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Let ¢ =

5

modulo g, and give some asymptotic formulae.

1. Introduction

The sum
1 q
Sy (n) = ?ZI“HX (@) M

appears frequently in number theory, where y is a nonprin-
cipal primitive character modulo ¢, and has been studied by
several experts. For example, for g = 3 mod 4 being a prime
p and y being the Legendre symbol, Ayoub et al. [1] have
proved that SX(n) < Oforn = 1,2 and forn > p — 2. Fine
[2] has showed that for n > 2, there exist infinitely many
primes p = 3 mod 4 with §, (1) > 0 and infinitely many with
S, (n) <0.
Williams [3] proved that

S, (m) =0 (p"*logp) 2)

for y being the Legendre symbol modulo p. For primitive
character y modulo g, Toyoizumi [4] used the generalized
Bernoulli numbers to express S, (1) in terms of Gauss sums
and Dirichlet L-functions as follows:

5 be an odd number. In this paper, we study the fourth power mean of certain character sums
2 vmodgy(g-1)=—1 | Xi<asq/a ay(a)|* and z;modq,(x—l):l | X1cacqi ax(a)|", where ¥ denotes the summation over primitive characters

9
Yd'x@
a=1
29"t (x) -
Gm-1) @m = DL (2m, o
= 4 19%,,2 vmtenm if x(-1)=1,
24" (x)
n | .
Go) QL @m+ 13) gy 2y,
0<m<(n-1)/2 (_l)m+1(2ﬂ)2m+1i
(3)

where 7(y) = Z:l x(a)e(a/q) is the Gauss sum, e(y) = e,
L(s, x) is the Dirichlet L-function corresponding to x, and
() denotes the binomial coefficient.

Toyoizumi [4] also gave explicit bounds for S, (n).

Proposition 1. (a) Assume that x(-1) = 1 and n > 2. Then
for any primitive character y mod g, one has

[s, 0] < €0 g”, @
where
2@ (2™t
Cl (I/l) - (27_[)11+1 1gng:n/2 (n +1- 21’}’[)', (5)

and {(s) is the Riemann zeta function.



(b) Assume that y(-1) = -1 and n > 3. Then for any
primitive character y mod g, one has

L(1,
s, (m)] < (cz (n) + @) q" (6)

where

(zn)n—Zm
(n—2m)!"

1
(2 )n+ 1<m<(n—-1)/2

Cy(n) = (7)

In [5], Peral used the Gauss sums and adequate Fourier
expansion to greatly improve the result in Proposition 1.

Proposition 2. (a) Assume that x(-1) =
nonprincipal character modulo g, and then

1/2 n—1
IS, m| < q (2(n+1)>. (8)

(b) Assume that x(-1) =
modulo g; then,

1 is a primitive

-1 is a primitive character

L(1,y 1
Sx(n)+T(X) '( x)‘gql/z EJI 1
7T

n—1
T Jo HZSin(nt)t t>'
9)

Furthermore, Liu and Zhang [6] gave an upper bound for
S, (n) when y is a nonprincipal character modulo g.

It may be interesting to consider the mean value of certain
character sums. For example, Burgess [7] proved that

4

h
Z x(n+m)| <8d*(q)q’H, (10)

* q
x mod g n=1

where Y* denotes the summation over primitive characters
modulo g, and d(q) is the Dirichlet divisor function. Xu and
Zhang studied the power mean

4
®

2

x mod g
x(=D=%1

Y x@

1<a<q/4

(1)

in [8, 9] and obtained some sharper results.
In this paper, we study the fourth power mean of certain
character sums

> |2 w@|,
x mod q |1<a<q/4
x(=1)=-1
(12)

>l 2 @
x mod g|1<a<q/4
x(=1)=1

and give a few asymptotic formulae.
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Theorem 3. Let q > 5 be an odd number. Then one has

4

*

2

x mod g
x(=1)=-1

> ax(a)

1<a<q/4

(1—1/p)
T 32q] )l_ll 1+1/p?

35 ](q) Hﬁ

M TIETIRTL
16 2
216.32.17 ba L+1/p

_ L (3, X1)
214.32. 7 L(5 x4)

(13)

XqG](q)l_[(l—l/p ) (1= xa(p)/P°)

bla 1-x(p)/p°
e Y0
[T -xa(p)/p’) (1-1/p")

rlq

1 6+€
XE<I+P2(1—X4(P)/P))+O([] )

where J(q) is the number of primitive characters modulo q, y, is
the nonprincipal character modulo 4, and € is any fixed positive
real number.

Theorem 4. Let q > 5 be an odd number. Then one has

4
#

)

x mod g
x(=1=1

385
=057 1 ](Q)I_I[
plg

1 )1—[( - X p)/p)

plq 1+ X4 p

Y ax(a)

1<a<q/4

(1—1/p4)3
1+1/pt

15L* (3 Xa)

142371 (3, x,)

C216.52.34. (7, x,)
2 2
s (1-xa(p)/p’) (1-1/p")
1 ](q)l;q[ 1-x(p) /P’
(1- 1/1;2)3

3
+oedT@]]

2
bla 1+1/p
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B L* (3, xa)
227 L(5, x4)

'qu(q)l—[(l -1/p ) (1 - x:(p)/p )

ola 1= (p)/p°
% 91 (q)
<[T(1=xi(p)/p%) (1-1/p")

plg

1 6+e
*Eﬁnﬂbhwmﬂ“w )

(14)

From Theorems 3 and 4, we immediately get the following
corollaries.

Corollary 5. Let p > 5 be a prime. Then one has

2 | 2 x@

x mod p [1<a<p/4
x(=1)=-1

4

(3 Xa) P
21432 - L(5, x4)

L(3’ X4) 7 1
st LI

21
EELASvia

1= x.(p1)/p1)

(15)

where [, denotes the product over all primes.

