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We give a Kantorovich variant of a generalization of Szasz operators defined by means of
the Brenke-type polynomials and obtain convergence properties of these operators by using
Korovkin’s theorem. We also present the order of convergence with the help of a classical approach,
the second modulus of continuity, and Peetre’s K-functional. Furthermore, an example of Kan-

torovich type of the operators including Gould-Hopper polynomials is presented and Voronov-
skaya-type result is given for these operators including Gould-Hopper polynomials.

1. Introduction

The Szasz operators (also called Szasz-Mirakyan operators) which are defined by [1]

0 k k
Su(fix) = e 3 (;) (L1)

k=0

wheren € N, x > 0, and f € C[0, o) have an important role in the approximation theory, and
their approximation properties have been investigated by many researchers.

In [2], Jakimovski and Leviatan proposed a generalization of Szasz operators by means
of the Appell polynomials pj (x) which have the generating functions of the form:

g(t)e™ = ir’k ()", (1.2)
k=0
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where g(z) = 372, axz*(ag #0) is an analytic function in the disc |z| < R, (R > 1) and g(1) #0.
Under the assumption that px(x) > 0 for x € [0, o), Jakimovski and Leviatan [2], defined the
following linear positive operators:

—-nx k
Pu(f;x) = %kz_épk(nﬂf@) (1.3)

After that, Ismail [3] defined another generalization of Szasz operators involving the
operators (1.1) and (1.3) by means of Sheffer polynomials. Let A(z) = 3%, axz*(ao #0) and
H(z) = 3, hxz"(h1 #0) be analytic functions in the disc |z| < R, (R > 1). Here, ax and hy
are real. The Sheffer polynomials pi (x) are generated by

At)eH® = ipk(x)tk. (1.4)
k=0

With the help of these polynomials, Ismail constructed the following linear positive operators:

-nxH(1) % k
T, (f;x) = eATZpk(nx)fC;), neN (1.5)

k=0

under the assumptions

(i) for x € [0,00), pr(x) >0,
(ii) A(1)#0and H'(1) = 1.

Later, Varma et al. [4] defined another generalization of Szasz operators by means of
the Brenke-type polynomials. Suppose that
A(t) = iart’, ap#0, B(t)= ibrtr, b,#0 (r>0) (1.6)
r=0 r=0
are analytic functions. The Brenke-type polynomials [5] have generating functions of the form
AWBED = Sipio 17)

from which the explicit form of pi(x) is as follows:

k
pr(x) = Zak_rb,xr, k=0,1,2,.... (1.8)
r=0
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Under the assumptions

() AQ)£0, ‘i’;‘(’fg’ >0, 0<r<k k=0,12,...,
(i) B:[0,00) —s (0,00), (19)
(iii) (1.6) and (1.7) converge for || < R, (R>1),
Varma et al. introduced the linear positive operators L, (f; x) via
Lu(fix) = A(l)B(nx) Zpk( x)f( > (1.10)

where x > 0and n € N.

The aim of this paper is to present a Kantorovich type of the operators given by (1.10)
and to give their some approximation properties. We consider the Kantorovich version of the
operators (1.10) under the assumptions (1.9) as follows:

(k+1)/n

Ku(f;x) = WZpk(nx)f o f(tat, (1.11)

wheren € N, x > 0, and f € C[0, 00). It is easy to see that K,, defined by (1.11) is linear and
positive.

In the case of B(t) = e* and A(t) = 1, with the help of (1.7), it follows that px (x) = x*/k!,
so the operators (1.11) reduce to the Szasz-Mirakyan-Kantorovich operators defined by [6]

(nx) (k+1)/

Ku(f;x) = ne_""z f(t)dt (1.12)
k=0

Various approximation properties of the Szasz-Mirakyan-Kantorovich operators and their
iterates may be found in [7-13].

The case of B(t) = e' gives the Kantorovich version of the operators (1.3).

