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We introduce stochasticity into a multigroup SIR model with nonlinear incidence. We prove that when the intensity of white noise
is small, the solution of stochastic system converges weakly to a singular measure (i.e., a distribution) if %, < 1 and there exists
an invariant distribution which is ergodic if %, > 1. This is the same situation as the corresponding deterministic case. When the
intensity of white noise is large, white noise controls this system. This means that the disease will extinct exponentially regardless

of the magnitude of &,,.

1. Introduction

Considering different contact patterns, distinct number of
sexual partners, or different geography, and so forth, individ-
ual hosts are often divided into groups in modeling epidemic
diseases. Multigroup models have been proposed in the
literature to describe the transmission dynamics of infectious
diseases in heterogeneous host populations. One of the
earliest work on multigroup models is the seminal paper by
Lajmanovich and Yorke [1] on a class of SIS multigroup mod-
els for the transmission dynamics of Gonorrhea. From then
on, much research has been done on various forms of multi-
group models, see, for example, [2-6]. It is well known that
the global stability of the endemic equilibrium of multigroup
models is a very challenging problem. Recently, Guo et al. [7,
8] and Li and Shuai [9] proposed a graph-theoretic approach
to the method of global Lyapunov functions and completely
solved this problem for some multigroup epidemic models.
Subsequently, this approach or ideas of [7-9] were applied
to the investigation into the dynamics of several classes of
multigroup epidemic models (e.g., [10-13]).

Now we consider a deterministic multigroup SIR (sus-
ceptible, infective, and recovered) epidemic model with
nonlinear incidence:

n
Sk =Ag - Zﬂkjsk‘Pj (Ij) - d;Sp>
j=1

I = Z/’)kjsk‘Pj (Ij) — (e + v) I
=i
Ry =y -8R, k=1,2,...,n
(Y

Here S (t), I.(t), and R, (t) denote the susceptible, infective,
and recovered population at time ¢ in the kth group, respec-
tively, k = 1,2,...,n. Suppose the death rates of Sy, I}, R in
the kth group are different. The parameters in the model (1)
are assumed to be positive and summarized in the following
list:

A influx of individuals into the kth group;

By transmission coefficient between compartments
Seand I;

dy.: death rate of S compartment in the kth group;

€;: death rate of I compartment in the kth group;

O): death rate of R compartment in the kth group;

y,: recovery rate of infectious individuals in the kth
group.

Considering that the death rates of infective and recovered
population are usually no less than the susceptible’s, we
assume d;. < min{e, §;} for all k.



Throughout this paper, we consider the following basic
assumptions on functions ¢j(x), x €(0,+00),j=1,2,...,m

(o)) ¢j(x) is a C!-function on (0, +00), (/Sj(x) >0forx >0
and (/)j(O) =0

(C,) there exist positive constants ¢; such that ¢;(x) < ¢;x,
x € (0, +00);

(C3) hmx—»o*((pj(x)/x) =Cj

(Cy) [¢;(x) = ;(M]l;(x)/x —¢;(y)/y] <0, for any x > 0
and y > 0.

It is easy to check that classes of ¢;(x) satistying (C;)-(C5)
include common incidence functions such as (/)j(I j) =1
(7], ¢;(I;) = L;/(1 + ;1) [14], ¢;(I)) = I;/(1 + ocI]?) [15].
Furthermore, ¢j(1j) =1 ¢j(Ij) = Ij/(l + ochj) satisty (C,).
In Sun [13], the author considered a general multigroup
SIR models with nonlinear incidence by using the same
method as in [9]. Noting that model (1) is a special case of
multigroup SIR models appeared in [13], according to the
results of [13], the following results hold for system (1).

Proposition 1. Assume that B = ( /3kj) is irreducible and ¢j (x)
satisfies (C;)-(C5).

() If Ry < 1, then for system (1), Py = (S),0,0,5),
0,0,...,82,0,0) is the unique equilibrium and it is
globally asymptotically stable in T;

(2) if By > 1 and (C,) is satisfied, then there exists an
endemic equilibrium P* = (S,I},R{,...,S,,I",R")
for system (1) and P* is globally asymptotically stable
inT,

where S, = A/dy, k= 1,2,...,n, By = p(M,) (the spectral
radius of M), M, = M(SO,Sg,...,Sg) (,BkjS,?cj/,
(& + V) and T = {(S;,I;,R;,..., S, I, R,) € R :
Sk < Ak/dk,Sk +Ik < Ak/dk’k = 1,2,...,7’1}.

