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Abstract. We study a one-dimensional stochastic differential equation driven by a stable Lévy process of order o with drift and
diffusion coefficients b, o. When « € (1,2), we investigate pathwise uniqueness for this equation. When o € (0, 1), we study
another stochastic differential equation, which is equivalent in law, but for which pathwise uniqueness holds under much weaker
conditions. We obtain various results, depending on whether « € (0, 1) or o € (1, 2) and on whether the driving stable process is
symmetric or not. Qur assumptions involve the regularity and monotonicity of » and o.

Résumé. Nous étudions une équation différentielle stochastique de dimension 1 dirigée par un processus de Lévy stable. Lorsque
a € (1, 2), nous examinons 1’unicité trajectorielle pour cette équation. Quand « € (0, 1), nous étudions une autre équation, équi-
valente en loi, mais pour laquelle 1’unicité trajectorielle s’avere vraie sous des hypotheses bien plus faibles. Nous obtenons des
résultats variés, selon que o € (0, 1) ou @ € (1, 2) et selon que le processus stable dirigeant I’équation est symétrique ou non. Nos
hypotheses concernent la régularité et la monotonie des coefficients de dérive et de diffusion.
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1. Introduction and results

Fora_,a; in [0, 00) and & € (0, 2) \ {1}, we consider the measure on R,:
Ve 4, (d2) =27 a1 <o) + ar 1iz=0)] dz. (1)

Let now N (ds dz) be a Poisson measure on [0, oo) x R, with intensity measure ds va“ﬂ a (dz). Setting

Zi= [y [p. aNdsdz) ifae(0,1),

- 2

Zi= [y [p. eNWdsdz) ifae(l,2), @)
the process (Z;);>0 is a stable process of grder o with parameters a_, a4, or a («, a_, ay)-stable process in short. It
is said to be symmetric if a_ = a.. Here N stands for the compensated Poisson measure, see Jacod and Shiryaev [9],
Chapter II. Any one-dimensional stable process can be written as in (2), see Bertoin [4] and Sato [15] for many details
on stable processes. We consider, for some measurable functions o, b: R +— R, the S.D.E.

t t
X, =x+ / o (Xy_)dZs + / b(X,) ds. 3)
0 0
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Our aim in this paper is to investigate pathwise uniqueness for this equation. Let us recall briefly the known results on
this topic.

e Pathwise uniqueness classically holds when b, o are both Lipschitz-continuous, see e.g. Ikeda and Watanabe [8],
Chapter 4, and Protter [13], Chapter 5.

e Whenea € (1,2), ay =a— and b = 0, Komatsu [10] has shown pathwise uniqueness if o is Holder-continuous with
index 1/, see also Bass [1].

e Bass, Burdzy and Chen [3] have proved that the above results are sharp: if a_ = a4 and b = 0, for any 8 <
min(1, 1/«), one can find a function o, Holder-continuous with index g, bounded from above and from below,
such that pathwise uniqueness fails for (3).

e When o € (1,2) and a— = 0, Li and Mytnik [12] have proved pathwise uniqueness if o is non-decreasing and
Holder-continuous with index 1 — 1/« and if b is the sum of a Lipschitz-continuous function and of a non-increasing
function. This last result continues the work of Fu and Li [7].

We refer to the review paper of Bass [2] and to the works of Fu and Li [7] and Li and Mytnik [12] for many more
details on the subject. In [7,12], much more general jumping S.D.E.s are considered. See also Situ [16] for a book on

general S.D.E.s with jumps.
Our aims in this paper are the following. We will investigate pathwise uniqueness for (3) when « € (1, 2) without
assuming a— = a4 or a— = 0. When « € (0, 1), we will study another stochastic differential equation, which is

equivalent in law, but for which pathwise uniqueness holds under much weaker conditions.
1.1. Preliminaries

When « € (1, 2), we will study the S.D.E. (3). When « € (0, 1), we will rather study the following equation: for

M (ds dz du) a Poisson measure on [0, 00) X R, x R, with intensity measure ds vy ar (dz) du,

t

t
Yi=x +[) / ‘4% Z[I{O<u<y(Ys,)} - l{y(Yx,)<u<O}]M(ds dzdu) +/(; b(Yy)ds, “4)

where y (x) = sign(o (x)) - |o (x)|*. See Fu and Li [7], Eq. (5.6), for a similar equation. This equation is equivalent, in
law, to (3). It has to be seen as another representation of (3).

Lemmal. Leta € (0,1) anda_, a4 € [0, 00).

(1) Let (Y1)i=0 solve (4). There exists a (a, a—, ay)-stable process (Z;);>o such that (Y;);>o solves (3).

(i1) Let (X;)s>0 solve (3). There exists, on an enlarged probability space, a Poisson measure M on [0, 00) x R, x
R, with intensity measure ds vZ‘_’ ar (dz) du such that (X;):>0 solves (4).

Let us finally recall the following existence result.

Proposition 2. Let o« € (0,2) \ {1} and a_, a; € [0, 00). Assume that o, b have at most linear growth.

(1) If b, o are continuous, there is weak existence for (3).
(i) For any solution to (3), any B € (0, ), any T > 0, E[sup|g 1) 1X,|#] < o0.

These results must be standard, but we found no precise reference. The weak existence is almost contained in Situ
[16], Theorem 175.

1.2. The case where o € (1,2)
This section is devoted to the study of (3) when « € (1,2). We first introduce some notation.
Lemma 3. For o € (1,2), set a = cos(n) € (—1, 1). Then for c € [0, 1],

2(1 —a® — (1 +ca)? o —1.1]
2A—ad+( +ca)2) c ’

Bla,c) = l arccos(

T
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There holds B(a,0) =1, B(a, 1) =a — 1 and B(a,c) € (¢ — 1, 1) for c € (0, 1).

We may assume that a_ < a4 without loss of generality: if a_ > a4, write o (X;_)dZ; = 6(Xs_)dZS, where
06 =—o and Z; = —Z; is a («, a4, a_)-stable process.

Theorem 4. Consider a stable process (Z;);>0 of order a € (1,2) with parameters 0 < a_ < a;. Set B =
B(a,a_/ay) asin Lemma 3. Assume that o, b have at most linear growth and that for some constants ko, k1 € [0, 00),

e o is Holder-continuous with index (o — B) /o (which lies in [1 — 1/a, 1/a]),
e forall x,y e R, sign(x — y)(ay —a-)(o(y) —o(x)) <«1lx —yl,
e forall x,y e R, sign(x — y)(b(x) —b(y)) <kolx — y|.

Consider two solutions (X;);>0 and (Xz)zzo to (3) started at x and Xx.

(1) Foranyt >0, there holds
IE[|Xz - )N(IVS] <|x —x|Pe,

where C depends only on ko, k1, &, a_, ay. Thus pathwise uniqueness holds for (3).
(i) If furthermore b is constant and (a4 — a_)o is non-decreasing, then Vt > 0,

E[1X; — X,|P] = |x — #|P.

Observe that the condition on b holds as soon as b = by + by, with b| non-increasing and b, Lipschitz-continuous.
When a4 =a_, we have 8 =« — 1 and thus we only assume that o is Holder-continuous with index 1/«, as Komatsu
[10] or Bass [1]. But when a_ < a4, there is automatically a compensation in the driving stable process, which
introduces a sort of drift term. Our assumption on o holds if o = o1 + 02, with o7 Lipschitz-continuous and o>
Holder-continuous with index (¢ — )/« and non-decreasing. Observe that (¢ — 8)/a < 1/a, so that if ¢ is non-
decreasing, the assumption on o is weaker if a_ < a4 than if a_ = a4. Finally, if a_ = 0, then 8 = 1, so that our
assumption on o holds if ¢ = o1 + o2, with o7 Lipschitz-continuous and o, Holder-continuous with index 1 — 1/«
and non-decreasing. This last case is thus very similar to the result of Li and Mytnik [12].

