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We study the existence of periodic solutions of Liénard equation with a deviating argument X"+ f (x)x + n’x + glx(t - 1) =
p(t), where f,g,p : R — R are continuous and p is 2m-periodic, 0 < T < 27 is a constant, and # is a positive integer.

Assume that the limits lim, ,, g(x) = g(+o0) and lim, ,, F(x) = F(+o00) exist and are finite, where F(x) = jox f(uw)du.
We prove that the given equation has at least one 27-periodic solution provided that one of the following conditions holds:

2cos(nt)[g(+00)—g(—00)] # fOZﬂ p(t)sin(B+nt)dt, for all 0 € [0, 27t], 2ncos(nt)[F(+00)—F(-00)] # Iozn p(t)sin(0+nt)dt, for all 0 €
[0,27],2[g(+00) — g(—00)] — 2nsin(nt)[F(+00) — F(—00)] # fozn pt)sin(@ + nt)dt,forall 0 € [0,2n],2n[F(+00) — F(-00)] —
2sin(nt)[g(+00) — g(—00)] # '[02” p(t)sin(0 + nt)dt, for all 0 € [0, 27].

1. Introduction

We are concerned with the existence of periodic solutions of
Liénard equation with a deviating argument as follows:

M f) X +rx+gx(t-1)=p(t), (1)

where f, g, p : R — Rare continuous and p is 27r-periodic,
0 < 7 < 2 is a constant, and 7 is a positive integer.

In recent years, the periodic problem of Liénard equations
with a deviating argument has been widely studied because
of its background in applied sciences (see [1-8] and the
references cited therein).

In the case when f(x) = 0, forallx € Rand 7 = 0, (1)
becomes

M tx+g(x) =p(t). (2)
Assume that limits

(h)) lim, _, ., g(x) = g(£00)

exist and are finite. Lazer and Leach [9] proved that (2) has
at least one 27r-periodic solution provided that the following
condition holds:

2[g (+00) = g (-00)]

2 (3)
4 j p(t)sin (@ +nt)dt, VO e[0,27].
0

Assume that, besides (h,), the limits
(hy) lim, _, ., F(x) = F(+00)

exist and are finite, where F(x) = _[; f(u)du. It was proved in
[10] that the following equation:

x"+f(x)x'+n2x+g(x(t—r)):p(t) (4)



has at least 27r-periodic solution provided that one of the
following conditions holds:

2[g (+00) = g (-00)]

2
+ J pt)sin(0 +nt)dt, VO e [0,2n],

’ (5)
2n[F (+00) — F (—00)]

2
+ J pt)sin(0 +nt)dt, VO e [0,2r].
0

In the case when f(x) = 0, forall x € Rand 7#0, (1)
becomes as follows:

x”+n2x+g(x(t—'r))=p(t). (6)

When the condition (h;) holds, it was proved in [5] that
(6) has at least one 27-periodic solution provided that the
condition (3) holds.

In the present paper, we deal with the existence of
periodic solutions of (1) by assuming (h,) and (h,). By using
the continuation theorem [11], we prove the following result.

Theorem 1. Assume that the conditions (h;) and (h,) hold.
Then (1) has at least one 27-periodic solution provided that one
of the following conditions is satisfied:

2 cos (n1) [g (+00) — g (—00)]
# rﬂ p()sin(0 +nt)dt, VO e [0,2n],
0
2ncos (nt) [F (+00) — F (—00)]

2
+ I () sin (6 + nt) dt,

0

VO € [0,2n],

)
2[g (+00) = g (-00)] = 2nsin (n7) [F (+00) ~ F (-00)]

2
: j p(t)sin (@ +nt)dt, VO e[0,27],
0
2n [F (+00) — F (—00)] — 2sin (n7) [g (+00) — g (-00)]
2
: j p(t)sin (0 +nt)dt, VO e [0,27].
0

Remark 2. Let us denote by ® the function on the right-hand
side of four inequalities above, namely,

D (0) = LZﬂ p(t)sin(@+nt)dt, 6e€l[0,2n]. (8)

Then @ can be expressed in the following form:
®(0) = Asin6 + BcosO, 6 € [0,2n], 9)

where

2

2
A= J p (¢) cos ntdt, B= J p(t)sinntdt.  (10)
0 0
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Obviously, the value of ® forms a closed interval [—p, ¢] with

0 = VA? + B2, Therefore, the four conditions in Theorem 1
are equivalent to the following conditions, respectively:

2 cos (n7) [g (+00) — g (-00)] ¢ [-0, 0],
2ncos (n7) [F (+00) — F (-00)] ¢ [-0. 0],

2[g (+00) - g (—00)] -
— 2nsin (n1) [F (+00) — F (-00)] ¢ [-0, 0] »

2n[F (+00) — F (—00)]

~ 2sin (n7) [g (+00) — g (~00)] ¢ [0, 0]

Remark 3. In the case when T = 0, the four conditions in
Theorem 1 reduce to the conditions (5). Therefore, Theorem 1
generalizes the result in [10].

