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We present an approximation method for convolution Calderén-Zygmund operators. We give a uniform approximation accuracy of
the operators on the endpoint Triebel-Lizorkin space ) (2 < g < c0). Our proof mainly relies on the n-dimensional Daubechies

wavelet bases and the atomic-molecular approach.

1. Introduction and Main Result

For rapid application of dense matrices (or integral operators)
to vectors, the celebrated work of Beylkin et al. [1] introduced
a class of numerical algorithms which are based on the 2n-
dimensional wavelet bases with compact supports. These
algorithms are also applicable to all Calderén-Zygmund
operators and pseudodifferential operators. Since then, their
algorithms are widely used in compression of matrices,
operator approximation, and establishing boundedness of
operators see [2-9]; In particular, Beylkin et al. [1] approx-
imated a class of Calderén-Zygmund operators by banded
operators and gave the approximation accuracy. It is intrigu-
ing to know whether we can get some similar approximation
methods on some more general spaces. Notice that Yang [9]
approximated the operators by compact operators and gave
the approximation accuracy on L? (1 < p < 00).

In this paper, we are interested in considering the approx-
imation method for a class of Calderén-Zygmund operators
on Triebel-Lizorkin spaces. However, due to technical rea-
sons, we can only get an approximation method for con-
volution Calderén-Zygmund operators on some endpoint
Triebel-Lizorkin spaces (see Theorem 1).

Now, we introduce a class of Calderén-Zygmund oper-
ators. Let @ = D(R") denote the space of Schwartz

test functions and 9’ the space of Schwartz distributions
(the dual of 9). Suppose that we have a linear continuous
mapping T : @ — D' associated with a kernel K(x, y)
(in the sense that (Tf,g) = j'j g(xX)K(x, y) f(y)dxdy for
test functions f and g with disjoint supports). We write T' €
CZO, if the following three conditions are satisfied.

(I) K(x, y) is continuous on Q0 = R"xR"\{(x, ) : x = y}
and satisfies

K (% )| < Clx =y O

forall x, x', y with 2|x — x'| < |x - y|,

Clx — x'I"
'K(x,y)—K(x',y)j+|K(y,x)—K(y,x')| < %>
(2)

where 0 <y < 1.
(IT) Weak boundedness condition:

KT, 9)] < CR* (| fllco + RIVF o) (lgloo + RIValo)

VR>0,ucR", f,geCy (BuR)).
3)



(III) T1 condition: T1 € BMO, T*1 € BMO.

Convolution Calderén-Zygmund operators, such as Hil-
bert and Riesz operators, are commonly used in engineering.
For a convolution operator T, its kernel K(x, y) can be written
as K(x,y) = K(x — y). In this case, the conditions for the
operator T € CCZO,, are reduced to the following:

IK (x)| < Clx|™; (4)
for 2|x — x'| < |x],
, Clx - «'["
|K(x)—K(x )'S%; ®)
[xew@arsclvl, + i), ©

where y € C(l)(B(O, 1)) and y,(x) = w(x/t) fort > 0.
For convenience, let CCZO, denote the collection of all
convolution operators in CZ0,.

In what follows, we restrict our attention to the operator
T in CCZO,. In general, the operator is analyzed by the
2n-dimensional wavelet bases. However, Z. Y. Yang and Q.
X. Yang [10], making use of the n-dimensional Daubechies
wavelet bases, approximated the operator T by the banded
operator and gave the approximation accuracy C2™" on the
homogeneous Besov spaces Bg’q (1 £ p,g < 00). In this
paper, we focus on an approximation method for the operator
T and obtaining the uniform approximation accuracy on the
endpoint Triebel-Lizorkin spaces Fi) 1,2 < g < co, whose
definitions will be given in Section 2.

We first introduce some notations. Let ®°(x) and ®(x)
be the one-dimensional Daubechies father and mother
wavelets, respectively. Assume that they are the real-valued
and sufficiently regular functions. For x € R” and ¢ =
(&1, & ..., ¢,) € {0,1}", denote ®°(x) = [], ®%(x;). For any
je€Zandk e Z" let

D (x) = 2"t (2x - k). 7)

We also put

E, ={0,1}"\ {0},

(8)
A,={A=(ejk),e€E, jeZkeZ"}.

Then, {Cl)j)k(x)}/\e,\’1 forms orthonormal bases in LZ(R”),

and it can be used to characterize general functions or
distributions.

