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Abstract. We prove stable limit theorems and one-sided laws of the iterated logarithm for a class of positive, mixing, stationary,
stochastic processes which contains those obtained from nonintegrable observables over certain piecewise expanding maps. This
is done by extending Darling—Kac theory to a suitable family of infinite measure preserving transformations.

Résumé. Nous prouvons des théoremes limites et des lois du logarithme itéré unilatérales pour une classe de processus stochas-
tiques positifs, mélangeants et stationnaires. Cette classe contient en particulier les processus obtenus par des observables noninté-
grables de certaines applications dilatantes. Ceci est obtenu en généralisant la théorie de Darling—Kac a une famille appropriée de
transformations préservant la mesure.
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coefficient; Stable limit; One-sided law of iterated logarithm

Overview

We prove limit theorems for positive, stationary, processes with infinite mean satisfying mixing conditions which
occur naturally in certain dynamical systems: stable limit theorems for certain ¥,-mixing processes and one-sided
laws of the iterated logarithm for certain *-mixing processes (definitions below).

The method of proof is by inversion which is done by first building a Kakutani tower over the generating probability
preserving transformation, using the time zero observation as height function.

The mixing properties of the stationary process ensure that the resulting infinite measure preserving transformation
is weakly pointwise dual ergodic, which allows us to develop a generalized Darling—Kac theory for ergodic sums of
this system. The results for the original stochastic process then follow by a standard inversion argument.

We illustrate both the finite-measure and the infinite-measure results by applying them to certain one-dimensional
dynamical systems.
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1. Definitions and preliminaries
Stationary processes

We are going to consider partial sums of ergodic R -valued stationary processes (§,),>0 With E(&,) = co. Such a
process can always be represented as &, = ¢ o S”, where S is a measure preserving transformation on a probability
space (£2, A, P), and ¢ : 2 — R is measurable with E(p) = oo (and w.l.o.g. A =0c{p o §*: n > 0}). Due to nonin-
tegrability, it will suffice to restrict attention to the N-valued case, as by the ergodic theorem the partial sums of the
fractional parts are asymptotically negligible compared to the partial sums of the process. Henceforth, ¢ : 2 — N, and
we let o = o, = {[¢ =1]: | € N}. This gives a probability preserving fibred system (£2, A, P, S, «) in the sense of the
following definition.

Nonsingular transformations and fibred systems

A measurable map S on a o -finite space (2, A, m) is called nonsingular if m o S~' <« m. Its transfer operator (with
respect to m) is the positive linear map S : LY(m) — L'(m) defined by

f§fdm=f fdm (feL'(m),AecA).
A S—TA

A fibred or piecewise invertible system is a quintuple (£2, A, m, S, «) where S is a nonsingular transformation on
(£2, A,m), and @ C A is a countable, unilateral generator so that the restriction S:a — Sa is invertible, nonsingular
on each a € «. In this case, for every k > 1, (£2, A, m, Sk ay) is a fibred system, where oy := \/’;;(1) S a.

The transfer operator of (£2, A, m, S, &) can be represented as

§f = Z lSaU;(f 0 Vg),

aca

where v, : Sa — a denotes the inverse of S:a — Sa, and v), := dmovy

If m actually is an S-invariant probability measure, the system is called probability preserving, and we write
P:=m.

Mixing

Let P($2, A) denote the collection of probability measures on (§2, A), and call u € P($2, A) equivalentto P, u ~ P,
if u <« P < p. Various mixing conditions for a probability preserving fibred system (£2, A, P, S, «) are defined in
terms of the asymptotics of certain mixing coefficients, all defined for n > 1 (and only using pairs of sets for which
the denominator is nonzero). The system is called

o ,,-mixing (for some u € P(§2, A) with u ~ P) if ¥,,(n) — 0, where

—(n+k) _
¥, (n) :=sup [PANS MfB)) P(A)P(B)|: k>1,Aco(ay), B € A};

e Y*-mixing if ¥*(n) — 1, where

P(ANS~thp) .
PAPB) kzl,Aea(ak),Be.A},

Y (n) :=sup

o -mixing if ¥ (n) — 0, where

. |P(ANS= TR By — P(A)P(B)| .
Y(n) = sup{ PP B : kzl,Aea(ak),BeA},

and continued fraction mixing if, in addition to r-mixing, ¥ (1) < oo.



258 J. Aaronson and R. Zweimiiller
Remark 1. (a) The notion of ©,,-mixing generalizes that of reverse ¢-mixing which requires that ¢_(n) — 0, where

|IP(ANS~ TR B) — P(A)P(B)|
7B .kzl,Aea(oek),BeA},

$—(n) = sup{

so that 9p(n) = ¢_(n) forall n.

(b) As shown in [11], ¥*(1) < oo implies *-mixing. Elementary computation shows that ¢_(n) < y*(n) — 1,
hence Y*-mixing entails reverse ¢-mixing, that is, ©p-mixing.

(¢) It is immediate that \r-mixing implies y*-mixing. Moreover, note that ¥*(1) < 1+ (1). In view of (a), ¥ (1) <
oo also implies Y*-mixing.

(d) For examples with yr*(1) < co which are not Wr-mixing, see chapter 5 in [12].

(e) In Section T below, we consider a class of interval maps (weakly mixing Rychlik-maps) for which ¢, (n) —
0 exponentially fast (as shown in [8]). We prove that, under some natural extra assumptions, ¥*(1) < oo implies
continued fraction mixing in this setup.

Strong distributional convergence and limit laws

For (X, B, m) a o -finite measure space, F, : X — [0, oo] measurable, and Y a random variable taking values in [0, o],
we say that (F;) converges strongly in distribution to Y, written

if it converges in law with respect to all absolutely continuous probabilities, that is, if for all continuous (hence
bounded) g :[0, co] — R and all P € P(X, B) with P < m,

/Xg(Fn) dp njgoE(g(Y))-

For y € [0, 1] we let ¥, > 0 denote a random variable which has the normalized Mittag-Leffler distribution of

order y, that is, E(YJ‘,U )= %W for p > 0. Evidently Y7 = 1, and Y, has exponential distribution. Also, Y7, is
the absolute value of a centered Gaussian random variable.
For y € (0, 1], the variable Z,, := Y~U/7 then has a positive y-stable distribution with E(e™'%7) = exp(—I'(1 +

y)t?) fort > 0.

2. Results on stationary processes

Recall that a function a : (L, o0) — (0, 00) is regularly varying of index p € R if it is measurable and a(ct) /a(t) — c”
as t — oo for all ¢ > 0. In case p > 0, such an a has an asymprotically inverse function b (uniquely determined up
to asymptotic equivalence), meaning that a(b(t)) ~ b(a(t)) ~t as t — 00, and b is regularly varying of index 1/p.
These concepts are extended to sequences (a(n)) by interpreting them as functions on R4 via t — a(|¢]) (which
we shall do without further mention).

In the statements below, (£2, A, P, S, «) is a probability preserving fibred system, and ¢ : £2 — N is ¢-measurable.
We let

n—1
©n ::Z(poSk, n>0,
k=0

denote the partial sums of the stationary process (§,),>0 = (¢ o $"),>0, and define

n

ag(n) := Z P(lgx <nl), n=0.

k=1
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In order to establish our results, we will need to assume that the growth of a,(n) is adapted to the decay of the
mixing coefficients of the process. The main condition is as follows although we will use a stronger version (2.6) in
Theorem 2.3.

Definition of adaptedness

Let t(n) | 0. We will say that the sequence (a(n)),en in (0, 00) is adapted to (t(n)),eN if

nt@am) G forall s >0, @2.1)
a(n) n—00
Observe that in this case any sequence asymptotically equivalent to (a(n)) is adapted, too. Note also that if (a(n)) is
regularly varying with positive index, then it is adapted to (z(n)) as soon as (2.1) holds for one § > 0.
Our first result is a distributional limit theorem. In the barely infinite measure case (y = 1) it comes with an
associated a.e. result. For y € (0, 1), corresponding statements will be established under stronger assumptions in
Theorem 2.3 below.

Theorem 2.1. Suppose that (2, A, P, S, a) is a ¥, -mixing probability preserving fibred system, and that ¢ : 2 — N
is a-measurable.

(a) (Stable limit theorem) Let (a(n)) = (ay,(n)) be y-regularly varying for some y € (0, 11, and assume that it is
adapted to (9, (n)). Then,

©On _3) Zy ’ (22)

where b is asymptotically inverse to a, b(a(n)) ~ a(b(n)) ~ n.
(b) (One-sided law of the iterated logarithm for y = 1) If, in addition, y =1 and b(n/loglogn)loglogn ~ b(n),
then

. $n
lim =1 a.s. 2.3)
n—oo b(n)

Remark 2. (a) The conclusion of Theorem 2.1(a) was established for certain ¢-mixing processes in ([17], Corol-
lary 5.10) and for continued fraction mixing processes in [13] (see also [3]).

