'

Using the properties of t,, we see that the first term of (97) is summable; by our choice of 6, so are the second and
the third. Furthermore,

dp/en = Cn1=2 /(log 1,)° > Cn!1 =@ T20D/2, (99)
and so the fourth term is summable by our choice of §. As for the last term, note that
dn/fn = C (1) V2= (log 1,) 77/ (100)

so the fifth term is summable since 8 < 1/4. Thus, by the Borel-Cantelli lemma, (87) holds. ]

4. Case of dimensions three and higher
4.1. Assumptions and results
In d > 3 we can relax the condition y > 2 used in Section 3. Here we will only assume (A1) and
E[g:1=0, E[qf]=1. (101)

However, we will need to recenter K, since its quenched expectation is not subdiffusive as can be checked with a
simple computation.

Theorem 4.1. In d > 3, under assumptions (A1) and (101), for P-a.e. q, the process

Kint) — E[K [n1)1q]
NG ’

t>0, (102)
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converges under P(-|q) in the Skorohod topology to a Brownian motion with variance

o? =) P(S; = 0)P(S; #0). (103)

i=1

Remark 3. The result above remains true for any transient random walk on 74, d > 1, as long as
n

ip‘” iP(Si =0) <00

n=1 k=1 i=k

o

for some p > 1.

Proof of Theorem 4.1. The idea is to approximate K, — E[K,|¢q] by an additive functional of a Markov chain and
then apply known results in this setting. Let

(X(k),qk)), keZ, (104)

be an i.i.d. sequence with each term distributed as (S1, ¢1), and denote its law by P and its expectation by E. For a
time / € N, define the sequences A} and g; by

qik) :=q(+k), keZ,

(105)
Xk):=X(k+1), k<0,
and put
& = (q1, 4. (106)

Then & is a Markov chain on the state space RZ x (R?)%~. Moreover, the process & is stationary and ergodic under PP.
For X € (Rd)z— and i <k <0, define

THX) =X+ 1)+ + XK. (107)

Then, writing

n k—1
Kn=_q) Y qtk =150 o) (108)
k=2 i=1
we see that
n
K —E[Kulq] =) _ Hi(&), (109)
=2
where
-1
Hy(q. X)=q(0) ) q(=) {150 )0~ P(S: =0)}. (110)

i=1

Since d >3, Y2 P(S; =0) < 0o and we may define

H(g, X):=q(0) Y q(=D{150 x)_o — P(Si =0)}. (111)
i=1
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Lemma 14. Foreach T > 0,

k
lim — sup |y (Hi(&)— HE))|=0 P-as. (112)
n—00 n I<k<nT|]5,
Proof. To start, note that
k k 00
Y (HE — HiE) =D a0 Y q =50 (x)—g, — P(S; =0) (113)
=2 j

is a martingale with respect to the filtration (F¢)r>1 where Fr = o ((g(l), X (1)), ! < k) under P. By Doob’s maximal
inequality,

2 .l n o0
} <=2 Varso o)

=2 i=l

k
Z (Hi&) — H(&))
=2

— sup
N 1<k<n

1 n o
-2 ) PSi=0)

=2 i=l

<cn~ 2. (114)

The last step follows from the bound P(S,, =0) < Cn—4/% (see e.g. [13], Lemma 1). Therefore, by the Borel-Cantelli
lemma, (112) holds with the sequence 2" in place of nT'. The result is passed to the original sequence by considering,
for each n, k, such that 2kn=1 < pT < 2kn O

Because of Lemma 14, the theorem will follow once we show the same statement for the additive functional

Hy =) H(E). (115)
Lemma 15.

sup E[E[H, |&1%] < oo. (116)

n>2

Proof. We have
E[H (&)1€0] = 4:(0) Zqz(—i){P(Egi(Xz) =0[(X;)j<0) —P(S; =0)}. (117)
i=1

Since P(Zgi (X)) =0|(X;)j<0) =P(S; =0) if i </, we have

E[E[H,|£]%] Z Z Var(P(2°, (X)) = 0](X ) j<0))

=2 i=I+1
n o
<3 3 E[R(=°, () =01(X,);=0)°]
=2 i=l+1
n o
=33 (s =52 =-5)). (118)

1=2 k=0
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where S/, j = 1,2, 3 are independent copies of S with joint law P®3. This last line is equal to

n o0
S P25 = 5 = x)E[Noo ()] < E[Noo ()] Y PP2(s5{" = 57) < 00 (119)

1=2 xe74d =1
since the last sum is the total local time at O of the d-dimensional random walk Sl(l) — Sl(z). |

Now the theorem readily follows from Lemmas 14-15 together with e.g. the main theorem in [6] (note that
E[H,|&] = ZZZZ P*H (&0) with their notations), the fact that (q(k))x>1 is measurable with respect to o (§p), and
a straightforward calculation of the variance of H,. ]

Appendix: Functional CLT under the conditional law given S
In this appendix we prove Theorem 3.2.