Forany A € A, let b;k = (K(x), CDj.)k(x)), then we have
the representation

K= ) b0 % ©)
(s.jik)eA,
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in the sense of distribution. Now, we present the approxima-
tion of T by the banded operator T,,. For any integer u > 0
and € € E,, we define

Z b;,oq);,o (x), u=0;
K(x)=4"' 10
u () Z ij,kq);,k (x), ux=1. (10)
2u-l<|k|<24 j

Let T;, be the annular operator associated to the kernel K (x),

and let
T,= ) X2Tu (1)

0<u'<u €€E,
Then, we can approximate T by the banded operator T, and
get the uniform approximation accuracy on the endpoint

Triebel-Lizorkin space F? ‘T (1 < g < 00). Our result is stated
as follows.

Theorem 1. Let1 < g < coand0 <y < 1. IfT € CCZO,,
then

IT = Tl goa _ poa < Cu2™, w2 1. (12)

Throughout this paper, the symbol C denotes a constant
that is independent of the main parameters involved but
whose value may differ from line to line.

2. Endpoint Triebel-Lizorkin Spaces

Let S(R") be the space of tempered test functions. Let ¢ €
S(R") withsuppp c {£ e R": 1/2 < [&] < 2}and [§] > ¢ > 0
for {3/5 < [&] < 5/3} let 9;(x) = 2"p(2/x). Let a € R,
0 < p < 00,and 0 < g < 0o. Then, the homogeneous Triebel-
Lizorkin space F,,? is defined as the collection of all f € §'/P
(the tempered distributions modulo polynomials) such that

(56l

< 00 (13)
P

|flzza =

J

with the usual modification made when g = o00; see also
Triebel [11]. And it is well known that the homogeneous
Triebel-Lizorkin space and Besov space are the same when
rp=q

For the homogeneous Triebel-Lizorkin space, Koskela
et al. gave the characterization via grand Littlewood-Paley
functions in [12] and gave the pointwise characterization in
[13]. Now, we recall its characterization based on wavelets.
In fact, the Daubechies wavelet bases {GD;’,c(x)}A€ A, is an

unconditional bases in the space Fg’q. For any j € Z and
keZ" let

Qi = {xeR":27x—ke[0,1)}, (14)
and let y(2/x — k) be the characteristic function of the dyadic
cube Q; . Forany f € S'/P, if we can define f;k =(f, CDj.)k)

for all (e, j,k) € A,, then we have the representation f =
Yejimen, iP5, (x) in the sense of distribution. The space

Fg’q is characterized in terms of wavelets in the following way
(for more details, see also [6, 7, 14]).
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Proposition 2. For 1 < p < coand 1 < g < oo, there exist
two positive constants C,, ; and C;, o Such that

1/q
Cp,q”f”j:g)q < ( szqn/z'f;k|qx (ij ~ k)>
1 (15)

&, jsk

< Cpgl o

Triebel-Lizorkin spaces have been studied by means of
the atomic and molecular decompositions. Next, we state the

atomic-molecular decomposition for the endpoint space Ff 4,
see Meyer and Yang [7] for more details. Let Q denote the
collection of all dyadic cubes Q;, j € Z, k € Z". Now, we
recall the following two definitions which can be found in
[6,7,15].

Definition 3. Let 1 < q < 00. a is said to be a F>9-atom in Fi)’q
with the norm C if there exists a ball B such that
(i) suppa C B;
(i1) Nlallz00 < CIBIMD;
q

(iii) [ adx =0

Definition 4. Let 1 < q < 00. a is said to be a Fg’q-molecule

in Ff ‘I with the norm C if there exists a cube Q;, € Qsuch

that

(i) a =Y e jken, a5 D5
ijCQsp
(if) llallgoa < CIQ, oI

For convenience, in the above two definitions, a is said to
bea Fg’q—atom ora Fg’q—molecule when C = 1.

Proposition 5. Let 1 < g < co. The following three conditions
are equivalent:

(i) f e EM.
(i) There exist {ti,,},,c7 € I' and Fg’q—atoms a,, such that
f = ZmeZ Himm-
(iii) There exist {A,},c7 € 1" and Fg’q-molecules a,, such

thatf = Zm€Z /\mam‘

In fact, for anyf € F?’q, we can writeitas f =), A,.a,,
where each a,, is a Fg’q—molecule and {A,,} € I', and it can be
verified that

| lioa ~ D Al (16)
namely,

Cillfllgpa < Y Al < Gl fl 0 (17)

for some fixed C;, C, > 0 independent of f. For more details,
we refer the reader to [6, 15], This will play a key role in
Section 3.

