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ABSTRACT. In this article, we give some characterizations of Lipschitz space
via commutators of bilinear singular integral operators and bilinear fractional
integral operators, respectively.

1. INTRODUCTION AND PRELIMINARIES

Let 0 < v < 1, and let b be a locally integrable function on R". We say that b
belongs to the (homogeneous) Lipschitz space A, (R™) if there is a constant C' > 0
such that

[b(x) = b(y)| < Cla =y
for any x,y € R™. Moreover, the norm || - ||s, is the infimum of C. (For more
details about the Lipschitz space, we refer readers to [9], [10], and [11].) Let b be
a locally integrable function on R”, and let T be a Calderon—Zygmund singular
integral operator. The commutator [b, T] is defined by

b, TI(f) = bT(f) = T(0f).

Johnson [8] gave a characterization of Lipschitz space by the boundedness of
commutator [b, T|. He proved that [b, T] is bounded from LP(R"™) to L4(R™) if and
only if b € A, (R"), where 1 < p < 00,0 <~y < 1, and % = %— 1. Paluszynski [13]
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obtained that [b, T] is bounded from L?(R") to F;oo (R™) if and only if b € A, (R"),

where 0 <y < 1,1 <p < o0, and sz,oo (R™) is the homogeneous Triebel-Lizorkin
space with the equivalent norm

TP~ 'sup
Fy oo (R™) Q> Lr(R")

1
o /Q b(y) — bo| dy

Shi, Zhang, and Huang [15] established that [b,T] is a bounded operator from
LP(R") to CPP(R") if and only if b € A,(R"), where 1 < p < 00, =2 < § <0,
vy=p5+73 <1 and CPA(R") is the Morrey—Campanato space defined as

1 1 :
CPA(R") = {f: 1 fllcrs@ny = Sup—<—/ flx)— f pd:v>p < oo}.
SR TOTEANT] A @
Let 0 < a < n. The fractional integral operator is defined by
i) = [ AU,
B |2 — Y
and the commutator generated by I, and b is defined by

[0, I](f) = bla(f) — La(bf).
Paluszyriski [13] proved that [b, I,,] is bounded from L?(R™) to L"(R™) if and only
if b € A,(R"), where 1 < p < 00, 0 < v < 1, and Zl)—% = WTC” Shi, Zhang,
and Huang [15] obtained that [b,I,] is a bounded operator from MP*(R") to
Mq’B(R”) if and only if b € A, (R"), where 1 < p < o0, -2 <8<, % = %— wTO‘,
B=a+p+7, and MPB(R™) is the Morrey space defined as

MPP(R") = {f v ey 2= sgpﬁ(ﬁ /Q ‘f(x){p da:)fi < oo}.

The main aim of this article is to give some characterizations of Lipschitz space
via commutators of bilinear singular integral operators and bilinear fractional
integral operators. Throughout the article, the constant C' will be used to denote
a constant which is independent of the main parameters, but which may vary from
line to line. The symbol A ~ B means that C1B < A < CyB, where C},Cs > 0.

2. MAIN RESULTS
2.1. Definitions and theorems. First, let us recall some definitions.

Definition 2.1 ([6, Section 2|, [14]). Let T be a bilinear operator initially defined
on the 2-fold product of Schwartz spaces and taking values in the space of tem-
pered distributions,

T:S([R" xS (R") — S'(R).

The bilinear singular integral operator is defined by

1)) = [ [ Ky 2)f@ae) dyds for o ¢ (supp f Nsuppa)
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where the kernel K is a function defined on (R")?*\ {(z,y,2) € (R")?: 2 =y = 2}
and there is an a > 0 such that
. A .
) 1K@y, 2)| < oy

.e Alz—x'|* .
(ii) [K(z,y,2) — K(2',y,2)| < (\x_y|+‘xl_z|+‘?|J_Z|)2n+a if [x —2'| < %max(|a:—y|,
|z — 2|, [y — 2);

Aly—y/|® .
(iil) [K(z,y,2)— K(z,y,2)| < (\:D—y|+\:vEley-|ly—z\)2”+o‘ if [y —y'| < %max(|x—y|,
|z — 2|, |y — 2|);

. A Z/ «@
<1V) |K($7 Y,z ) K(ZE Y,z )| (lz—y|+|z ‘zz|+|‘y z])2nte if |Z — le S % max(|x — y|,
[z — 2], ly — 2]).