Corollary 6. Let p > 5 be a prime. Then

2 | 2 ax@

x mod p|l<a<p/4
x(=D=1
X#Xo

4

_ 2833 5, 1513 x)
- 2%.51 2

14237L* (3, x4) 5
216.52.34 . L(7, x4)

_ L* (3 xa) 7
227 L(5 x4)

N (m——

P pi(1=x.(p1)/p1)

+0O (p6+s)
(16)

Remark 7. It seems that the contributions of odd and even
primitive characters to the fourth power moment of character
sums over [1,q/4] are very different.

2. Express the Character Sum in terms of
Gauss Sums and L-Functions (I)

Let x be an odd primitive character modulo g. In this section,
we will express };,../4 ax(a) in terms of Gauss sums and
Dirichlet L-functions. We need the following lemmas.

Lemma 8. Suppose that q > 5 is an odd number, and y is an
odd character modulo q.

(i) For g = 1(mod 4), one has

Y ax(a)

1<a<(3¢-3)/4

= ) ax(@)+q

1<a<q

)

1<a<(g-1)/4

Y x@-=

1<a<(3g-3)/4

Y x@

1<a<(g-1)/4 ( )
17
ay (a),

Y x@.

1<a<(g-1)/4

(ii) For g = 3 (mod 4), one has

Y ax@

1<a<(3gq-1)/4

= Z ay(a) +q Z

1<a<q 1<a<(q-3)/4

- )

1<a<(q-3)/4

Y x@= Y x@.

1<a<(3q-1)/4 1<a<(q-3)/4

X (a)

(18)
ax (a)

Proof. 1t is easy to show that

Y ax(a)

1<a<(3q-3)/4

= Ya@- Y ay@
1<a<q (3q+1)/4<a<q

= Yax@- Y (q-b)x(q-b)
1<a<q 1<b<(q-1)/4

= ax(a)+q Z X (@)
1<a<q <(g-1)/4

-

1<a<(g-1)/4

ax (a),



4
Y x@
1<a<(3q-3)/4
=Y x@- Y x@= ) x@.
1<a<q (3q+1)/4<a<q 1<a<(g-1)/4
19)
This proves (i). Similarly, we can deduce (ii). O

Lemma 9. Suppose that q > 5 is an odd numbet, and y is an
odd character modulo q. Let y, be the nonprincipal character
modulo 4. For q = 1 (mod 4), one has

4q
Y a’x (@) x4 (a)

a=1

Y x(a)

1
= 16y (4) 9 ax (a) + 16x (4) ¢°

a=1 1<a<(g-1)/
—64x (g ) ax(a).
1<a<(q-1)/4
(20)
Proof. Note that y,(1) = 1 and x,(3) = -1, and we get
4q q-1
Zazx (@) x4 (a) = Z(4a + 1)2)( (4a+1)
a=1 a=0 (21)
g-1
—Z(4a+3) X (4a+3).
First we have
q-1
Y (da+1)Yx(4a+1)
a=0
q-1 g-1
=16) a’x(4a+1)+8) ay(da+1)
a=0 a=0
gq-1
+ ZX (4a+1)
a=0
q-1 q-1
=16x (4) Zazx (a + 4_1) + 8y (4) Za)( (a + 4_1)
a=0 a=0
q-1
=16x(4) Z(a +4) X(a +4_1)
a=0
gq-1
+8)((4)(1 —4-4_1) Z (a+4_1))((a+4_1),
a=0
(22)
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where 4 is the inverse of 4 modulo g with 4 - 4 = 1 (mod g)
and 1 < 4 < q. Since g = 1 (mod4), we get 4 = (3q + 1)/4.
Then from Lemma 8, we have

q-1

Z(a+é_})2x (a +A_L)

a=0

= )

0<a<(q-1)/4

(a +Z)2X (a+13)

+ Z (a+71)2)((a+71)
(q-1)/4<a<q-1
= Z (a+Z)2X(a+Z)
0<a<(q-1)/4

+ 0y (a+71—q)zx(a+é_1—q)

(q-1)/4<a<gq-1
+2q Z (a+71—q)x(a+71—q)
(q-1)/4<a<q-1
2 —

+q Z X (a +4 - q)
(g-1)/4<a<q-1

Za x(a)+2q Z

= 1<a<(3q-3)/4

+q )

1<a<(3g-3)/4

BN

ay (a)

X (a)

Z X (a) + ZanX (a)

a=1 a=1

+3q2 Z

1<a<(q-1)/4

-2g Z

1<a<(q-1)/4

x(a)

ax (a),

q-1

Z(a+Z)X(a+Z)

a=0

= Z (a+71)x(a+71)
0<a<(q-1)/4

+ Z (a + 71) X (a + 71)
(g-1)/4<a<q-1

= Z (a+71)x(a+71)

0<a<(q-1)/4

+ Z (a+4—q)x(a+4—q)

(g-1)/4<a<q-1

+q Z X (a +4 - q)
(q-1)/4<a<q-1
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1

Zx(a)+q Z X(a+4_1—q)

a=1 (q-1)/4<a<q-1

B

Zx(a)w Y x@

= 1<a<(3q-3)/4

BN

=Yax@+q Y x.

a=1 1<a<(q-1)/4

(23)

Therefore

q-1
Y (da+1)7’x(4a+1)

a=0

g-1

= 16)((4)Z(a+4) X(a+4_l)

a=0

q-1

+8x (@) (1-4-4) ) (a+4)x(a+1)

a=0 (24)

=16x (4) Za X (a)+8x (4) anx (a)

a=1

+24X(4)q2 Z x (@)
<(g-1)/4

-32xy(4)q Z ax(a).
1<a<(q-1)/4

On the other hand, we get

q-1
Y (4a+3)’x (4a+3)
a=0
q-1
=16) a’y(4a+3)
a=0
q-1 q-1
+24) ax(4a+3)+9) x(4a+3) (25)
a=0 a=0
q-1
=16y (4) Zazx (a +3 -4_1)
a=0
q-1
+24y(4) Yay(a+3-4).
a=0

Since 4 = (3g+1)/4and 3- 4= 2q + (g + 3)/4, we have

q-1
> (4a+3)°x (4a +3)

a=0

=, q+3
=16x (4) Zazx <a+ 1 )
a=0

q-1
q+3>
24y (4 —
+ X();ax<a+ 1

q-1 2
3 3
=16X(4);}<a+qz >X(a+qz >

q+3

+24<1_T>X(4)

