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This paper considers the precise asymptotics of the spectral statistics of random matrices. Following the ideas of Gut and Spataru
(2000) and Liu and Lin (2006) on the precise asymptotics of i.i.d. random variables in the context of the complete convergence
and the second-order moment convergence, respectively, we will establish the precise second-order moment convergence rates of
a type of series constructed by the spectral statistics of Wigner matrices or sample covariance matrices.

1. Introduction and Main Results

This paper is concerned with the precise asymptotic behaviors
of the spectral (eigenvalue) statistics of random matrices; two
types of classical random matrices including Wigner matrices
and sample covariance matrices will be considered. Ann x n
Wigner matrix is defined to be a random Hermitian matrix
X,y = (Xij1<i, jen in which the real and imaginary parts of X;
fori < jareii.d. random variables with mean 0 and variance
1/2 (in that case, [EXizj = 0),and X;;,i = 1,2,...,n, are
i.i.d. random variables with mean 0 and variance 1. Denote by
Ay < -+ < A, the real eigenvalues of the normalized Wigner
matrix M,, = (1/+4/n)X,,. The classical Wigner theorem states
that the empirical distribution FMi(x) = (1/n) Yrol <)
converges almost surely to the semicircle law with the density
e (x) = (1/2m)V4 - x*1_,,(x). Consequently, for any
bounded continuous function f, the spectral statistics satisfy
that
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The result can be viewed as an analog of the law of
large number for independent random variables. As for the

fluctuation of the spectral statistics, a remarkable work due
to Bai et al. [1] states the following.

Lemma 1. Assume the entries of a Wigner matrix X,, satisfy
that ElXijl4 =2 and ElXijl6 <ooforalll <i, j<mn LetIl
be an open interval including the interval [-2,2] and CY(1) is
the space of forth-order continuous differentiable functions on

I1. Denote
G, (f) = n“f(x) AFM (x) - jf(x) U (x) dx}. @)

Then the empirical process {G,(f) : f € C*(II)} converges
weakly in finite dimension to a Gaussian process {G(f) : f €
C*(I1)} with mean zero and the covariance function Cov (f, g)
given by

Cov (£.9)
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In addition, Guionnet and Zeitouni [2] give a concentra-

tion inequality on the empirical spectral measure of F™»(x)
near the semicircle law.



Lemma 2. Assume the law of the entries {Re(Xij),Im(Xij),
X;;} satisfies the logarithmic Sobolev inequality (LSI) with
constant ¢, > 0. Let f be a Lipschitz function and denote

1 (F) =G, () = [ £ dE™ ()= [ £ (o ()

(4)

Then for any & > &,(f) = [|E[f(x)dF"(x) -
Jf(x)ptsc(x)dxl, there exists ¢ > 0, such that

P (|1, (f)] = 8) < 277, %)

Based on the above existing results on the limiting
spectral properties of random matrices, we will give another
type of asymptotic spectral properties, that is, the precise
asymptotics of the spectral statistics of random matrices. In
particular, we will consider the precise second-order moment
convergence rates of a type of series constructed by the
spectral statistics of random matrices. Our first result can be
listed as follows.

Theorem 3. Suppose that the law of the entries {Re(X;;),
Im(X;)), X;;} satisfies LSI with constant ¢, > 0 and EIXij|4 =2
foralll <i, j <n. Denoten,(f) as (4), where f € C*(I1) hasa

bounded first-order derivative. Then for anys > 1/2, 5 > 2s—1,
one has
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where & is a standard Gaussian random variable and
D(f) = L”z o f
T 42 )
d—ts+(4-12)(4-s)
x log
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Now we turn to the sample covariance matrix, which
is an important statistic in multivariate statistics analysis.
Let Y,,, (Yij)1<icm,1<j<n D€ an m x n random matrix
whose entries are ii.d. complex-valued random variables
with mean 0 and variance 1 and Re(Y}));.; and Im(Y});; are
independent random variables with mean 0 and variance 1/2.
Then W,,, = (1/n)Y,,Y,,, can be viewed as the sample
covariance matrix of n samples of m-dimensional random
vectors. Let A} < -+ < A/ be the eigenvalues of W,,,,
and define the empirical spectral distribution F"m»(x) =
(1/m) ¥, Ipey. Whenm/n — p e (0,1]asn — oo, the
famous Marchenko-Pastur theorem reveals that almost surely
FWrrn (x) converges to the Marchenko-Pastur law with the
density )/P(x) = (1/27xp)~/(b(p) — x)(x — a(p))l[a(P),b(p)] (x),