The structure of the paper is as follows. In Section 2, the convergence of the operators
(1.11) is given by means of Korovkin’s theorem. The order of approximation is obtained with
the help of a classical approach, the second modulus of continuity, and Peetre’s K-functional
in Section 3. Finally, as an example, we present a Kantorovich type of the operators including
Gould-Hopper polynomials and then we give a Voronovskaya-type theorem for the operators
including Gould-Hopper polynomials.

2. Approximation Properties of K, Operators

In this section, we give our main theorem with the help of Korovkin theorem. We begin with
the following lemma which is necessary to prove the main result.
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Lemma 2.1. For all x € [0, o), the operators K,, defined by (1.11) verify

Ky(1;x) =1, (2.1)
. B(nx)_ 2A/(1)+ A1)
K, (s;x) = B(nx) X+ mAD) (2.2)
\_ B'(nx) , 2B(nx)[A'(1) + A(1)] 1 , ) A1)
Kn<52,x> = St X+ ADBy T EAD {A (1) +2A'(1) + }
(2.3)

Proof. Using the generating function of the Brenke-typepolynomials given by (1.7), we can
write

S pi(nx) = A1) B(nx),
k=0

kikpk(nx) = A'(1)B(nx) + nxA(1)B' (nx), (2.4)
0

ikzpk(nx) = n’x*A(1)B"(nx) + nxB'(nx){2A'(1) + A(1)} + B(nx){A"(1) + A'(1)}.
k=0

From these equalities, the assertions of the lemma are obtained. O

Lemma 2.2. For x € [0, o0), one has

Kn<(s - x)z;x> - {B"(nx) - 2B'(nx) + B(nx) }x2

B(nx)
N { 2A'(1)[B' (nx) - B(Tzflcg);ég)) [2B'(nx) — B(nx)] }x (2.5)
+ nzj(l) {A”(l) +2A'(1) + %}
Proof. From the linearity of K,,, we get
Kn((s - x)z;x> =K, <sz;x> -2xK,(s; x) + szn(l; x). (2.6)
Next, we apply Lemma 2.1. O
Theorem 2.3. Let
E = {f :x € [0,00), % is convergent as x — oo}, (2.7)
lim M 1, lim w =1 (2.8)

v==B(y) v==B(y)
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If f € C[0,00) NE, then

Tim Ko (f;) = f(x), (2.9)

and the operators K,, converge uniformly in each compact subset of [0, c0).
Proof. Using Lemma 2.1 and taking into account the equality (2.8) we get

lim Kn<si; x> =x', i=0,1,2. (2.10)

n— oo

The above convergence is satisfied uniformly in each compact subset of [0, o). We can then
apply the universal Korovkin-type property (vi) of Theorem 4.1.4 in [14] to obtain the desired
result. O

3. The Order of Approximation

In this section, we deal with the rates of convergence of the K,,(f) to f by means of a classical
approach, the second modulus of continuity, and Peetre’s K-functional.
Let f € C[0, o0). If 6 > 0, the modulus of continuity of f is defined by

w(fi6) = sup )If(x)—f(y)lf (3.1)
x,y€[0,00 :
[x-y|<6

where C[0, c0) denotes the space of uniformly continuous functions on [0, o). It is also well
known that, for any 6 > 0 and each x € [0, o),

- 1) <wro (B34 ), 62)

The next result gives the rate of convergence of the sequence K, (f) to f by means of
the modulus of continuity.

Theorem 3.1. Let f € C[0,00) N E. The K,, operators satisfy the following inequality:

|Ku(f;2) = f(x)] SZw(f;\//\n(x)>, (3.3)
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where

A=A, (x) = Kn<(s _ x)z; x> _ { B’ (nx) - 2BB(;§1;;C) + B(nx) }x2
2A'(1)[B'(nx) — B(nx)] + A(1)[2B'(nx) — B(nx)]
{ nA(1)B(nx) }x (3.4)
1

" ! A(l)
+ A {A (1) +2A'(1) + —= 3 }

Proof. Using (2.1), (3.2), and the linearity property of K, operators, we can write

(k+1)/n
1K) = £ < s k0 [, 1F16) = ol

(k+1)/n
(1)B Zpk(”x)J (IS :

k/n

(k+1)/n
{1 A(l)B( Z k(nx)f |s—x|ds}w(f 6).