(b) A functional version of (a) is also valid, and can be proved using a straightforward, appropriate adaptation
of [9].

(c) An analogue of Theorem 2.1(b) for -mixing processes was established in [4].

The results mentioned in Remark 2(a) also compute the a, (n) from the marginal distributions, for which additional
“close correlation” assumptions such as ¥ *(1) < oo are required. We now show how to determine the asymptotics of
ay(n) from the marginal distributions under the weaker close correlation condition (2.4) (but we still use the stronger
¥*(1) < 0o in Theorem 2.3 below).

Theorem 2.2 (Identifying the normalization). Ler (2, A, P, S, a) be a ¥,-mixing probability preserving fibred
system. Assume that ¢ : 2 — N is a-measurable, and that there exists some ® € L' (P) such that

SoAn) <E(@An® Vn>1. (2.4)

Assume that (a(n)) is regularly varying with index y € (0, 1], and adapted to (9,,(n)), then

n
Eenn) S Fe— ) Fatam 2:5)

implies

ay(n) n:oo&(n).
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Finally, replacing adaptedness (2.1) to (¥, (n)) by the stronger assumption (2.6) involving a(a(n)) below, we
establish the following pointwise result.

Theorem 2.3 (The one-sided law of the iterated logarithm). Suppose that (2, A, P, S, @) is a Y*-mixing proba-
bility preserving fibred system with ¥*(1) < 0o, and that ¢ : 2 — N is a-measurable.
If (an)) = (ap(n)) is y -regularly varying for some y € (0, 1) with asymptotic inverse b(n), and if

Pp(S
nyploarai)) pa(am)) —> 0 forsome§ >0, (2.6)
a(n) n— 00
then, letting C,, := K;l/y with K, 1= %, we have
. ©n
1 =C 8. 2.7
ni—néo b(n/loglog(n))loglog(n) v a8 @7

Moreover, if (t(n)) is any sequence in (0, 00) with t(n) 1 and t(n)/n |, let k; be the unique number in [0, o0] such
that anl e T /n converges for k > Ky and diverges for k < k. Then

. Pn .
nli_n;o —b(l’l/KT(I’l))K‘L’(I’l) >Cy as.ifk €[k, 00), (2.8)
and
Pn a.s.ifk € (0, k¢]. 2.9)

lim ————"——— <C,
n—oo b(n/kt(n))kt(n)

Remark 3. (a) The conclusion of Theorem 2.3 was established for iid processes in [21], and for \r-mixing processes in
[5]. Our proof of Theorem 2.3 is by establishing the conditions needed for the methods of [5]. Therefore the functional
version also follows as in [6].

(b) Recall that vp(n) = ¢p_(n), see Remark 1(a).

Inversion: Kakutani towers and return time processes

Our results will be established using the well-known technique of “inverting” corresponding results for infinite mea-
sure preserving transformations, the connection being established via the following concept. Given a probability pre-
serving transformation (£2, A, P, S) and a measurable function ¢ : 2 — N, the Kakutani tower of (2, A, P, S, ¢) is
the object (X, B, m, T') with (X, B, m) the o -finite space defined by

o X:=J,slp>nlx{n},
o B:={,~ By x {n}: Bye AN[p >n]Vn > 1},
o m(A x {n}) := P(A),

and T : X — X is the map given by

x,n+1), ¢x)>n,
(Sx, 1), ¢(x) =n.

It follows that (X, B, m, T) is a conservative, measure preserving transformation which is ergodic iff (§2, A, P, S) is
ergodic.

This “tower building process” is reversible. Given a conservative ergodic o-finite measure preserving system
(X, B,m, T), we define the return time process of T on 2 € F :={B € B: 0 <m(B) < oo} as the N-valued sta-
tionary process (¢ o Té)nzo on (£2,BN2,mg,), where

o T(x,n):= {

e p(x) =@ (x):=minf{n > 1: T"x € 2},
o To(x):=T?%(x), and
e mo(A):=m(ANKR)/m(2).
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It follows that the Kakutani tower of (2, BN 2, mg, T, ¢go) is a factor of (X, B, m’, T) where m’ =
an isomorph in case 7' i 1s invertible).

Now set ¢; := Z 0 wo o TQ, which is the time of the nth return to £2. It is straightforward to check that these are

ﬁm (and
dual to the occupation times of $2, S, (1) :=) 19 o T* in that
Su(le) <j iff ¢;>n. (2.10)

This entails, via routine arguments, that various properties of (¢;);>1 are equivalent to corresponding properties of
(Sn(12))n>1. Specifically, suppose that a(n) is y -regularly varying with y € (0, 1], and let b be asymptotically inverse
to a. Then, for Y a [0, oo]-valued random variable,

LSn(l.(z) — m()Y iff Pn_ 2, ( ! )VV’ 2.11)
a(n) b(n) m(§2)Y
and
. $n  ae. 1 1y
nlggoﬁs,,ag) () iff lim o (WQ)) . (2.12)

3. Weak pointwise dual ergodic measure preserving transformations
In this section, we consider the properties of infinite ergodic systems to be used in the proofs of the above results.
Weak pointwise dual ergodicity

Let T be a conservative, ergodic, measure preserving transformation (not necessarily invertible) on the o -finite space
(X, B,m), and T: Li(m) — L'(m) Aits transfer operator, which naturally extends to all nonnegative measurable func-
tions. Invariance of m _means that T1x = 1x, and since T is conservative ergodic, any measurable g: X — [0, co)
which is subinvariant, Tg < g, is, in fact, constant. Hurewicz’s ratio ergodic theorem (Theorem 2.2.1 of [1]), guaran-
tees that

1o TEf m(f)
H

ae.on X 3.1
Z” lTk n—00 m(g)

for all f,ge L} L(m):={fe€ L'(m): f>0andm(f) > 0}. (Due to conservativity, Z;(]) f"f — oo a.e. for such
)

Throughout, convergence in measure, i), for our o-finite measure m, is understood to mean convergence in
measure, —v>, for every finite v << m (or, equivalently, for all v =m 4 with A € F).

The conservative ergodic measure preserving transformation 7' on the o-finite space (X, B, m) will be called
weakly pointwise dual ergodic if there exist constants a(n) > 0, n > 1, such that

a(n) Z fnjo)o fdm for f € LL (m), (3.2)
and
nll)rgo%ZTk /fdm ae.on X for f € LL (m). (3.3)

This generalizes the notion of pointwise dual ergodicity (cf. Section 3.7 of [1], or [2]), which requires a(n) > O such
that

1
Z fnjo)o fdm ae.on X for f € LL (m). (3.4)

1 n
k=0

a(n)



262 J. Aaronson and R. Zweimiiller

In either case the return sequence (a(n)),>1, which is determined up to asymptotic equivalence and satisfies
a(n+ 1) ~a(n) — oo, can (and will) be taken nondecreasing. It is usually denoted (a,(T)),>1-

Remark 4. No invertible conservative ergodic measure preserving transformation (X, B, m, T) with m(X) = 0o is
pointwise dual ergodic. (Since in this case T f=foT™!, sothat (3.4) would give a pointwise ergodic theorem with
normalizing constants a(n) for T~', which is impossible, see Section 2.4 of [11.) However, invertible systems can still
be weakly pointwise dual ergodic.

Example 1. For a concrete example, let T : (0, 1) — (0, 1) be given by Tx := 1= for x < % and Tx :=2x — 1 for

x> %, which is conservative ergodic with invariant measure m having density %, and define a(n) :=n/logn. By the
Darling—Kac theorem for pointwise dual ergodic transformations, (see [2,14], Section 3.7 of [1], or [24]),

1}11

ZfoTk—> fdm for f € L (m),

a(n)

and according to Proposition 2 of [4],

n—1

ELZfoTk ffdm aeoanorf€L+(m)

n—00 a(n)

These carry over to the natural extension Ty of T: This is immediate for functions of the form f, = f om, with
denoting the factor map. Then use the ratio ergodic theorem to pass to general f, € L i_(m*). Therefore, the invertible
conservative ergodic measure preserving transformation T*_1 , with transfer operator f +— f o Ty is weakly pointwise
dual ergodic, and hence so is Ty, with a,(Ty) ~ an(T*_l) ~a(n).