(26)

T e )

0<a<(3q-3)/4

+3\2 +3
r Y (e ) X<a+ )
(3g+1)/4<a<q-1

q+3\? +3
S
0<a<(3q-3)/4 4 4

3 2 3
+ z <a+q+ —q>X<a+q+ —q)

(3g+1)/4<a<q-1

3 3
+2q Z <a+%—q)x(a+&—q>

(3q+1)/4<a<g-1

3
+ q2 z X <a + *> _ q)
(3q+1)/4<a<g-1

q
=Ydx@+qd Y x
a=1

1<a<(q-1)/4

+2q Z ay (a),

1<a<(q-1)/4

3 3
-y <a+q+ >X<a+q+ )
0<a<(3q-3)/4 4 4

vy a+q+3>x<a+q+3)

(3g+1)/4<a<q-1

3 3
-y (,H—‘” >X<a+q+ )
0<a<(3q-3)/4 4 4




(3g+1)/4<a<q-1

Y x@,

1<a<(q-1)/4

q
= Yay(a) +q
a=1

(27)
so we get

q-1
Y (4a+3)*x (4a+3)

a=0

q-1 2
3
=16x (4) Z(a + q:;
a=0

+24<1—¥)X(4)

q q
=16x (4) Zazx (a) - 8x (4)anX (a)
a=1

a=1

8y q Y x@+32x®q Y ax(a).

1<a<(q-1)/4 1<a<(q-1)/4
(28)

Now combine (21)-(28); we have

4q
Y a’x () xy (a)
a=1

q-1
= Z(4a + 1)2;( (4a+1)
a=0
gq-1
- 2(4(1 + 3)2)( (4a + 3)
a=0 (29)

q
= 16y (4)q ) _ax (a)

a=1

+16yx (4) qz z

1<a<(q-1)/4

Z ay (a).

1<a<(g-1)/4

x(a)

-64x(4)q
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Lemma 10. Suppose that q > 5 is an odd number, and x is an
odd character modulo q. Let y, be the nonprincipal character
modulo 4. For q = 3 (mod 4), one has

4q 9
Zazx (a) x4 (a) = —16x (4) anX (a)

a=1 a=1

—16x(4) g Y x@ (30

1<a<(g-1)/4

+64x(4)q Y

1<a<(q-1)/4

ax (a).

Proof. For g = 3(mod4), wegetd = (q+1)/4and 3 -4 =
(3q + 3)/4. Using the methods of proving Lemma 9, we have

4q
Y a’x(a) x, (a)
a=1 (31)
q-1 gq-1
=Y (4a+1)’y(4a+1) - ) (4a+3)’y (4a+3),
a=0 a=0
gq-1
Y (da+1)Yx(4a+1)
a=0
q-1 2 _
=165 (4) Y (a+4) x(a+1) (32)
a=0
q-1
+8y (@) (1-4-4)) (a+4)x(a+4),
a=0
q-1
Y (4a+3)°x (4a +3)
a=0
q-1 q-1
=16) a’y (4a+3)+24) ax (4a +3)
a=0 a=0
q-1
+ 92)( (4a + 3)
a=0
g-1
=16x (4) Zazx (a +3 '4_1)
a=0
gq-1
+ 24y (4) Za)( (a +3 -4_1)
a=0
160 Y (s 22) (a0 252)
X Z 4 X 4

q-1
3g+3 3g+3
—24x(4)qz<a+ q4 )X(a+ q4 )
a=0

(33)
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It is not hard to show that

q-1

Z(a+Z)2X(a+Z)

a=0

= z (a+4_1)2X(a+71)

0<a<(3g-1)/4

+ Z (a+71)zx(a+71)

(3g-1)/4<a<q-1

= Z (a+4_1)2x(a+71)

0<a<(3q-1)/4

+ Z (a +4
(3g-1)/4<a<g-1

+2q Z (a+4—q)x(a+4—q)
(3q-1)/4<a<q-1
) —

+q Z X (a +4 - q)
(3g-1)/4<a<q-1

9
Za x@+q Y x@

1<us(q—3)/4
+2q Z
1<a<(q-3)/4

ax (a),

q-1

Z(a+71)x(a+7l)

a=0

= Z (a+71)X(a+7L)

0<a<(3q-1)/4

v

(3g-1)/4<a<q-1

= Z (a + 71) X (a + 71)
0<a<(3q-1)/4

Z (a+71—q)X(a+71—q)

(3g-1)/4<a<gq-1

(a+71)X(a+71)

+

+q Z X(a+4—q)

(34)
Then by (32), we have

q-1
Y (da+1)yx(4a+1)
a=0

q-1

=16x (4) Z(a+4) X(a+4_1)

a=0

7
gq-1
+8x(4)(1 —4><Z) Z (a+4_1))((a+4_1)
a=0
q
= 16x(4) ) a’x (@)
a=1
q
-8y qYy ax@+8x4q Y x(@
a=1 1<a<(q-3)/4
+32x(4)q Z ax(a).
1<a<(q-3)/4
(35)

On the other hand, by Lemma 8, we get

0<a<(q-3)/4

vy ( "
(q+1)/4<a<q-1

Il
Q
+
(O8]
=
+
(O8]
—
[ S}
>
—~ N~— /; ~—
+
w
AN}
+
(O8]
—

Y (a+

0<a<(g-3)/4

3g+3 2 3g+3
o 3 (ar ) xfar T )

(q+1)/4<a<q-1

3g+3 3g+3
+2q Z <a+ q4 —q>X<a+ q4 —q)

(q+1)/4<a<q-1

3g+3
+ qz Z X <a + YR q)
(g+1)/4<a<q-1

[i~Y

Z a’x(a)+2q Z ay (a)
a=1 1<a<(3q-1)/4
g ) x@

1<a<(3q-1)/4

9

Z a’x(a)+ ZanX (a)
a=1 a=1

+3»q2 Z x(a)-2q Z

1<a<(q-3)/4 1<a<(q-3)/4
e 3g+3
Z<a+ ) )X(a+

a=0

0<a<(g-3)/4

ay (a),

3q+3)
4




N Z <a+3q+3)X<a+3q+3

4 4

(g+1)/4<a<q-1

3 3 3 3
- Z <a+ 1 >X<a+ a* >
4 4

0<a<(q-3)/4

+
(g+1)/4<a<q-1

a
4

3g+3
+ q z X (a + 4 - q)
(q+1)/4<a<q-1

q

=Yay@+q Y x

a=1 1<a<(3gq-1)/4

BN

Zax(a)+q Z X (a).