Lastly, we say that the bilinear singular integral operator is of convolution type
if the kernel K (z,y, z) is actually of the form K(z —y,z — 2).

Definition 2.2 ([2, Section 1]). Let b € L{ (R"), and let T be a bilinear singular
integral operator. The commutators [b,T]; (i = 1,2) are defined by

Definition 2.3 (]2, Section 1]). For 0 < a < 2n, the bilinear fractional integral

operator is defined by
9(2)
dy dz.
/;/;Ix—yHﬂx—dV”“
"),

Definition 2.4 ([2, Proposition 3.3]). Let b € L _(R"), and let I, be a bilinear
fractional integral operator. The commutators [b, I,]; (i = 1,2) are defined by

[b7]a]1<f7g) :Ia(bfag)_bfa(fag) and [b,Ia]2<f,g) :Ia(f7bg>_bfa(f7g>

Definition 2.5 ([12, Definition 3.1]). The bilinear Hardy-Littlewood maximal
operator M is defined as follows:

W”*‘E@J“|ymfwwz

Definition 2.6 ([5, Theorem 3.1]). For 0 < a < 2n, the maximal sub-bilinear
operator is defined by

V(1.0 = sl (i [ 1501 as) (15 | lo2) )

The main results in this article are the following theorems.

Theorem 2.7. Let T be a bilinear Calderon—Zygmund operator of convolution
type, and let b € A,(R™), 1 < p;,p2 <00, 0 <y <1, and % = pil + p% — L. Then
the commutator [b,T); (i = 1,2) satisfies

116, T1i(f, ) 1o < ClIDlla, @y | Iz g oo

Conversely, if [b,T); (i =1,2) is bounded from LP*(R™) x LP2(R") to LY(R"),
where T is a bilinear Calderon—Zygmund operator of convolution type with a
homogeneous kernel K of degree (—2n), and the Fourier series of % 15 absolutely
convergent on some ball B € R*, then b € A, (R™).
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Theorem 2.8. Let T be a bilinear Calderon—Zygmund operator of convolution
type, and let b € A,(R"), 1 < p < oo, —2?” < B <0, 9= g—l—% < 1, and
1= 2L L Then the commutator [b,T); (i = 1,2) satisfies

p p1 p2
116, T1i(f. 9| cosggeny < CllONa, @) 1 f |z gl v

Conversely, if [b,T); (i = 1,2) is bounded from LP*(R") x LP2(R") to CP»#(R"),
where T is a bilinear Calderon—Zygmund operator of convolution type with a
homogeneous kernel K of degree (—2n), and the Fourier series of % 15 absolutely
convergent on some ball B € R*, then b € A, (R™).

Theorem 2.9. Let 1 < py,py < o0, 0 <y <1, and é = pil—i—p% — era Then the
following statements are equivalent:

() be A, (R,
(b) [b, I.]; (1 =1,2) is a bounded operator from LP* (R”) x LP2(R™) to LY(R™).

Theorem 2.10. Let 1 < p1,py < 00, =2 < <0, 2 = pil + p% — X and

n ’

B =a+28+~. Then the following statements are equwalent:
(a) be A, (RY),
(b) [b,Ia)i (i = 1,2) is a bounded operator from MP"F(R™) x MP>#(R") to
MeB(R™).

2.2. Proofs of theorems. In order to prove our theorems, we need the following
lemmas.

Lemma 2.11. Let 1 < p < 00, and let —27" < B < 0. Then there is a constant
C > 0 such that for any f € CPP(R") and a > 0,

‘Q’Hpﬂ/‘f —a‘pda)> .