where a(p) = (1 - 1/p)>, b(p) = (1 + \/p)°.
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Denote
T (f) = jf(x) A% (x) - j FO) Yy (), (8)

where y,,/,(x) is the Marchenko-Pastur law y,(x) with the
parameter p = m/n. Similar to the result on Wigner matrices,
we can give the result on the complex sample covariance
matrices.

Theorem 4. Assume the law of the entries {Re(Yij),Im(Yij)}
satisfies LSI with constant ¢, > 0 and EIYijI4 =2foralll <i<
m, 1< j<nm=[np] (0<p<1).IfonedenotesT to be an
open interval including [a(p), b(p)], f € C*(T) has a bounded
first order derivative. Then for any s > 1/2, B > 2s — 1, one has

(o)
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eno n=1
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where & ~ N(0,1), and
1 b(p) , ,
V=5 ], 60 )
(10)
x log §( 1)—._9(x2) dx, dx,,
s (%) =5 (x;)
s(x) = lim,_, .,,8(z) and s(z) is the Stieltjes transform of

Ez()’) = (1- y)l[o,oo) + ,'VleOO yp(x)dx, that is, §(Z) =
[0/ (x - 2))dF, ().

We will give the proofs of theorems in Section 2. Below
are a few words about the motivation of this paper. In a
sense, our results are similar to the precise asymptotics of
independent random variables in the context of complete
convergence and moment convergence. Let X, X, X,, ..., be
iid. random variables and S, = Y| X;; there are a number
of results on the convergence of a type of series

Y emP([S,|=ef m), e>0, (1)
n=1

where ¢(x) and f(x) are the positive functions defined on
[0, 00), and Z;’Zl @(n) = oo. In fact, the sum (11) tends to
infinity when € \ 0, one of the interesting problems is
to examine the precise rate at which this occurs, and this
amounts to finding a suitable normalizing rate function y(e)
such that the sum (11) multiplied by y(e) has a nontriv-
ial limit; this kind of results is frequently called “precise
asymptotics” The first result in this direction due to Heyde
[3], who proved that lim_ oe* Y0 P(IS,| > en) = EX?
under the assumptions that EX = 0 and EX* < co. Some
analogous results in more general case can be found in Gut
and Spataru [4, 5] and Gut and Steinebach [6]. Moreover,
Chow [7] studied the convergence properties of the series
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Yoo np"‘fzf"‘[E{maxlstnlSjl —en"‘}+ (e > 0) when p > 1,
a« > 1/2, pa > 1. There is a remarkable result obtained by
Liu and Lin [8], who considered the precise asymptotics on

the second-order moment convergence, which states that

lim
eN0 — loge

Zn [ES I{|S |zen} = 20' (12)
when EX = 0, EX? = 0%, and EX*log"|X| < co. Chen and
Zhang [9] got the similar results on the second-order moment
convergence of empirical process. Furthermore, there are
also some precise asymptotic results in other contexts, such
as the self-normalized sums, martingale-difference, random
fields, and renewal process. It should be mentioned that
the corresponding results on random matrices and random
growth model have been studied by Su [10], who presented
the precise asymptotics of the largest eigenvalues of Gaussian
unitary ensembles, Laguerre unitary ensembles, and the
longest increasing subsequence of a random permutation.
In this paper, we will study the precise asymptotics on the
spectral statistics of Wigner matrices and sample covariance
matrices, which is also an interesting topic in random matrix
theory.

In the rest of the paper, we will always write N(e, M) =
[Me_l/ °], where € > 0 and M is an arbitrary positive real
number. | fll = sup,zlf(x)], and & stands for a random
variable observing the standard Gaussian distribution. We
also denote C to be the absolutely positive constant whose
value can be different from one place to another.

2. The Proofs

Before the main proof of Theorem 3, we will first give four
propositions.