Throughout this paper, we always use R to denote the real
number set. For a multivariate function { depending on r, the
notation { = o(1) always means that, forr — 0o0,{ — 0
holds uniformly with respect to other variables, whereas { =
O(1) (or { = O(r™")) always means that { (or 7 - {) is bounded
for r large enough. For any continuous 27-periodic function
y(t), we always set |yl , = max, . W ()]

2. Basic Lemmas

It is well known that continuation theorems play an important
role in studying the existence of periodic solutions of differ-
ential equations. We now introduce a continuation theorem
which will be used to prove the existence of periodic solutions
of (1).

Let X and Y be two real Banach spaces and let L : D(L) C
X — Y bea Fredholm operator with index zero, where D(L)
denotes the domain of L. This means that Im L is a closed
subspace of Y and dimker L = codim ImL < +oco. Let
P: X — KerL,Q :Y — Y be two linear continuous
projectors satistfying the following:

ImP =KerlL, KerQ=ImL. (12)

Then we have the following:

X =Ker L@ Ker P, Y=ImL&®ImQ. (13)

Clearly, Lp = Llpqygerp — ImL is invertible. Denote by
K the inverse of L. Let QO ¢ X be an open bounded set. A
continuous map N : Q — Y is said to be L-compact on Q if
bothQN : Q — Y and Kp(I-Q)N: Q — Xare compact.

Lemma 4 (see [11]). Let X and Y be two real Banach spaces.
Suppose that L : D(L) ¢ X — Y is a Fredholm operator with
index zero and N : Q — Y is L-compact on Q, where Q is
an open bounded subset of X. Moreover, assume that all the
following conditions are satisfied:

(1) Lx # ANx, for all x e 0Q N D(L), A € (0, 1);
(2) Nx ¢ Im L, for all x € 0Q N Ker L;



Abstract and Applied Analysis

(3) The Brouwer degree deg{JQN, QN Ker L, 0} # 0, where
J:ImQ — Ker L is an isomorphism.

Then equation Lx = Nx has at least one solution on D(L) naQ.

3. Main Results

In this section, we will use the continuation theorem intro-
duced in Section 2 to prove the existence of periodic solutions
of (1). To this end, we first quote some notations and
definitions.

Let X and Y be two Banach spaces defined by the
following:

X={xeC (RR): x(t+2m) = x(t),Vt € R},
(14)
Y={yeCRR): y(t+2m)=y(t),Vt e R}

with the following norms

Ixllx = max {Ixllos [} Dby = oo 09)
Define a linear operator
L:D(L)c X —Y, Lx=x"+n’x (16)

where D(L) = {x € X : x"" € C(R,R)}, and a nonlinear
operator

N: X —Y,
, 17)
(Nx)(t)=-f(x(®)x () —g(xt-1))+p(t).
It is easy to see that
Ker L = Span {sin nt, cos nt},
2

ImL = Y: t)sinntdt = 0,
m {ye L y(t)sinn (18)

2
J y () cosntdt = 0} .
0

On the other hand, for any y € Y, we can write the following:
y®) =y@®)+yt), Vtel0,2n], (19)
where y(t) is defined by the following:

y(t) = asinnt + bcosnt (20)

2 2
a= 1 J- y () sin ntdt, b= 1 J y (t) cosntdt, (21)
0 T Jo
whereas 7(t) satisfies the following:

2 2
J ¥ (t) sinntdt = 0, J y(t)cosntdt =0. (22)
0 0

Therefore,
Y =KerL®ImlL. (23)

It follows that L is a Fredholm map of index zero.
Let us define two continuous projectors P : X — KerL
and Q: Y — Y by setting the following:

(Px) (t) = a;sinnt + b, cosnt,
(24)

(Qy) (t) =y (t) = asinnt + becosnt, Vt € [0,2n]

for any x € X and y € Y, where constants a, and b, are
defined as constants a and b. Obviously, Im Q = Ker L.