3. Estimate of T,‘j’ and Proof of Theorem 1

To prove Theorem 1, we first estimate the annular operator
!
TS .Forany ¢ € E, and integer u > 1, let

A -j'n/2
B, = Sltllp Z 2 | (18)
Jantgid | <2v
Lemma 6. For1 < g < 00, let T,=1- (1/g). One has
wflpoa _ gaa < By (19)

Proof. In terms of the molecular decomposition for the space

Ff ‘1, we only need to prove that for an arbitrary F;)’q-molecule
a,

poq < Cu™By, (20)
1

where C is independent of a.
Denote m = j' — j, then we have

Tja (x) = Z Z

&M Ju-lg|k! | <24

D° ¢!
Z +mk’a]k ( ]k q)jer,k') (X) .

Q}kCQsp
(21
Thus,
s/
T, a(x)| .,
1
212 2
€ ||m<0 21 <[k j<on
O° ¢
X z ]+mk’a]k< ]k (Dj+m,k’> (x)
QjxCQ;, Ff‘q
AP
& m>0 2u—lslk7|<2u
o ¢
Z ]+m k’a]k ( ik * (I)j+m,k’) (x)
Q}kCQsp 0
=1, + 1,
(22)

In the following, we consider the estimates of I; and I,.

(i) Forany m < 0, put 628, (x) = Z_m”(d)fr’l,o * O%)(x), then

L<CY 2™

m<0 2u-I<|K! |<2¢

x| Y b eas @ (2x - (k+2K))

QjxCQ;, F?,q
(23)



For fixed m and k', let T} be the operator associated with the
kernel

Kji(xy)= Y 2" (Px—(k+27"K'))
QjxCQs, (24)

x O° (ij - (k + Z_mk')).

By the properties of Daubechies wavelets, we can get that the

operator T}/ is bounded on F?’q (see also [16, lemma 3.1]).
Set

g;:ll = Z b;;m,k/a;k(bs (ZJX - (k + 2_mk')) . (25)
QjxCQs,

By means of the orthonormality of the wavelet bases, the right
side of (23) is equal to

C Z 2™ Z ”T:?glrj ||Ff"f' (26)
m<0 - v |kl <24
Moreover, I; is bounded by
cy2™ Y gl 7)
m<0 - ovlglk! <2
Namely, we have
Lscya2m )y
m<0 2u-1<|k! |< 2%
(28)

X Z b;:rm,k,a;kd)g (2/x - (k+27"K"))
QjkCQ;, 0

Notice that the sum ) FQucQ,, 18 adding among all j with

s < j, we split ) #Qucq,, INto Y Qe = Dscjestu T Djzsrur
Hence, we obtain

L <C) 2™

m<0

!
£ € &
X E E b].+m’k,aj,k®
247 1<k | <2 s<j<stu

Qj,kCQs,p

X (ij - (k + 27mk'))

04
F
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!
£ & £
+ g bj+m)k/aj)kq)
j2stu

Qj,k CQs,p

X (ij - (k + 2_mk'))

0.4
3

::CZZ'"” Z

m<0  gu-lglk|<2v

(s + 15 -
(29)

As for J™Y we use

Now, we consider /™% and J™ e

u
LK 2,k
Proposition 2 to get that

8, 1
j+m,k' |

m,u
HELII D)
s<j<stu

QjxCQs,

1/q

><|a;,k|q)( (2/x - (k+27"K")) dx

< CZmn/zsupZﬁJ"/2
j’

E’
k! (30)

q

&
aj

X J Z i
s<j<s+u

Qj,kCQs,p

1/q

X X(2jx— (k+2_mk/)) dx.