The aim of this paper is to evaluate the effect of stochastic
parameter perturbation on system (1). Considering the exis-
tence of environmental noise, we introduce randomness into
the model (1) by replacing the parameters d, €, and &, by

dk — dk + (kalk (t) 5
€ — € + BBy (1), (2)
(Sk —> (Sk + UkB3k (t) N
where By (t), By (t), By (t), k = 1,2,...,n are mutual
independent standard Brownian motions with B, (0) =

0, B,(0) = 0, B5,(0) = 0, and the intensities of white noises
o > 0,3 > 0,07 > 0, respectively. Then the stochastic
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version corresponding to the deterministic model (1) takes
the following form:

dS (t) = [Ak =D BiS 05 (I; () — diSy <t)] dt
j=1

— 0, S, (t) dBy (1),
dI, (t) = [Zﬂkjsk ®)¢; (I; () = (e + vi) I <t)] dt (3)
j=1

= Bilic (1) dBy (1),
de (t) = [Yka (t) - 8kRk (t)] dt — GkRk (t) dB3k (t) N
k=1,2,...,n

System (3) with bilinear incidence has been researched by
Ji et al. [16]. They proved that if %, < 1, the solution of
the model is fluctuating around a steady state, which is the
disease-free equilibrium of the corresponding deterministic
model; while if #, > 1, there is a stationary distribution,
which means the disease will prevail.

In this paper, we will prove that when the intensity of
white noise is small, the solution of system (3) converges
weakly to a singular measure (i.e., a distribution) if %, < 1
and there exists an invariant distribution which is ergodic if
R, > 1. This is the same situation as in Proposition 1. When
the intensity of white noise is large, the disease will extinct
exponentially regardless of the magnitude of %,,. Compared
to the results of Ji et al. [16] our results can provide a
deep insight into the dynamics of corresponding multigroup
model.

It is worth mentioning that by now there are many
excellent works about stochastic single-group SIR model.
Beretta et al. [17] considered a stochastic SIR model with
time delays and obtained asymptotic mean square stability
conditions for positive equilibrium. In this paper, the authors
assumed that stochastic perturbations are of white noise type,
which are directly proportional to distances S(¢), I(t), R(t)
from values of S*, I*, R*, influence on the S(t), I(t), R(t),
respectively. Tornatore et al. [18] discuss a single-group case
of (3). They proved that 0 < B < min{A + u — 0°/2,2u}
is a sufficient condition for the asymptotic stability of the
disease-free equilibrium. And only by computer simulations
they showed that if min{A + y — 0%/2,2u} < B < A+ u +
0?2, the disease-free equilibrium is stable and the disease
does not occur; if (A + )R, — 1) > 0?/2, the disease-
free equilibrium is unstable. Ji et al. [19] considered the
same model as in [18]. They deduce the globally asymptotical
stability and exponential mean square stability of the disease-
free equilibrium under some conditions and investigate the
asymptotic behavior of the solution around the endemic
equilibrium of the deterministic model.

The rest of this paper is organized as follows. In Section 2,
we show there is a unique nonnegative solution of system (3).
In Section 3, if #, < 1 combined with small or large enough
intensity of white noise, we show that the solution converges
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weakly to a singular measure. Section 4 focuses on the
persistence of the disease. By choosing appropriate Lyapunov
function, we show that there is a stationary distribution for
system (3) and it is ergodic, if %%, > 1. Finally, for the
self-contained, we present an Appendix which contains some
results used in the previous sections.

Throughout this paper, let (Q, #,{F,},5, P) be a com-
plete probability space with a filtration {F,},5, satisfying the
usual conditions (i.e., it is right continuous and %, contains
all P-null sets). Denote
R?)n — {x c IR?m

+

tx > 0 V1 <k <3nf,
L (4)
R, ={xeR”

+

txp 20 V1 <k <3n}.

In general, consider a d-dimensional stochastic differential
equation

dx(t) = f(x(t),t)dt + g(x(t),t)dB(t) on t>t, (5)
with initial value x(t,) = x, € RY. B(t) denotes d-
dimensional standard Brownian motion defined on the above
probability space. Define the differential operator L associ-
ated with (5) by

3 9
L= §+;fk(x’t)a_;c}€
(6)

2

d 0
Zz [ X,t)g X,t)]kjm.