Set Lp = LIpqynkerp — ImL. Then Lp is an algebraic
isomorphism and we define K, : ImL — D(L) N Ker P by
the following:

Kp=13. (25)
Clearly, we have that, for any y € Im L,
t

(Kpy) (t) = %J y(s)sinn(t —s)ds

0
(26)

2
+ ﬁ Jo sy (s)sinn (t —s)ds.

For any open bounded set Q) ¢ X, we can prove by standard
arguments that Kp(I — Q)N and QN are compact on the
closure Q. Therefore, N is L-compact on Q.

It is noted that (1) is equivalent to the operator equation

Lx = Nx. (27)

To use Lemma 4, we embed this operator equation into an
equation family with a parameter A € (0, 1),

Lx = ANx, (28)
which is equivalent to the equation as follows:
P x A (x () % (t) + Ag (x (£ - 1))
=Ap(®),

(29)
A€ (0,1).

In the following, we will prove some new results on the exis-
tence of periodic solutions of (1) by using the continuation
theorem. Consider the equivalent system of (29):

!

x':y—)LF(x), y = nzx—/\g(x(t—‘r))+)up(t).

(30)

Let x(t) be any (possible) 27-periodic solution of (29). Set
y(t) = x'(t) + AF(x(t)). Then (x(t), y(t)) is a 2m-periodic
solution of (30).

Now, let us introduce a transformation @ : (r,0) € R* x
St S (x, y) € R?\ {0} with S! = R/27Z,

Lo
x=—r sin 6,
n

y = 2 cos 6. (31)



Under the transformation ®, if |x(f)| + |y(t)|#0, for t €
[0, 271], then the 27r-periodic solution (x(t), ¥(¢)) of (30) can
be expressed in the form (r(t), 0(t)) satistying the equations
as follows:

a0 -1/2 < L ap . ) :
— = A - t- ot - 0
It n+Ar'7g nr (t-1)sinf(t — 1) | sin
— AnrF <lr1/2 sin 9) cos0 — Aril/zp (t)sin0,
n
d}’ 1/2 (1 1/2 . )
— = =2\ - t— o - 0
R r'g nr (t—71)sinf(t — 1) | cos

— 2 nr'?F (lrl/z sin 6) sin6 + Z)Lrl/zp (t) cosf.
n
(32)

Let us set (ry,0,) = (r(0),0(0)) with r, = n*x*(0) + y*(0).
Without loss of generality, we always assume 0(0) € [0, 27].
Dividing the second equation of (32) by r'/?, we get the
following:

1/2
d;t = —/\g(lrl/z(t—‘r)sin@(t—‘f))cos@
" (33)

— AnF <lr1/2 sin 6) sin@ + Ap (¢) cos 0.
n

Integrating (33) and applying conditions (h,) and (h,), we get
the following:

r®)2 =72 +01), Vtelo,2n]. (34)
Furthermore,
rty? =1 0(r)"), telo2n].  (35)

On the other hand, it follows from the first equation of (32)
and (35) that

@_,
dt

+0(ry'?), telo,2n]. (36)
Therefore, we get the following:

0(t) =0, +nt+0(r,"?), telo2n].  (37)

The estimations (34)-(37) will be used to obtain apriori
bounds of 27-periodic solutions of (29). Multiplying both
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sides of (29) by sin(0, + nt) and cos(6, + nt), respectively, and
integrating over the interval [0, 277], we obtain the following:

r” f(x(®)x" (t)sin (6, +nt)dt
0
2
# [t -m)sin 6, +
0

= rn p(t)sin (6, + nt) dt,
’ (38)

rﬂ f(x () x" () cos (6, + nt) dt

0

+ LG g (x(t = 1)) cos (0, +nt) dt

2
= J p(t)cos (6, + nt) dt.
0
Hence,

—-n r” F (x (t)) cos (6, + nt) dt
0
2
+ J g (x(t = 1)) sin (6, + nt) dt (39)
0
2
= J p(t)sin (6, +nt) dt
0
2
n J F (x (1)) sin (6, + nt) dt
0
2
+ J g (x(t — 1)) cos (6, +nt)dt (40)
0

