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ABSTRACT. We obtain global rates of approximation by ¢-Durrmeyer oper-
ators D,, o(f;x) for the functions in the class L,([0,1]),1 < p < oo. First,
rates of approximation in terms of the norms of f and f’ and in terms of the
ordinary modulus of smoothness are obtained. Subsequently, we obtain rates
of approximation in terms of the generalized modulus of smoothness w,(f,?).

1. INTRODUCTION AND PRELIMINARIES
k(k—1)

Using the generalized weights p,1(q;x) = ¢ = 2” H;:éc_l(l —¢’z), Gupta [0]
proposed the g-Durrmeyer operators

n 1
Dual i) = ln s > *pusdesa) [ FOpas(aiat) dt
k=0 0

for the functions f in the class C[0, 1], and he established error estimates in uni-
form norm by the operators D,, ,(f) in terms of the usual modulus of continuity.
Moreover, in [6] it was established that the operator sequence D, ,(f) converges
uniformly to f if and only if the sequence (g,,) in (0, 1) is such that ¢, — 17. With
this condition on (g, ), the operators D, ,( f) reduce to the Bernstein-Durrmeyer
polynomials which have been extensively studied (see [3]). Some interesting results
can be seen in [2], [4], [8], and [11].
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We prove approximation theorems corresponding to the operators sequence
D, ,(f) for the functions f in L,([0, 1]),1 < p < oo. The space L,([0,1]) consists
of the pth integrable functions on [0, 1] for 1 < p < co. If p = 00, then we assume
that f e CJ0, 1].

The following theorem provides error estimates for twice-differentiable func-
tions in terms of the norms of f and f” for 1 < p < co. The method used cannot
be applied for p = 1 or for p = oo; however, the result is of independent interest.

Theorem 1.1. Let 1 < p <oo. If f, f', f" € L,([0,1]), then

||Dn,q(f7 J]) - f('r>HLp([071]) S C(p7 Q) (HfHLp([O,l}) + “f”HLp([Ovl]))’

[n+2],
where C(p,q) depends on p and q and is free from n.

In order to prove the theorem for the case p = 1, we may proceed along the
lines of Theorem 9.5.3 of [1]. However, the method of [1] involves cumbersome
calculations and gives results in a smaller subinterval of [0,1]. We make use of
intermediate functions such as the Steklov mean f55 corresponding to f. The
Steklov means are remarkably smooth functions and their application provides a
shorter proof. We have the following theorem.

Theorem 1.2. Let 1 < p < oo, and let f € L,([0,1]). Then
[Dug(f ) = F@)|, oy < C0,@)wa(f,In+2572,00,1]) )

Finally, the following is our main theorem in L,([0,1]) that provides global
error estimates as a combination of the Ditzian—Totik modulus of smoothness
and the function norm.

Theorem 1.3. Let f € L,([0,1]) be arbitrary, with 1 < p < oco. Then
HDn,q(fa T) — f”LP([O,l})
< O(p7 Q) (W?p (f7 [n + 2];1/2)1;]0([0,1]) + [n + 2](1_1||f||Lp([071]))‘

2. DEFINITIONS AND NOTATION

Definition 2.1. Let h > 0, let f € L,(]0,1]), and let 1 < p < oo (f € C(]0,1]) in
the case p = 00). The second-order modulus of smoothness with step ¢ for the
function f is defined as

w2 (f, 6,0, 1])p = {

where A? f(z) = f(x +2h) — 2f(z + h) + f(z).

Definition 2.2. For f € L,([0,1]),1 < p < 00, and ¢(z) = \/z(1 —z),z € [0, 1],
the Ditzian—Totik second-order modulus of smoothness (see [1, p. 8]) is given by

wZ)(f’ 0)p = oilllzlg)éHf(x +he(z)) = 2f(2) + f(z — ho()) HL,,([0,1])'

supgaip<s(Jo |7 f (@)l dz)'/7, 1< p < oo,

SUPg«|n|<s \A,%f(x)\, p = o0,
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Definition 2.3. The K-functional corresponding to w?p(f, d)p is defined by
Koo (f,0)p = inf {|If = gllz, 0. + 0119 I, 00 }
geWp