Let ®/[a;, b;] denote the Cartesian product [a;, b;] x [a,, b,] x
-+ [a,,b,]. Let

Z 2j‘l”/2

k:Qj Qs

aj.’k qX (ij - (k + 27mk'))

fiw () = > (3D

then the support of f]";c, (x) is contained in ®7[(p;/2°) +

(kl{/Zj*m), ((p;+1)/2%) + (k:/2j+m)]. Moreover, we can obtain
that

supp f7j (x) Nsupp f"y (x) = 0 (32)

when |j— j;| > C. In other words, the number of the nonzero
terms in the sum ;. fjp/(x) is a constant, which is
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independent of . By the inequality (o + )7 < «!/9 + /4,

we have

.l !
]I",; < C2™Psup2 /"2 ;, k,|
]l

Z 22 'a;k| X (2Jx -

(k+27"K'))dx

s<j<stu
Qj,kCQ,p
(33)
mn/2 ¢
< C2"su 5 ‘
j
X J Z 2?2 ajx X(ij - k) dx.
s<j<stu
Qj,kCQs,p
From Hoélder’s inequality, we obtain
I o < C2m"/25up2 i'nf2 u'a
i
< j Y
s<j<stu
a\ /4
jnj2| e j
x( Z 2 |aj)k|)((2x—k)) > dx
kin,kCQs,p
mn/2 ‘r
< C2 ]I kl
i
1/q
X J Z 2?2 a5y Y (2jx - k) dx.
s<j<stu
Qj,kCQs,p
(34)

Since [lall zoa < C|B|"7! then we get that [|a| zs < C. Thus
q 1

];nk'f < C2™2 sup i
I

S’
jl’kl . (35)
As for ] ;”,:,‘, we have

];nk? < C2m"/zsup2 i'nf2
]

]k|

X Z Zj"/za;kcl)s (ij -
j=s+u

Qj,kCQs,p

(k+2K)|  G6)
o

= C2mn/28up2,j/n/2
j/

!
By | I )0
7K u,k’( ) F;)’q

By Definition 3, we can verify that (27 + 2M) ™% "hmk, (x) is
a Fs’q—atom with the norm C, see also [16] for more details.

Furthermore, we obtain [|12],, (x)|| j0a < (27 +2M)%" Hence,
> 1

]2 o< C2m”/2sup
i

By (29) and (35), it follows that

S| @)

L <CY 2"NB < CutiB,. (38)

m<0

(ii) The estimate for I, can be treated as that for I,. For
convenience of the reader, we repeat some details as follows.
Let 5;’1‘5 (x) = 2" (@}, o * D)(27™"x). Following the idea used
to get (28), we have

L<Cy 2™
m>0 2u71<|k! <2
(39)
j+m ! m
X Z ]+mk,a (2] x—(k +2 k))
QjxCQp F?,q
Splitting ) ; Q. into Y s<jcstu-m and Y jssiu-m, then
Q] kCQsp Qj kCQsp
L<CY2™
m>0 24 T<|k! |<2%
x Y B 0 (27— (k+27"K))

s<j<stu-m
QjxCQs, £

+ Z ]+m KA
]>s+u m
Qj,kCQs,p

X (ij - (k + Z_mk'))
£
= szfmn Z (le' +sz')
m>0 24 1<|k! | <2t
(40)

The estimates of Lm”, and Lm”, can be obtained as we

handle ] ¥ and ]2 o respectlvely In conclusion, it follows
that

I, < Cu" B (41)
This completes the proof of Lemma 6. O

!
In addition to the estimate of the annular operator T}, , we
need the estimate for wavelet coefficients of K(x), which can
be found in [10].



Proposition 7. Let K(x) be the distribution kernel associated
toT € CCZO,, then one has

: fnf
el c2 (.7 K)en, (42

We are now in a position to prove Theorem 1. By virtue of
(42), we obtain that

Bi’ = sup Z

7' awigit|<ov

—j'n/2 |1 —uy
2 bj’,k,| < C2 . (43)

Together with Lemma 6, we have

IT =T lpoa goa< D)
u'>u ¢

!
&
TS,

£, e
(44)

<c Y ()2,

ul=u+1

On the other hand, since 7, belongs to the interval (0, 1), then
a direct computation leads to that

IT = Tl 00 _ poa < Cu2™. (45)
This completes the proof of Theorem 1.

Remark 8. Notice that the atomic and molecular decomposi-

tions for the endpoint space Ff ‘I play an important role in our
proof. However, up to the best knowledge of the authors, it is
unknown whether the Triebel-Lizorkin space F;’q (seR, 1<
D> q < 00) has similar atomic and molecular decompositions.
It would be interesting to know whether our method can
be adjusted to get the approximation accuracy for the more
general Triebel-Lizorkin space F;,’q (seR,1<p, qg<o00).
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