2n
= J p(t)cos (6, +nt)dt.
0

Multiplying both sides of (29) by sin(6,+n(t—7)) and cos(6, +
n(t—7)), respectively, and integrating over the interval [0, 27],
we obtain the following:

rﬂ fx)x' () sin (8, +n(t—1))dt
0
2
+ J g(x(t-1))sin(0y+n(t—1))dt
0

= rﬂ p@)sin(6, +n(t—1))dt,
° (41)

Jzn f(x () x' (t)cos (6, +n(t—1))dt

0

+ Eﬂ g(x(t—1))cos (6, +n(t—-1))dt

= rﬂ p(t)cos (6, +n(t—1))dt.
0
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Hence,

n rn F (e (£)) cos (6, + n (t - 7)) dt
0

2m
+ L g(x(t-1))sin(0y +n(t—1))dt

2
= j p(t)sin (6, +n(t-1))dt,
’ (42)
2
nJ F (e (8)) sin (6 +n (t - 1)) dt
0

2
+ J-o g(x(t-1))cos(0y +n(t—1))dt

= rﬂ p(t)cos (6, +n(t-1))dt.
0

Proof of Theorem 1. We shall prove the existence of periodic
solutions of (1) provided that either

2cosnt [g (+00) — g (—00)]

N, (43)
: J p(D)sin (@ +ni)de, V6 e [0,21],

0

or

2n [F (+00) — F (—00)] — 2 sinnt [g (+o00)—g (—oo)]

(44)

2
* J p(t)sin (0 +nt)dt, VO € [0,2n]

0

holds by using (39) and (40). The other cases can be handled
similarly by using (43) and (44). We proceed in three steps.
(1) We prove that there exist positive constants M, and
M, such that, for any 27-periodic solution x(t) of (29),
Il < My, ¥, < M, (45)
Assume by contradiction that (45) does not hold. Then there

exists a sequence of 27-periodic solutions {x;(t)};, of (29)
with A = A € (0,1) such that

[l + "x,'cuoo — +00, fork — oo0. (46)

Write y,(t) = x,’c(t) + A F(x;(t)). Since F is bounded on the
interval (—00, +00), we have the following:

lxeleo + 9l — +00,  for k = co. (47)
Let (1.(t), 0, (t)) be the 27r-periodic solution of (32) related to
(x (1), ¥,.(t)). Obviously, r,.(¢) = nzx,i(t)+y,f(t). Then we have
the following:

||rk||oo — +00, for k — oo. (48)

Without loss of generality, we also assume 6,(0) € [0, 27]. It
follows from (39) that

-n rﬂ F (x; (1)) cos (6, (0) + nt) dt
0
21
+ J g (x; (t — 7)) sin (6, (0) + nt) dt (49)
0

= rﬂ p(t) sin (6, (0) + nt) dt.

0

From (34) and (37) we get that, for ¢ € [0, 27],
g (x (t = 1))

=g (%rk(t -7)'sin 6 (¢ - T>> (50)
1 12 .
:g(;rk(O) 51n(0k(0)+1’1(f—‘[))+o(1)>-

Therefore,
2m
J g (x; (t = 7)) sin (6, (0) + nt) dt
0

- rﬂ (lr (0)"/%sin (6 (0)+n(t—r))+O(1)>
. g Tk k

x sin (6 (0) + nt) dt.
(51)

Obviously, we have the following:

2 1 1
j g <;rk(0) P sin (6,0) + 1t~ 1) +O (1))
0

x sin (6, (0) + nt) dt

1 J~2nrr+n9k(0)m

" g(%rk(O)l/2 sins+O(1)>

0,.(0)-nt
x sin (s + nt) ds

cosnt

n
2nm+6,(0)—nt 1

X J g(—rk(O)l/2 sins+O(1))sinsds
6,.(0)—nt n

sinnt

n

2nm+6,(0)—nt 1
X J g(—rk(0)1/2 sins+O(1)>cossds.
n

(52)

6,(0)-nt

Since 0,(0) € [0,27m], there exists a subsequence {Gk]_ (0)}

such that ij — 0,, j — 00. By using Lebesgue



dominated convergent theorem and the condition (h, ), we get
the following:

2”"+9kj (0)-nt 1
lim J g(—rk_(0)1/2 sins+O(l))sinsds
j= oo Jo (0)-nr n

=2n(g (+00) - g (-00)),

2n7'r+9k]_ (0)-nt 1
lim J g(—rkj(o)l/z sins+O(1)> cos sds = 0.
n

j—+oo ij (0)-nt
(53)
Therefore,
2
lim J g (xk, (t- T)) sin (Gk, (0) + nt) dt
j—+00 Jo ] 7 (54)

=2cosnt [g (+00) — g (—00)].