As compared to [1,10,12], point (i) allows us to treat the case a_ # a4 and a_ # 0 and provides some simple
stability estimates with respect to the initial datum. Point (ii) is a remarkable property. It was already discovered by
Komatsu [10] when a_ = a4 (and thus 8 = o — 1), although not explicitly stated. A similar remarkable identity holds
in the Brownian case (witha =2 and 8 =a — 1 = 1), see Le Gall [11], Theorem 1.3 and its proof.

As a by-product, our proof allows us to check the following statement. See [6], Theorems 4 and 5, for similar
considerations about the stochastic heat equation.

Proposition 5. Assume that « € (1,2) and that a_— = a4+ > 0. Suppose that o, b have at most linear growth, that o is
Holder-continuous with index 1 /o and that b is non-increasing and continuous.

(1) If (b, 0) is injective, then (3) has at most one invariant distribution.
(i1) If there is a strictly increasing function p : Ry +— R such that

Vx,yeR,  Lpzylx — y[* 2 [[b(x) = b()| + o x) —oM|*] = p(Ix — ),

then for any paif of solutions (X;);>0 and (f(,),zo to (3) started at x and X (driven by the same stable process (Z;)1>0),
limt_>oo |X[ — X[| =0a.s.

The basic example of application is the following: if b(x) = —x, then the conclusions of (i) and (ii) hold under the
sole assumption that o is Holder-continuous with index 1/w«. In particular, no positivity of o is required at all. We
only treat the case where a_ = a, because the other possible results are less interesting (although the proof is easily
extended): some monotonicity conditions have to be imposed on the true drift coefficient, which involves b and o.
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1.3. The case where o € (0, 1)

Our goal is now to show that when « € (0, 1), (4) is a nice representation of (3), in the sense that pathwise uniqueness
holds for a larger class of functions o, the Lipschitz condition being replaced by a weaker condition. First, we state a
general result without monotonicity conditions on o'

Theorem 6. Let o € (0,1) and a_, a4 € [0, 00). Consider a Poisson measure M on [0, 00) x R, x R, with intensity

mesure ds vy ar (dz) du. Assume that o, b have at most linear growth and that for some constant ko € [0, 00),

e y(x)=sign(o(x)) - |ox)|¥ is Holder-continuous with index «,
e forall x,y e R, sign(x — y)(b(x) — b(y)) < kolx — y|.

Consider two solutions (Y;);>0 and (ﬁ),zo to (4) started at x and x. Then for any B € (0, «), any t >0,
E[Y, = ViIP] < |x — %/Pe,
where C depends only on o, a_, a4, B, ko and on the Holder constant of y. Thus pathwise uniqueness holds for (4).

Observe at once that if o is bounded below by a positive constant and Holder-continuous with index «, then y is
also Holder-continuous with index «. But if o vanishes, it has to be Lipschitz-continuous around its zeros. This is not
only a technical condition as shown by Komatsu [10] or Bass [1], Remark 3.4:if¢ € (0, 1), x =0,b=0,a_ =ay =1
and o (x) = |x|? (whence y (x) = |x|#¥) for some B < 1, then uniqueness in law fails for (3), whence it also fails for
4).

When a_ =0 and o is non-negative, (4) is a particular case of [7], Eq. (5.6). To apply [7], Theorem 5.6, one needs,
roughly, the local Lipschitz-continuity of o.

It might be surprising at first glance that in some cases, pathwise uniqueness holds for (4) but not for (3). This comes
from the fact that, e.g. when starting from two initial positions x and ¥, (4) builds two different stable processes
(coupled in a suitable way) to drive (¥;);>0 and (f/t)tZO’ while in (3), the same stable process drives (X;);>0 and
(X 1)r>0. We see that the choice made in (4) is more efficient.

Let us now try to take advantage of some monotonicity considerations when a_ # a . This seems possible only if
a€(1/2,1) and if a_ /a is small enough.

Lemma 7. Foro € (1/2,1), set a = cos(ne) € (—1,0). Then for c € [0, —a),

1 1 —a?— (c+a)
B(a, c) ;= —arccos| ————
S 1—a?+ (c+a)?

> € (0,2a —1].
There holds B(a,0) =2a — 1 and, for any c € (0, 1), limy—,1— B(a,c) = 1.
We only consider the case a_ < a without loss of generality.

Theorem 8. Assume that o € (1/2,1), that a_ /a4 < |cos(na)| and set B := f(«,a—/ay) as in Lemma 7. Consider
a Poisson measure M on [0, 00) x Ry x R, with intensity measure ds vy a (dz) du. Assume that o, b have at most
linear growth and that for some constants kg, k1 € [0, 00),

e y(x)=sign(o(x)) - |ox)|¥ is Holder-continuous with index o — 3,
e forallx,y€R,sign(x — y)(y(x) —y(y) <«1lx — y|%,
e forall x,y € R, sign(x — y)(b(x) — b(y)) <kolx — y|.

Consider two solutions (Y;);>0 and (?t)zzo to (4) started at x and X.

(i) Then for anyt >0,
E[1Y; - ViIP] < Ix — %P,

where C depends only on a_, a4, a, ko, k1. Thus pathwise uniqueness holds for (4).
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(ii) If furthermore b is constant and y is non-increasing, then ¥Vt > 0,
E[lY, - /P ] =x — %/°.

This last property is of course remarkable. If a_ = 0, the above result holds when y = y1 + y», with y; Holder-
continuous with index « and y» non-increasing and Holder-continuous with index 1 — ¢, which is very small when o
is close to 1. More generally, when a_ < a4 and if « is very close to 1, one has to assume only very few regularity on
y, provided it is non-increasing.

1.4. Comments

First observe that when a_ < a., the favorable monotonicity of ¢ is not the same if « € (0, 1) and if « € (1, 2). This
is due to the fact that when « € (1, 2), the main problem is due to the compensation (which appears negatively in the
equation).

Let us summarize roughly our results. Denote by H (§) the set of Holder-continuous functions with index § and
by HY(8) (resp. H(8)) its subset of non-increasing (resp. non-decreasing) functions. Recall that when o is bounded
below by a positive constant, the regularity of y (x) = sign(o (x)) - |o (x)|* is the same as that of o. We have pathwise
uniqueness for (4) (if « € (0, 1)) and (3) (if @ € (1,2)) if b = by + by has at most linear growth, with b1 € H(1) and
by non-increasing and if o = o1+ 07 (or y = y1 + y») satisfies (we set (o, c) =0if o € (0, 1 /2] orif ¢ > — cos(ma)):

ae(0,1) ae(1,2)
a_=a4 y € H(a) ceH(l/a)
a_ <as y1 € H(w), o€ H(1),
v eH' (@~ ajar) | oae HI (1~ B@ a_/ai)/e)
a_=0 y1 € H(w), o€ H(1),
e HY (1 —a) oeHY(1-1/a)

See Fig. 1 for an illustration. Thus the situation is quite intricate. When a_ = a4 and o is bounded from below, we
have to assume that 0 € H (min{e, 1/a}). It seems quite strange that the required regularity of o is low when « is
small, maximal when « = 1 and small again when « is near 2. A more tricky representation of (3) might allow one to
obtain some better results.

When a_ =0 and o is bounded from below and monotonic, we have to assume that o € H () (if @ € (0, 1/2]),
ceH'(1—a) (ifae(/2,1)ando € H'(1 — 1/a) (if « € (1, 2)). Thus few regularity is needed when « is near 0
or 1 and higher regularity is needed when « is near 1/2 and 2.

a-<a+, no monotonicity assumed

‘/

b a+=a—, no monotonicity assumed

12 / .\

2a—=a+, monotonicity assumed
\ ,’/

0 . . . . Y . . . —
o=0 o=1 o=2

a—=0, monotonicity assumed

Fig. 1. Index of Holder regularity of y (if « € (0, 1)) or o (if @ € (1,2)) required for pathwise uniqueness as a function of «. The four curves
coincide on [0, 1/2].
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Theorem 4 is not so good when a_ < a4, because we have to assume the Lipschitz-continuity of the decreasing
part of . On the contrary, Theorem 6 works quite well for any value of a_, a .