NI*—'

If L acts on a function V € C*'(R? x R ; R, ), then

LV (x,t) = V (x, 1) + V, (5, 1) f (x,1)

L )
+ Etrace [g (x,t) Vi (x,8) g (x, t)] ,

where V, = oV/ot,V, = (0V/0x,,...,0V/[0xy), V., =
(an/axkaxj)dxd. By Ito’s formula, if x(t) € R?, then

AV (x(t),t) = LV (x (), 1) dt

+V, (x(t),8) g (x(t),t)dB(t).

Consider (5), assume f(0,¢) = 0 and g(0,¢) = O forall ¢ >
to- So x(t) = 0 is a solution of (5), called the trivial solution
or equilibrium position.

2. Existence and Uniqueness of
the Nonnegative Solution

For a population model, one is interested in whether the
solution is nonnegative and global. Hence in this section
we show that the solution of system (3) is global and non-
negative. By making the change of variables and Lyapunov
analysis method (see [20]), we will show global existence
and uniqueness of the positive solution. From now on, we
denote the solution (S;(¢), I, (¢), R (£),...,S,(t), L,(t), R,(t))
of system (3) as Y(t).

Theorem 2. If assumption (C,) holds and B = (Bi;)yxy is
irreducible, then for any initial value Y(0) € RY", there is a
unique solution Y (t) of system (3) ont > 0, and the solution
will remain in R" with probability 1.

Proof. First consider system

» n ) “2
duk (t) = lAke k() — zﬁk](p] (e j(t)) - dk - _k dt
j=1

- ‘xkdBlk ),
n 2
dvi (t) = [Zﬂkjeuk(t)_Vk(t)¢j (evj(t)) — (& + i) — %] dt
j=1

- ﬁkdBZk (t) >

dwy (t) = [ykev"(t = Srwy (t)] dt — opwy () dByy (1),

k=12,...,n
9)

With initial value 1, (0) = InS;(0), v(0) = InI(0),
we(0) = R(0), 1 < k < n Noting that (C;) holds,
the coefficients of system (9) satisfy the local Lipschitz
condition; then there is a wunique local solution
(uy (), v (1), wy (), .. u, (1), v,(t), w, () on t € [0,7,),
where 7, is the explosion time. Therefore, by Itd’s formula, it
is easy to see (e ® e 'f),u)1 @®),... ,e”"(t),ev"(t),wn(t)) is the
unique positive local solution to system (3) with initial value
Y(0) € RY".

Next, we will prove that this solution is global. The
following proof is almost the same as in the proof of Theorem
3.1in [16]. We do not alter any words except replacing I; by

¢j(I j) and therefore we can obtain that LV < M. Here we
omit the details. O

3. Exponential Stability of Infectious Disease

It is clear that Py, = (A,/d,,0,0,A,/d,,0,0,...,A,/d,,0,0)
is the disease-free equilibrium of system (1) but not (3). For
system (1), which has been mentioned in Introduction, P,
is globally stable if %, < 1, which means the disease will
die out after some period of time. Hence, it is interesting to
study the disease-free equilibrium for controlling infectious
disease. Although there is none of disease-free equilibrium
of system (3), in this section, we can still present sufficient
conditions for the disease to extinct exponentially.

Theorem 3. Assume (C ), (C,) hold and B = (ﬁkj i
irreducible. If 2d, > o, k = 1,2,...,n, then the solution Y(t)
of system (3) with initial value Y(0) € R" has the property



lim, o (log(X_; aLi)/t) < ¢, a.s. Ifc < 0, the disease will
extinct exponentially almost surely. Here

-SOC- A
Mon(SO)= M , 32=—k,
€t Ve / dy
ak:—wk , k=1,2,...,n
(e + ¥i)
(w;,;,...,w,) is a left eigenvector

of M, corresponding to p (M,),
ci= max {/3ij,- } a0 S)
Oskojsn @5 ] j214[2d, - o

+ min {e + yf (Ro— 1) 15,4

1<k<n
+ max {eg + 1) (B~ 1) oy — —ar
12k 6 TP OT Reez T S 1B

(10)
Proof. Let X;, 1 < k < nbe the solution of the equation:
dXi (t) = [Ag— di X (D] dt — g X (1) dBy (1), -
X, (0) = S,.(0).
By comparison theorem for stochastic equations, we have

S () < X (t), as. (12)

It is easy to know that X, (¢) has the following property:

t
|, Xdt
. 0 “*k 0 13
im0 s @
t 0 0
lim Io |Xk Sk’dt %S
t— 0o t de_(xi (14)

if 2d, > o, k=1,2,...,n.

As for the proof of the above two properties, the reader may
refer to the proof of Theorems 3.1 and 4.1 in [21] for details.