Proof. We only need to consider the part of the proof of Lemma 2.11 which will
be used in the proof of Theorem 2.8; that is, for any cube (), we have

(|Q|11+55/Q\f< ~Jolar)” < ( |Q‘n,Q‘/ /(2) —a] + la - fol) dz)”
SCW @/Qﬂf@)—alpﬂa—fmp} iz)’

o (g 15 = alrae) e 1)

Cr@lm %/‘f“)‘“‘p“")]i

< \@|1+ e )—afdz)". .

| fll o8 mny ~ Sup 1nf

IN

IA




CHARACTERIZATIONS OF LIPSCHITZ SPACE VIA COMMUTATORS 295

Lemma 2.12 ([7, Definition 3.3], [6]). Let 1 < p1,ps < 00, and let = - + .
Then there exists a constant C' > 0 such that

1T, ) < CllF Il llgll oo
Lemma 2.13 ([7, Proposition 1.1]). Let 0 < a < 2n, 1 < p1,ps < 00, 5 = -+~

p1 - p2’
1 % Then there exists a constant C' > 0 such that

(£, 9| 0 < CllF Il llglzee.

Lemma 2.14 ([12, Theorem 3.7], [3]). Let 1 < p1,ps < 00, and let ; = - + .
Then there exists a constant C' > 0 such that

1M (£, 9] 1 < Cllf i llgll e

Lemma 2.15 ([13, Lemma 1.5]). Let 1 < p < oo, and let 0 < v < 1. Then we
have

1 1 p o, \7
HfHA'Y(Rn)%Sng/Q‘f(x)_fQ‘dx%Sgp(W/cg‘f($>_fQ| dx) )

For p = oo, the formula should be interpreted appropriately as

and L =
q

Il = s1p o sup ) = fol

Lemma 2.16 ([4, Lemma 4.1]). Let B* C B. Then there exists a constant C > 0
such that

|f5e = fB] < Cllfllayem| BI=.

Lemma 2.17 ([1, Theorem 1.1}). If diam(2) < oo and there exists a positive
constant ¢ such that Q(xo,1) > cl” for every zo € Q and | € (0,diamQ), then
MPP(Q) = CPP(Q).

Proof of Theorem 2.7. We first give the proof of necessity and only consider the
case i = 1. Let B = B((yo,20),0v2n) C R?" be the ball for which we can express
—L as an absolutely convergent Fourier series of the form

k(y,2)
L = Z a;eti W),
k<y7 Z) ,7 ’
Set y1 = 6 'y and 2; = § 2. Note that for all (y, z) such that

1
(|y—y1’2jL |z — 21\2)2 < V2n,

we have
1 _ s _ 5 Z .00 (1:2)
k(y,z)  k(dy,02) — '

Let @ = Q(xo,7) be an arbitrary cube in R", set § = z¢ — ry; and Z = x¢g — 121,
and take Q' = Q(g,7) C R™ and Q" = Q(Z,7) C R™. Then for any = € @ and
y € @', we have

=
r

r—x — 7
<[5 <
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and similarly for x € @ and z € Q”. Then we have that
T — T —z 2
(5 -l + [ -2
r

Let s(x) = sgn(b(x) — bg). We have the following estimate:

/Q |b(z) — b

)%m.

dr = / (b(z) — b)) s(z) d

\@\//, )) dys(z) dx
Q”I!Q’!//u/, ) dz dys(z) du

< [ stoe

. / ) =)

r 7o

X X (Y)xqr(2) dz dy dz.

Let fi(x) = 72" VXq/(y), ;) = €775 *xqn(2), and hy(x) = 75D (x) x
xo(z). Then we have

/Q 1b(z) — bg

SCZ“j/nhj($)/n /n(b(ﬂi)—b(y))k(ﬂf—y, 2)fi(y)g;(2) dz dy dx
—CZaj/ L1 (fy, 95) (x)hy () do

<C3loi [ IbThEa (oo d

<0 Iajl(/w )| dr);'(/ml[b, Th(fj,gjxw)\qdw);

< CZ it sl < €3 ksl 05 Q1%

<O laliQls.
J

dx

It follows that

sgp ]Q\1+7 / !b —bQ‘diL'<C



CHARACTERIZATIONS OF LIPSCHITZ SPACE VIA COMMUTATORS 297

Next we give the proof of sufficiency. We note that
|0, T} (f, 9)(2)]
< [ [ ) - slkte = v~ )| f0)gl)| dzdy
R JR7