Theorems 4 and 8 really rely on specific properties of stable processes. Theorem 6, of which the proof is much
simpler, may be easily extended to other jumping S.D.E.s with finite variations. For example, some of the Lipschitz
assumptions of [5] can be consequently weakened.

1.5. Plan of the paper

In the next section, we prove Lemmas 3 and 7 and show that some integrals vanish. These integrals are those that
appear when we use the It6 formula to compute | X; — X ;| for two solutions to (3) or (4). Section 3 shows how to
approximate these integrals. We prove Theorem 4 and Proposition 5 in Section 4. Section 5 is devoted to the proofs
of Theorems 6 and 8. We finally check Proposition 2 and Lemma 1 in Section 6.

2. Computation of some integrals

This technical section contains the main tools of the paper. We introduce

fora € (0,1) and 8 € (0, @), I;‘_*‘f’a+ =/ [I1—x|f - g 4, @x), ®)
R,
fora e (1,2)and € (0,c), [P, =/ (114 xf = 1=Bx]s ., (dx). (6)

s

Observe that all the above integrals converge absolutely. The aim of this section is to prove Lemmas 3 and 7, as well
as the following identities.

Lemma9. (i) Let ¢ € (1/2,1) and 0 < a_ < ay such that a_/a; < —cos(ni). Set f = B(«,a—/a4) € (0,20 — 1]
as in Lemma 7. There holds 13;{3 ay = 0.
(i) Leta € (1,2) and 0 <a_ <ay.Set B =pP(«,a—_/ay) € [@ — 1, 1] as in Lemma 3. There holds i;";/?h =0.

Proof. We start with point (i). Observe that § < 2o — 1 < «, so that the integral is convergent. We write I;Yj’? ay =

a_A1+ayAsr +aq Az, where

Ay =/ [(1+x)? —1]x~* dx,
0
1

A2=/ [(1—x)f —1]x~* 1dx,
0

oo
Az :/ [ = DF —1]x~* Tdx.
1
Using an integration by parts and then putting u = 1/(1 + x), one can check that

_Br@—prd—o
- al (1 —B)

’

_ ﬂ OO B—1_ —«a _ IB ! a—f—1 —a
Al =— I4+x)P""x %dx == u (1—u) "du
a Jo a Jo
where I is the Euler function. Next, an integration by parts implies that

1 ! 1 re)rd-
A2=——é/ (1 —x)p-lyage= L PLAHTAZ0)
o oJo al'(1 - (a—B))
Finally, setting x = 1/u, we get

00 1 —
A3=/ (x_ l)ﬂx—(x—ldx_ l:/ (l_u)ﬂu(x—ﬂ—l du—lz F(,3+1)F(C( IB) _ l
1 o 0 o I'(e+1) o
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We thus find, recalling that I"(a + 1) = al (a),

JeB ﬂ[ Fa—-pgrl—aw reyrd—o F(ﬂ)F(a—ﬁ)]
a_ —a + .

] ra-g) Ta—@-p) 7 T@

Using now Euler’s reflection formula I" (x) " (1 — x) = 7t/ sin(mx) for x € (0, 1),
joB BI'(B)I (a —ﬂ)[ sin(mp) iy sin(m(a — B)) ta }
aay al () Tsin(me) T sin(na) +

_aBrBre—p

ol (a) sin(ma)

[c sin(mtfB) — sin(n(a — /3)) + sin(mx)],

where we have set c = a_/a. We have chosen 8 = 8(«, ¢) in such a way that ¢ sin(ntf) — sin(nt (o — f)) +sin(nee) =
0, whence 1;;‘;’;‘1,+ =0 as desired. Indeed, recall that cos(n8) = b, where b = (1 —a® — (c +a)?) /(1 —a® + (c + a)?),
with a = cos(ma). Since B8, o € (0, 1), we have sin(mar) = +/1 — a? and sin(nB) = +/1 — b%, whence

csin(nB) — sin(w (e — B)) + sin(wer)

= csin(ntB) — sin(we) cos(nB) + sin(mB) cos(mar) + sin(mar)
=@+c)V1=0b2+1-=b)1—-a2
Recall thata + ¢ <0 < 1 — b, since ¢ = a_ /a; < —cos(na) = —a. We thus need to check that (a + )21 = b?) =
(1 =021 —a?),ie. (a+c)*(1 +b) = (1 —b)(1 —a?). This is easily verified.
We now prove (ii). We write i;*;f’h =ay By +a_By + a_B3, where
o
B :/ [(1+x)f —1—px]x~*dx,
0
o
B :/ [(x — nf -1 +ﬂx]x—°‘—1 dx,
1

1
B3=/ [(1—x)ﬂ—1+ﬂx]x—“—1dx.
0

Using two integrations by parts and then putting # = 1/(1 4 x), one can prove that, if« — 1 <8 < 1,

B _BB-1 /oo(1+x)/3‘2x1‘°‘dx
0

b= ala—1)
_ 1
= 5E5 — B ; u P — ) du

_ BU-AIQ-al(@-p)
N al@—DI2—p

Since now « € (1,2) and 8 € (0, 1),

o w(a—1)
F(Z — Ol) = " = N 9
I'l(e — Dsin(m(e — 1)) I'(x)sin(m(ax — 1)) o
r@-p=0-pra-p=—u 0 _
I"(B)sin(np)
Hence
B, = BB (@ —p) Sin(ﬂﬂ)'

ol () sin(m(a — 1))
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This formula remains valid if 8 = 1, since then B; = 0 and sin(t8) = 0. Next we use one integration by parts and we
putu =1/x to get

By = ﬁ; 1 +§flw[1+(x— DF 7 x dx

— 1
Aoty P +5/ w PN —uw)f ! du
@ Jo

o ala—1)
1. B BrBI@—p
= e Ta1 " ol (@)

Finally, an integration by parts shows that

_ 1 _
B=—L P fa—w i =12 PG 16,
o o Jo o o
where
! _ _ ! - r)yre-o
G = 11— 1 _(1-x)P8 adZ/I_ﬂlladz
1 /0[( x) (1—x)f]x™*dx O( )P x =T —a

and, using an integration by parts,
1
Go =/ [(1 —x)Pf - l]x_“ dx
0

1 1
— __F / (1 —x)f~Txl=dx
0

a—1 oa-—1

1 B (B2 —a)

Ta—1 @-DI'B+2—a)

Thus
B +,3(,3+1—a)F(/3)F(2—01)
a—1 aa—DI'B+2—-o)

1
o
B + BI'(B)I (a — B) sin(m(a — B))
o a-—1 al () sin(m(a — 1)) ’

B3 =

We used (7) and that

I'+2—«o T
rptz-o) =I'B+1—-a)= - .
B+1—« I'(a — B)sin(mt(o — B))
This last equality uses that 8 — o + 1 € (0, 1), but one easily checks that the expression of B3 remains valid if
B =a —1,because then 1 + 8 — a = sin(mt (e — B)) = 0. We finally find that

jap _BIBI(@—p) [_a sin(np) sin(m (o — ﬂ))]

) Foine—1) T Snm@ - )