Since B = (B;)xp is irreducible, fi; > 0, k, j=1,2,...,n
and S} > 0, e, + ¥, > 0, ¢ > 0, k = 1,2,...,n, then M, is
also nonnegative and irreducible. Hence by Lemma A.1, there
is a left eigenvector of M|, corresponding to p(M), which is
denoted as (w;, w;,...,w,) and w, > 0, k = 1,2,...,n; that
is,

., w,) M. 15)

(w1, @y, w,) p (M) = (@, @, ..

Let g, = w/(e + y), k = 1,2,...,n. Define C*-function
V: R} — R, as follows:

n
V(I,L,....1,) = Y a];. (16)
k=1
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By It6’s formula, we compute
1 n
d(logV) = L (logV)dt - v Y aBlidBy,  (17)
k=1

where
n

L(logV) = \l,zak [iﬁkjsk‘/)j (Ij) — (e + 1) Ik]

k=1

i %Rk
2V2

1 n
L%

n 20272
g1 BTy (18)
2v?

IN

ZﬁijijIj — (ex +vx) Ik]
j=1

1 n n
-2 Ya

k=1

Biic; (Xi =) 1
=1

n
0
+Zﬁkjcjsk1j — (& + i) Ik:l
j=1
Y aBik
2V?

according to (C,) and (12). Let

n

H, = %,Z%Zﬁkjcj (Xe = S0) I

k=1 j=1
1 n n o
H, = \_/zak BrjciSil; = (ex + vi) I | » (19)
k=1 | j=1
20272
H. = Deer G Bl
3= o0
2V
Then
1 n n
0
Hl < ‘—/Zak ﬁijj |Xk_Sk|I]
k=1 j=1
1 n 0 n
=2 | @ [Xi -S| X Byt
k=1 =1
(20)
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In view of the definition of g, and (15), we have

<| =~

k=1 j=1

H, = — [Z Y aPiicSiT;

_Zak (e + i) Ik:|

k=1
1| & & BriciSk c ]
= — Wy I, - wklk
1
= ‘7 (wl’wZ’ >wn)
T T
X (Mo(IpIza ’In) - (11)12" ’In) )
= = (Ro 1) ) wly
k; (21)
1 n
T (Ro-1) Z (e + ¥i) acli
k=1
< min {e + 3 (Fo = 1) g,z
+ max {e + )} (Ro — 1) Loy = my,
H. = — Y aﬁﬁillf _ Yt al%ﬁlillf
3~ 2 - 2
2V 2(¥k-y (ac/ Br) Beli)
«_ Ykt aﬁﬁillf
2 (Tker aBIE) (Tt (1/B2))
.
255 (VB
Hence,
.C;
L(logV) < max {&}
0<k,j<n aj
(22)

n
0
X Z (ak |Xk - Sk') +my +m,,
k=1

which combined with (17) yields

logV (t) - logV (0)
t - t

+022§n{ﬁk1'1} 2 (“kf o X~ 5k|df>

jo I, /Vdek
t

+my +m, — ;ak k
1
(23)

By [22, Lemma 2.6], we get

t
|, 1e/VdBy,
m —

t — 400 t

=0, as. (24)

This together with (14) implies

logV Brici | &
lim 5 < max /] Z
t—oo Oskj<n | 4; =1

akaksz

2d, - oc,f (25)
+my +m,, as.

Thus, the proof of Theorem 3 is completed. O

Remark 4. From Theorem 3 we know that if #, < 1 and «y,
1 < k < nare small, the disease will extinct exponentially;
thatis, , — Oast — 00. By using the same arguments
as in [20, 21], we get Si(t) ht veand Re(t) — 0 (t —
+00), where 2, means the weak convergence and v, is a
distribution in R, such that _[OOO xv(dx) = Sg and its
density is (M;x*p(x))~", where M, is a normal constant and
p(x) = 2kl exp(deS /ockx) x > 0. That is, the solution
of system (3) converges weakly to a singular measure (i.e., a
distribution) when %, < 1 and o, 1 < k < n are small.