Conditions of this flavour can be exploited most efficiently if one succeeds in identifying special sets on which
there is additional control on the convergence. Recall (cf. [1,19]) that A € F = {B € B: 0 < m(B) < oo} is called a
uniform set (for f € L 1 (m)) if there are a(n) > 0, such that

€SS su
P a(n)

Zka m(f)‘ — 0,

and, more specifically, a Darling—Kac set if

n—1
ZTklA—m(A) — 0.
n—oo

esssup|——
A |an) ¢

We now define A € F to be a limited set if there exist constants a(n) > 0 such that

" ma
pros ZO 1a =% m(A), (3.5)
and
1 n—1
— N4 A). 3.6
essAsupa(n);0 A —> m(A) (3.6)

Due to (3.1) the asymptotics of (a(n)) does not depend on f or A. It is not hard to see that defining

n—1

m(ANT %A
as(n) ::Z# for A € F,
k=0



Limit theory for some positive stationary processes 263
we have

a(n) o as(n) 1in (3.5) and (3.6) for every limited set A. 3.7

The existence of uniform sets is equivalent to pointwise dual ergodicity, and a(n) ~ a, (T) in this case. (But we do not
know if every pointwise dual ergodic transformation has a Darling—Kac set.) Similarly, weak pointwise dual ergodicity
is equivalent to the existence of limited sets, as we have

Proposition 3.1 (Limited sets and weak pointwise dual ergodicity from local behaviour). Let T be a conservative
ergodic measure preserving transformation on the o -finite space (X, B, m).
(a) Suppose there are A€ F, f € L! 1 (m), and constants a(n) > 0, n > 1, such that

k
a(n) ZT HOO/ fdm, (3.8)
and
nlgrolomZTk /fdm a.e.on A. (3.9)

Then, for every n > 0, T possesses a limited set A’ € F N A with return sequence (a(n))y>1 and m(A") > m(A) —n.
(b) If T has a limited set, then it is weakly pointwise dual ergodic.

Proof. (a) Let By := A. By Hurewicz’s ratio ergodic theorem we may assume w.l.o.g. that f = 1p,, and given any
set Bj € F N A with m(B;) > m(A) — n, we also have a(n)~! Z;(l) ?klgj — m(Bj) a.e. on A. Egorov’s theorem
then provides us with some Bj | € F N B; such that m(Bj41) > m(A) — n, and

n—1

ZTle 2 m(B;) uniformly on Bj;.
a(n)

Using this to inductively define a decreasing sequence (B;) ;>0 in F, we obtain a set A= ﬂjzo B; with m(A’) >
m(A) —n. Given & > 0 choose j with m(B;) < m(A’) + ¢/2. Then, for n > nj(e),

n—1 n—1
~ e
esss E Tk r < esss E s B; —.
A/upa(n k=0 ! B/+lllpa(” k=0 B <ml ])+2

This gives the required control from above. Since, by (3.1), (3.8) also holds with f = 1,4/, we see that A’ is indeed a
limited set.

(b) Now start from the assumption that 7" has a limited set A. Due to Hurewicz’s theorem, weak pointwise dual
ergodicity follows as soon as we check the defining conditions (3.2) and (3.3) for f = 14, i.e. we have to prove

1 n—1 .
fai= a(n) ZT 14 —> > m(A), (3.10)
and
1 n—1
= lim —ZTklAzm(A) a.e.on X. (3.11)

n—oo a(n) pars
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Letting A, :== AN [pa > n], n > 0, we have, by routine arguments,

> T"1a, =1x, (3.12)

n>0

and decomposing, for any n > 0, A according to the time of the last return before time n, A = A, U UZ;& AN
T~ (Ay) (disjoint), we find that for N > 0,

N N—1 N—k N
Z?’HA:Z?k(lAkZTflA)+ZT"1AH. (3.13)
n=0 k=0

j=0 n=0

Since A is a limited set, there is some M € (0, o) such that

n—1
ZTk1A<M on A forn > 1. (3.14)
a(n)
With (3.14) and (3.12) providing bounds for the sums in (3.13), we get
.
T'"g<M -1x forN >1, 3.15
a ) nz;) AS x forN> (3.15)

where M’ := M + 1/a(1) € (0, 00). Conse;guently, f < M’ - 1x. Now observe that |/T\f,, — fal £2/a(n) — 0. Com-
bined with a variant of Fatou’s lemma for 7, Lemma 3.1 below, this yields

Tf>1mTf,=f ae. onX.
n— o0

Hence g := M’ - 1x — f > 0 is subinvariant, fg < g. As T is conservative ergodic, this implies that g is constant a.e.,
and hence so is f. In view of (3.5), this yields (3.11).

To finally prove convergence in measure on X, it suffices to check it on each of the sets T~/ A, [ > 0, since these
cover X. But for each [,

/ ( ZTk1A> _aantD=aa® A,
14\ an) a(n) n—00

Together with (3.15) and (3.11) this entails a(n)™! Z;é /T\klAWE)Am(A), and hence (3.10). O

The preceding proof made use of

Lemma 3.1. Let T be measure preserving on the o -finite space (X, A, m), with transfer operator T, and let M €
0, 00).
(@) If g, gk : X — [0, M'] are measurable with g > gr11 \\ g a.e., then

Tgk N\ fg a.e.on X. (3.16)
) If f,,: X — [0, M'] are measurable functions, then
T(lim f)> Iim Tf, ae. onX. (3.17)
n— o0 n—oo
Proof. (a) By positivity of T we have T M’ > Tg1 > ng > > Tg a.e., while ™' =M by invariance of m.
Now take any A € A, m(A) < oo, then 17-1 48k —> 17-1,8 in Ll(m) Due to L -continuity of T, this entails
lATngT(lT—lAgk)—>T(lT—lAg)ZlATg in L](m),

and since A was arbitrary, the latter implies (3.16).
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(b) Let gi :=sup,~ fu > fx, and g := lim, o0 fy, then g, gi satisfy the assumptions of (a). Hence, T \Tg
a.e. By positivity, however, we have T gy > T fi a.e. for all k > 1. Together, these observations give (3.17). O

The notion of return sequences has originally been introduced in the context of rationally ergodic transformations
(cf. Section 3.3 of [1]). The present use of the term is justified by

Proposition 3.2 (Weak pointwise dual ergodicity implies rational ergodicity). Let T be a weakly pointwise dual
ergodic measure preserving transformation on the o -finite space (X, B, m). Then every limited set A satisfies a Rényi
inequality, meaning that there is some M = M (A) € (0, 0o) such that

2
/(Sn(lA))zdm§M</ Sn(lA)dm> forn>1.
A A

In particular, T is rationally ergodic with (a,(T))n>1 a return sequence in the sense of [1].

Proof. Same as the proof of Proposition 3.7.1 in [1], using (3.7) and the existence of limited sets established above.
O

(Weak) pointwise dual ergodicity and special sets for Kakutani towers

We are going to show that Kakutani towers above 1, -mixing systems satisfying our adaptedness conditions are weakly
pointwise dual ergodic. Moreover, in the presence of regular variation, ¢,-mixing with sufficiently fast rate implies
pointwise dual ergodicity.

Note first that if (X, B, m, T) is a conservative ergodic measure preserving transformation and 2 € B, m(£2) =1,

has return time ¢ = ¢, and @; := Z{;& @ o T, then, in view of (2.11),

agn)~Y m(2NT*2)=> "m(2nlg; <nl)=a,®). (3.18)
k=1 j=1

Via (3.7) this links (a,(n)) to the asymptotic type of a weakly pointwise dual ergodic system.

Theorem 3.1 ((Weak) pointwise dual ergodicity via ©,-mixing return processes). Let (X, B, m, T) be a conser-
vative ergodic measure preserving transformation on a o -finite space, and suppose that 2 € B,m(£2) = 1, has a
countable partition o C B N 2 such that ¢ = g is a-measurable and that (2,BN 82, P, To, a) is ¥,-mixing for
some |4 equivalent to P :=mg,.

(@) If (a(n)) := (ap (n)) is adapted to (¥, (n)), then T is weakly pointwise dual ergodic with a,(T) ~ a(n). In
addition, Ve > 0 AN, s.t. Vn > Ng,

1 d
—Zrk19—158<1+—“) a.e.on 2. (3.19)
a(n)k:1 dpP

In particular, if || g—’lﬁ lloo < 00, then S2 is a limited set.
(b) If (a(n))y>1 is y-regularly varying for some y € (0, 1] and

1 1
z?,An):O(—) for somer > — — 1,
n” y

then (a(n)) is adapted to (¥,,(n)), and T is pointwise dual ergodic with a,(T) ~ a(n).
(©) If (a(n))n>1 is y -regularly varying for some y € (0, 1], and ¥*(1) < oo, and

10pCa@O)) o o atr 5 > 0, (3:20)

a(n) n—00
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then (a(n)) is adapted to (¥, (n)), and T is pointwise dual ergodic with a,(T) ~ a(n). Moreover, Ve > 0 AN, such
that Yn > Ng

1 n
—> T g -1

2
a(n) P

In particular, if || g—; lloo < 00, then §2 is a Darling—Kac set.

d
58<1+£> a.e. on 2. (3.21)

Proof. We write (2, A, P, S,a) :=(£2,BN2,mgo, To, a). Note first that by definition of ¢, we have for j, p > 1
and A € aj,

N d
/S-’+”1AdP§/(P(A)~|—19,L(p)—u)dP

for arbitrary B € A, and hence
Sit du
SITP14 §P(A)+ﬂﬂ(p)ﬁ a.e.on £2. (3.22)