Set ¢ = a_/a, and recall that b := cos(nf) = (c>(1 — a®) — (1 + ca)?)/(*(1 — a®) + (1 + ca)?), for a =
cos(ma) € (—1, 1). It remains to check that sin(t8) = ¢ sin(mt(a — 1)) + ¢ sin(mw(x — B)), i.e. sin(ntB) = —c sin(ww) +
csin(ma) cos(mB) — csin(mB) cos(ma). Observe that since o € (1,2), sin(wa) = —+/1 —a?, while since B €
(0, 1], sin(mB) = /1 —b2. We need to verify that /1 —b2 = c/1 —a? — cby/1 —a? — cav/1 — b2, ie. that
(14 ac)v/1—=b2=c(1 —b)v/1 —a?,ie. that (1 4+ ac)*>(1 +b) = c*(1 —a?)(1 — b). This is easily done. O
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We now give the

Proof of Lemma 3. Recall that o € (1,2),thata = cos(nt) € (—1, 1),that0 < ¢ < 1 and that S(«, ¢) = n~arccos b,
where b := (c2(1 — a®) — (1 + ca)®)/(c*(1 — a®) + (1 + ca)?).
First, we have B(«, 0) = ! arccos(—1) =1 and B(«, 1) = ™ " arccos(—a) = n~ " arccos(— cos(n)) = o — 1.
To check that B(«,c) € (o — 1, 1) if ¢ € (0, 1), it suffices to prove that b € (—1, —a) (because —1 = cos(m) and
—a = cos(m(a — 1))). First, b > —1 is obvious if ¢ > 0. Next, we have to check that C2(1 — a2) —(1+ ca)2 <
—a(c2(1 —a®) + (14 ca)?), i.e. that ¢2(1 + a)? < (1 + ca)?, which holds true because ¢ < 1 and |a| < 1. O

1 1

We conclude this section with the
Proof of Lemma 7. Recall that « € (1/2, 1), that 0 < ¢ < —a = —cos(na) < | and that B(a, ¢) = ! arccosb,
where b = (1 — a? — (¢ + a)®)/(1 — a* + (¢ + a)?). First, B(«,0) = 7 arccos(l — 2a%) = n~arccos(l —
2C0$2(TtOl)) =2a — 1.

To prove that B(«, ¢) € (0,2« — 1], it suffices to check that b € [1 — 2a2,1). First, b < 1 is obvious. Next, b >
1 —2a? because (1 —a?) — (c+a)? > (1 = 2aH[(1 — a?) + (c + a)?], since 2a%(1 — a?) > 2(c + a)?(1 — a?). Indeed,
a’> (c +a)2, since 0 <c¢ < —a.

Finally, for ¢ < 1 fixed, limy_1_a = —1, whence limy_1_b = —1. Thus limy__ B(o,c) = !l x
arccos(—1) =1. O

3. Approximation lemmas
To prove our main results, we will apply It6’s formula to compute | X, — X (|8, for (X )r>0 and ()~( )t>0 two solutions
to (3) or (4), with some suitable value of 8 € (0, «). This is not licit, since the function |x|# is not of class C2. The

two lemmas below will allow us to overcome this difficulty.

Lemma 10. Let0 <8 <a <landa_,ay €10,00). For n > 0, set ¢, (x) = % +x2)P2 For A e R,,

setayi= [ [oa=2= s @4, @
= 1A [Laso Iy, +1acolt, ]
as n — 0, recall (5). Furthermore, for all n > 0, all A € R,,
[J&B (A)] < KEED (4) = fR |0 (A —2) — pp(A T, (d2) = ClAPF~,
where C depends only on a,a_, a4, B.
Proof. We fix A € R, and we observe that for all > 0,
|$n(A = 2) — ¢y(A)| < Cmin{|zl?, |A1P7 121} ®)

This is easily deduced from the facts that [¢,(x + y) — ¢, (x)| < ly|# and |¢;,(x)| < B|x|#~1. Separate the cases
|z]| <|A|/2 and |z| > |A|/2. But now

/ min{|z|ﬁ,|A|ﬁ—1|z|}|z|—“—1dz5/

|z|ﬁ—“—1dz+/ 1A 217 dz
Ry |z]>A| [z]<|A|

=cCl|afe.
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We immediately deduce that |K2l;',S &Z(A)| <ClA|P~®. And by Lebesgue’s dominated convergence theorem, since
lim,)—0 ¢, (x) = |x|? for all x € R,

lim 4 (4) = / [14 = 21# = |A1P]va_a, (d2)

*

- |A|ﬂf]R (11— 2/AF — v, (d2)
= 1{A>0}|A|ﬂfR [[1=z/141F = 1]ve_a, (d2)

+1{A<0}|A|ﬂfR (1= /1417 = 1]var.0 (o).

%

In the last inequality and when A < 0, we have used the substitution x = —z, which leads to vy, (dz) =vg, , (dx).
Using finally the substitution x = z/|A|, for which vg , (dz) =|A|7*vg , (dx), we get

fim 5841 (4) = 1 AP [ [0 = 51 = i @)

R,

+ a0yl AP / [11=xI# = 1]va, o (dx)

*

as desired. O

Lemma 11. Let 0 < <1 <a <2 and a_,ay in [0,00). For n > 0 and x € R, set ¢, (x) = (n* + x?)P/2. Define,
for A, 5 €R,

f;‘;{gj (A,8) = / {#y(A+82) — ¢y (A) — 5z<;s;7(A)}v;,{ﬂ+ (dz),

s

> 2
K31 (A, 8) = /|<s| lA‘(qﬁn(A—i—Sz)—qbn(A)— |A+821P +141P)ve . (d2),
zZ|=

L1 (A, 8) = /w | Bna 5 =gy 14 8l AP, ).
z7|>

For any A € Ry, any § € R,

lim TEP(A,8) = AP~ 181" [Lsas0 I, + 1paco) ISP, ],

a_.,ay

lim K% (A, 8) = lim L%?" (A, 8) =0.
n—0 n—0

a—.,ay a—.,a

Furthermore, we can find a constant C, depending only on a, a_, a, B, such that for alln > 0, all A e Ry, all § € R,
[T (A, 8)] < ClaP~s)°,
R&BI(4,8) < ClAPP~51°,
L%P, (A,8) <ClAP~5/".
Proof. We first observe that there is a constant C such that for all n > 0,
|60 (A +82) — ¢y (A)| < Cmin{| AP~ 82, 162/1F),
|60 (A +82) — ¢y (A) — 829, (A)| < Cmin{|AIP72(52)%, 1 AP~ 1821}
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This is easily deduced from the facts that |, (x 4 y) — ¢, (x)| < [yIP, [, (x)] < BlxIP~1, |¢)(x)| < C|x|#~* and
B — 1 <0. Separate the cases |6z] < |A|/2 and |6z| > |A|/2. Similarly,

1A+ 821 — |AP| < Cmin{|A1P~1]82], |521P ).

Next we observe that

[ minflal® 2622, 14 oz i~

*

s|A|ﬂ—2|a|2f 2" dz + AP s |27 dz =ClAlP )"

{lz|=]Al/181} {lzI=1Al/181}

from which we immediately deduce that |J~f_’é ,;z (A, 8)] < C|A|P~¥|8]|* and that we can apply Lebesgue’s dominated
convergence theorem:

’}i_r)r}) TEEI(A, 8) = / {1a+6z1P — AP — Bsz - sign()| AP g, (d2)

*

= |A|ﬂfR {|1+(8/A)z|ﬁ—l—ﬂ(S/A)z}vgﬂM(dz)

=1{5A>0}|A|5/R {|1+|5/A|z|ﬁ—1—ﬂ|5/A|z}vZ‘_7a+(dz)

*

+ 1{M<0}|A|ﬂ/R {[1+18/41]" =1 - BI8/Al}ve . (dz)

= 1A 181 [1pa=0 1P, + Visa<oy i, ]
We finally have put x = |6/A|z, for which vgﬂmr (dz) = (|8|/|A|)"‘v‘a)‘7’a+ (dx).