Kouo(f,0), = gielgg{Hf — gllz,qo1) + 0199 [ £,q0.) + 219" 0, }

where
VVp2 = {g - Lp<[0, 1]) : g, - AClOC[O, 1], ||9029”||Lp([0,1]) < OO},
and ¢ € AC)[0,1] means that ¢ is differentiable such that ¢’ is absolutely

continuous in every interval [a,b] C [0, 1].
It is known (see [1, p. 11]) that wfo(f, 8)py Ko o(f,0), and Ko ,(f,d), are equiv-
alent; that is, there exists an absolute constant C' > 0 such that
C_lw?p(fv \/S)P S KQ%P(f? 5)17 S Cw?o(f7 \/g)p7 (21)
C_lw?p(fv \/g)p S FQ#;(f, 6)p S Cwi(fﬂ \/g)pv (22)

where C' is a positive constant independent of n and z, not necessarily the same
in different cases.

From [7] we borrow some definitions and results on g-calculus in order to make
article self-contained.

Definition 2.4. Let n € N. For 0 < ¢ < 1, the nonnegative g-integer [n], is defined
by

[l =1+q+ - +q"",
and [n], = n, for ¢ = 1. The ¢-factorial [n],! is given by

[n]q! = {H?(}[n _j]qv n=12,...,

1, n=>0
Definition 2.5. The g-binomial coefficients [Z]q are defined by the quotient

[nlg!
{ﬂ:: s 0<k<n,
k g 0, otherwise.

Definition 2.6. The g-rising product (a + b)7 is defined by

n—1

(a+b)r:=[(a+q).

s=0

Definition 2.7. Let a > 0. The ¢-Jackson integral is given by the sum
| f@dei= (1= flar)a
0 r=0

The integral exists whenever the series on the right-hand side is absolutely
convergent. For more information and properties of the g-integers, we refer the
reader to [7].
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Definition 2.8. Let 1 <p < o0, let f € L,([0,1]) (f € C[0, 1] in the case p = 00),
and let [a1,b;] C [0,1]. Then, for sufficiently small § > 0, the Steklov mean fs2
of second order corresponding to f is defined as follows:

8/2 5/2
f(sg =4 / / A?1+t2f(t)) dtl dtg, te [(11, bl]
6/2 6/2

Definition 2.9. Let f € L,([a,b]), with 1 < p < co. Then the Hardy-Littlewood
majorant (see [12, p. 244]) 6(z; f) of the function f is defined as

0(x; f) = sup ¢
e § — T

/f (a <E&<D).

3. PRELIMINARY RESULTS

Theorem 3.1 (see [6]). We have

co R q[n],w

D, ,(1;z) =1, D, ,(t;z) = —[n 9,
Dy (2 2) = ¢°2?[ny([n]y — 1) + (1 +q)%qz[n], + 144
e [n+3]q[n+2]q '

Lemma 3.2. Let r € NU {0}, with 1 < p < oco. For the functions p'(x) =
D, ((t —x)";z), we have

1
1 < (7 ) S
117 | 2, 0,1y < C(p;q) ot
1

151z, 0,1)) < Clp, Q)m”‘ﬁ”@([o,l}) <C(p,q)
q

2
o 2]q||80 2, (0,15

where 62 (x) = max{?(z), m}

Proof. The first estimate follows from straightforward calculations. For the second
inequality, we have

(¢*[n]qn — 1], — 2q[n]y[n + 3], + [0 + 2]y[n + 3],)=?

He () = [n+2],[n+ 3],
N ([239[nq — 2[n + 3]y)z + [2],
[n+ 2],[n + 3],
_ (2q[n]q[n + 3]q — q4[n]q[n — 1]q — [n + Q]q[n + 3](1)902(‘73)
[n+2],[n+ 3,
N ([23a[n] — 2[n + 3], + ¢*[n][n — 1] — 2g[n][n + 3], + [0 + 2]4[n + 3],)= + [2],
[n+ 2]g[n + 3],

< Qaln][n+ 3], — ¢*[n][n — 1] — [0 + 2Jy[n + 3], )™ (=) + [2],
- [n + 2],[n + 3], ’