= 1<a<(q-3)/4

Then from (33), we have

gq-1
Y (4a+3)°x (4a+3)

a=0

q-1
=16y (4) Z(a +
a=0

q-1

=16x (4) Za X (@) + 8y (4) anx (a)

a=1
Z X (@)

<(g-3)/4

-32x(4)q Z ay (a).

1<a<(q-3)/4

Combining (31), (35), and (37), we have

+24y (4) q2

4q
Y a’x(a) x4 (a)
a=1
gq-1
= Z(4a+ I)ZX(4a+ 1)
a=0
q-1
- Y (4a+3)’x (4a +3)
a=0
q
=-16x(4) anX (a)
a=1
- 16yx (4) q2 z x(a)+64x(4)q

1<a<(q-3)/4

+3q+3_ >X< +3q+3

3q+3\? 3g+3
4 >X<a+ 4

3g+3 3g+3
_24X(4)q2(a+ q: ))(<a+L
a=0

1<a<(q-3)/4

~a)

(36)

(37)

ax (a).

(3%
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Now we can express },,.,../4 ax(a) in terms of Gauss
sums and Dirichlet L-functions.

Theorem 11. Let x be an odd primitive character modulo odd
integer q > 5, and let y, be the nonprincipal character modulo
4. Then one has

Y ax(a)

1<a<q/4
- (XOLOD-FOLOLD) G

4 —
+—L(2, m)) :

Proof. By Lemmas 9 and 10, we get

16x (4>anx<a)+ 16x(4)q’ ) x(@

1<a<q/4
—64x(4)q Y ax(a
1<a<q/4
49
> az)( (@) x4 (@), ifg=1 (mod4) (40)
— a=1
= 4
- anzx(a) X4 (a), if g=3 (mod4)
a=1
4q
= x:(q) Y &y (a).
a=1

From the Fourier expansion for primitive character sums (see
[10] or [11])

T(X)+°° (n) sin (Zmz/\)’ (-1 = 1,
T n:l n
T(Y)L(LY)
= < i
agqx (a) T(X)
Z X(”) co:l(Znn/\)) iy (-1) = -1,
(41)

we easily have
2+x(2)-x4 —
Y x= %T(X)L(LX)- (42)
1<a<q/4

Note that yy, is a primitive character modulo 44 satisfy-
ing xx,(-1) = 1,and

4q a
T (xxa) = a;m (@)e (Q)

M=
M=

4b+qa>

X(4b+qa)X4(4b+qa)e< 1
q

1

o
I

a 1

| b a
= ;;X (4b) x4 (qa)e<a + Z)
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: a
=X x:(9) (Zm (@) <Z)>
a=1

X(ix(&e(%))

=2ix (4) xa (@) 7 (x)>
(43)
then from (3) we have
el q
Sax@=-Lr(L05),
a=1
4q 164
ZaZXX4 (a) = 71{21 (2.1 (44)
a=1
32iy (4
= %MQZT (X)L (2:xXa) -
Therefore
16y (4) 7
——a7()L(LY)
RIACICESIC 4
(OCXD IO i )1 17)
(45)
~64x(4)q ) ay(a)
1<a<q/4
32iy (4 =
= 1791(2( )qZT(X)L(Z,)()(4)-

Then we have

> ay(a)

1<a<q/4

- L (reLeY-x@LLY) o)

_L(Z’%M))-

3. Express the Character Sum in terms of
Gauss Sums and L-Functions (II)

Let x be an even primitive character modulo g. In this
section, we express )., ./, ax(a) in terms of Gauss sums and
Dirichlet L-functions.

Lemma 12. Let g > 2 be an odd number, and let y be a
nonprincipal character modulo q. Then

(g-1)/2
4y(2)q ) ax(a)

a=1

q q
=(2x @ +1)gYax(@-(4x2)-1) Ya'x (a),
a=1 a=1

q
4x2)q ) ax(a)
a=(q+1)/2

q 9
=(2x @) -1)qY ax@+(4x @) -1) Y a’x(a).

a=1 a=1
Proof. We have
9
Y (2a)’x (2a)
a=1
(q-1)/2 9
= Y @)’y@a)+ Y (a)x(a)
a=1 a=(q+1)/2
(q-1)/2
= Z (2a)2X (2a)
a=1
(g+1)/2 5
+ Y (2b+q-1)"x(2b+q-1)
b=1
(@-1)/2
= ) (a)’x(a)
a=1
(g+1)/2
+ ) @b-1)’y@2b-1)
b=1
(q+D)/2
+29 ) (b-1)x@2b-1)
b=1
2(qul)/Z
+q Z x(2b-1)
b=1
9 (q+1)/2
= Zazx(a) +2q Z (2a-1)xQ2a-1)
a=1 a=1
(g+1)/2

+q2 Z xQ2a-1).
a=1

Since

(g+1)/2 (g-1)/2

Z XQ2a-1)+ Z X (2a) = Zx(a)

(g+1)/2 (g-1)/2

Z 2a-1)xQ2a-1)+ Z 2ax (2a) = Zax (a),

we have

q q
Y (2a)°x (2a) = Y a’x (a)
a=1 a=1

(47)

(48)