Proof of Theorem 3.2. We will apply the martingale functional CLT in the Lindeberg—Feller formulation as in e.g.

[7], Theorem 7.3 on p. 411. We will tacitly use the laws of large numbers for I,Ep ], p > 0, proven in [2] for d =2 and
[1] for d > 3. Note that the result in [2] is also valid under (A1").
Let us define K :=0 and

k—1

Anii=s;" (K = KieD)=s,"'ax Y_aqilis,=syy, k=2 (120
i=1

Then A, is a martingale difference array under IP(-|S) w.r.t. the filtration F;, := o (g;, i < m). The corresponding
quadratic variations are given by

Qum =Y _E[A} IS, Fia]. (121)
k=1

According to [7], the proof will be finished once we show that, for all € > 0,

n

. 2

nlin;OE E[A; i 1(ja,>¢)1S] =0 P-as. (122)
k=2

and that, for all > 0,

lim Q) = o’ in probability under P(-|S) for P-a.e. S. (123)

n—oo

In fact, the theorem in [7] concludes convergence for ¢ € [0, 1], but it this then easy to extend the result to ¢ € [0, T']
with T € N and thus to ¢ € [0, 00).
We proceed to verify (122)—(123), starting with the first. Write

0

n n

D E[AL Lja,u=alS] < €Y E[1A.k171S]
k=2 k=2

n
= CS,TVZIE|:
k=2

k—1
Y ailis=s
i=1

n [fk—1 v/2
<Cs,” Z(Z 1{5,-=sk})

k=2 \i=1
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n
- 2
=Csi” 33 Vs N

xeZd k=2
< Cs, VI (124)

where for the third step we used the Marcinkiewicz—Zygmund and Minkowski inequalities. Since I,EHV/ 2 /s) goes to
0 a.s. as n — o0, (122) follows.

Let us now verify (123). Write

of L, —m
OQnm =S5, 2(’”T + R + R,‘,,2)>, (125)
where
m k—1
1) . 2
Ry =3 "% (af — )lisi=sy)
k=2 i=1
m—1
=Y (a7 = )Nim(S) (126)

i=1

with Ng p(x) := Zi:a+1 1;5,=x}, and

m
RY:=2) " > aidjlis=s;=s0
k=2 1<i<j<k—1

=2 Z Z qiqjl{s;=5;=x}Njm(x). (127)

xeZd 1<i<j<m—1

Since (I|u) — |_ntj)/2s,% — 02t as., we only need to show that the remaining terms in (125) converge to 0. Note that
in dimension d > 3, o2 can be written as

1S ,
of=> (Zj2x2(1 -0 - 1>,
j=1

where x :=P(S, #0Vn > 1).

Let us first deal with R,(n2 ) Note that, under P(-|S), the summands in the r.h.s. of (127) are independent and centered
for different x to write

E[(R§3>)2|S] =4 Z Z 15,=5,=0) N7 1y (%)
xeZd 1<i<j<m-—1
<C Y Niw=cIf e

xezd

and conclude that Rﬁ)t | /s,zl goes to 0 in probability under P(-|S). To control R,(,,]), we split into two cases. If y > 4,

then reasoning as before we get

E[(R.)’S] = C1)
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and we conclude as for R,(,,2 ) If y < 4, we use Theorem 1(c) in [11]. Note that

m—1 m—1
SONESH =YY smn N 1)

i=1 xezd i=1
< S NPy =1, (129)
xezd

and also

P(lg> = 1|=u) <Cu™7?* Vu>0. (130)
Letting

o Niany (S /sy if i < [nt],

Gnit == {O otherwise, (131)

we obtain from the aforementioned theorem that, for some constant C > 0,
1 14y/2

P(|Ry,| > es2S) < CrL sk, (132)
which goes to 0 as n — 0. U
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