Theorem 5. Assume (C,), (C,) hold and B = (By;)x, is
irreducible. Then the solution Y (t) of system (3) with initial
value Y (0) € RY" has the property lim, _, , ., (log(Y}_, It)/t) <
¢, as. If ¢ < 0, the disease will extinct exponentially almost
surely. Here ¢ = maxlsk,jsy,{ﬁkjcj} Yo Sz - min; ., {e +

vt = 1/2 2, (1),
Proof. Define C*-function V : R? — R, by V(I;,L,...,
1) = Y;_, I. By Itd’s formula, we compute

1 n
d(logV) = L(logV)dt — \_/Z B.LdB,,  (26)
k=1

where

n

Z:Bkjsk¢j (Ij) = (& + %) Ik]

1 n
L(logV) = v Z
k=1

Y5
2V2

n

ZﬁijijIj -

In
=

2

(e + i) Ik]
(27)
YL BR
2(Xk=r (1/B) Bel)’
max {ﬁkjcj} kZiXk

1<k, j<n

IN

— min {e; + ¥} -

1
1<k<n m .



Then
t
logV (t) logV (0) 2 I(, Xdt
FS T TR {ﬁkfcf}k; t
1
— min {ek + Yk} An (1722) (28)
Lsksn 2%, (1/B7)
t
~ iﬁk |, Te/VdBy,
k=1 t
Taking t — 00, in view of (24) and (13), we get
logV (1) _ O 0
Jm = ma tBest 28,
1
- min {g + }} - = S
1<k<n 2 Zk:l (l/ﬁk)
(29)
O

Remark 6. Theorem 5 tells us that the large perturbation
forces the infective to expire regardless of the magnitude of
R.

4. Ergodicity of System (3)

When studying epidemic dynamical systems, we are also
interested in when the disease will prevail and persist in a
population. For a deterministic model, this is usually solved
by showing that the endemic equilibrium is a global attractor
or is globally asymptotically stable. But, for the stochastic
system (3), there is no endemic equilibrium. In this section,
we explore a weak stability. We show that there is a stationary
distribution based on the theory of [23] (see Appendix),
which reveals the disease will prevail.

From the proof of Theorem 2, we obtain LV < M. LetV =
V + M. Then LV < V and it is clear that ianeRi"\DkV(Y) -
oo ask — oo, where Dy = (1/k, k) x (1/k, k) x---x (1/k, k).
Hence, by Remark 2 of Theorem 4.1 of Hasminskii ([23],
p. 86), we obtain that the solution Y(¢) is a homogeneous
Markov process in R>".

Theorem 7. Assume (C,)-(C,) hold, B = (ﬁkj)m is irre-
ducible, and Ry = p(M,) > L.If0 < of < di, 0 < B <
Ve + €0 0<0p <8 k=1,2,...,nsuch that

6<min{

0 2]

(- a?) 550 & (et v B2) (1)

(30)

3

k(8¢ —a) (RY) k= 1,2,...,n}.

>
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Then, for any initial value Y(0) € R, there is a stationary
distribution u(-) for system (3) and it has ergodic property,

where M, = M(S°) = (ﬁkjS,?cj/(ek + V) Sy = Ai/d
8 Z[<a+zck+bksk>sk0£k
k=1 (31)
a+1_
+ ( 2 Ck + by ) I :Bk +mk(Rk)

a, b, m, k = 1,2,...,n are defined as in the proof, P* =
(81, I/, R],...,S., 1", R") is the endemic equilibrium of system
(1), and ¢, k = 1,2,...,n denote the cofactor of the kth
diagonal element of Ly, B = (ﬁkj)an = (ﬁkjS;(pj(I;))an.

Proof. Since %, > 1 and (C,)-(C,) hold, from Proposition 1
there is an endemic equilibrium P* of system (1). Then

Zﬁkjsk¢] ( D)+ dSE = A

(32)
Zﬁkjsz¢j (I]*) = (e +y0) I
j=1

Define

I —I log—>

V(Y)—ach(Sk S; - Sklog
k

k=1

+ch (Ik I —log—)

k=1

1< " #12
+Ezbk(sk_sk + I = I)
k=1

[\)|’—‘
HM:

12 1 = #\2
l (S =S)" + Ezmk(Rk_Rk)
k=1

=aVi+V,+ V3 +V, + Vs,

(33)
where a, b, my, I, k = 1,2,...,n are positive constants to
be determined later, and ¢, > 0, k = 1,2,...,n according to
Lemma A.l. Then V is positive definite. In view of (32) and

the inequality (x + y)* < 2(x* + y%), by direct calculation, we
getLV; (i = 1,2,...,5) as follows:

LV, = ch<1——)<Ak Z/sk]sk¢]() dksk>

+ ZEk <1 - Ii) Zﬁkjsk¢j (Ij) = (& + 1) Ik
k=1 I j=1
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Lv; = Zbk{(sk—SZ + L= 1)
k=1

n_ S;
50D
kZ::l Sk
s Sk$; (Ij) X X [Ny = dicSi = (e + i) Ik
<\ 2B\ 1= 78 |~ (Se=50) L
= Si¢;(1}) +Skﬁ+ﬁ}
o 2 2
+chsk“i
2 n
" =Zbk{(sk—SZ+Ik—IE)
B0
|1 I )
k x [=dy (S = S¢) — (e +vi) (I = I )]

2 2 202
S + Ikﬁk}

oo Siti(l) oo T
(Eesin i) >

j=1 S;(ISJ j
- I* 2 n
-y Sl <=2 [de(S = S0+ (e + 1) (= )’
k=1 k=1
_ izk[zﬁk] (1 Si ¢j(11) ) sf¢](11)> ~ (i + i+ €) (Se = S7) (I~ I})]
k=1 | = S ¢;(1)  Si9(17) ib (S =807+ (50)]
+ o -
(Sk _SZ)Z n Eksz“k P ke k k k
_dk s, +ZT
k=1 u
+ Y by [ - 1) + ()]
k=1

= _ibk [(dk - (x,i) (Sk - SZ)Z

S (1) K >
Scd; (I]*)Ik +(€k+)’k_ﬁl€)(1k_1;)2]
nocr* 2 n
R =S+ et e (-0 (- 1Y)
= k=1
[ SeSs) d : :
- k;ck [_d Y + k;bk [“i(sk )2 + .Bli(lk )2]
7 Se Ik ‘/51'(11) u (dy+ 7y, +€)
(2= 2k 2k TN B 2 kKt Vet
+j—2;ﬁk]( S I ‘/’j (I;*) = k;bk [(dk % Z(Yk+dk+€k‘ﬁi)>
Sy (1) ki
_S;t(/’j(lf)lk X(Sk_S;)z *é (%*’Yk‘ﬁi)(lk‘[lj)z]
S | T "
Tt } - v b [ + B0
(34) !
From the calculation of LV, we directly get Lv, = Zlk (Sk — S¢)
k=1
e e (L Se(L) S (1)K n
LV, = k;ck [;ﬂkj <1 I + S0, (1) 510,V I x <Ak - j:zlﬁkjSk(Pj (1;) - dksk>
S M n 2 2
+ ;;1 5 . ZlkS;Cock
(35) =



(St 1)-50.0)

. (Sk = k) >

n

.82
+Zkkk
o 2

n n

= —kz Zlkﬁkjsz
x (8= 51) (¢, (1) - ¢; (17))
- i ilkﬁkj(sk -5 )2¢j (Ij)

k=1 j=1

u w\2 lkS (X
Y EACRE S

k=1 k=1

3 DA G-, (1) -0, (5)
- sz (dy — a2) (S, - S0
+ Zlk(sk) o,

LV = Y (R~ RY) (el — 8Ry)

k=1

n 2 2
m. R o
+Z k% Ok

k=1 2

n
= ka (R~ Ry)
k=1

X [y (I = Iy) = 8k (R = Ry)]

n 2 2
m,. R, o
+Z k% Ok

k=1

< ka)’k (I - L) (R - Ry)
Pt
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By Lemma A.3, we know

o (L) \
(1) > -0

(e (1) &
1;1 k<Zﬁkj¢j (I]*) ;ﬁkj¢k

(5 g D) 80
S Zpomeiiy Bt

Besides note thata — 1 —loga > 0 for a > 0; then

(36)

(37)

(38)

(39)

(40)

s s
1- S_k < —log —k
L S (1) & < log ki (1) &
Sc®i (I;) L Sc9; (I;) I
s o (L) It
~ _log Sk _ i\) etk
g s g(/)j (I’.“) og I,
¢k( k) g———lo ¢ () I _ & () T
%5, ¢ () L ¢ (I )Ik b (T) Iy

(41)

Successively substituting (39), (40), (37), (38), and (41) into

(34) yields

2 i (S — Sp)°
LV1S—ZCk k(Sk = S¢)

k=1 Sk
Si S
+ chZﬁk] ( log— —logs—’:
k=1 j=1 k
“log $; (1) I
¢; (1) I
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N i Skock Ik /J’k Successively substituting (40), (37), (45), (41), and (43) into
(35), we obtain

n G di (S, - St)? L S (1) S
“k;—k : gk - 2= ch [Zﬁk;( I_k 54, (I]) —logé
- U b (L) +
+;;1ijziﬁkj (‘10g —¢k (II:) ¢J( ) ~log I > :|

g£ L & (Ik))