Similarly, we can get the following:

lim JZn F (xkj (t)) cos (ij (0) + nt) dt = 0. (55)

j—+00 Jo

Hence, we obtain the following:

2cosnt [g (+00) — g (-00)] = LG p(t)sin (0, +nt) dt,
(56)

which contradicts with (43).
On the other hand, it follows from (40) that

n rﬂ F (x; (1)) sin (6 (0) + nt) dt
0
2n
+ J g (x (t = 1)) cos (6, (0) + nt) dt (57)
0

= rﬂ p(t) cos (6, (0) + nt) dt.
0
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According to (50), we have the following:

Jzn 9 (e, (£ = 1)) cos (6, (0) + nt) dt
0

_ r" (lr ) cos (8 (0)+n(t—T))+O(1))
. 9 Tk k
x cos (0, (0) + nt) dt

1 J»Znn+9k(0)m

. g(%rk(O)l/2 sins+O(1)>

0,(0)-nt
x cos (s + nt)ds

cosnt

n
2nm+6,(0)—nt 1

X J g(—rk(O)l/2 sins+O(1)> cos sds
0, (0)—nt n

sinnt

n

2nm+6,(0)—nt 1
< 9(=n (" sins +0 (1)) sinsds.
n

0,.(0)-nt
(58)
From (53) we obtain the following:
2
jETm J.O g (xkj (t - T)) cos <9kj 0) + nt) dt (59)
= -2sinnt [g (+00) — g (-0)] .
Similarly, we have the following:
2
j1—1>r+l:loo L F (xkj (t)) sin (ij 0) + nt) dt (60)

=2 [F (+00) — F (—00)].
It follows from (57)-(60) that

2n [F (+00) — F (—00)] — 2 sin (n1) [g (+00) — g (-00)]

- rﬂ p(t)cos (6, +nt)dt,
' (61)

which contradicts with (44). Therefore, there exist positive
constants M; and M, such that (45) holds.

(2) Let x(t) = psin(nt + «), where « is an arbitrary
constant. We will prove that there exists M, > 0 such that,
for o > M, Nx ¢ Im L. Otherwise, there exits a sequence
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{0} satistying lim; _, . 0, = +00 such that Nx; € Im L with
x;(t) = o sin(nt + ). We will prove the following:

2cosnt [g (+00) — g (—00)] = JOZﬂp (¢) sin (nt + &) dt,

2n[F (+00) — F (-00)] = 2sin (n7) [g (+00) — g (—00)]

2

= J p (t)sin (nt + o) dt.

0

(62)
In fact, since Nx; € Im L, we have the following:
21
L [f (2 () ;. (£) + g (i (¢ — T))] sin (nt + «) dt
2m
= J p (t)sin (nt + ) dt,
’ (63)

2
JO [f (3 () X (1) + g (o0 (& — T))] cos (nt + a) dt

2
= J- p (t) cos (nt + o) dt.

0

Using the same method as in step 1, we have the following:

2
lim J [f (2 (1) x;. (8) + g (5 (£ — ‘r))] sin (nt + o) dt
k—o00 Jo

=2 cosnt [g (+00) — g (—00)],

2
lim L [f (o (1) X () + g (x5 (£ — T))] cos (nt + &) dt

k— 0o
=2n[F (+00) — F (—00)]

- 2sin (n1) [g (+00) — g (—00)] .
(64)

As a consequence, (62) holds. Thus, we get a contradic-
tion.

(3) Let M > max{nM,, M,, M,} be a sufficiently large
constant (if it is necessary, M can be enlarged). Set

Q={xeX:|xlo <M, || <M}. (63

From the conclusion in step 1 we know that
Lx#ANx, Vxe€oQnD(L), A€ (0,1). (66)

From the conclusion in step 2 we know that
Nx ¢ImL, VxeoQnKerL, (67)
which implies QNx # 0 for any x € 0Q N Ker L. Since ImQ =
Ker L, we can take an isomorphism J = identity : InQ —

Ker L. In what follows, we will prove the following:

deg {JQN,Q nKerL,0} #0. (68)

To this end, let us define ¢ : KerL — R?* x = asinnt +
bcosnt — (a,b), namely,

¢x = (a,b). (69)