< [ (P2 ) e = = 2] o) d dy

1/ (y)g(=)]
< Cllthe [ [ o= By

< bl | / (o =l + lo = 21 T@9EN . 4

o=yl + o= 2

9(2)]
< C[b] s, &n) /n /n \x—y\ + |$_2D2n dedy
= Cllblla, Ia(1f9]) (x)

By Lemma 2.13, we have

16, T (S 9| 1 < ClOlla, @ 1 (1fg) e < Clblla, @ [ o lgllzen. O

Proof of Theorem 2.8. In a way similar to the proof of Theorem 2.7, we first give
the proof of necessity and only consider the case : = 1. Then we have

/\b($)—bQ'|d9€§CE|ag‘|/ |16, T)1(f5, 95) ()| |hj ()| da
Q Rn

< oxlal ([ nl an)” ([ 1050 dr)”

The fact that MP#(Q) = CP#(Q) allows us to have

/Q |b(z) — bey

11,8 1 »
dx§02|aj]Q\P’\Q]P+2”( pﬂ/ I[b,Th(fj,gj)<:c>\pdw>
1-1—% R™
1 1,8
< C1QI7 Q1> 2w ||[b, Th (£, 95)]| oms
B 1 a1
< C|QI" 2= |Q| 7 |Q)| 72
= ClQ|"*w.

Thus,

=)
sup ——= [ |b(z) —bg|dx < C.
Q |Q"n Q’ |

Next we give the proof of sufficiency. For a cube @Q = Q(zg,7) C R™, let b €
AR™), fi = fxeq, 1 = gx2q, fo = [ — f1, and go = g — g1. By Lemma 2.11,
choose a = T((b — bo)f1,92) (o) + T((b = bg) f2, 91)(w0) + T((b = bQ) f2, g2) (wo).
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The fact that [b, T](f,g)(x) = [b — bg, T|(f, g)(x) allows us to have

|Q|1+2n / ‘ — [0, T (f ! d:c)
— W/Ql[b—bQuT]l(fag)(x) — [b_b@T]l(f’g)Q‘pdx);

S =

<C

/ |T((b —bq)f, 9) () = (b—00)T(f,9) — a‘pdx>

QI Jo

MLW/Mww@ﬂﬁmmey

el sy

- [ 17(0=b0)1.02) ) = T~ )i 00) o) )

|

\Q|1+2n

1

+ |Q|1+§§/Q|T((b_bQ)f2>91)($)_T((b_bQ)fQ,gl)(IEo)’pd93>p

1 p P
+ (W/Q 1T ((b—bg) f2, 92) (x) = T((b — bq) f2, g2) (o) dm)
— I+ T+ +1V+ V.

By Lemma 2.12, Lemma 2.14, and v = g + %, we have

|Q‘v 16— bgll o= | T(F, )| 1o < 0l as @)l f 2o ey 91l o2 @y,

((b—=0g)f1.91) .o < IIbllas @ | £llor @ny 91| o2 Reny -

Note that for z € Q, y € 2Q, and z € (2Q)°, we have |x — y| + |z — 2| ~

|zo — y| + |xo — z|. Then we can derive that

T((b—bg) f1,92) (x) = T((b = bg) f1, 92) (x0))|
‘/Rn/n (x —y,x — 2) K(:Bo—y,qzo—z))(b(y)_bQ)

x f1(y)g2(z )dydz‘
|z — 0|
S/ /2Q !xo—y\ﬂxo Dzn+1|b(y)—bQHf(y)g(Z)\dydz

OZ 2k|2kQ|2 / /2kQ\2k ' - bQHf(?J)Q(ZM dy dz

CZWQP /M/M ) = barg| + [bg — barol| F(v)9(2)| dy dz.
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It follows that
» 1
111 < /‘ / / — boro || f(y dydz‘ daz)p
|Q|1+2n |2kQ|2 2k Jaro 2 QH )‘

— Y
<|Q|1+g§ /62‘;‘21@@’2 /QkQ/QkaQ—b%QHf )|dydz‘ da:)

= I, + 11I;
1 K1
I, < @Zgw(lb— b2l F9) | 1o oy
- Z 2k |Q| kaQ)fHLm(sz)||g||Lp2(2kQ)

Z 2k |2kQ|w ||b— kaQHOOHfHLPI(QkQ)||g||Lp2(2kQ)

1
< Z m”bHAy”f”Lpl(R")||g||Lp2(R")
k=2

< ClIolla, £l o @y lgll o2 @ny;

= 1
I, < Zm||b||Aw“M(’fg|)Hm(w)
k=2

< Cllollay [ £l zrr my

gHLPQ (Rn) .