(49)
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q (g-1)/2
+2q) ax(a)-4x(2)q Y. ax(a)
a=1 a=1
(q-1)/2
-x@4q ) x@.
a=1
(50)
It is not hard to show that
(g-1)/2 q
X2q Y x(@=(1-2x2))ax(a)),
a=1 a=1 (51)
q q
x(2)q Z x@=02x2-1) Za)( (a).
a=(q+1)/2 a=1
Therefore
(g-1)/2
4x(2)q ) ax(a)
a=1
=(2x@2)+1)q (52)
q q
x Zax (@) - (4x(2)-1) Zazx (a).
a=1 a=1
Note that
(q-1)/2 q 9
Z ay (a) + Z ax(a) = Za)( (a), (53)
a=1 a=(q+1)/2 a=1
we have

q
4x2)q Y ax(

a=(qr1)/2
=(2x(@2)-1)q (54)
q q
X Zax (@) +(4x(2)-1) Zazx (a).
a=1 a=1

O

Lemma 13. Let q > 5 be an odd number, and let x be an
nonprincipal even character modulo q. If g = 1 (mod 4), then

q-1
16y (4) Zazx (a)
a=1
=(8x(4)-2x(2)+1)

q
X Zazx (a) — 16qx (4)

a=1

(g-1)/4 5 (g-1)/4
X Z ay(a) +4q x (4) Z X (a).
a=1 a=1

Abstract and Applied Analysis
While if ¢ = 3 (mod 4), we have

gq-1

16x (4) Y a’x (a)
a=1

q
= (8x (@) -2x(2)+1) Y a’x(a) - 16qx (4)  (56)
a=1

(g-3)/4 (g-3)/4

X Z ax(a)+4q2)((4) Z X (a).

a=1 a=1

Proof. First suppose that g = 1 (mod 4). Then 4 = (3q+1)/4.
We have

gq-1
16y (4) Z“ZX (a)
a=1

(g-1)/4

> (4a)*x (4a)

a=1

q-1
= ) (4a)’x (4a) =
a=1

(29-2)/4
+ ) (4a)*y (4a) +

u:(q+3)/4

(3q-3)/4

Y (4a)’x (4a)

a=(2g+2)/4

q-1
+ Z (4a)’y (4a)

a=(3g+1)/4

(g-1)/4

= Z (4a)2X (4a)
a=1

(q-1)/4 5
+ Z (4a+q-1)xM@a-1)
a=1
(q-1)/4 5
+ ) (4a+29-2)"x(4a-2)
a=1
(q-1)/4 5
+ ) (4a+3q-3)"x(4a-3)
a=1
(q-1)/4

= Z (4a)2X (4a)
a=1

(g-1)/4
+ ) (4a-1)y(da-1)
a=1
(g-1)/4
+ ) (4a-2)’x(4a-2)
a=1
(g-1)/4
+ ) (4a-3)*y(4a-3)

a=1
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(g-1)/4 5 (g-1)/2 5 (39-3)/4
+29 Y (4a-1)x(4a-1) Iy Y x@-4'x® )Y x(
a=1 a=(q+3)/4 a=(q+1)/2
(g-1)/4
+4g Y (da-2)x(4a-2) —9q2)((4) Z x(a).
a=1 =(3g+1)/4
(q-1)/4 (57)
*64 ; (4a-3) x (4a=3) Note that ZISaS(q—I)/Z x(@) = 0and Y1 ax(a) = 0 for
even character y. By Lemma 12 we have
2(q*l)/‘l 2(Lrl)/4
+q x(da-1)+4q x (4a-2) !
(;1 aZl 16x (4) Y a’x (a)
a=1
2(qfl)/4 q
9 4a-3
+94° ) x(4a=3) = Ya'x(@ - 16gr (@)
(g-1)/4
B q-1 ) ( q-1 ) (q-1)/4 (q-1)/2
—Zax(a>+8qx(4) Z <a+—4 x\a+—— x Y ax(a)-8qx(4) ) ay(a)
a=1 a=1
(@ )4 - (q-1)/4
2 q-1 q (58)
-29"x (4) Zi X<a+T> +4qu(4) Zi x (a)
(q-1)/4 1 1 =(8y(4)-2y(2)+1
+ 16gx (4) Z <a+q—>x<a+q—> (8x * )
at 2 2 (g-1)/4
s X Za X (a) — 16gx (4) z ay (a)
q-1
847y (4) (a + —>
X azl X 2 , (q-1)/4
+4q°x(4) ) x(a).
@@t 3g-3 393 =
+ 24qy (4) Z <a+—>X<a+—> _
a=1 4 4 Now assume that g = 3 (mod 4). Then 4 = (g + 1)/4. We
have
(g-1)/4
3g-3 1
- 18q2 (4) (a + ) 1
(@ 2 xlar = 16y (4) Y’y (a)
a=1
(g-1)/4
q-1 ) q-1
IERACIPIP (o 15 = 3 (4a)’y (4a)
a=1
(g-1)/4
2 q-1 (q-3)/4 (2q-2)/4
+4q°y (4) ;1 % (a + T) Z (4a)’y (4a) + Z (4a)’x (4a)
- a=1 a=(q+1)/4
(g-1)/4
2 3g-3 ) (3g-1)/4 q-1
+99°x (4) Zl X (“ = Y @aly@a)+ Y (4a)’y(4a)
B a=(2q+2)/4 a=(3q+3)/4
i (qi/Z -3/
= Ya"x(a)+8qyx4) ay (a) _ 2
oy Zl (4a)"x (4a)
(3g-3)/4 (q+1)/4 5
+16gx(4) Y ax(a) + Y (4a+q-3)x@a-3)
a=(q+1)/2 a=1
1 (q+1)/4 ,
r2uqy@ Y ax(a + ) (4a+2q9-2)"x(4a-2)
a=1