From easy calculations it follows that
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2 c
0 ¢*(x), w€Ey,
py (z) < Clg)
ﬁ, r ek,
where E,, = [0, m]
Now, the proof is completed by taking the norm. O

Lemma 3.3. For the function f52, we have

(a) fso and f§y exist over [a1, by],

(0) 15 2oy < CO"wa(f, 8, [a,8]) 1, oy 7 = 1,2,

() IIf = fo2llL,(arp)) < Cwalf,0,[0,1]) L, q0,1])

() [[fs2llLyar ey < C||f2||Lp([o,1}>;

(€) /52l Lotior,ba)y < CO2(| fll 0,10
where the constants C' are independent of f and o but can depend on r and
a<a; <b <b.

Proof. Following Timan [10, pp. 163-165], the proof of the lemma easily follows,
and hence the details are omitted. O

Remark 3.4. 1t follows from the definition of the function fs2 that f{3 € L, ([0, 1]),
r=0,1,2.

Lemma 3.5 (see [12]). If 1 < p < oo, f € L,([0,al), then 0(x; f) € L,(]0, al)
and
p

p—1
Lemma 3.6. If f € L,([0,1]),1 < p < oo, then D, ,f is a contraction on
Ly([0,1]).

Proof. We prove that

160G A4 o < 277 =7 1l
o((0.a1)

| Dngfll,q00) < I1fllz, 0,1

First, we prove the lemma for p = co. It is easy to show that p,x(qt) € L1([0,1])
since fol Pnk(qt) d it = ﬁ. From Holder’s inequality it follows that

1
/0 | ()P (g5 at) dat < || f || Lo o, 1Pkl 21 0,17

k

< Nl 2o o,1) (3.1)

n+1],

It is easily established from straightforward calculations that fol Y po Pk (4
x)dx = 1. Hence, the definition of D,, ,(f) and equation (3.1) enable us to write

| Do f, )|, < [n+1]q2q"“/ Pk (g; ) dﬂf/ | ()] pni (g5 qt) dgt
k=0 0 0

<Nl 2o (o,17)-
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Since D, ;(f,x) is a polynomial of degree n in x, we have || Dy, i (f,2)||L.(0,1)) <
||Dn,k(f, x)HLl([O,l])- So then

1Dk (f: ), o,y < 1 lztto-

Next, we consider p = 1. From (3.6) and the order relation in norms, it follows
that

1
/ | F ()| P at) dgt < || fl| Ly o, 12wkl o o) < 1 a0, |2kl 21 (0,27 -
0

The inequality is now established along the lines parallel to the case p = oc.
Finally, in view of the Riesz—Thorin interpolation theorem, the proof is established
for 1 <p < oo. O

Lemma 3.7. If g€ W2, 1 < p < oo, then
HD”"I(/t(t —v)g' ) dv’x)‘ < 0_1 2 10%9" |, o.0)-
. Ly(0.1) ~ [n +2]3/
Proof. (a) Case p=1. We know that (see [, p. 141])

/xt(t —v)g"(v) dv’ < ‘;2—(;;\ /xt ¢*(v)|g"(v)] dv‘.

The above inequality, the fact that an is a Contraction for p > 1, and the
. . t
inequality | [} *(v)lg”(v)|dv| < | [ ¢ v)|dv| = [[¢*g" |10, together

imply
! !
HD”’q (/ (t=2)g'(v) dv’xﬂ Ly(0.1])

<[ | [ el @ a)

(It— |

I\ p2(2)
1

< ||%029"||L1[o,1]/ ¢ (@) | Dy (|t — 2|, 2) | da
0

D

C
< ——5 1€ |y oy

[n+ 2]q

(b) Case p = 0o. We have

t
HD""]</ (t_v)g”(v)dv’x>HL ([0,1])

1
< ¢*9"[|1c H—Dn t-a)e H
199" | Low 011 20) ot =) 7) Loo (0,1])

< 2n
< [n+2]q||90 9" Lo (0,1])

where we have used Lemma 3.2. An application of the Riesz—Thorin interpolation
theorem (see [9, p. 231]) enables us to claim the result for 1 < p < 0. O