Then we have the estimates for /17:

LI < Cblla, Lf |l or ey g1 £r2 Ry -

Similarly, we have
‘T((b — bo) fa, 91)($> - T((b —bq) fo, 91)(1‘0)‘

- ’ /n Rn (K(x =y, x = 2) = K(zo =y, 20 — Z)) (b(y) - bQ)fQ(y)g1(Z) dy dz

|z — o] - . )
S/2Q / |$o—y|+|x0—z|)2n+1‘b<y) bQHf(y)g( )|dyd
CZ zkkaQp /QkQ /M —bo||f(y)g(2)| dy d=.

It follows that

v IQI1+ /‘22%2’6@\2/2@/2@ _bQ’|f(y)g(Z)‘dydz‘pd‘”>;

< Cblay 11 zor @y || Loz ey -
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We note that
(b= o) far 92) () — T((b — bg) for g2) (0)]
— ‘ /n - (K(x —y,x—2)— K(xg — y, 20 — z)) (b(y) _ bQ)f2(y>92(Z> dy dz

SC/ / |z — o D) — bol | Fs)g(=)] dy d=

o) J ey Teo ol 1 Teo — oyt 120) — b [F()g(2)]

¢ / / b(y) = barq| + bg — bargl)| fgl dy dz
; 125Q12 Jorran10 QkQ\Qk—lQ(l 2] @ — barg))

(JZ 2]’“|2’“Q|2 /2kQ /ZkQ |b B kaQ| +[bg — barql) |f )’ dy dz.

IN

Therefore, we have

b
|Q|1+ﬂ /’Z |2kQ|2/ ’b—bsz\+\bQ—bszI)|fg|dydz‘ d:(;)
< ClI0l|as [[ £l zor ey [l gl o2 (-

The proof of Theorem 2.8 is finished. O

Proof of Theorem 2.9. (a) = (b) Since b € A,(R™), we have the following esti-
mate:

Hbv [a]l(fu g)(l’)| =

b(z) — b(y)
/n /n (lz — y| + |z — z[)2n- | f(y)g(2)| dy dz
— b(y)|
/n /n (|x — y| + |z — Z|>2n_af(y>g(2) dy dz

(v)g(2)]
< Clplla, /n /n (|lx — |+ |x—z|)2n () dy dz

< C|blla, Tas~ (| f9] ().

By Lemma 2.13, [b, I,]; is bounded from L' (R™) x LP2(R™) to LI(R™).
(b) = (a) This proof can be handled in much the same way as that of Theo-
rem 2.7, thus we omit the details here. O

Proof of Theorem 2.10. (a) = (b) The fact that b € A,(R™) allows us to have
the following:

(o)
it < O, [ [ e I ay s
< Ol Lo (1 al(@))
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We have

H[04+7(‘f9|(x)) HMq,B = sup

5 oty ([f9l(z oy
e GO

<op i (@ fror)” (g fwor)

< CHfIIMwllglle-

Therefore, |[[b, IaJ1(f, 9) (@)l 30,5 < ClBlay [ f [azero gl nsr2 -
(b) = (a) Let s(x) = sgn(b(z) — bg'), f(y) = xer(y), and g(z) = xq(2). We

have
Q

dr = /Q(b(as) — bg)s(z) dx

) \c;r" 15\' L1, / <b<w> —b<y>)s<x> dz dy d
- QF T /Q/ /Q I y| ) . >|>

(|x—y|—|—|w—z|) ( )dzdyda:
o —b(y))
=l /// R
x s(z)xq(r)xq (¥)xqr(2) dz dy dx
<clQ / @)1, (F9)@)]

(] o\
<clet (o / Lo B (. ) (@)
< C1QI 5 [y BL (£, )

_aiq48
< ClQIT 1| fllagor 2 gl agea o

< ClQIEHRIQI QI
< 0lQ|".

)HMB#I

Therefore, we have

dz < C. 0

1
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