We claim that for n, p > 1,
~ " . du
T,:=)Y T'lg <p+a®n) +nd,(p)~> ae ong. (3.23)
Pt dP
To see this, observe that Tklg = ijl Si l[%:k] a.e. on £2, and hence

n+p

n—ZS 1[¢<n]<25 Lig;<n)

n n
=p+ Z S]+p1[§0j+p5nl =p+ Z Sj+plltpj§n]
Jj=1 j=1

d
< p+2( (lpj <n] +0u(p>£)

=p+an) +’“9u(17)£ a.e.on 2,

since [¢; <n] € «;.
Proof of (a): To establish (3.19), we let p = py . := [ea(n)] for ¢ > 0. By adaptedness we can choose N, such
that n, (py.¢) < ea(n) whenever n > N,. Then by (3.23),

_ d
T, < a(n)<1 +g<1 + ﬁ)) ae. on 2 forn > N, (3.24)

as required.
To prove weak pointwise dual ergodicity, we will use part (a) of Proposition 3.1. Write R, := T, / a(n) and observe
first that by (3.19),

lim R, <1 ae.on 2. (3.25)

n—oo

In fact, (3.19) shows that for any M > 0, the estimate (3.25) holds uniformly on §£2 N [g—’lﬁ < M]. Consequently,

P([Ri=14¢"]) — 0 forevery ¢’ > 0. (3.26)

n—o0
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To obtain the analogous statement for convergence from below, we observe that for ¢ € (0, 1),

2¢e

<—, 3.27
)_l+8—t ( )

d
Rn§1+8<1+£> aeon = P([R,<1]

since (IE denoting expectation with respect to P)
1 =E(Rp) =E(Ry1[r,>1) + E(Ru 1R, <1))
< (I +&)P([Ry>1]) +eu([Ry >1]) +1P([Ry <1])
<1+2e—(1+e—1)P([R, <1]).
Now fix ¢ € (0, 1) and take N, as in (3.24). For t := 1 — /¢ € (0, 1), observation (3.27) then yields
P([R, <1—/e]) <2Je forn> N,.
This readily implies

P([R,, <1-— 8/]) n:;o for every ¢’ > 0,

which, together with (3.26), gives (3.8). Combined with (3.25) the latter yields (3.9). (There is some subsequence
ny /' oo such that R,, — 1 a.e. for P.)

Proof of (b): Computation of the indices of regular variation shows that the assumptions of (b) entail adaptedness.
As in part (a) this implies (3.25).

To check pointwise dual ergodicity, it remains to show that

lim R, >1 a..on$2. (3.28)

n—oo

(Proposition 3.7.5 of [1] ensures that a.e. convergence on some A € F suffices.) To this end, choose ¢ > 1 such that
¥, (n) <c/n" forall n > 1. There exist s > 0 and Ny so that

a(n) > n"/0HOTZ vy o N

Choosing p =n!/+D in (3.23) we have

T, 1 du
Ri=—" <1+—(1+£ 2 ¥n > Np.
") - +n2s< +dP> onsevm="o

Due to (3.27), we then see that for t € (0, 1),
2c c\7! 2¢
Since, for all ¢ and A > 1, anl q: (A" ]) < oo, the Borel-Cantelli Lemma now implies

lim Rjunp>1 as.on 2 forall A>1. 3.29)

n—oo

To finally prove convergence (3.28) of the full sequence, fix any A > 1 and choose integers «,(1) /' co so that
(VM) | < < AP+ | Then regular variation of (a (n))p>1 yields

T T a0 1 T

an) = a(Am ) n 5300 37 a(La®]y 0O 8-

In view of (3.29), we thus have lim R, > X177 as.on £2 forall A > 1, and (3.28) follows.

1n—> 00
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Proof of (c): Note first that adaptedness, and hence (3.19) holds. Thus, to prove (3.21), it suffices to check that for
n 2 N&‘s

n
_ du
ZTk1931—8<1+—> a.e.on £2. (3.30)
a(n) P dpP

We show first that Vp, g, n € N with n > ¢,
T, >a(n) — m‘/‘u(p)— — (1) ( (lep > ql)a(n) +q) (3.31)

a.e. on £2. To see this, observe that

n n
~ . it
I = ZS”[(P/'S"] z § :S] pl[w+p§n] -PD
j=1 j=1

n n

i it

= D S Pl = ) S P N mngr — P
: P

=X -2 —p.

Now, because [¢; <n] € aj, we have
du du
X > Z( (lp; =nl) ﬁ‘u([))g) =am) —ndu(p)3p
On the other hand,

D <yt ()Y P(lpj <n<9jiypl)

j=1

=¢’*(1)ZZP([</)]- =l gp08 >n—1])

j=1t=]

<y*) ZZ (Ip; =€) P(l¢p > n — £1)

j=1t=j

=V () (Z3 + )

with
n n—q
zy=) ) Plej=0)P(lpp > n—t))
j=lt=j
n n—q
< P(lop>ql) > > P(lp; =11)
j=lt=j
< P(lgp>ql) >_ P(lp; <n))
j=1

Il
v
—
S

S|
\%
Q
=
S
~~
S
g
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and

Eé’:—z Z (lej =) P(lgp >n—£])

j=1l=n—q+1

<Z Z (Lo = £1)

j=ltl=n—q+1

= ZP([n—q<q)j fn])
j=1

= Y m@nT*R)<q.
k=n—q-+1

Putting this together establishes (3.31).
To finally check (3.30) for some given ¢ > 0, choose

1
e|0, L so small that Pr( Z, > - ] < L,
3y*(1)2 §) " 3yx(1)?

let b be asymptotically inverse to a, and define
Pn="rne=6%alam)|, and g =qn:=]|8am)].

Then b(p,) ~ 82a(n), and qn/b(pn) —> 1/§ as n — oo. Under the present assumptions, the stable limit theorem,
Theorem 2.1, applies to our (¢;,), as its proof below does not depend on part (c) of Theorem 3.1. Therefore,

&

1
P([¢p, > qnl) njgopf(zy > g) < 3 ()2
Now choose N, so large that, for all n > N,

P &
pu<za@).  mhu(p) <eatm) and  P(igp, > ) < 3o

Then, using (3.31), we find indeed that for n > N,
T du * 112
Ty =z a(n) — pp — nﬁu(pn)_ -y (1) (P([gopn > CIn])a(n) +qn)

> g 2¢e
a(n) — ga(n) - w(n)d—P -3¢ a(n)

(e 25) oo

a.e. on £2, which is (3.30). By (3.19) and (3.30),

1

ZTklg —> 1 a..on$2,
a(n)

so that T is pointwise dual ergodic (Proposition 3.7.5 of [1] again). This convergence is in fact uniform on each
2N [g—’}ﬁ < M], M > 0, whence the assertion about Darling—Kac sets. O
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4. Moment sets and the stable limit theorem
Darling—Kac theorem and stable limits

The statement of the stable limit theorem announced above is dual to a Darling—Kac type limit theorem for the
Kakutani tower, which we now establish in the setup of weakly pointwise dual ergodic systems. It quantifies “return
rates” and determines the limit distribution of occupation times S,(14) = Z;(l) 14 o T* of sets A of finite measure:

Theorem 4.1 (Darling-Kac theorem for weakly pointwise dual ergodic systems). Letr T be a weakly pointwise
dual ergodic measure preserving transformation on the o -finite space (X, B, m). If its return sequence (a(n)),>1 is
regularly varying of index « € [0, 1], then

Sn(f) o

o) —> m()Y, for f € L (m),

where Y, has the normalised Mittag-Leffler distribution of order y .
The stable limit theorem follows from this:

Proof of Theorem 2.1(a). Let (X, 3, m, T) be the Kakutani tower of (2, A, P, S, ¢), then (X, B,m, T) is weakly
pointwise dual ergodic with return sequence (a(n)). By the Darling—Kac Theorem,

1 0
—S(lg) — Yy,
a(n)

and we need only recall (2.11) and (3.18). U
Moment sets

The proof of the Darling—Kac theorem identifies sets for which the asymptotics of the moments of the occupation
time distributions can be understood. Let (X, B, m, T) be a conservative, ergodic, measure preserving transformation.
For A € F = {F € B,0 < m(F) < oo}, recall that as (n) = Y}_d m(ANT~*A)/m(A)?, and set

o0
om(ANT™"A)
uA(k):=Ze “’72 for A > 0.
s m(A)

The set A € F is called a moment set for T if for all p € N,

o]

AP
Ze*“/ S,(14)P dm ~ p!m(A)pHM.
= A AN\O A

Remark 5. (a) If m(X) < oo then every A € B is a moment set. Indeed, Y j_om(ANT*A) = Ja Su(14)dm, and
by the ergodic theorem (and dominated convergence), fA S,(14)P dm ~ nPm (APt /m(X)P, so that the assertion
follows from Karamata’s Tauberian theorem (cf. p. 116 of [1] or Theorem 1.7.1 of [10]).