L,-APPROXIMATION BY ¢-DURRMEYER OPERATORS 309

4. PROOF OF THE THEOREMS

Proof of Theorem 1.1. Using the finite form representation

£ = £(&) = (6 =) (@) + 5t — ) "(€)

and the linearity of D, ,(f), we can write

Dualf ) — f(2) = Duglt — 2,2) f'(2) + Doy (¢ — 2)£"(€), 2)

2
:A1+A2, say,
1 1— (14 ¢!
|A1\—\f’(x>}\[:+[—7gf—x\—\f’<x>|\ fnjg]q 7]

1
<
[n + 2](1

By using [5], we can write

, 11| (0,11
|f(z)| < C(p,CI)W‘

1
[n+ 2],

1 A1) 2,017 < C(p,q) (1 oo + L7 Lpo) -

Next,

[ =

Pk (q; qt) dyt

n 1
Aol < I+ 10, S 6 pus(a; 2) /
k=0 0

<ln U > 0 i) [ (6= 20 ) et it

< C(p, Q)|9(_CE; F")Dig((t — )%, ) |
< O ) gy [P 1)

Here 6(z; f) is the Hardy-Littlewood majorant of f”(x).
Using Lemma 3.5, we write that

1 1
[ A2[l, < C(p, @m”ﬂﬁ N 1oy < C. q)mllf"lhpmm.
Finally, we have for p > 1
1
HDn,Q(fv x) - f(x)Hp < C’(p, Q) [n T Q]q (||f||Lp([0,1]) + ||f”||L,,([o,1])). 0

Proof of Theorem 1.2. We write, say,

Dy o(f, ) — f(x)

= Dn,q(f - g,x) + (Dn,q(fé,Zyx) - f&,Z(x)) + (fé,Q(x) - f(x))
= E1 —+ E2 —+ Eg.

By Lemma 3.6,
| Ev |z, 0.0 1Esl 2,00 < Cp, ) If = fs2llz, o) (4.1)
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An application of Theorem 1.1 enables us to write

B2 2, (10,17) —H( niq(foz, ©) — f&?(x))HL,,([o,u)

1
—C(p.q) —— 4 . 42
(p,q) [n+2]q(|!fa,2HLp<[o,u) + 152l 20 o)) (4.2)

The result now follows from (4.1), (4.2), Lemma 3.3, and the equivalence of
Ky(f,6), and wy(f,5'2),. O

Proof of Theorem 1.5. Let g € Wp2. Using Lemma 3.2 and the smoothness of g,
we can write

|Dn,q(ga T) — 9(1:)‘

shﬂ@HDW«t—@nﬂ+¢Dwxé7v—w¢wwwwﬂ
) g/ (z)| + ‘qu(/;(t —)g"(v) dv,x) ‘

~ [n+2]

Therefore,

1 Dn,q9 — 9l 0.1

t
< / |D. (/ t— dv,x) . 43
ST 19'll L, t0.11) + || Prg ’ (t —v)g"(v) dv, L o) (4.3)

From [1, p. 135], it follows that

19"z, 07y < C(I10%9" |z, 0.7) + N9l z,qo1))s 1< p < 0. (4.4)

Using (4.4), Lemma 3.7, and (4.3), we get

C

1Pn4(9) = ll, o) = gy, (79 a0 + Mollzyomn)- - (45)

The definition of K ,(f,[n+2],"), implies that there exists a function g, € W
such that

1 = gullp < 2K24(f.[n+2]57) (4.6)
1 gnll Lo < 20+ 20 Koo (f, [n +2151) . (4.7)

Making use of (4.5)—(4.7) and (2.1), we obtain

Hqu(Qn) - gnHL ([0,1])
Clp,a)
[n+2],
C
[n+2],
(Ko (filn+2l71), + [n+ 20 1 fllz,000)

W (f, In+21) + I+ 20 1 fllz, o)

q)
< L, (le*gmll 2, oap + Ngnllz, o)

IN

(1e*gml 2,0y + I1F = gnllz,0.11) + N9nllzoc0.17)