Proposition 5. Under the assumptions of Theorem 3, one has

11me(ﬁ+1)/32nﬁP |§|

n=l \/D (f) (13)

B 1
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Proof. We calculate that
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Proposition 6. Under the assumptions of Theorem 3, one has

e 03 o P (p, (1) 2 ) - | ]2 @

=0.
(15)

Proof. We can write

> [P (g, ()] = en’) - P Je] >
2P o

~—
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n<N(e,M) W
Y PP (jmn, (f)] 2 en’)
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n>NeM) (f)
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Under the assumptions of Theorem 3, the law of each
entry X;; also satisify LSI. By Lemma 5 of Vershynin [11], for

each ﬁxed positive integer k, E|X;
Lemma 1, we can see that

()
L NO1). .
D () W)

,]I < +00. According to

Thus, asn — o0,

=:sup |P (|, ()] 2 x) - P| [§] = —0
xeR D (f)
(18)
Using Toeplitz’s lemma, we can deduce that
iy B /s _
161{136 I =0. (19)

For the term L, if f € C*(I1) has a bounded first-order
derivative, then f is a Lipschitz function.

By Theorem 8.2 of Bai and Silverstein [12], there exists a
real number C; > 0, such that

8, (1) = [E[ r0ar™ - [ F @
(0)

<G|



By Lemma 2, for any 6, > nd,,(f), there exists ¢ > 0 such that

ni, (f)

2
Pl |22 > 5, | < 2e <o), (1)

VD (f)

For each fixed € > 0, the assumption s > 1/2 reveals that,
when n > N(e, M) with a sufficient large number M, we have
en’ > nd,(f). Thus there exists ¢; > 0, such that

— 00 M — oo

(o)
lim I, < lim CJ xPe o dx = 0., (22)
N(e,M)

For the term I;, as the fact that £ ~ N(0,1), the well-
known tail probability estimation states that for any x € R,

1 —x2/2
PE=>x)< e 23
V2nx 23
Hence, for any fixed € > 0, we can get
oo 2
lim I, < lim CI e Pdx = 0. (24)
— 00 M — oo N(e,M)

By letting € \, 0 and then M — 00, a combination of
(22) and (24) can get that lime\oe(ﬁ“)/s(l2 + 1) = 0. Then
combined with the relations (16) and (19), we can complete
the proof. O

Proposition 7. Under the assumptions of Theorem 3, one has

N P
\VD(f) (25)

(f)](ﬂ+1)/25|]5|£|(ﬁ+1)/5-

eN0

lim e(ml)/sfzznﬁfzsj P €| >

n=1 €
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Proof. By the similar argument in the proof of Proposition 5,
we can show that

hme(ﬁﬂ)/s—zinﬁ—zs © y
yP |E|2 dy

o0 \/m

=1ime(ﬁ+l)/5_2D(f) L xﬁ_sz B yP (€| = y)dy

o ex®/\/D(

1/2s [ 1/s-3 o0
0 e R G EROL
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(26)
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Proposition 8. Under the assumptions of Theorem 3, one has

[0

lim 6(,3+1)/s—22:nl3—25 j 5 yP (|””In (f)l > )’) dy

N0 =1 €

—meP €] > J dy| = 0.
- \D(f)
(27)

Proof. Similar to the argument in the proof of Proposition 6,
we can write

inﬁ’zs I:yP(Imvn (Nl =y)dy

€

-j pl gz —2L— |ay

or” o)

N(e,M) (o)
—2s
=Y I P (i, ()] = y) dy
n=1 €n

—r:yP 6> 2= |dy
o D(f)

+ Y AP J:yP(Innn(f)IZy)dy

n>N(e,M)

Y

d
o)’

[o¢]
SRALE

=]+,
(28)

For the term J;, we have

N(e,M)
J; < Z nﬁ725
n=1
xjs)’P(lnﬂn(fNZy)—P HE Y dy
) b()
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x J‘OjAflM (x+e) P(lnnn (f)l > (x+e€) I’ls) dx

N(e,M)
Y
n=1

(x+e)n 29)
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xj (x+e)P| ¢ = dx
n‘sA;,l/4

N(e,M)
= Z ”ﬁ(]11+]12+]13)~

n=1

As N(e, M) = [Me" /%], for n < N(e, M), we have e < M*n"*

Thus
wSATVA
n

n*J, < nzsj (x+€)A,dx
0

2
< ansAn(n_SA;l/4 + Msn_s) (30)
2
= C(Aln/4 + MSAln/Z) — 0 asn— 00.