To study ~Z’;’? ] (A, 8), we note that

. _ 2, i —a—
/ min{| AP~ 521, 18217 121~ dz
|6z]=|A]

<|APP215? 2" dz = C| AP 5.
1621<14]

This implies that ~2[;’? ,ﬁr (A,8) < C|AI*~|8|* and that we can apply the dominated convergence theorem to get

lim, o K¢"% (A, 8) = 0.
Finally,
/ min{| AP (8], |821P }z 7" dz
|82]>14]
EISI’S/ 2P~ dz = 1A~ 8|
182]>14]

implies that L3P, (A, 8) < C|A[P~2|5|* and that lim,_.o L3 (4, 8) =0. O

4. The case with infinite variation

We now have all the weapons in hand to study pathwise uniqueness when « € (1, 2). We first prove that we can apply
1td’s formula with the function |x|?.
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Lemma 12. Let ¢ € (1,2), 0 <a_ < ay and B € (0, 1]. Assume that o, b have at most linear growth and that for
some constant kg > 0, for some B € (0, 1],

e forall x,y € R, sign(x — y)(b(x) — b(y)) < kolx — y|,
e o is Holder-continuous with index (o — B) /.

Consider two solutions (X;);>0 and (X,),>0 to (3) started at x and X, driven by the same («, a—, a1 )-stable process
(Z:)i>0 defined by (2). Put Ay = X; — X, and 8, = o (X;) — o (X;). Then a.s. ,forallt >0,

t
1A = |x — %P + B f L2001 As 1P~ sign(A) [b(Xs) — b(X,)] ds
0
t
+/ Lo, 201 | A 1P1841% (Lis, a0 1o B, + Vs, a, <0y I0F, ) ds + My,
0
where ig_”?a+ was defined in (6) and where (M;);>0 is the L'-martingale given by
t ~
M, = / / [14s— + 85—zl — |A—IP]N(ds dz2).
0 JR,

Proof. For n > 0, consider ¢, (x) = (7> + x*)P/% as in Lemma 11. Applying the It formula, see e.g. Jacod and
Shiryaev [9], Theorem 4.57, p. 56, we get, recalling (2),

t
& (A) = ¢p(x —X) +/0 /R [¢9(As— + 85-2) — ¢y (As-) [N (ds dz)
t
+ / / [fn(As— +85-2) — dy(As—) — 852}, (A ) VY, (d2)ds
0 *
t ~
+ / 8, (4s ) [B(X,) — b(X,)] ds
0
13
= d)n(x —.f) + Mtn +/ J;lx ﬁa:’_(As, (Ss)ds +/ A;’dS,
0
where J. a N 7(A, 8) was defined in Lemma 11. First, we clearly have a.s.
lim ¢, (A;) =|A,|? and  lim ¢, (x — %) = |x — F|.
n—0 n—0

Next, we observe that J.~ ﬂaZ(A,, 8) = J ﬁaZ(A,, 81)1(a, 20, since A, = 0 implies that §; = 0. Since o is Holder-

continuous with index (¢ — )/« by assumption, we deduce that [ A B~ 18,1¢ is uniformly bounded. Thus, using
Lemma 11 and Lebesgue’s dominated convergence theorem, we get a.s.

t
lim | JEP (A, 85) ds

t
=/0 Lag201 | AP 7181 (s, 8,50 1P, + Vs, 0,<0 17, ) ds.
Since d),;(x) = Bx(n> +x2)B=2/2 we may write A] = Aty”+ — A", where

AP = BIAN (A +n?) PP (sign(an b (X)) — bR,

AP =Bl (a7 +7) " sign (AN (X)) — bE)
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First, lim;,_,o fot Al ds = ,Bfot I{Aﬁgo}|As|ﬂ_1(sign(As)[b(XS) —b(X)D_ds by the monotone convergence the-
orem. Next, our assumption on b implies that Af’+ < BxolA;|P. Hence we can apply the dominated convergence
theorem to compute lim,_,o fot AT ds and we finally get a.s.,

t

t
lim Alds=p / 1,200 AP~ sign(A0)[b(Xy) — b(Xy)]ds
—VJo 0

as desired. It only remains to prove that M, tends to M, in L'. We write M; = M}! + M? and M, = M,"’1 + Mt"‘z,
where

t
M/ =/ f 1s,_zi<ia, [ | As— +85-z|P — IAs—Iﬁ]N(dS dz),
0 Jr,
2 ' Y
M; =f f Ljs,_zi=1a,_py[1As— + 85—zIF — | A—|P]N(ds d2),
0 Jr,
I ! .
M= [ s acia[00(Ac 4802 = 6y8,0]F s do),
0 JR,

t
M = /0 fR Vst [0 (Aot 80-2) — By (As)] N (ds do).

Using Lemma 11 and Lebesgue’s dominated convergence theorem, there holds

t

E[K&F) (As,85)]ds =0,

a—,ay

. 12 .
tim B[~ w117 = i [

since 122‘;{3;;1(4?, 8s) < C|As|2P~2|8,|% < C|As|P and since E[supyg |Ag|1B] < 00 by Proposition 2(ii). Similarly,
writing N (ds dz) = N(dsdz) — v __(dz)ds,

o
a—,at

t ~
r}i_%E[}Mtz - M) < 2 lim | E[L%) (Ay,580)]ds =0,

because ng’gai (Ay, 85) < C|A;|P~%|8,|* < C. This ends the proof. O

Proof of Thgorem 4. We thus consiger a € (1,2),0<a_ <a4 and two solutions (X;);>o and (f(t),zo to (3). We put
Ar=X;— Xrand §; =0 (Xy) —0(Xy). Weset B = B(a,a—/ay) € [ — 1, 1] as in Lemma 3 and we use Lemma 12.
With our choice for 8, there holds I?f_ﬂ ay =0 by Lemma 9. We thus find

t
AP =|x — %P+ 8 / L, 2011 AP~V sign(A9)[b(Xs) — b(X,)]ds
0

t

+ Cliu_sa,) / La,6, <03 As 1P 18,1 ds + My,
0

where C = I[‘,xfaf and where (M), is a L'-martingale.

Step 1. We prove point (i). Due to our assumption on b, sign(A;)[b(Xs) — b(X)] < kolAs|. If a_ = as,
we thus get, taking expectations, E[|A,|5] <|x — )EI’3 + Bko fot E[|A5|ﬂ]ds and we conclude with the Gronwall
Lemma. If a_ < a4, our assumption on ¢ guarantees us that if §;A; < 0, then |§;]| < x1]|Ag|/(a+ — a—), whence
|As|5_‘”|8s|°‘1{5s4y<o} < C|A,|P. Hence taking expectations, we get E[|A,|#] < |x — %|# + Cfot E[|A,|#]ds: we also
conclude with the Gronwall Lemma.
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Step 2. We check point (ii). Assuming that (a4 — a_)o is non-decreasing, we deduce that either a_ = a4 or
for all s > 0, a.s., §sA; > 0. If furthermore b is constant, we thus get |A,|ﬂ =|x — )E|ﬁ + M,;, whence IE[IA1|’3] =
lx — X|B. O

We now study the large time behavior of solutions when a_ = a .

Proof of Proposition 5. We thus assume that a_ = a4 > 0, that « € (1, 2), that b is non-increasing and continuous
and that o is Holder-continuous with index 1/c.
Step 1. Consider any pair of solutions (X;);>0, (X;)s>0 to (3) driven by the same stable process and set, as usual,

Ar=X; — X;, 8 = 0(X;) — o(X,). Lemma 12 with 8 = B(a, 1) = a — 1 implies, since 137, = 12°F, =0 by
Lemma 9, that
t
AT = x = F T+ M+ (@ — 1) / sign(As)11a,20) 45 1“7 [b(X,) — b(X,)] ds,
0
where M; = fé fR*(|As— +8,_2|*"1 — | As_|*"1)N(ds dz). Using that b is non-increasing, we deduce that
t
1A + (@ — 1)/ 1ia,20)| A2 [b(X) = b(X)| ds = |x — Z|*7 + M, =: Uy, ©)
0
Consequently, U, is a non-negative martingale. Thus it a.s. converges as t — 0o, as well as its bracket:
Oo 1 112
/0 / [1As + 85217 — |Ag1*7] vy 4, (dz)ds < oo.