(b) Any conservative, ergodic, measure preserving transformation with moment sets is rationally ergodic. Thus, for
example, a squashable conservative, ergodic, measure preserving transformation (which is not rationally ergodic, see
[1]D) has no moment sets.

(c) We extend both result and method from pointwise dual ergodic systems (as in [1]) to weakly pointwise dual
ergodic situations. A similar approach was used in [19] to prove an arcsine-type limit theorem for pointwise dual
ergodic maps. We do not know if the latter result generalizes accordingly.

Theorem 4.2 (Moment set theorem). Suppose that T is weakly pointwise dual ergodic, and that A € F is a limited
set. Then A is a moment set for T .



Limit theory for some positive stationary processes 271

In view of Theorem 3.6.4 of [1], the existence of limited sets established in Proposition 3.1 above, and Karamata’s
Tauberian theorem, Theorem 4.1 above is an immediate consequence of this result. To prove the Moment set theorem,
we need the following observation:

Lemma 4.1 (Convergence of Laplace transforms). Suppose that T is a conservative ergodic measure preserving
transformation on the o -finite space (X, B, m), weakly pointwise dual ergodic with A a limited set. Then

o0

Ra(X): - e’“’T”l —>m(A) 4.1
ua(r) = ANO

and
lim Ra(A) =m(A) a.e.onA, 4.2)
AN\0

as well as
lim Ra(M) =m(A). 43
A1\r<‘I%)essAsup A0 =m(A) 4.3)

Moreover, every B € F, B C A, satisfies as(n) ~ ap(n) as n — 0o, and hence, for > (0,

RaG) _ m(A)

ua(A) ~ug()), and Rp () _m(B)

a.e.onX. “4.4)

Remark 6. As a consequence, each sequence A; 0 contains a subsequence 1 \ 0 for which

Ra (A ) — m(A) a.e.onA. 4.5)

To see this, use the standard fact from integration theory that sequences which converge in probability contain a.e.-
convergent subsequences. Moreover, it is immediate from (4.4), that for any sequence (1)) as in (4.5), we also have

Rp(x )—)m(B) a.e.onA. (4.6)

Proof of Lemma 4.1. Multiplying numerator and denominator by (1 —e™"), we get

doge ZZ;é T 1,
Yoo Maa(n)

0=Rs(M) =

for A > 0. As A is a limited set, and Tk 14 < 1x, we therefore see that (since Z,fio fklA =00 a.e.),

lim ess supR4(X) <m(A). 4.7
ANO 4

On the other hand, monotone convergence ensures that f Ra(A)dm g =m(A) for all A > 0. Together with (4.7) this
yields (4.1), and combining (4.7) with (4.1) proves (4.2). Together with (4.7) the latter gives (4.3).

Fix B € F, B C A. We have ap(n) = m(B)2aa(n) [4 g.(B) dm where g,(B) :=as(n)~" Y} T¥1 5% m(B)
by weak pointwise dual ergodicity. Since 0 < T*1p < T¥1,4 with A a limited set, we see that sup,, esssupy gn(B) <
00. Therefore, fB gn(B)dm — m(B)2, and hence aa(n) ~ap(n). It is then immediate that u4 (1) ~ upg(X) since
> n>0aa(n) = o0o. Now, expanding by (1 — e™*) as above, we get

RaG) _up) Xnloe ™™ 35T 1 m(A)

T a.e.on X
Rp() — ua() Y00 emn S0 Ty m(B)

by Hurewicz’ theorem (3.1) since Z/fio Tk A =00 a.e., hence (4.4). U
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We are now ready for the

Proof of the Moment set theorem. (i) We amend the argument given in the proof of Theorem 3.7.2 in [1], using the
same combinatorial decomposition

14
Sa(10)P =) yp(qalg,n), (4.8)

g=1

where, for n, p € N, a(p,n): X — Z is defined by a(0,n)(x) := 1, and a(p + 1, n)(x) :== Y j_, La(T*x)a(p,n —

k)(Tkx), while y1(q) := 81,4, and yp11(q) :=q(yp(q) + vp(gq — 1)). In particular, y,(p) = p!.
Proving that A is a moment set reduces to showing that for p > 0,

ua(A)?

. 4.9)

o0
(%) :=Ze‘“/Aa(p,n)dmA:Om(A)l’+1
n=0

This is because plu,(A), the ¢ = p term of the Laplace transform of the sum in (4.8), dominates the ¢ < p terms.
Indeed, as we now check by induction on p,

ua(A)?

u,,(,\)zo( ) as A\ 0 V¥p > 0. (4.10)

For p = 0 this is evident. More precisely, we have

mA)  m(A)

A) = 4.11
uo () T —e 10 % 4.11)
To pass from p — 1 to p, use the recursive relation
o n
up(h) = Ze*)‘” Z/ (lAa(p —1,n —k)) o TXdm
n=0 k=1 A
o n
— Ze_)‘” Z/ T 4a(p —1,n — k)dm
n=0 k=174
o0 o
= / <Ze_)‘ka1A> (Z e Ma(p —1, n)) dm,
A k=1 n=0
and combine it with Lemma 4.1. This proves (4.10) and hence sufficiency of (4.9).
Since the p = 0 case of (4.9) is trivially fulfilled, we can establish (4.9) by proving
A, (A
Jim 2™ S AP vpeN (4.12)
N0 UAR)P
and
— du,(A
fim 2™ L vpen. (4.13)

m
NOug(A)P —

(i1) Fix any p > 1. To prove (4.12) by contradiction, suppose that it is violated. Then there are some ¢ > 0 and
Ai \{ 0 such that

Mttp(hi) < (1 —&)PP2m(A)P  u ()P fori > 1. (4.14)
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Let (1}) be a subsequence of (4;) as in Remark 6, so that

Rp(A})) — m(B) ae.onA (4.15)
1—> 00
forall B € F, B C A. We claim that there are measurable sets A=A9g D A1 D--- D A, withm(A;) > (1 — &)m(A)
and

1
ua;(Ap)

17, A~
Ze_k"kalAj

k>1

RAj()‘;) =
>1—-¢em(Aj) onAjfori>{;,

with (£;) j>1 increasing in N.

To see this, start with A9 = A and consider (4.15) with B = Ag. By Egorov’s theorem, there is some A} € BN Ay
with m(A1) > (1 — e)m(A) such that this convergence is uniform on A;. Therefore, there exists a suitable £;. If
A=ApD A1 D---D Aj have been constructed, consider (4.15) with B = A;. By Egorov’s theorem, there is some
Aj1eBNA;withm(Aji1) > (1 —&)m(A) such that this convergence is uniform on A ;. Therefore, there exists
a suitable £; .

We now find, forany j € {0,1,..., p — 1} andi > £}, that

o
/(Ze_)‘;”a(p—j,n)>dm
Aj \n=o0
o0 n
:Ze—%’-nz/ (laa(p—j—1,n—k)) o T dm
n=0 k=14

o0 n
Ze—%"zf T*1a,a(p—j—1.n—kydm
n=0 k=1 A

o0 o0
=/<Ze*f"T"1Aj> (Ze)‘i”a(p—j—l,n)) dm
A n=0

k=1
oo o
> / (Ze—xﬁk’f"u,) (Ze_kgna(p —j—1, n)) dm
Aj+1 \k=1 / \ui=o

> (1—e)m(Auy, (A;)/A (Ze—%’-"a(p —j— 1,n)> dm.
J+1 \n=0

Putting these together, we obtain that fori > £,_1,

n=0

p—1 [e'9)
up()) > ((1 —e)m(A))” (]_[ U, (x;)) /A (Z e~4i"a(0, n)) dm
j=0 ,

p+1 e ’ 1
> ((1—e)m(A)) (1_[ Ua, (xi)) 7

j=0

where the last step is immediate from a(0, n) = 1. Since u Aj (X)) ~ua(A) by Lemma 4.1, this contradicts (4.14), and
thus establishes (4.12).
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(iii) To prove (4.13), fix any p > 1, and & > 0. In view of (4.3) there is some A" > 0 such that R4 (1) < (1 +&)m(A)
on A for A < A’. For such A we therefore find

p(h) = /AMA()\)RA(A)<Ze—*"a(p— 1,n)) dm

n=0
= +e)m(Auar) - up—1(2)

< (L +omAua)” - uo(n),

and our claim is immediate from (4.11). ([l

5. Wandering rates, return sequences and tails of marginals
Wandering rates

Suppose that (X, B, m, T) is a conservative ergodic measure preserving transformation on a o -finite space. The wan-
dering rate of the set A € F is the sequence given by L4 (n) :=m(j_, T~k A), n > 1. Evidently,

A,BeF, ACB = Lasn) <Lpn),
and

for N > 1 fixed, LU£V=OT_,{A(n) =Las(n+N) i Ly(n).
Wandering rates are expectations of truncated return times,
La(n) = / (pa An)dm.
A

Therefore, letting c4(X) := fA(l — e’)“pA) dm, A > 0, for A € F, we have

ca(d) = (1 - e_)‘) Z_(:)e_)\”m(A Nps > n]) )\':O)\.ZZOC_)\][LA(H).