Obviously, ¢ is a linear isomorphism. For any x = asinnt +
b cosnt, set

(JQNx) (t) = h, (a,b) sinnt + h, (a,b) cosnt, (70)

where

2
@b =~ | [f @) O-g-m)+po)

x sin ntdt

2
h, (a,b) = % jo [—f @) x (1) —g(xt-1)+p )]

X cos ntdt.
(71)

Define i : R* — R as follows:

h(a,b)=¢oQoNo¢ ' (ab)=(h (ab),h,(ab)). (72)
Then we have the following:

deg {JQN,Q nKerL,0} = deg {h, ¢ (AN Ker L),0}. (73)

To calculate deg{h, p(Q2 N Ker L), 0}, we first estimate [, and I,
as follows:

21
1, (a,b) = % L [-f @) x' (£) - g (x (t - 7)) ] sinntdt,

L, (a,b) = % J:n [-f (x(®)x' (t) - g (x (t - 7))] cos ntdt.
(74)

Write x = psin(nt + 9) with p = Va? + b%, 9 = arctan(b/a)
or 9 =  + arctan(b/a). Then we have that, for p — 00,

rn f (x(t)x' (t)sinntdt
0
2
=-n J F (x (t)) cosntdt
0

2n
=-n J F (psin (nt + 9)) cos ntdt
0

2nm+9 ) ) ] (75)
:—J F(psins) (cosscos9 + sinssin9) ds
9

2nm+9
= —cosSJ F(psins) cos sds
9

2nm+9
- sinSJ F (psins) sin sds
9

= —2nsin 9 [F (+00) — F (-0c0)] + 0 (1).



On the other hand, we have that, for p — 00,

2
J g (x(t — 1)) sinntdt
0

2
J g(psin(n(t - 1) +9)) sinntdt
0

1 2nm+9-nt
—J. g (psins)sin (s +nt — 9)ds
n J9-nr

g (psins)sinsds

cos (TlT _ 9) J~2nrr+v9—nr

n 9-nt

) sin (n_[ _ 9) J»Znn+9—n-r

g (psins) cos sds
n

9-nt
=2cos (nt - 9) [g (+00) — g (—00)] + 0 (1).
Therefore, we get the following:

I, (a,b) = % {nsin 9 [F (+00) — F (—00)]

—cos (nt - 9) [g (+00) — g (—00)]}
+o(l).

To estimate ,, we have that, for p — o0,

JZn f(x(t) x' (t) cosntdt

0

2
n J F (x (¢)) sinntdt
0

2m
n J F (psin (nt + 9)) sin ntdt
0

2nm+9
cosSJ F(psins)sin sds
9

2nm+9
- sinSJ F (psins) cos sds
9

=2ncos 9 [F (+00) — F(—00)] +0(1).

Meanwhile, we get that, for p — o0,

2
J g (x (t — 1)) cos ntdt
0

2
J g(psin(n(t - 1) +9)) cos ntdt
0

1 2nn+9-nt
=—J g (psins)cos (s +nr—9)ds
n J9-nr
_ 2nm+9-nt
= MJ g (psins) cos sds
n 9-nt

g (psins)sinsds

sin (ﬂT _ 9) jZnn+9—nT
n

9-nt

= —2sin (nt —9) [g (+00) — g (-00)] + 0 (1).
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Hence, we obtain the following:

L, (a,b) = 7% {—=ncos9[F (+00) — F (—00)]

+sin (n7 - 9) [g (+00) - g (~o0)]} BV
+0(1).
Set
(76) R 2 .
hy (a,b) = - {nsin 9 [F (+00) — F (—00)]
—cos (nt - 9) [g (+00) — g (—00)]},
h, (a,b) = % { = ncos9[F (+00) - F (—00)] (81)
+sin (nt - 9) [g (+00) — g (—00)]},
h(a,b) = (hy (a,b),h, (a,])).
Replacing 9 in x = psin(nt + 9) with 7 + 9, we get the
77) following:
hy (—a,-b) = — % {nsin 9 [F (+00) — F (—00)]
—cos (nt - 9) [g (+00) — g (—00)]},
h, (—a,-b) = — % {—ncos9[F (+00) — F (—00)]
+sin (nt - 9) [g (+00) — g (-00)]}.
(82)
(78) As a consequence,
hy (-a,-b) = —h, (a,b),
h, (—a,-b) = —h, (a,b), (83)
h(-a,—-b) = -h(a,b).
We note that, for a> + b*> — +0o,
h, (a,b) = hy (a,b) + ¢, +0(1),
. (84)
h, (a,b) = h, (a,b) + ¢, +0(1),
where
q = % Jjn p (t) sinntdt,
(85)
(79) -1 r" (t) cos ntdt
G = <)o p (¢) cos ntdt.