Butif Ag #0, since a_ = a, setting ¢ = a, ]R*Hl +x =12 x]7* dx > 0,

_ —1712 _ _ 2, —a—
f [14s + 8521 — 1A vg L, (d2) = ay| A1 2/ (114 85z/A, = 1]z 7% " dz

R, R,
= c|AgP* 72 (18:/ Asl) = el Ag|* 21851,
whence
o0
/ 1{Ax;é0}|As|°‘_2|3S|“ ds <oo as. (10)
0

We also have SUP[g,00) Ur < 00, whence, due to (9),
o 2 -
f Lia, 20| Ag|* 72 |b(X,) — b(X;)|ds <00 ass. (11)
0

Finally, Doob’s L! inequality (see e.g. Revuz and Yor [14], Theorem 1.7, p. 54) implies, since U; is a non-negative
L' cadlag martingale, that for any a > 0,

Pr[ sup U; > a] <a 'sup E[U;]=ax — 5%
[0,00) [0,00)

But supyg |A ¢! < SUP[0, o0y Ur by (9). Hence for any g € (0, — 1), for any ¢ > 0,

o0
E[ sup |4,1"] =/ Prf sup 14,°7 za® "D/ ]da
[0,00) 0 [0,00)

o0
<c —1—/ a_("‘_l)/ﬁpc — %1 da
C

B

e — Py get@n/B,
a—l—ﬂ' |
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Choose ¢ = |x — ¥|#: for some constant C depending only on «, f,

E[ sup |A,|ﬁ] <Clx—i|P. (12)
[0,00)

Step 2. We now prove point (i). Consider two invariant distributions Q and O for (3). Let Xo ~ Q and Xo ~ QO be
two random variables independent of (Z;);>¢. Consider the associated solutions (X;);>o and (X 1)r>0 to (3) starting
from Xo and X, (pathwise existence holds for (3): we have checked pathwise uniqueness in Theorem 4 and weak
existence in Proposition 2). Then we have X; ~ Q and Xz ~ Q for all # > 0. From (10) and (11), we have a.s.

o0 ~
f F(Xt,Xt)dt<OO,
0

where

T, y) o= Ty (14 1x = Y1) [ |bG) = b)) + o (6) — 0 (1)]*]
< Lpsyylx — y[*2[|b(x) = b()| + o (x) — oM |*]-

We easily deduce, see e.g. [6], Lemma 10, that there is a deterministic sequence (#,),>1 increasing to infinity such
that I" (X, , f(,n) goes to 0 in probability. Since (o, b) is injective by assumption, we have I"(x, y) > 0 for all x # y.
Furthermore, I” is continuous and X, ~ Q and X ™ Q for all n > 1. We thus infer from [6], Lemma 11, that Q = Q

Step 3. We next prove point (ii). Consider two solutions (X;);>0 and (X 1)r>0 to (3), issued from x and X. Using
our assumptions and (10)—(11), we get

o ~

Hence, see e.g. [6], Lemma 10, there is a deterministic sequence (#,),>1 increasing to infinity such that p (| X;, — X 9]
goes to 0 in probability. Since p is strictly increasing and vanishes only at 0, we deduce that |X;, — X; | goes to 0 in
probability. We thus infer from (12), choosing e.g. 8 = (a — 1) /2, that

E[ sup 1X, - X.IP|7, ] = CIX,, - X, 1%,

[tn,00)

We used that conditionally on F;, , (X;,+)r>0 and (f(,ﬁz):zo solve (3). We easily deduce that SUP[;, o) | X; — f(tl
tends to 0 in probability. Since finally s - supy; o) [X: — X, is non-increasing, it a.s. admits a limit as s — oo and
this limit can only be 0. ]

5. The case with finite variation

We now study the case where « € (0, 1). Here again, we first prove that we can apply Itd’s formula with the function
Jx|P.

Lemma 13. Let ¢ € (0,1), 0 <a_ < a4 and B € (0, ®). Assume that o, b have at most linear growth and that for
some constant ko > 0, for some B € (0, 1],

e forall x,y € R, sign(x — y)(b(x) — b(y)) <kolx — yl,
e o is Holder-continuous with index 6 for some 6 € [a — B, o].
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Consider two solutions (Y;);>0 and (f’,),zo to (4) started at x and X, driven by the same Poisson measure M. Put
Ay =Y; = Y;. Then for all t > 0, recall (5),

t
E[|AF] < v — £)° +ﬁi<o/0 E[|4,1#] ds
t
+ fo E[(y (Yo) = ¥ (V) AP a0 I8P, + La, <o) 1P, ]] ds

t
+ / E[(y (7) — 1 (%) 1851~ (a0 1P, + 1,0y 1P, T]ds
0
with an equality and ko = 0 if b is constant.
Proof. We define, for y,y € R and u € R,

Iy, y,uw) =Yo<u<ymy — Ly m<u<0y = Lo<u<y )y + Ly 5)<u<o}-

Let also ¢, (x) = (n? + x>)P/2. Applying the It formula for jump processes, see e.g. [9], Theorem 4.57, p. 56, we get
t
¢y (Ar) = ¢y(x —X) + /0 ¢, (A5) (b(Yy) — b(Yy)) ds

t
+// / [y (As— + 2 (Yy—, Yo, 1)) — ¢y(As—) | M (ds dz du).
0 ¥ Ry

First, since |¢>;] ) < ,3|x|/3_1 and since sign(¢,’7 (x)) = sign(x), we deduce from our assumption on b that for any
n>0,anyy,y,

¢ (v — N (BO) — b)) = |9,y — I sign(y — ) (b() — b(F))
< |y (v = M|koly — 3
< Broly — 5I°.

We deduce that
t
Bo(Ar) < bylx — 7) + ﬂxofo 14,18 ds

t
+ / / / [dn(As— + 2T (Ys—, Ys—,u)) — ¢y (As—) | M (ds dz du) (13)
0 « YRy
with of course an equality and ko = 0 if b is constant. Observe now that for any y, y € R, any u € R,,

I(y,y,u) =1y  <u<y ) — Yy y<u<y G-

Hence integrating in # and recalling Lemma 10,
f /R |0 (As— + 2T (Yoo, Vs w)) — ¢y (As )|, (dz) du
=(y(¥y) —y(¥y), /R |6y (As +2) — by (A |V, (d2)

+ (T =y @), [ o645 —2) — $y(A0vE_,, (@2)
+ R
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= (y(Ys) =y (Y0)  K&ET (g, 80) + (v (V) — v (Y0) L KSFPT (A, 85)
<Cly(Y) —y(Yo)| - 14a,F 7.

Since y is Holder-continuous with index 6, this is bounded by C|A4|?~%+# . Using Proposition 2(ii) and that 6 — « +
B € [0, @), we can thus take expectations in (13):

t t
E[¢,(A)] 5¢,7(|x—)z|)+,6;<0/0 E[|As|ﬁ]ds+/0 E[B}]ds (14)

(with an equality and ko = 0 if b is constant), where
Bl = /R / [6n(As— + 2T (Yo, Yoo 1)) — ¢y (As )| duvg . (d2).

First, we obviously have lim,_.o E[¢, (4,)] = E[|A;|#] and lim, 0 ¢, (x — %) =|x — %|P. Next, integrating in u as
previously and recalling Lemma 10, we obtain

Bl = (y(Y9) —y(¥y), | [#n(As+2) —dy(A9)]vs ., (d2)
R

() =y (1), / [f0(As —2) — (A (d2)
= (y (X)) =y (¥0)) L JEE (A + (v (V) — y (Y9) I BT (Ay).