Noticing that when e > 0 is fixed, en’ > nd,(f) for
sufficient large n, the relation (21) tells us that there exists
¢, > 0, such that

i (x+€) P(|nn, (f)| = (x+e)n’)dx

Jim [ P, (5] 2 3)dy
en’+A,

lim CJ

n—oo en’+A,

ye i dy

IN

1/4

IN

lim Cj e o’ dy

n— 00

e AT
< lim Ce™@% " =0,
n— 00

(31)

By the same argument as for J,,, using the relation (23),
we can easily prove that

lim n*];; = 0. (32)

Hence, we have proved that lim,_ &,(e) =
lim, , n*(J;; + J;, + J;3) = O uniformly for € > 0.
By Toeplitz’s lemma again, we can further deduce that

lim ¢B+D/52
e
B2
. +1)/5-2
= lelilg)le S nZl nﬁ (]11 + ]12 + ]13) (33)

N(e,M)
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For the term J,, we can write
]2 < Z nﬁ—Zs
n>N(e,M)
“olp p 4 d
x|y | P, ()] = y)+P| [¢] = y
e \D(f)
= o+ e
(34)

By using the relation (21) again, for any fixed € > 0, when
M — 00, there exists ¢; > 0, such that

e(ﬁ+1)/s—2]21

< Ce(ﬁ+l)/s—2
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o0
< GBI Z P J' B lgmads g
n
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n

o
< Ce(ﬁ+l)/s J. xﬁ—25+1x25—le—c162x25dx

N(e,M)
0 2
< Cj y(ﬁﬂ)/s*le*cly dy — 0.
(35)
Hence, by letting € \, 0 firstly and then taking M — oo, we

get lim, e ¥V 72), = 0.
Followmg the proof of J,, and using the relation (23), we

can easily prove that €#*V/52 [ vanishes as ¢ \, 0, which
yields that

lim e Vs21 _ .

lime J,=0 (36)

By combining (33) and (36), we conclude that the proof is
completed. O

Proof of Theorem 3. According to the fact that for any ran-
dom variable { and a € R,

El oy = aP(( 2 a) + j P(=nd,  (37)
we can see that
2
Elt, (O Ty (py1zens)

=™ 2P (|, ()| = en™) (38)
+2n? ro yP (|, (f)] = y) dy.

By Propositions 5-8, we can get Theorem 3 easily. O



Proof of Theorem 4. The proof is essentially the same as for
Theorem 3, which mainly depends on the central limit theo-
rem of the spectral statistics and the concentration inequality
of the empirical spectral measure. We will only list some key
tools in the proof, and the details are omitted here. O

Lemma 9 (see [13]). Consider the sample covariance matrix
W,.. = (1/n)Y,, Y asabove, where E|Yij|4 =2and EIYI-J-l8 <
ooforalll <i<m,1<j<nm=[np] (0<p<1). Let

G (F) = m H F(x)dFY (x) - j ) Yo () dx}
(39)

and denoteT to be an open interval including [a(p), b(p)]. Then
the empirical processes {G,, ,(f) : f € C*(I)} converge weakly
in finite dimension to a Gaussian process {G(f) : f e c*(n)}
with mean zero and the covariance function Cov (f, g) given
by

o 1 b(p) , ,
Cov (f,g9) = 2_7.[2J'J-u(p)f (x1) g (x,)
s(x;) = s(x,)
XlOg m dxl dxz,
f,geC*(D),
(40)

where s(x) is defined in Theorem 4.