a=(3g+1)/4
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(g-3)/4 ) a3/ q-3
+ Z (4a+3q-1)"y(4a-1) +q' x4 Z X<a+T>
a=1 a=1
(q-3)/4 (q-3)/4 q-1 5 q-1
= Y @aly(a)+ Y (4a-1’x(da-1) =Ya'x(@+249x4) ) ax(a)
a=1 a=1 a=1 a=(3q+3)/4
(g+1)/4 5 (3g-1)/4
+ ) (4a-2)’x(4a-2) +169x(4) Y ax(a)
a=1 a=(q+1)/2
(q+1)/4 a-1)/2
2 q
+ Z (4&—3) X(461—3) +SCIX(4) Z ax(a)
a=1 a=(q+1)/4
(g-3)/4 -
6 4a -1 4a-1
+ qa; (4a-1) x (4a-1) Sofx@ Y x(@
a=(3q+3)/4
(q+1)/4 (a1
+4q (4a-2) y (4a-2) g
2 * Safx@ Y x@
a=(q+1)/2
(q+1)/4
+2q9 ) (4a-3)x(4a-3) , (@-D/2
= -x@ ) x(@).
(g-3)/4 (g+1)/4 el
+9q° Z x (4a—1)+4q Z X (4a-2) (59)
ot ot Note that ¥, 172 X(@) = 0and ¥7_, ay(a) = 0 for
2(q+1)/4 even character y. By Lemma 12 we have
+q Z X (4a - 3) 1
a=1
16x (4) Zazx (a)
q-1 ) a=1
) aZ::la x@ 9 5 (q-3)/4
=Y a’x(a) - 16qx(4) ) ax(a)
(q-3)/4 a=1 a=1
3g-1 3g-1 )
+24qx (4 ; (a " 4 )X <a i 4 (g-1)/2 § (q-3)/4
-8qx(4) )Y ayx(@+49’x4) Y x(a)
(q-3)/4 3g-1 a=1 a=1
~ 184" x (4) Z X (a = > \ (60)
ot =(8x(@) -2y (@ +1) Y a’x(a)
(q+1)/4 1 1 a=1
+16gx (4) Z a+%>x<a+ qT) (g-3)/
= —16gx (4) Z ay (a)
N g-1 asl
-84°x(4) Y x (a t T) @3)/4
st + 4q2X (4) Z X (a).
(g+1)/4 a=1
-3 -3
+8qx (4) Z (a+—q4 >X<a+—q4 ) -
a=l Now we express Y, ,,/4 ax(a) in terms of Gauss sums
(g+1)/4 q-3 and Dirichlet L-functions.
—Zqzx(4) Z X<a+ > o
= 4 Theorem 14. Let y be an even primitive character modulo odd
integer q > 5. Then one has
. 3q-1 .
+9q°x (4) ; x(a+ = ) Y ar@ =15 (X9 -2 -8)T () L(2%)
1<a<q/4 (61)
(a+1)/4 1 Lt (x) L (1, ¥xa)-
vagy@ Y y(a+d ) T () L(LXx)

2

a=1
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Proof. By Lemma 13, (3), and (37), we have

16gx (4) Z ay (a)

1<a<q/4

q
= (1-2x(2) -8y (4) Y a’x (a)

a=1
+4q°x (@) Y x(@ (62)
1<a<q/4
qZ
=5 (1-2x@ -8y @) (1) L(2%)
2

4
+ L @70 L Xn)-

Therefore

Z ay (a) = 16 > (Xx(4)-2x(2)-8)
1<a<q/4 (63)

xT()LEX)+ LT 0L ). O

4. Mean Values of Dirichlet L-Functions

In this section, we will study the mean values of Dirichlet L-
functions, which will be used to prove Theorems 3 and 4.

Lemma 15. Let q and r be integers with q > 2 and (r,q) = 1.
Then one has the identities

> x0= Y u(D)p@,

x mod g d|(g,r-1)

J(q) = ZM( >¢(d)

dlq

(64)

where Z; mod q denotes the summation over all primitive cha-

racters modulo q, and ] (q) is the number of primitive characters
modulo q.

Proof. This is Lemma 3 of [12]. O

Lemma 16. Let q > 2 be an odd number, and let k > 0 be an
integer. Then one has

2 dwd(2n) sesk fe (-1
Z n? 5 ((4)1_[ 1+1/p*

o dmd(2) 1sk+17 ¢*(4) (1-1/p*)
L= v el e

rlq

& P 27 @) (1-1p)
P H

80 ((4) 1+1/p2

i &) 3375 (4)1—[(1 ~1/p*Y’
nt 4352 ((8) 1+1/p*

plq

n=1 1’13
(n,2q)=1
_ 1 .L4 (3>X4)1—[( - xa(p) 19’ )
12 o L Tea(p
© dn)t (an)
L
n=1
(n,g)=1
QLG
L(S’ X4)
_ 2 2 _ 3 2
Xl-[(1 1/p°) (1= xa (p) 19°) ,
ola 1-x. (p)/p°
i 7, (n) :2 (an)
n=1
(n,g)=1
3 ~ Xa (p) ) 1
—5(4)L(3’X4)1p_|£(1 p3 <1 p4>
1
1+ ———+——,
Xﬂ( +p2(1—x4(p)/p))
o d(2kn)‘r (n)
Y ——4

:<Ek+1).w

16 L(7, x4)
. (- 1p) (1-1p*)
1;! 1= x:(p) /9 ’

dn)r, (2kn)

1 WG x)
S L)

X H(l ~ X (p) /P3)2(1 - 1/1?4)2

Plg 1-xs(p) /P ’

13
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i Xa (n)d (n) 7, (n)
2
(n,2q)=1

9 QLG x)

T 16 L(5 x4)

(1-1/p) (1= (p) 19°)
: Eq[ 1-x. (p)/p°

T, (n) T, (an)

>

4
= k2 {OLGx)

-

plq

T mamm)

(65)

where d(n) = Y, 1 11(n) = Y;,(xs(d)/d), and 1,(n) =
Yan(Xa(n/d)/d).

Proof. By the Euler product, we have
© d(n)d(2n)

:(Z(i+l)(2'§7”1)>ﬂ<2(] )

pt2q

_ 5/4 + (3/4)k1—[ 1+1/p
(1-1/22) pog(1-1/p?)’

=5+3k1—[ 1+1/p? 1—[(1—1/1’2)3
5 % (1-1/p? )3 1+1/p?