For the first integral, we have used the substitution x = —z, so that v, (dz) =vg, , (dx). Using finally Lemma 10,
that y is Holder continuous with index 6 € [@ — B, o], Proposition 2(ii) (since 6 +  — « € [0, o)) and Lebesgue’s
dominated convergence theorem, we deduce that

t

lim | E[B!]ds

t
_ /O B[ (r (Vo) — (7)) 1A F 2 [1a, o) 15F,+ 1, )1, ]] ds

t
+ fo E[(y (Fy) — 7 (Y0)) | AP [Lay oy 1B, + s, <oy 128, T] s
as desired. ]
We can now give the

Proof of Theorem 6. We consider @ € (0, 1), a— < a4 gnd two solutions (¥;);>0 and (Yt),zo to (4), issued from
x and X. We also fix B € (0,«). We put A, =Y; — Y;. Applying Lemma 13 and recalling that y is Holder

continuous with index «, a rough upperbound using only that |1a A L+ |1y f a_| < oo yields that E[1A,|P] <
Ix —xf+C fé E[|A,|#]1ds and we conclude with the Gronwall Lemma. ([l

We conclude this section with the

Proof of Theorem 8. Let us thus assume that o € (1/2, 1), thata_ < a4 witha_ /a4y < —cos(na) and let us set 8 =
B(a,a—_/ay) € (0, o). Consider two solutions (¥;);>0 and (Y[),>0 to (4), issued from x and X and put A=Y — Yt
Applying Lemma 13 (y is Holder-continuous with index o — 8 by assumption) and recalling that Ia,,a ., =0dueto
Lemma 9, we get

t t
E[|At|ﬂ]§|x—ilﬂ+ﬂxo/ E[|As|ﬂ]ds+/ E[BM! + B12]ds
0 0
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(with an equality and ko = 0 if b is constant), where

BI =180, (y(Yy) =y (V) AP 1a50),

B2 =158, (y(Yy) — y(¥) 1A P14, <0
Step 1. We now prove point (i). Our assumption on y guarantees that if Ay > 0, then (y (¥s) — y(l?x))Jr <k1|As|%,
whence BI'' < C|Ay|P. Similarly, BT? < C|A,|f. We thus find E[|A,|f] < |x — #|# + C [, El1As1P1ds and we
conclude with the Gronwall Lemma.
Step 2. We now check point (ii), assuming that b is constant and that y is non-increasing. Then A; > 0 implies

y(¥y) — ¥ (¥5) <0, whence B! = 0. Similarly, B™* = 0 and we obtain E[|A,[#] = |x — ¥|? as desired. 0

6. Weak existence and equivalence of the two equations
We start this section with the equivalence in law between (3) and (4).
Proof of Lemma 1. We fixa € (0, 1), a_, ay € [0, 0o) and we start with point (i). We thus consider a solution (¥;);>0

to (4) driven by a Poisson measure M with intensity measure ds vy, . (dz) du. Recall that y (x) = sign(o (x)) - |o (x)]|*.
Set

t

Z

Zr=// / {l{am)#m [1{0<u<ym)}—1{ym><u<0}]+1{a<yx)=0}11{0<u<1}}M(dsdzdu)~
0 Jr, JR, o(Ys-)

Then we obviously have
t t
/ o(¥;-)dZs; = / / / Z[I{O<u<y(Y5,)} - l{y(Yx,)<u<0}]M(dS dzdu).
0 O k *

It only remains to prove that (Z;);>o0 is a (&, a—, ay)-stable process. But (Z;);>0 is a pure jump process without
drift, so that we only need to check that, for J = {s € [0, 00), AZ; # 0}, Y . 1{ses}0(s,47,) is a Poisson measure
on [0, 00) x Ry with intensity measure ds vy, (dz). Denote by ¢ (ds dz) its compensator. It is enough (see Jacod
and Shiryaev [9], Theorem 4.8, p. 104) to show that g(dsdz) = vy a (dz) ds. By Definition of (Z;);>0, we clearly
have (recall that sign(o (x)) = sign(y(x))), for all measurable ¢ : [0, 00) x R, > R sufficiently integrable (e.g. ¢
compactly supported in [0, c0) x R,),

t t
/O /R $(s. g (ds de) = /0 / /R Vo018 (5. 2/0 (V) Ljocumy (v e % (d2) s
t
—l—/O/RA%l{a(YS)<0}¢(S,—Z/U(Ys))l{y(ys><u<0}duvZ‘_M(dz)dS

t
—l—// / Lo (r)=019 (s, D Ljo<u<ty duvy ,, (dz)ds.
0 Jr, JR,

Integrating in u, we deduce that

t t
/f ¢(S,Z)q(dsd2)=// 1{(,(){?)>0}¢(s,z/G(YS))y(YS)v‘axﬂM(dz)ds
0 JR, 0 JR,
t
4 /O fR Vo <01 (5, 2/ (00 [y e (d2) ds

t
+ / fR Vo018 (5, DV (dz)ds.
0 *
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We perform the substitution x = z/|o (¥y)|, for which v;[m (dz) =lo(Ys)|~¢ v;,"i_a+ (dx), in the two first integrals. Re-

calling that |0 (Y;)| =]y (¥;)| = 1, we conclude that [ [ ¢(s,2)q(dsdz) = [y [p (s, v, (dz)ds as desired.

We now check point (ii). Let thus (X;);>¢ solve (3) with some («, a—, ay)-stable process (Z;);>0. Put N =
> o0 Liseny8¢s, az,), which is a Poisson measure on [0, c0) x R, with intensity measure ds vZ‘ﬂM (dz). On an en-
larged probability space, we consider a Poisson measure O (ds dzdu) on [0, 00) x R, x R, with intensity measure
ds Vg,, ar (dz) du such that N(dsdz) = O(ds dz x [0, 1]). We finally introduce the random point measure M (ds dz du)
on [0, 00) x R, x R, defined by

t
// / o(s, z, u)M (ds dz du)
0 * K
t
=f/ f Lio(x, 2039 (s, 2|0 (X-)
0 JR, JR,

t
~|—f/ / 1o (x,)=0y9 (s, 2z, u) O (ds dz du)
0 JR, /R,

for all measurable ¢: [0, 00) x R, x R, sufficiently integrable. Then we have

t t
/ O’(X_Y,)dzs=/ / z0(X;_)N(dsdz)
0 0 JR,

t
=// / 20 (X5-)Ljueo,11y O (ds dz du)
o Jr, Jr,

t
=// f z - sign (0 (X5-)) Lo (x, )20} Lusy (X, yeto, 1y M (ds dz du)
0 * *

, uy(Xs,))O(ds dz du)

t
= f / Z[l{O<u<y(X_(_)} - l{y(XX_)<u<0}]M(dS dzdu).
0 JR

We finally used that sign(o (x)) = sign(y (x)) and that o (x) = 0 implies y (x) = 0. It thus only remains to check that
M is a Poisson measure with intensity measure ds v& _ (dz) du. Let us call p the compensator of M and observe that

t
// / ¢ (s, z,u)p(ds dzdu)
0 « YRy
t
=// / Lo (x, 2000 (5. 2]o (X,
0 x IRy

t
+/ / / Lox,)=0# (s, z,u)duvy , (dz)ds
0 JRr, JR,
for all measurable ¢: [0, 00) x R, x R, sufficiently integrable. Performing the substitution v = z|o (Xs-)|, w =

uy (Xs—) and recalling that |o (X;_)|~%|y (Xs-)| = 1, we easily conclude that p(ds dzdu) =ds vS‘ﬂmr (dz) du, which
ends the proof. O

, u)/(Xs_)) du vS‘ﬂmr (dz)ds

We finally end this paper with weak existence and moment estimates for (3).