Let us consider the map H : ¢(Q N KerL) x [0,1] — R?:
(a,b,u) — (hy(a,b,u), hy(a,b, u)) with

h, (a,b, ) = hy (a,b) + pc,,
R (86)
h, (a,b,u) = h, (a,b) + uc,.
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Obviously, H is continuous. Next, we shall prove that, for any
(a,b,pu) € 0p(QNKerL) x[0,1],

(hy (@b, ) 1y (2,6, 1)) # (0,0). (87)

Otherwise, there exists some (a, b, y) € 0¢p(Q2NKer L) x [0, 1]
such that

hy (a,b,u) =0, hy (a,b,u) = 0. (88)
Then we have the following:
2nsin 9 [F (+00) — F (—00)]
= 2cos (n7 - 9) [g (+00) — g (-00)]
= —umc,
~2nc0s 9 [F (+c0) — F (-00)] 59
+2sin (nt - 9) [g (+00) — g (-00)]
= —Umc,.

Therefore, we get the following:

2cosnt [g(+00) — g (-00)] = u J:ﬂ p (t) sin (nt + 9) dt,

2n [F (+00) — F (—00)] — 2sin (n1) [g (+00) — g (-00)]

2
=u J p (t) cos (nt + 9) dt.
0
(90)
Since y € [0, 1], we know from (90) that
2cosnt [g(+00) — g (-00)] € [-0, 0], (91)
2n [F (+00) — F (—00)]
(92)

- 2sin (1) [g (+00) — g (-00)] € [-0, 0],
where g is given in Remark 2. From Remark 2 we know that

(91) and (92) contradict with (43) and (44).
In particular, we have that, for (a,b) € 0¢(Q2 N Ker L),

(, (@.b) 1, (a,b)) # (0,0), (93)
(7 (a,b) + ¢, 1y (a,b) + ) # (0,0). (94)

Since i : R”> — R?is odd and (93) holds, we know from
Borsuk Theorem [12] that

deg(h, ¢ (QNKerL),0) = 2m +1#0, (95)

where m is an integer.
On the other hand, we know from (94) and the expres-

sions of fll and fzz that there exists a positive constant v, which
is independent of a and b, such that, for (a,b) € R?

|lA11 (a,b) + c1| + |lA12 (a,b) + 02| > . (96)

Consequently, we infer from the homotopy invariance of
degree that, if M > max{M,, M,, M,} is large enough; then

deg (JON,Q N KerL,0)
=deg(h,¢ (AN KerL),0)
=deg(H(-1),¢(QnNKerL),0)
97)
=deg(H(-,0),¢(QNKerL),0)
= deg (E,(/S (QNnKerl) ,0)

=2m+1+#0.

Therefore, all conditions of Lemma 4 are satisfied. Thus, (1)
has at least one 27r-periodic solution. O

4. Remarks

We can use the method developed in Section3 to deal
with the existence of 27r-periodic solutions of the following
equation:

x"+f(x')+n2x+g(x(t—r)) =p(t). (98)
Assume that the limits
() lim,,_ o0 (%) = f(£00)
exist and are finite. We can prove the following theorem.

Theorem 5. Assume that the conditions (h,) and (h;) hold.
Then (98) has at least one 2m-periodic solution provided that
one of the following conditions holds:

2 cos (n7) [g (+00) — g (—00)]

. J o ()sin @+ ntyds, O € [0,271],
0
2 cos (n7) [ f (+00) — f (—00)]
4 J o (sin @+ ntyds, O € [0,271],
0

(99)
2[g(+00) = g (-00)]| = 2sin (n7) [ f (+00) — f (-00)]

# Jznp (t)sin (0 + nt)dt, VO € [0,2n],
0
2[f (+00) — f (~00)] — 2sin (n7) [g (+00) — g (~00)]

2
+ J p (t)sin (0 + nt) dt,

0

V0 € [0,27] .

Remark 6. In the case when n = 1, the third and the fourth
condition in Theorem 5 are identical to the related conditions
in [6]. But the first and the second condition in Theorem 5 did
not appear in [6].
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