1>w(f;6)ds (3.5)

By using the Cauchy-Schwarz inequality for integration, we get

(k+1)/n 1 (k+1)/n 1/2
J‘ |s — x|ds < — f |s — x|*ds (3.6)
k/n Vi \Ji/n

which holds that

0 (k+1)/n (k+1)/n 1/2
> Pi(nx) f |s — x|ds < —ZPk(nx) (J |s — x|2ds> . (3.7)

k=0 k/n /n

By applying the Cauchy-Schwarz inequality for summation on the right-hand side of (3.7),
we have

o (k+1)/n 1/2
> Pi(nx) ’[k/ |s — x|ds < A(i/);j(nx) <A(1)§(nx) Ky ((S - x)2;x>>

_ M(KH<(S_X)2;JC>>“2 (3.8)

n

— A(l)B(nx) (.)L ( ))1/2
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where A, (x) is given by (3.4). If we use this in (3.5), we obtain

1
[Ka(i) - £ < {1+ 50 fro(s:) 9)
On choosing 6 = \/A,(x), we arrive at the desired result. O

Recall that the second modulus of continuity of f € Cg[0, o) is defined by

wy(f;6) = g::g”f(' +28) = 2f (- + ) + f()| ¢, (3.10)

where Cg[0, o0) is the class of real valued functions defined on [0, co) which are bounded and
uniformly continuous with the norm |||, = SUp¢(g ) |f (X)I-

Peetre’s K-functional of the function f € Cg[0, o) is defined by

K(f:6) = inf {17 -gllc, *6llc; }. (311)
where
C2[0,00) := {g € Cp[0,0) : ¢, ¢" € Cp[0,0)}, (3.12)

and the norm ||g||c§ = lgllc, +118lc, + 118" llc, (see [15]). It is clear that the following inequal-
ity:

K(f;6) < M{wa(f;V6) +min(1,8)|flc, | (3.13)

holds for all 6 > 0. The constant M is independent of f and é.

Theorem 3.2. Let f € C3[0, o). The following

|Ku(fix) = f)| < ClIf M2 (3.14)
holds, where
6= Gn(x)
_ [ B"(nx) - 2B'(nx) + B(nx) |
a { 2B(nx) }x
2A'(1)[B (nx) - B(nx)] + A(1)[2(n + 1)B (nx) — (21 + 1)B(nx)] (3.15)
" { 2nA(1)B(nx) }x
1 ) LA 24'(1) + AQ)
T AQ) {A D) +24 M)+ =3 } 2nA(L)
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Proof. From the Taylor expansion of f, the linearity of the operators K, and (2.1), we have

K, (f;x) = f(x) = f'(x)Ku(s — x;x) + %f”(q)Kn<(s - x)2;x>, 1€ (x,5). (3.16)
Since
Ku(s—x;x) = { B '("’;)(;j("x) } + ZA,Z(?;( 1‘;‘(1) >0 (3.17)

for s > x, by considering Lemmas 2.1 and 2.2 in (3.16), we can write that

B -B 2A'(1) + A1
[Ka(fim) - f)] < { (Fs ™ ) 22020

. 1 [{ B"(nx) — 2B'(nx) + B(nx) }x2

2 B(nx)
2A'(1)[B'(nx) — B(nx)] + A(1)[2B'(nx) — B(nx)]
’ { nA(1)B(nx) } *
1 n ! A(l) "
AT {A 1) +241) + 2 }] 171,
B"(nx) — 2B'(nx) + B(nx)
<|{ 2B(nx) Jx
2A'(1)[B'(nx) — B(nx)] + A(1)[2(n + 1)B'(nx) — 2n + 1) B(nx)]
i { 2nA(1)B(nx) }x
1 " , A1) 2A'(1) + A(1)
TaA) {A (1) +24°(1) + = } T TonAQ) ] 1£lle;
(3.18)
which completes the proof. O
Theorem 3.3. Let f € Cg[0, 00). Then
|Ku(f3%) = f(0)] < 2M{ws(£;V6) +min(1, 8)]||f |, }. (3.19)
where
6:=6,(x) = %gn(x) (3.20)

and M > 0 is a constant which is independent of the functions f and 6. Also, ¢, (x) is the same as in
Theorem 3.2.
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Proof. Suppose that g € C3[0, o0). From Theorem 3.2, we can write

|Kn(f;x) = f(0)| < |Ku(f =g x)| +|Kn(g5x) = g(x)| +[|g(x) = ()]
<2|f-gllc, +élglc (3.21)