Thus if Ls(n) ~ Lp(n) as n — 0o, then c4(A) ~ cp(A) as A \( 0. In fact, since Ly(n + 1) — La(n) N\ 0 for all
A € F, Korenblum’s ratio Tauberian theorem ([15], see also Theorem 2.10.1 of [10]) shows that the converse is also
true, so that

for A, B e F: LA(n)n:OOLB(n) <— cA()»)A”\v‘OcB()L). 5.1

The set A € F is said to have minimal wandering rate if Lg(n) ~ L (n) for all B € F, B C A. In this case,
liminf,_ ii% > 1 for all B € F. Thus if A, B € F both have minimal wandering rate, then Lp(n) ~ L4 (n).
Therefore, if such a set A exists, L7 (n) := La(n) defines the wandering rate of T, (L7 (n)),>1 up to asymptotic
equivalence. The latter is a nontrivial structural invariant for large classes of systems, see [18] and [25].

There are sufficient conditions for A € F to have minimal wandering rate. By Proposition 3.2, Remark 3.6, and

equation (2.3) of [20],

. (T‘A@AAn)
if | ————=
La(n)

then A has minimal wandering rate. 5.2)

) is uniformly integrable,
n>1
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Also, uniform sets are known to have minimal wandering rate, provided that the return sequence is regularly varying
(Theorem 3.8.3 of [1]). In Theorem 5.1 below we remove the latter condition.

Minimal wandering rates determine the return sequence (a(n)),>1 = (a,(T)),>1 of a weakly pointwise dual er-
godic system (X, B, m, T') by means of the asymptotic renewal equation. Assuming w.l.0.g. that (a(n)) is increasing,
we let

ur(A) = Ze*)‘" (a(n +1)— a(n)) for A > 0.
n=0

As a consequence of (3.7) we have ur (L) ~u (1) as A N\ O for all limited sets A (with u 4 () as in Section 4).

Theorem 5.1 (Minimal wandering rates and the asymptotic renewal equation). Suppose that T is weakly point-
wise dual ergodic.
(1) If A € F has minimal wandering rate, then it satisfies the asymptotic renewal equation

1
Al o

(i1) Uniform sets have minimal wandering rates.

Proof. (i) By Proposition 3.1 there is some limited set B € F N A. In view of statement (a) in Lemma 4.1, any
sequence decreasing to 0 contains a subsequence (A ;) j>1 along which

1
ug(j)

oo
Ze_kf”?”lg —> m(B) ae.onB.
j—oo
n=0
Egorov’s theorem then gives us some C € F N B on which this convergence is in fact uniform, so that

o0
/(1 —e M)y e M T gdm ~ m(B)up(rjec(h)).
C J

—00
n=0

On the other hand, Lemma 3.8.4 in [1] shows that

o o
1 — e H¥c e MT M  gdm =) e M / lgdm — 1,
Ja-e e P aan=3 e [ taon

where Co := C and C,, := T‘”C\UZ;(I) T%C forn>1. Together, these prove cc(Aj) ~ 1/up(A;) as j — 0o. Butas
A has minimal wandering rate, (5.1) ensures that c4 (A) ~ c¢c (), and we end up withca (A ;) ~ 1/up(A;) ~ 1/ur (A;).
Our claim follows since this can be done inside any sequence of A’s decreasing to 0.

(ii) Suppose that A is a uniform set for f € Lﬂr(m), with return sequence (a(n)),>1. Then, this is also true for all
B € 7N A. Thus, by the asymptotic renewal equation for uniform sets (cf. 3.8.6 of [1]),

cg(h) ~ for Be FNA,

N0 ur(A)
where u7 (1) does not depend on B. In particular, cg(X) ~ c4(A) for all B € F N A, which, due to (5.1), shows that A
has minimal wandering rate. (]
Proof of Theorem 2.2. Let (X, B, m, T) be the Kakutani tower of (£2, A, P, S, ¢), then

n

Lom)=E(@An)~ m,
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whence by Theorem 3.8.1 of [1], for large n,

. 1
— —k 2~
a(n) = kEZI m(.Q ny .Q) > Lot > 2a(n).

Thus, for all € > 0,

nt,(ea(n)) - 2nv,((¢/2)a(n)) 0
a(n) an) n—o0

Now, by Theorem 3.1(a), T is weakly pointwise dual ergodic with return sequence a(n), and in view of (2.4) and

(5.2), £2 has minimal wandering rate. According to the asymptotic renewal equation of Theorem 5.1, c (A) ~ ﬁ as

A\, 0 whence, by Karamata’s theorem, we see that indeed a, (n) ~ a(n). O

6. The one-sided law of the iterated logarithm
The y =1 version of the law of the iterated logarithm follows immediately from the previous results.

Proof of Theorem 2.1(b). It has already been pointed out in [4] that (2.3) holds for positive stationary processes
satisfying a weak law of large numbers provided that the corresponding infinite measure preserving Kakutani tower
is weakly pointwise dual ergodic. The latter is immediate from Theorem 3.1. ]

We now prove Theorem 2.3 by applying [5].

Proof of Theorem 2.3. We first show that under the present assumptions

[e.0]

3 e _ 6.1)

n

n=1

To see this, note that ¥ p (a(a(n))) < “51—") for large n. Let b be asymptotically inverse to a in that b(a(n)) ~ a(b(n)) ~
n, then b is %—regularly varying, and for large N :=a(a(n)) we have

a() _ 2b(N) 2
~ b(b(N))  ¢(N)’

Bp(N) =0p(a(am)) <

where c¢(N) := hgyb((NN))) is (% — %)-regularly varying. Since Nc(N) is (ﬁ - % + 1)-regularly varying we indeed get
YNt Ny < 0©-

As an immediate consequence of (6.1), (£2, A, P, S, «) is strongly mixing from below as defined in [5]. That is, for
every B € A with P(B) > 0 there are n(n) N\ 0 with anl n(n)/n < oo (in our case n(n) := ¥ p(n)) such that for all
k>1and A € o (ag) we have

P(ANS™"HB) > P(A)P(B) — n(n) forn>1.

Let (X, B, m, T) be the Kakutani tower of (£2, A, P, S, ¢). Part (¢) of Theorem 3.1, with u = P, ensures that T is
pointwise dual ergodic and that §2 is a Darling—Kac set.
The assumptions of Theorem 4 in [5] are now satisfied. Hence,

1

Z —e T oo VB> 1
n

n=1

= Sn(f)ny/deu ae. VfeLl

lim ————
n—o0 a(n/t(n))t(n)
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and
1
Z—efﬁt(”)zoo VB < 1
n:ln
_ 1
im —§ > K d eVfeLl.
= e P E ﬂ&f'“ aevieli

Using the inversion technique in Section 5 of [5], statements (2.8) and (2.9) of Theorem 2.3 follow, and (2.7) is a
consequence of those. (]

7. Interval maps

Throughout this section, m denotes one-dimensional Lebesgue measure. A piecewise monotonic (increasing) map
of the interval is a triple (£2, S, «) where §2 is a bounded interval, « is a finite or countable generating partition
(modm) of £2 into open intervals, and S:$2 — £2 is a map such that the restriction S: A — SA is an (increasing)
homeomorphism for each A € « so that both S|4 : A — SA and its inverse v4 : SA — A are absolutely continuous.

In this case, each iterate (2, S¥, ax), k > 1, is also piecewise monotonic (increasing), where oy = \/fc & N a
Generalizing the above, we let, for A € oy, v4 denote the inverse of Sk [A:A— Sk A, so that the transfer operator S
of § (with respect to m) satisfies

dm o vy
dm

SkfF= Z lge v - (fova), wherev) =

Aeay

Consider the following properties for a piecewise monotonic map of the interval (§2, S, «r):

(A) Adler’s condition: for all A € a, S|4 extends to a C? diffeomorphism on A, and S”/(S")? is bounded on | J 4, A
(B) Bigimages: infgeq m(SA) > 0.

(R) Rychlik’s condition: ) 4., |1sav/yllgy =: R < 00.

(U) Uniform expansion: inf|S’| > 1.

Recall that (A) ensures v’ /vA < M < oo, whence vA = eiMm(A)/m(SA) on SA for all A € «. In (R), the space BV
is the subspace of those functions f in L°(m) with a version f* in BV, the space of functions of bounded variation.
With \/ , (f*) denoting the variation of f*:£2 — R, the norm | - || zy is defined by

Il fllgy = ||f||oo+\7f, where \7f ::inf{\/(f*);f*:fm-a.e.}.
2 2

2

Piecewise monotonic maps (£2, S, «) of the interval with properties (P1), ..., (Py) will be called P; - -- Py-maps
(e.g. ABU-maps, RU-maps).