Proof of Proposition 2. Let us for example treat the case where o € (1, 2). We divide the proof into several steps.
Step 1. Consider the equation

t t
Y,:x—}—/ / G(YS_)zN(dsdz)+/ c(Yy) ds, (15)
0 Jzl<1 0
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where c(x) = b(x) — o (x) fl =1 zv“;‘ﬂa+ (dz). If b and o have at most linear growth, one immediately checks, using

that f‘ <1 zzvg‘ﬂa+ (dz) < oo, that for any T > 0, for some constant C7 not depending on x, any solution to (15)
satisfies

E[sup YE] <Cr(1+42?). (16)
[0,T]

Finally observe that we can rewrite (3) as

t t t
Xi=x —|—f / U(XAV_)Z]\?(dS dz) +/ c(Xy)ds +/ / o (Xs-)zN(dsdz). (17)
0 Jlz|=1 0 0 Jiz|>1

Step 2. We now prove the moment estimates. We have not found a direct proof relying on stochastic calculus. Fix
B €(0,a), T > 0 and assume only that b, o have at most linear growth. Consider a solution (X;);>0 to (3) and rewrite
it as (17).

The last integral of (17) generates jumps at some discrete instants: write the restriction of N to [0, c0) X {|z] >

1} as anl 8¢t,,,2,)> where 0 < T; < T, < --- are the jump instants of a Poisson process with parameter A =
flz\>1 Vg,,@ (dz) and where the random variables (Z,),>; are i.i.d. with law )»_1\12‘7’61+ (dz). Hence (3) reduces to

(15) on each time interval (7, T,,+1).
Denote by G = o (T, T», ...). Then X; solves (15) during [0, 77). Hence we have

E[ sup Xt2|g]§CT(1+x2) whenceE[ sup |X,|ﬁ|g]§KT(1+|x|ﬁ).
[0,Th'AT) [0,T1 AT)

Furthermore, X7, = X7,— + 0 (X7,-)Z1, whence, since o has at most linear growth, |X7,|# < L(1 + |X7,—|#)(1 +
|Z1 |‘3). Consequently, we have

B[ sup 1%17]G] < Mr (1 + 1x1?),
[0, Ty AT]

where My = K7 + L(1 + K7)E[1 + |Z; |’3] < o0 (here we need that 8 < « to have E[|Z1|ﬁ] < 00). Exactly in the
same way, since (X;);>¢ solves (15) during (7%, Tx+1) for any k > 1, one can prove that

B[ swp1XIP|g] = My (1+E[1X7,11G])
[TAT, Ty 1 AT

with the same constant M7. Put u; = E[sup[TMT,TkHAT] |X,|ﬁ|g] for k > 0 (set Tp = 0). We have proved that ug <
M7 (1 + |x|) and that Ug+1 < M7 (1 + ug). We classically deduce that for some constant Ay > 1, depending on x,
up < AI}H. Consequently, for any k > 1,

k+1
T

Ar —1°

E[ sup |Xz|ﬁ|g]§uo+-~-+uk_1 <Ar+---+ Ak <
[0, T AT]

Finally, we find

B sup 1X,1"] = > E[1n<r<n, B swp 1X17]G)]
[0,7] p [0, T 1 AT]

Z 1k+2( (D) e
Ar —1 1

<
- k!
k=0
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Step 3. To prove weak existence for (3), we assume that b and o are continuous with at most linear growth. We
introduce the approximate equation, forn > 1,

t t
Xf:x+/ a(x;l_)dzg’+/ b(X7)ds, (18)
0 0

where (Z]');>0 is a Lévy process with Lévy measure 1{;<,)vy

@ a; (dz) (compensated, without drift and without

Brownian part). Since f| (dz) < oo, we can apply Theorem 175 of Situ [16] to deduce that for each n > 1,

2.«
z1<n ¥ Va_,ay

(18) has a weak solution (X7}');>0. Exactly as in Step 2, for any 8 € (0, «), any T > 0,

supE[sup|X #] <00 (19)
n>1 [0,T]

We now use Aldous’ criterion, see Jacod and Shiryaev [9], Theorem 4.5, p. 356, to check that the sequence of processes
((X)i>0)n>1 is tight in D([0, 00), R). For T > 0 and § > 0, we introduce the set A7 (8) of all pairs of stopping times
(8, S) satisfying a.s. 0 < S < 8" < §+ 8 < T. We have to check that for any > 0,

limsup sup  Pr[|X% — X§|>n]=0. (20)
=0p>1(8,8)eAr )

To do so, we consider a Poisson measure N,(dsdz) on [0, co) x R, with intensity measure df 1jjzj<nyvg ., (d2)
such that Z' = fo fR zN,(ds dz). We also introduce, for A > 0, the stopping time t/* = inf{r > 0: |X"| > A}. An
immediate computation shows that for any A > 0, any n > 1, any (S, §") € A7 (§),

[ / X" )ZN (dsdz)
SATA lzI<1
S/
/ / o (X7 )||z|Nn(dsdz)+/ }cn ")|ds
SATA |z|>1 SATA

n

_Xn

SAr"A|

X

! A
ATy

=t

where ¢, (x) = b(x) — O(x)f1<|z|<n va"‘_ﬂ+ (dz). Since b and o have at most linear growth, sup[oqrrfx)ﬂo(X;’)l +
lea (X1 < C(1 + A) as. for some constant C. Thus standard computations (recall that 0 < § < §' < §+§ <
T as.) show that E[(I'")2] < C(1 4+ A)28, E[I7*] < C(1 + A)$ and E[I;"*] < C(1 + A)S. Consequently,
EHX”/M,;* S/\ y 1< C( + A)v/$ for all § € (0, 1), the constant C depending only on a_, a4, a, b, o. Finally,

using (19) with 8 = 1, we see that Pr[tn <T]< Pr[sup[O,T] |X"| > A] < Cr/A. Hence for any n > 0, any value of
A>0,

Pr[’X"/ X’;‘ > 17] < PrHXS’ArA - Xg/\r,{" > }7] —}—Pr[ry‘ﬁ < T]
_ca + A)WE n ﬁ.
==t

Choosing A = §~1/4, we finally get, for all § € (0, 1),

—1/4
Pef| X% — X2 > 1] < C+567HVs

+Crs't <Ccr(+1/ms'e,
where Cr depends only on T,a_, a4, «, b, 0. This implies (20) and ends the step.

Step 4. We finally conclude. Consider, for each n > 1, a (weak) solution (X});>¢ to (18) driven by (Z}');>o. The
sequence ((Z]');>0)n>1 is obviously tight, since it goes in law, in ID([0, 0o), R), to the («, a—, ay)-stable process
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(Zt)r=0. Using Step 3, we deduce that, up to extraction of a (not relabelled) subsequence, (X}, Z}');>( converges in
law to some (X;, Z;);>0 in D([0, 00), R?). By continuity of b, o, it follows that (X}, o (X}'), b(X}), Z}});>0 converges
inlaw (X;, 0 (X,), b(X,), Z;)i>0 in D([0, 00), RY).

Using [9], Corollary 6.30, p. 385, the sequence (Z}');> satisfies the P-UT property. Indeed, it suffices to check that
sup,> 1 E[supjg 1 |AZ{|] < oo for all > 0. But with the notation of Step 3,

t
E[sup|Azg|] 5E[1+/ / Ilen(dsdz)}
[0,7] 0 Jz|=1
< 1+t/ Izlvgi,a+(dz)§1+Ct
1<|z|<n

since o > 1. We simply used that the supremum of the jumps is smaller than 1 plus the sum of all the jumps greater
than 1.

Applying [9], Theorem 6.22, p. 383, the sequence (X}, fé o(X)dZy, fé b(X7})ds, Z]')i>0 thus converges in law
to (X;, fot o(X,_)dZ;, fé b(Xs)ds, Z;);=0 in D([0, 00), R*). Passing to the limit in (18), we deduce that X, = x +
Jo o (Xs2)dZ, + [y b(X)ds. We have built a weak solution to (3). O
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