543k (2)1_[(1 ~1/p?)
5 {(4) 1+1/p*

(66)

Similarly, we can deduce the other identities. O

Abstract and Applied Analysis

Lemma 17. Let q > 2 be an odd number. For integers k > 0
andl > 1, one has

*

> (@)@l

x mod g
x(=1=-1

_5+3k (2 ()H(l—l/P2)3

T oML L (4) 1+1/p? +0ld),

priq

*

Z |L (Z’XX4)|4

x mod g
x(=1)=-

3375 (4(4) (1- /P)
T 8704 ((8) ()H +1/pt

0(q),
plq
> %(2)
x mod g
x(=1)=-1

_COL G
- 2L (5, p)

. (1-1/p) (1-xa(p) 19°)’
1;,1 1= (p)/p°

*

2 x(@)r
x mod g
x(=1D=-1

L (L) L(Lx) L(2 xxa)

J(4)

+0(q),

(LX) L (2 xx) < 45

*

> A LOLDLEI L Cxx) < 4
x mod g
x(=1)=-1

*

Y x (@)L P @)l

x mod g
x(=1)=-1

o423

rla
XE(” (1= X4 (p)/p))m(qe)'

Proof. We only prove the first formula since, similarly, we can
get the others. Let d(n) = ) ;,, 1 be the divisor function. For

N > ¢, by Abels identity, we get

-(257)

y xmdm)

n

(67)

(68)

q'*logglog N
N1/2

1<sn<N
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For (r,q) = 1, from Lemma 15, we have

1
=3 X(T’)—5 x(=1)
x mod g x mod g
* 1 q
Y xm =" 1f‘<3>¢’(d’
x mod g -
x(-1=-1 1 q
=3 #(3)&5(61)
d|(g,r+1)
1 *
=2 2 (=x(D)x) (69) (70)
mod
rmedd Then from Lemma 16 we get
- k 4 - X(n)d(n) ql/zlogqlogN ?
> x@0r= ¥ k@) X ro( Lo )
x mod g x mod g 1<n<N N

x(=1)=-1 x(=1)=-1

* 3/2 3
-y ¥ d(n)d(m) y X(zkn)x(m)m(q logqlogN>

1/2
1<n<N1<m<N x mod g N
x(=1)=-1

1 d(n)d (m) (CI>
-5 TR Y u(G)e@
2 lsnzles;sN nm d|(q’;,_m) d
(n,g)=1(m,q)=1
1 d (n)d (m) <q> q**log glog’N
-3 — pl = )od)+0| —F5—"—
2 IS;SNK;N mm d|(q,zz";1+m) d Nl/z
(n,g)=1(m,q)=1
d (”)d(zk ) q d(n)d(m)
: Yu(d)ew@
k ' 1<n<ZN/2k % d 1<;N1<;<N
(n,9)=1 (mg)=1 (m,q)=1
2*n=m( mod d)
2kn+m
dn)d(m 3/210 log® N
1yu(D)e@ 3y A0, oL leeeN)
dlgq 1<n<N 1<m<N

(n,q)=1 (m,g)=1
2*n=—m( mod d)

-2 Z d(n)d(Zk) O(ZW) Yy )

( ) . dlq 1<n<N(1-2kn)/d<I<(N-2kn)/d
nq

dn)d (ld - an) q°"* logglog’N
O<Z¢(d’ 2 W>O<N—/>

dlq 1<n<N(1+2kn) /d<I<(N+2n)/d

d(n)d (1d +2*n)
n(ld + 2kn)

d(n)d (Zk ) . g*"* log glog®N
- 2k+1 Z O(N)+O( N1/2 )

(nq) 1

543k ("2 ( )1—[(1‘1/1’2)3 +O(NE)+O(q3/zlogqlog3N)_

SR p@) L T 1/p? N1/2

(71)
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Now taking N = g*, we immediately get

*

Y x(@)ea

x mod g
x(=1)=-1
5+3k (2
S0 7
(-up)
plg 1+1/p? o).
]

Lemma 18. Let g > 2 be an odd number. For integers k > 0
andl > 1, one has

> 2@l
x mod g
x(=D=1

_15k+17 (4

- 22k+1 .17 (’(8)

+0(q°),

> Lr@pl
x mod g
x(=1=1
1 (3, 1-x(p) /1p)
= ( X4)-I(q)n%
2(1-1/2%)  {(6) g 1rxa(P)/p
+0(q°),
> ()@ (L) <4

x mod g
x(=1=1

> x(@)e

x mod g
x(=1=1

_(15/16)k+1) ¢ (4)L* (3, x4)
- 22k+1 L(7 X4)

(1-x) /1) (1-1/p")
Il )11;[ 1= x: (p) /9
+0(q°),
Y %29 @) L(Lxx) L(2x)

x mod g
x(=D=1

‘I(q)H—(l —ur)

4
ol 1+1/p

(L xxa)

(20 L(1xxa) L(2. %)

B ACICSN
S L(7, 1)
1-x,(p)/p*) (1-1/p*)
ola 1-x.(p)/p
+0(q°),

Abstract and Applied Analysis

Z |L(1’XX4)|4

x mod g
x(=1)=1
3
vt ( 2) ‘
plg
Y ()T L) L) < .
x mod g

x(=D=1

> L (Lxxa) L(L xxa) L(2. %)
x mod g
x(=D=1
_ 1‘42 )L (3, xa)
32 L(5 x4)

(1-1p) (1-x(p) 19°)
'”‘”Q 1= (p)/p°

+0(q°),

> x(@) L enr
x mod g
x(=1=1

22k5 C@LEG )

T@[](-x(p)/p°) (1

plq

xg<l+m>+0(qe).