Iy I* i (1)

k=1
n S*(Xz I* 2
+sz|: k2k+ kfk
k=1

< _Z Cidi(Si - )2 e
& S N @U)l%£>]
o ‘/’k(Ik)Ik_ & (I )) ‘/’k(I) I
Zikzﬁk]<¢k(1k)1* - I*+¢k( I;) no= e 2
ity P
¥ 2 % 2 +ZT
+izk[skﬁ+ﬁ]_ k=1
et 2 2 .
sl (o Se() s
(42) < I;Ck I:;; ﬁkj< I + SZgbj (I]*) + 5,
n vi f(Cy), btain
In view of (C,), we obta 1+§k§s§k((11; 1>]
e Uk
6L |, 9(h) o
o (1) I} I* </5k( ) +chk %
1 k=1 2

i u)@u>wa 0= ¢ (1) =Z'<Zﬁ[(&—ﬁ<¢xm
X(¢k(1;)_w)<o 2\ 5|\ ¢; (1)
I -

j
I
¢ S, S
(43) + S_* + g -2
k
Then (% (L) I ok
i (L) I I
n = x\2
IV < Z Cri (S — ) ¢k (L)
A S EAG)
(44)
i [ s Ikﬂk] iEkI,j B
k=1 =2
By using inequality a— 1 —loga > 0 for a > 0 again, it follows < sz Z— ' (& 3 1) ¢ (Ij) -
that a\E |\ ¢ (1)

*

S, S S, St
~log X <k 1. (45) +(—’;+—’<—z)
S: TS, St S,
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LAY 5
+Z kkﬁk

k=1 2

-3e (z By (5250 (8, (1) -, (1)

k=1

S ) )

n = 7% Q2
iy B
+ZT

k=1

(46)

Hence

alV, + LV, + LV,

< —Zn: [Zn:ﬁkj (BSk =€) (S =

k=1

#*\2
k —“1%) (Sk_Sk)

)" (d
k=1

ﬁZ 2
+ch[7(a+1)lk +—(a+2)Sk]

(47)

k=1
Choose I, = ¢ /Sy and a = max{}’_, Bl /di, k
1,2,...,n} such that .Sy - ¢ = 0 and ad, — Y7, Bi;l}
0, k=1,2,...,n Then
alV, + LV, + LV,

c [5 2 #\2

Z_*( “k)(sk‘sk)

k=1%k

n 2 2
+ch [ﬁ—(a+1)1 +%(a+2)8k]

k=1

Furthermore,

alVy + LV, + LV; + LV, + LV;

<-) [bk<dk—a,§—

k=1

(di + 7y + €k)2 )

2 (i +di + &= BY)

$0) (95 (1) - ;(17))

[\

(48)

Choose b, > 0 such that b (dy — o -
di + € -
choose my, = (b./2)(e; + Vi — ﬁk
be (€ + Vi _/31%)

Note that
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2
01%) (R — Ry)

- %ka (6 -
k=1

2 r/a+2_ New 2 (a+1_ .
+Z[< 5 ck+kak>Skock+< 5 Ck+bk1k>

k=1

X I B+ m(Ri) o7 .
(49)

(dy + yi + Gk)z/z()/k +
(Ek/zsk)(dk o) and

ak /yk) such that
- myi /(O —07) = (bk/2)(ek+yk B2); then

B + /Sy — o) >

alV, + LV, + LV; + LV, + LV;

R

“i) (S - SZ)Z
- lezbk (%*’)’k‘ﬁi) (Ik _Ilj)z
k=1

*\2
_013) (R — Ry)

- %ka (8](
k=1

+ Z [<a+2ck+bk8k>82(xi

k=1
+1 30
a
+< 2 Ck+kak>Ik:Bk
+my (R;) o
—_ S _k 2
- };28; (dk ock) (Se-8%)
vk
24(€k+7’k ﬁk)(Ik Ik)
k=1
_Z%(a a7) (R~ R)* +.
k=1
o < min{ % (d, - o) 51, % (e - ) (1)
(51)

e (8- 07) (R k=120
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Then the ellipsoid
no—
% %\2
- Zz < (dk —“i) (S —S;)
k=1“"k
n
b \2
_Zf(€k+)’k—ﬁi)(1k—1k) (52)

B

—Z%(&k—a,f)(Rk—RZ)2+8:0
k_

lies entirely in R2". We can take U to be a neighborhood of
the ellipsoid with U € E;, = R, so for x € E;, \U, LV <
—-K (K is a positive constant), which implies condition (B.2)
in Lemma A.5 is satisfied.