Lemma 7.1. Any ABU-map is an RU-map.

Proof. This is similar to Proposition 2 of [22]. For any piecewise monotonic map (£2, S, «), (A) and (B) imply (R).
Indeed,

> lsavilgy < 3||U’A|\oo+\/

Aeca
(A) m(A)
SZGM(M>/||M>

Aea

Z(?) m (A M/ U’Adm>
m(SA) SA
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<y <3eM ,Z(Si‘)) + MeM m(A))
Aca

P > S m(A) = M'm().

Aca
Ergodic properties of Rychlik’s maps

Suppose that (£2, S, «) is an RU-map, then, according to [16],

e (£2,B,m, S, ) is a fibred system, where B is the Borel o-field,

e the ergodic decomposition of (£2, B, m, S) is finite, and

e to each ergodic component there corresponds an absolutely continuous invariant probability, with density in BV
and with respect to which S is isomorphic to the product of a finite permutation and a mixing RU-map.

Moreover, if S is weakly mixing (with respect to m in the sense that f : 2 — S! measurable, f o § = Af a.e. where
2 eS! implies f constant), then there are constants K > 0 and 6 € (0, 1) such that

o (L,

BV
where & is the unique 7 -invariant probability density. In this case, let dP := hdm and u := m|[;~07. Then [8] shows
that the probability preserving fibred system

<KO0"| flzv,

(£2,B, P, S, a) is exponentially ¥, -mixing. 7.1

We next observe that ¥ *(N) < oo already implies continued fraction mixing in the present context, provided 4 has
a positive lower bound. (This shows that for such ABU-maps, the conclusions of Theorem 2.3 already follow from
earlier results for continued fraction mixing systems.)

Proposition 7.1 (Continued fraction mixing ABU-maps). Let (£2, S, @) be a weakly mixing ABU-map with invari-
ant density h bounded away from 0. If AN > 1 such that y*(N) < 00, then (§2, S, &) is continued fraction mixing.

Proof. Suppose that n € (0, 1) satisfies h = nil, which we use to abbreviate n < h < n’l. A standard argument then
shows that sup,,-.| supg, 1(S™)|/((S™))? < 00, and we can also assume that

o = ptl m(A)

= on S¥A forall A € ag, k > 1.

Let Sp be the transfer operator with respect to the absolutely continuous invariant probability P, then Sp f=
S(hf)/h, and therefore

Shf=n*2S"f foralln>1, feLZ.

‘We now show that

776

YH(N)
To this end, let B C §2 be measurable with m(B) > 0. Then

m(S*A) > A forall A € oy, k > 1, where A := (7.2)

PUA) _ y mA)
m(SKA) = m(SkA)

L1

< _— 1w v d
SN (SNB) Jgng StAvAS
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L1

ok
R — S¥14d
g m(S_NB) S—NpB adm
1 o
e I — SK14dP
=1 PE) Sy

_ o6 | Ntk
=1 g (AN STV B)

< %Y (N)P(A)

whence (7.2), as claimed.
To complete the proof of the proposition, we can then proceed as in the proof of Theorem 1(b) in [8]. (|

By exponential ©#,-mixing (7.1), Theorem 2.1 implies the general

Proposition 7.2 (Stable limit theorem for RU-maps). Suppose that (52, S, ) is a weakly mixing RU-map with
absolutely continuous invariant probability dP = hdm. Let ¢ : 2 — N be a-measurable, and denote ¢, := ZZ;& @po
Sk Ifa(n) = ap(n) =>"y_; P(lox < nl) is y-regularly varying for y € (0, 11, with asymptotic inverse b, then

27,
b(n)

Remark 7. For the subfamily of those RU-maps S which satisfy (A) plus the finite image condition (F) which requires
{SA: A € «a} to be finite, more general stable limit theorems (for observables ¢ which need not have constant sign)
follow from [T] (see the end of Section 5 there). These AFU-maps occur as induced maps of the infinite measure
preserving AFN-maps studied in [22,23] (generalizing [18]). The final subsections below illustrate that the present
results allow us to analyse infinite measure preserving interval maps more general than those studied in [23].

The asymptotic type
Next, we turn to the asymptotic identification, via Theorem 2.2, of the normalizing constants a,(n) in this setup.
Proposition 7.3 (Asymptotic type of ABU-maps). Suppose that ($2, S, «) is a weakly mixing ABU-map with abso-

lutely continuous invariant probability dP = hdm.
Suppose that ¢ : 2 — N is a-measurable and satisfies

Pl =n))

g =] i€ € 0.0 (1.3)
as well as
n
~ 4
/andmnm F@— LA+ y)am’ 7.4)

where a(t) is regularly varying with index y € (0, 1]. Then
n
ay(n) = Z P([q)k < n]) D ctam).
k=1

The main point is condition (2.4) of Theorem 2.2.

Lemma 7.2. Suppose that ($2, S, a) is a weakly mixing ABU-map with absolutely continuous invariant probability
dP = hdm. Suppose that ¢ : 2 — N is a-measurable and satisfies

/(p/\ndm:O(/(p/\ndP) asn — oo.
Q Q
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Then there is some & € L'(P) such that

§p(<p An) < (/Q 0] /\ndP)q) a.e.foralln>1.
Proof. We first record a corresponding statement with respect to Lebesgue measure m,

aM > 0 so that §(¢/\n)51\”4/9(¢/\n)dm vn > 1. (7.5)
Letting F, := )" 4., (9(A) An)m(A)1s4 and M := (infpeq m(SA))~!, we have indeed

Sean) =Y (p(A) An)S1a=> (p(A) An)v)ylsa

Aea Aea

<eM > (p(4) An) ;((Sfj:) Isa < M'eMF,.

Aea

But | Fyllco < ZAea (p(A) An)ym(A) = f(q) A n)dm, whence (7.5). To deduce (2.4), note that
-~ 1~
Sp(p An) = 1[h>0]%5(h(90 An))
1~
< 1[h>0]||h||oozs((ﬁ An)
1 -
< tualblo g 3 [ @ Amdn by 15)

1 -
~ 1[h>0]||h||oo_CM/ (p An)dP
h 7,

2

where @ := 1j~0llhlc 3¢M € L' (P) since h € L' (m). O

Proof of Proposition 7.3. We are going to verify the conditions of Theorem 2.2. Note first that adaptedness follows
from the other two by exponential ¥#,-mixing (7.1). Next, condition (2.5) is immediate from (7.3), as

/wAndP:ZP([(pzk]) (7’4«3)0 m([wzk]):e/w/\ndm.
2 2

k=1 k=1

To check condition (2.4), use this and the previous lemma. O
The common image property

Typically, for interval maps, one will first obtain information on [¢ > n] in terms of Lebesgue measure m. This needs to
be combined with an analysis of & to yield information on P ([¢ > n]), and hence on [ ¢ AndP =3 }_; P([¢ > k]).
Here we discuss simple sufficient conditions which allow us to validate property (7.3) of Proposition 7.3 in this way.

Consider a piecewise increasing map (§2, S, «), with £2 = [w;, w,]. We shall say that (§2, S, «) has the common im-
age property if (oo SA = (w1, w; + z5) where zg > 0. Evidently, this entails the big image property (B). Moreover,
we find:
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Lemma 7.3. Suppose that (2, S,a) is a piecewise increasing AU-map with the common image property and an
absolutely continuous invariant probability dP = hdm on §2 = [w;, ®,]. Then

essinf & > 0. (7.6)

[wr,01+zs]

Moreover, S is weakly mixing.
Proof. We assume w.l.o.g. that £2 = [0, 1]. Fix a version & € BV of the invariant density and set
J = {J C [0, 1]: J is a nonempty open interval with iIJlfh > O}.

It is clear that 7 ## &. We need to show that (0, zs) € J. Observe first that
thereexist J € J and A€« sothatJNJA#J. a.7)

To see this, suppose otherwise i.e. that VJ € J,3A; € a: J C Ay. Then J € J implies SJ € J since for x € SJ C
SAy,

h(x) > v%l (X)h(va,x) = COHSt'm(AJ)iI}fh > 0.

But then, for each k > 1, S¥J C Ay for some Ay € o, an impossibility since this entails m(SKJ) = Akm(J) - oo.

Due to (7.7), there are J € J and A = (u,v) € @ such thatu € J. Set Jo:= AN J = (u, w) with u < w. It follows
as above that Iy := SJp € J, and the common image property implies /o = (0, ¢) for some ¢ > 0.

Note then that there exist some J' € J and A’ € « such that J/ D A’: unless Iy contains some A’, it is contained
in a specific A’ € &, and by the special structure of our map there is some k > 1 for which S¥7 ¢ A’ ¢ S¥*!1. By the
argument proving (7.7) we have J' := S¥*11 ¢ 7.