IN

C
C

IN

p
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Let [y/n] be the integer part of n. By Theorem 7.3.1 in [1, p. 84], we can choose
gn to be @z, the polynomial of best approximation of degree [\/n] in L,([0, 1]).
Therefore,

HDWJ(Q[W) ~ Qml HLP([O,l])
<COp, @) (@i (f, In+2 %), + [0+ 20 1 ey 0m)- (4.8)
Using Lemmas 2.1 and 3.6, along with (4.6) and (4.8), we obtain
HDn»q(f) - fHLp([o,u)
< 1 Dng(f = Q) = (f = Quad |1, oy + 1PnaQrvil = Quvmlz, 0.1

<Cp,Olf — Qrmlle,qo.1) + | PngQpym — Qrymllz,o.1))
< Clp, ) (Wi (f, [n+2012) )+ [n+ 207 1 f |, 0) -

Let the operator D, ,(f) be defined as

Dig(f, ) = Dug(f,7) = f(Gun(x)) + f (), (4.9)
where (, () = [nj% - [qu[f]ﬁq:v.
By Lemmas 3.2 and 3.6, D,, ,(f,7) = 1 and
Dol )] < Dy ()| 4 1F Gan@)| + [F@)] <3/l (4.20)

Since D, 4(t,x) = (n(7), Dny(f,2) = . Now, making use of Taylor’s formula
for g € W2, we write

g9(t) = g(x) + g'(x)(t — x) + / (t —v)g"(v) dv. (4.11)

Hence, (4.9) and (4.11) together imply

Dnvq (97 I)

= g(2) + Dy 4 (/;(t —v)g"(v) dv, x)
= 9(x) + Dyq (/;(t —v)g"(v) dv, :B) - /:q‘"(x) (Cq,n(x) - U)g//(v) dv. (4.12)

On the other hand,

1 (g[n] —[n+2],)
’Cq,n(l")_x} = ‘[n+2]q+ [n+ 2], az‘
1—(1+ ¢
< ’ n+ 2|, )
1
n+2],

<

(4.13)
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In view of the concavity of 47, on [0, 1], there follows

lt—v| |t —z
52 w) = ()
in(V) 7 03, (x)
From 67, (z) < (¢*(x) + [n+2];"), (4.12), (4.14), and Lemma 3.0, it follows that
’En,q(ga l’) - g([)’})’

< Do (It = 210, 2()

(4.14)

0)|g" ()] dv|, 2) (G (@) = )19 lzeiioy
1
< 0y (@) D ((t = 2)%,2) 105 09" | Loc o1 + MH!J"HLOO([OJD
1
STt et ]) 1209’ HLm([o,ermHg | 2oc 0,17 (4.15)
Using (4.9), (4.10), (4.13), and (4.15), respectively, we get
}Dn,q<f7$) - f(:)j){

< [Dug(f.2) = f(@)] + | f (o (@) = f(2)]
< |En,q(f - g,l')‘ + ’En,q<g>x> - g(m)’
+9(@) = f@)| + [ f (Gn(@)) = f(2)]

C
<|If- 9||Loo([071}) + m”fss,ng"HLw([o,l])
q

] 519" 1oy + @ (f: | f(Con(2) — f(2)])

N
1 2 N
(||f llton) + g 1920 o)

+ ”9 ’|Lm[01])+w<f, [n—|—2] >

n +2]

Finally, taking the infimum on the right-hand side over all ¢ € W2, and using

the equivalence between K ,(f, [n+2], ) and w?(f, [n+2]4 1/2) ., the required
result follows. O

Remark 4.1. In the proofs of Theorems 1.1-1.3, the condition ¢, — 1~ is not

required. However, in order to have D, ,(f, ) an approximation process in L,(|0,

1]) the condition ¢, — 17 is essential, since, for a fixed ¢, the limit lim,, W =
nT4lq

++4/1 — ¢ is obtained. Consequently, the right-hand sides in Theorems 1.1-1.3 do
not tend to zero as n — oo as required for the uniform convergence of D,, ,(f).

Remark 4.2. The approximation theorem (Theorem 1.3) for the weighted Ditzian—
Totik modulus of smoothness, wx(f,z),0 < A < 1, could not be proved by the
authors of the present article. This can be considered an open problem.
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