Note that the diffusion matrix of system (3) is

A :( f)nxn

(53)
= dlag ((x%sf’ﬁfllz’o‘fRf’ n n’ﬁ n’ n n)
For any bounded domain D ¢ R?" there is
M = mm{oclsl,ﬁl o lR i=12,...,nY 65} >0
(54)
such that
n
Z ;885 = Z(x ARy 3o
i,j=1 i=1
(55)

S oRE = M|
i=1

forall Y € D, £ € R™, which implies condition (B.1) is also
satisfied. Therefore, by Lemma A.5, the stochastic system (3)
has a stationary distribution () and it is ergodic. O

Appendix

For the completeness of the paper, in this section, we list some
theory used in the upper sections.

(1) Some graph theory (see [9, 24]): a directed graph or
a digraph & = (V,E) contains a set V. = {1,2,...,n} of
vertices and a set E of arcs (k, j) leading from initial vertex k
to terminal vertex j. A digraph & is weighted if each arc (j, k)
is assigned a positive weight a;;. Given a weighted digraph
& with n vertices, define the weight matrix A = (a;),x,
whose entry a;; equals the weight of arc (j, k) if it exists,
and 0 otherwise. A weighted digraph is denoted as (&, A).
A digraph @ is strongly connected if for any pair of distinct
vertices, there exists a directed path from one to the other. A
weighted digraph (¥, A) is strongly connected if and only if
the weight matrix A is irreducible [25].

Lemma A.l. If A is nonnegative and irreducible, then the
spectral radius p(A) of A is a simple eigenvalue, and A has
a positive eigenvector w = (wy,w,,...,w,) corresponding to
p(A).

1

Remark A.2. The result of this lemma is given in P. 27, [25,
Theorem 1.4].

The Laplacian matrix of (&, A) is defined as

Z ik ~Gip 0 TO,
k+1
—0 Z Qo ** Ty
L,= k#2 (A)
—ap —Qy Z Anic
L k+n |

Let ¢ denote the cofactor of the kth diagonal element of L 4,
which has following property.

Lemma A.3 (see [9]). Assumen > 2.

(1) If (€, A) is strongly connected, then ¢ > 0 for 1 < k <
n.

(2) The following identity holds:

ZCk%Gk Xy ch% i (%)

k,j=1 k,j=1

(A.2)

where Gi(x;), 1 < k < n are arbitrary functions.

Remark A.4. Lemma 2.1 of [8] gives the result (1) of
Lemma A.3, and the result (2) is referred to [9, Theorem 2.3].

(2) Some theory about stationary distribution (see [23]):
let X(t) be a homogeneous Markov process in E; (E; denotes
Euclidean [-space) described by the stochastic equation

k
dX (t) =b(X)dt+ Y g, (X)dB, (t). (A.3)

r=1

The diffusion matrix is

k
AR =(a;(0), a;(x) =Yg (gl x). (A4
r=1
Assumption B. There exists a bounded domain U ¢ E; with
regular boundary T', having the following properties.

(B.1) In the domain U and some neighbourhood thereof,
the smallest eigenvalue of the diffusion matrix A(x) is
bounded away from zero.

(B.2) If x € E; \ U, the mean time 7 at which a path issuing
from x reaches the set U is finite, and sup, . E, T < 00
for every compact subset K C E;.

Lemma A.5 (see [23]). If (B) holds, then the Markov process
X(t) has a stationary distribution u(-). Let f(-) be a function
integrable with respect to the measure y. Then

{hmlj f(X(t))dt—Jlf(x)y(dx)}:l (A.5)

forall x € E,.
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Remark A.6. The proof is given in [23]. Exactly, the existence
of stationary distribution with density is referred to Theorem
41, P. 119 and Lemma 9.4, P. 138. The weak convergence and
the ergodicity are obtained in Theorem 5.1, P. 121 and Theorem
7.1, P. 130.

To validate (B.1), it suffices to prove F is uniformly
elliptical in U, where Fu = b(x) - u, + (1/2) tr(A(x)u,,,); that
is, there is a positive number M such that

k
Zaij (x) &€, > M|E|2’ xeU EeR
ij=1

(A.6)

(see Chapter 3, P. 103 of [26] and Rayleigh’s principle in [27]
Chapter 6, P. 349). To verify (B.2), it is sufficient to show that
there exists some neighborhood U and a nonnegative C2-
function such that and for any E; \ U, LV is negative (for
details refer to [28], P. 1163).
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