But then (0, z5) C SA’ € J as required.

Finally, in view of Lemma 7.1 and [16], S has only finitely many ergodic acims, and these have densities ; € BV,
which can be chosen to be lower semicontinuous, so that the sets [#; > 0] are open and pairwise disjoint. However,
by the above, each [h; > 0] contains (0, zs). Hence 7 and P are unique, meaning that S is ergodic. Moreover, the
structural results of [16] also show that there is a finite tail decomposition z = Zf;é gj with g; € BV and the [g; > 0]
open and pairwise disjoint, such that S[g; > 0] =[g; > 0] a.e., [ = j + I mod p, and § is weakly mixing iff p = 1.
Bounded variation of the g; together with (7.6) now implies that (after renumbering the g; if necessary) there is
some y > 0 for which (0, y) € [go > 0]. However, there is at least one cylinder A = (a, b) € « with a < y, and then
(a,c) :=[go > 0] N A is nonempty and open. Due to the common image property, S(a, ¢) C [g1 > 0] has nonempty
open intersection with (0, y). Hence [gg > 0] = [g1 > 0], as these sets overlap. Therefore p = 1. O

This immediately allows us to deal with situations in which ¢ only diverges at 0.

Example 2. Suppose that ([0, 1], S, @) is a piecewise increasing AU-map with the common image property and
absolutely continuous invariant probability dP = hdm. Suppose that ¢ :[0, 1] — N is a-measurable and satisfies
[ = n]l =10, y,] for n > ng, where
1
rad—yrd+ya(n)

Yn

with a regularly varying of index y € (0, 1]. Then ay,(n) ~ a(n).
Indeed, we need only check condition (71.3) of Proposition 1.3. Fixing a version h € BV of the invariant density,
Lemma 7.3 shows that limy .o, h(x) =: h(0") > 0. Whence P([¢ > n]) = f[ yhdm ~ h(O0NYm([¢ > nl), and our

=2
claim follows since, by Karamata’s theorem,

n

fg(w Amydm -~ rQ—-y)rd+yam)’
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Next, we record a little preparatory observation which will enable us to also study functions ¢ which diverge at
countably many points. (This will be the case for the return time functions of the null-recurrent maps studied in the
final subsection below.)

Lemma 7.4. Let h:$2 — [0, 00) have right-hand limits h(xT) everywhere. Let xj, yjn € £2, j,n >0, be such that
for each n the sets (xj,xj + yjn) are pairwise disjoint, and suppose that there are s; € [0, 00) with ijo sj < 00,

and g, \ 0 for which y; , /g, — sj as n — oo, uniformly in j. Ifsjh(x;-r) > 0 for some j, then

> poas ~ (Lsle) Jan 18)
(xj,Xj+Yjn)

Jj=0 j=0

Proof. Assume w.l.o.g. that soh(xar) > 0, and take any & > 0. Choose n1 so large that y; , <e®s;q, for n > n; and
all j. Take J > 1 so large that (suph) Zj>Jsj < ezjzosjh(x;“). Next, there is some ny, > n; such that for all
n>npandall j <J,

esoh(x,
sup h< egh(xf) £s0h(xg ) ;)
(xj,xj+€8sqn) J+1

(here h(x;f) need not be positive, but h()car ) is). Then, for all n > ny,

Zf h(x)dx §esqn2sj sup h
>0 (xj,x+Yjn) >0 (xj,xj+efs;qgn)

<eqn ( ZSJ +8S0h(xo)+suphzsf>

e (e + 2¢) (Z sjh(x;r))qn

j=0

As ¢ > 0 was arbitrary, this proves one half of our claim. The corresponding estimate from below follows by similar
but even simpler arguments which we omit. O

We can now go beyond the scenario of Example 2 above. Situations of the following type naturally occur in the
study of interval maps with neutral fixed points, see below.

Proposition 7.4 (¢ with countably many singularities). Ler (£2, S, ®) be a weakly mixing piecewise increasing
ABU-map with absolutely continuous invariant probability dP = hdm. Suppose that ¢ : 2 — N is a-measurable
and such that for n sufficiently large, [¢ > n] is a countable disjoint union of intervals (xj,x; + y;.n) satisfying the
assumptions of Lemma 7.4, where

1
o0 T(1 — )I(1 + y)a(n)

qn

with a regularly varying of index y € (0, 1]. Then

ay(n) = ZP[gok<n] ~ (Zs, )a(n)

k=1 j=0

Proof. Itis clear that m([¢ > n]) ~ (ijo $j)qn. According to Lemma 7.4,

P([wzn])=2f(_ . )h(x)dx~<2s, )qn,

Jj=0 j=0
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so that by Karamata’s theorem

/(Mn)dp O LGP ’
2 n—00 T2 = y)L (1 +y)aln)

and Proposition 7.3 applies. (]
Some infinite measure preserving interval maps

We conclude with a class of infinite measure preserving interval maps 7 with indifferent fixed point, which induce
probability preserving maps S of the above type. These T do not, in general, belong to the family of AFN-maps
studied in [23], see Example 3 below.

Proposition 7.5 (Maps with indifferent fixed points). Ler (X, T, B) be a piecewise increasing A-map on X = [0, 1]
with the common image property which satisfies inf 1y T' > 1 for every ¢ € (0, 1). Assume that T possesses a leftmost
cylinder B, = (0, &), and that z7 := infgpeg m(T B) satisfies zr > &. Suppose that T is convex near 0, and satisfies,
for some y € (0, 1),

T(x)~x +ix TV po(x"T17)  asx\,0. (7.9)

Then T is conservative ergodic with an infinite invariant measure mr = ht dm, with hy bounded on each (¢, 1).
Moreover, T is weakly pointwise dual ergodic and exhibits Darling—Kac asymptotics,

Sn
a((nf)) n%))omT(f)YV for f € Ll—(mT),

with return sequence satisfying a(n) ~ c/n? for some ¢ > 0.

Proof. Let £2 :=[£, 1], and consider the induced map S = T; and the corresponding return time function ¢ = ¢ . We
are going to show that the induced system naturally comes as a piecewise increasing map (£2, S, o), which together
with ¢ satisfies the assumptions of Proposition 7.4. Therefore Proposition 7.2 applies, which via (2.11) entails the
Darling—Kac limit. Weak pointwise dual ergodicity is implicit in the application of these propositions.

Note first that B, = Un>1 (Tu+1, Tn), where 71 := & and 1,41 := w(z,) with w := (T|3*)_1 denoting the inverse of
the leftmost branch of 7. As a consequence of (7.9) we have (see Corollary on p. 82 of [18])

Gn =Ty n:oo(Kn/y)V. (7.10)

Fix any B € §\ {B.}, and let B(k) := B N [¢ = k], k > 1, which defines the cylinders of S inside B. The induced
map S is trivially piecewise increasing and satisfies (U). It also satisfies (A), which is checked by the same argument
as in [18] or [22], which we do not reproduce here.

Now SB(1) = TB(1) N 2 D (¢§,z7 — &). For k > 2, TB(k) = (tk—1, Tx—2), and hence SB(k) = T¥B(k) =
T (t1,70) D (§, 27 — &). Therefore S has the common image property.

Enumerating g \ {B.} = {Bo, B1, ...}, we get

[¢ >n1N B; =g, ((0,1,)) = (x;j,Xj + Yjn)

for suitable x;, y; »,, where v B = (T|B j)_l. This collection of intervals now satisfies the assumptions of Lemma 7.4
with s; 1= v%j (Bj) where B; is the left endpoint of B;. Uniformity of y;,/q, — s; in j is a consequence of the
distortion control for (the first iterate of) T provided by condition (A), which also implies ) s; < oo. To see that
s jh(x;.') > 0 for some j, use the common image property of S and Lemma 7.3 to obtain some zg > O such that
inf¢ £1,5) h > 0. Now choose some j for which 8; € (§,§ + zy). O
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Example 3. Fixy € (0,1) and define F(x) :=x(1+x'7)/(1 —x¥),x € X := (0, 1). Let T : X — X be of the form
Tx =F(x)— F(&,) for x € (§,,8n41), where 0 =&y < & < --- <&, /' 1 are such that T§,” < T.§n_+1 /' 1. Then
T satisfies the assumptions of the preceding proposition, but the finite image property (F) is only fulfilled in those
exceptional cases where T&,” =1 for n > ny.

Note that whenever &, ..., &, satisfying the above requirements have been chosen, then the range of admissible
values for &, is the nonempty interval [F7YQF (&) — F&i—1)), F-Y(F (&) + 1)] =: Ju, which is nondegenerate
iff F(&,) — F(§,—1) <1, that is, iff T, # 1. Therefore, if one never chooses &, to be the right-hand endpoint of
Jn, all these intervals are nondegenerate, and no T constructed this way belongs to the AFN-maps of [23].
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