— 1/p4)

(73)

Proof. By Lemma 17 and the methods proving Lemma 18, we
can get this lemma. O

5. Proof of Theorems 3 and 4

First we prove Theorem 3. By Theorem 11 and Lemma 18, we
have

4

*

2

x mod g
x(=D=-1

Y ax(a)

1<a<q/4

6 *
q — _ — —
T gl Z lX(Z)L(l’X)_X(‘l)L(LX)
x mod g
x(=1)=-1

4

4
—L(2,x
+n (2, Xxs)
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6 *
=8fﬂ4 > ‘7(4)L2(1,;—()+)—((16)L2(1,;—()
x mod g
x(-1=-1
16 ,, _ _ 2
+ L7 (2X0) ~2X ) L (L)
8_ — _
- X@LLY)L(2xx)
8 B B 2
X @ L(LX)L(2Xxs)
3 6 % 4
=20487'[4q Z |L(1’X)|
x mod g

x(=1)=-1

1 6 = 4
-4 X @)L (1, x)]
512m* Xrg;‘dq
x(=1)=-1

1 6 - 4
*ooead 2 X@[L Lyl
x mod g
x(-1)=-1

1
1678 1

© Y L@l

x mod g
x(-1)=-1

+

]
25675 1

© Y P(LYLX) L2 xx)
x mod g
x(=1)=-1

@ Y x@L(LX)L(Lx)L(2 xx)
x mod g
x(=1)=-1

3
2567

3 — _
“ 55zl X KO LOLLX)L2 xx)
x mod g

x(-1)=-1

1
2567m°

g ) X®L(LX)L(L )L )
x mod g
x(=1)=-1

¢ ) AW (LYL (2 xx0)
x mod g
x(=1)=—1

12876

1 o _
— sl 2 A®L (L)L (2 xn)
x mod g
x(=1)=-1

1

L sy Y(16)L*(1,7%) L (2,
el ngqx( )L? (1,%) L (2, xxa)

x(=1)=-1

17

1

el L XOLLDLERNL 2 xx)
X mod g

x(=1)=-1

1 o _ _
“remd X X@OLLDLE X)L (2 x0)
x mod g
x(=1)=-1

1

Sl 2 LGP @)l

x mod g
x(=1)=-1

1

32ﬂ6q6 Y x@IL@LOPL @)l

x mod g
x(=1)=-1

= 7 qﬁj(q)nw

17 . 32 2
2173 ol 1+1/p

3

35 (1-1/p")

REE 17q6](q)1_[ 1+1/p*
plq

-~ L* (3, x4)
214.32. - L(5,x4)

2 2
] (1-1p") (1 - u(p)/p’)
<@ =

L3 X4)
IRl RAC)

420

plq p p4

1 6+€
XQ@Hﬂvﬂ@mQ“W )

(74)

This proves Theorem 3.

On the other hand, by Theorem 14 and Lemma 18, we

have

4
*

2

x mod g
x(=1)=1

Y ax(a)

1<a<q/4

*

6
) 162718 > G@w-2x@-8)L(2%)
x mod g

x(=1=1

+4mL (1)XX4)|4

6
- IS |G@- 2@ -8 L 2Y)
x mod g

x(=D=1
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+167°L* (1, xs)
+87 (X (4) - 2x (2) - 8)
_ 12
xL(1,xx) L(2.%) |
¢ Y el
x mod g
x(-1)=1

5281
6553678

427
819278

¢ Y 1@l
x mod g
x(=1=1

227

5y Y@L
ool 2 AW

x mod g
x(=D=1

¢ Y I®LEDN
x mod g
x(=D=1

7
102478

1
51278

¢ Y xaeep|
x mod g

x(=1=1

© Y YL (L

x mod g
x(=D=1

]
32761

1
64m°

¢ Yy XL 20 (L)
x mod g
x(=1=1
3
5127°

@ Y X@L2x) L (1L xx)
x mod g
x(=D=1
1
5127

4 Y X®L (201 (L xx)
x mod g
x(=1=1

1

5y Y(16)L* (2, %) L* (1,
el 2 XUOL 3L (1 xx.)

x mod g
x(=D=1

1
64n7

@ Y x@L2X)L(Lxx)L(2x)
x mod g
x(=1)=1

Y x@L(2X)L(Lxx)L(2x)
x mod g
x(=1)=1

12877

147

6 . 2 =
- L™ (2,x)L(1, L(2,
1024ﬂ7qu§0dq (20 L (L xxa) L(2.%)

x(=1=1

+ —_—
1024761

+
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1022717 ‘fX ;d q%(Z) L*(2,%) L(Lxx) L(2,x)
x(=1=1
105 ¢ & _ o, _
409677 1 ngqx 4L (2,%) L (L xxa) L(2,%)
x(=1=1
15 ¢ & _ o,
204877 1 ng qX (®)L* (2,%) L (L, xxa) L (2, %)
x(-1)=1
571717‘16 > x(16)L*(2,%) L (L xxa) L(2,x)

x mod g
x(-1D=1

1 6 = — 4
——4 L (L xxa)l
2564 ngq

x(=1)=1

1

2567m°

Y x@L(Lxx) L(Lxxa) L(2,x)
x mod g

x(=1)=1

@ Y x@L (Lxx)L(Lxxa) L(2x)
x mod g

x(-1=1

1287°

1
32m°

a® Y L(Lxxa) L(Lxx) L(2.%)
x mod g
x(=1)=1

C Y LW L@

x mod g
x(-1=1

69

7
2567°

¢ Y T@QRLOT)IILDN
x mod g
x(=1)=1

1

sl 2 XOLGTlIL@l

x mod g
x(-1)=1

(1—1/p4)3

38 .q6](q)1—[—

220. 51

+

4 T@)]]

4
bla 1+1/p

ISL G o H(1 ~ () /)

g Lt xa(p)/p?

14237L* (3, x,)
216.52.34. (7, x,)

(1-x(p)10*) (1 -1/p")
ola 1= x: (p) /9
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(1 -1/p ) [11] G. Pélya, “Uber die Verteilung der quadratische Reste und
216 q ]( )1_[ 1+1/ Nichtreste,” Gottingen Nachrichten, pp. 21-29, 1918.
rlq + P [12] W. Zhang, “On a Cochrane sum and its hybrid mean value
) formula,” Journal of Mathematical Analysis and Applications,
L* (3, x4) vol. 267, no. 1, pp. 89-96, 2002.

) 2127 L(5, xa)

'qéf(q)H(I_I/P ) (1_X4(P)/P)

sla 1-x(p)/p°
;0(3—3)(‘;)2 4 T@]T(1-x () /p*) (1-1/p")
plq
1
ﬂ(“ PP —x4(p)/p))
+O(q6+e)

(75)

This completes the proof of Theorem 4.
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