Lemma 10. Assume f is a Lipschitz function and t,,,(f)
is defined by (8). Denote §,,,(f) = |E [ f(x)dF"(x) -
Jf(x)ym/n(x)dxl. Then under the assumptions of Theorem 4,
forany § > Sm,n( f), there exists ¢, > 0, such that

P (T, (f)] 2 8) < 267" @Bl (41)

Proof. If we denote
T (1) = | £ P @)= || £ 0 aF™ ()],
(42)

then by the Corollary 1.8(b) in Guionnet and Zeitouni [2], for
any § > 0, there exists ¢, > 0 such that

p(

As we can write

P ([t ()] 2 9)
<P([5,. (7]

7, (f)] 2 8) <2672, (43)

; I[E J £ () dFY (x) - Jf(x) Yo () dx‘ > 5)

< P(|z,, (N2 6-5,,.(1)

(44)
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for each § > Sm,n( f), we have

28 % 2
p (le,n (f)| 2 5) < 2e 2™ (8=8,,0()) ) (45)
]

Just like the proof of Proposition 6, in order to use

Lemma 10, we will need to estimate the order of gm)n( f),and
the following remark is needed.

Remark 11. For the estimation of Sm’n( ), by the result of Bai
et al. [14], we can see that

sup |[EF2(m’") (x) - Fz(m’”) (x)' <Cm™'?, (46)
x€R
where F™"(x) = j; dF"»#(t) is the empirical spectral

distribution of W, ,. As a direct consequence, when f is
differentiable and f' is bounded, there exists a real number
C, > 0, such that §,,,,,(f) < C, |l f'llm ™2,

Acknowledgments

The author would like to thank the referee for some valuable
comments and suggestions. This work is supported by the
National Natural Science Foundation of China (Grant no.
11301146) and the Foundation of Henan Educational Com-
mittee in China (Grant no. 13A110087).

References

[1] Z. D. Bai, X. Y. Wang, and W. Zhou, “CLT for linear spectral
statistics of Wigner matrices,” Electronic Journal of Probability,
vol. 14, article 83, pp. 2391-2417, 2009.

[2] A. Guionnet and O. Zeitouni, “Concentration of the spectral

measure for large matrices;” Electronic Communications in
Probability, vol. 5, pp. 119-136, 2000.

[3] C.C.Heyde, “A supplement to the strong law of large numbers,”
Journal of Applied Probability, vol. 12, pp. 173-175, 1975.

[4] A. Gut and A. Spitaru, “Precise asymptotics in the Baum-
Katz and Davis laws of large numbers,” Journal of Mathematical
Analysis and Applications, vol. 248, no. 1, pp. 233-246, 2000.

[5] A. Gut and A. Spétaru, “Precise asymptotics in the law of the
iterated logarithm,” The Annals of Probability, vol. 28, no. 4, pp.
1870-1883, 2000.

[6] A. Gut and J]. Steinebach, “Precise asymptotics—a general
approach,” Acta Mathematica Hungarica, vol. 138, no. 4, pp.
365-385, 2013.

[7] Y.S. Chow, “On the rate of moment convergence of sample sums
and extremes,” Bulletin of the Institute of Mathematics, vol. 16,
no. 3, pp. 177-201, 1988.

[8] W.D. Liuand Z. Y. Lin, “Precise asymptotics for a new kind of
complete moment convergence,” Statistics & Probability Letters,
vol. 76, no. 16, pp. 1787-1799, 2006.

[9] Y.-Y. Chen and L.-X. Zhang, “Second moment convergence
rates for uniform empirical processes,” Journal of Inequalities
and Applications, vol. 2010, Article ID 972324, 9 pages, 2010.

[10] Z.G. Su, “Precise asymptotics for random matrices and random
growth models,” Acta Mathematica Sinica, vol. 24, no. 6, pp. 971-
982, 2008.



Abstract and Applied Analysis

[11] R. Vershynin, “Introduction to the non-asymptotic analysis
of random matrices,” in Compressed Sensing, Y. Eldar and
G. Kutyniok, Eds., pp. 210-268, Cambridge University Press,
Cambridge, UK, 2012.

[12] Z.D.Baiand J. W. Silverstein, Spectral Analysis of Large Dimen-
sional Random Matrices, Science Press, Beijing, China, 2006.

[13] Z.D. Bai, X. Y. Wang, and W. Zhou, “Functional CLT for sample

covariance matrices,” Bernoulli, vol. 16, no. 4, pp. 1086-1113,

2010.

Z.D. Bai, B. Q. Miao, and J.-E. Yao, “Convergence rates of spec-

tral distributions of large sample covariance matrices,” SIAM

Journal on Matrix Analysis and Applications, vol. 25, no. 1, pp.

105-127, 2003.

(14