=2[]If - 8lle, +6llslles]

The left-hand side of inequality (3.21) does not depend on the function g € C3[0, o), so
|Ka(f;x) = f(x)| <2K(f;6), (3.22)

where K(f;6) is Peetre’s K-functional defined by (3.11). By the relation between Peetre’s K-
functional and the second modulus of smoothness given by (3.13), inequality (3.21) becomes

|Ka(f;x) - f(x)| < 2M{w2 (f; \@) + min(1,6)||f||CB} (3.23)

whence we have the result. O

Remark 3.4. Note that when n — oo, then A, {,, and 6, tend to zero in Theorems 3.1-3.3
under the assumption (2.8).

4. Special Cases and Further Properties

Gould-Hopper polynomials g¢*!(x,h) [16], which are d-orthogonal polynomial sets of
Hermite type [17], are generated by

+1 & + tk
e exp(xt) = Ygd ) (4.1)
k=0 :
from which it follows that
. [k/(d+1)] k! e ds1)
+ — ° m —(d+1)m 4'2
g (x 1) mzo k=@ Dmi’ > / (42)

where, as usual, [-] denotes the integer part.

In [4], the authors showed that the Gould-Hopper polynomials are Brenke-type poly-
nomials with A(t) = e and B(t) = €', and the restrictions (1.9) and condition (2.8) for the
operators given by (1.10) are satisfied under the assumption h > 0. These operators including
the Gould-Hopper polynomials are as follows:

d+1 h
Li(f;x) = ™ ”Zg" e ) (%) (43)

where x € [0, o).
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The special case A(t) = e and B (t) = €' of (1.11) gives the following Kantorovich
version of K, (f; x) including the Gould-Hopper polynomials:

d+1 (k+1)/n
Ki(f;x) = ne™" hzgk (nx, h) f 1 f(t)dt (4.4)

under the assumption h > 0.

Remark 4.1. For h = 0, we find gi”(nx,O) = (nx)k and the operators given by (4.4) reduce to
the Szasz-Mirakyan-Kantorovich operators given by (1.12).

Now, we give a Voronovskaya-type theorem for the operators (4.4). In order to prove
this theorem, we need the following lemmas.

Lemma 4.2. For the operators K, one has

Ki(L;x) =1,

K (s;x) =

h(d+1)
n * 2n’

2
K:(s%x)=x*+Z(h(d+1) +1
n(s,x) x +n(( +1)+1)x

{h(d+1)+d+2} +

3x? 3 x 7
(3. _ .3 2 2 2 7
Kn<s,x>—x + p {h(d+1)+2}+—n2{3h (d+1) +3h(d+1)(d+3)+2}

+ ls{;ﬁ(h +3)(d+1)° +h(d+1)° + §h(h+ D(d+1)*+h(d+1) + 1}, (4.5)
n 2 4

3 2
K (s%x) =t + A hd+1)+2) + ?%{2h(h+1)(d+1)2+6h(d+1) +5)
n n

+ %{12;12(51 +1)2(d +2) +4h3(d + 1)% + 2h(d + 1)(2d2 +10d + 15) + 6}
+ %{h3(h+6)(d+1)4+8h(1 +3h)(d+1)° —9h(h+1)(d +1)?

+7h(d +1) +2h%(d +1)° + 4d(d - 1)(d + 1)*K?

+3R2d%(d+1)* + (d-2)(d-1)d(d +1Dh + é}

Proof. From the generating function (4.1) for the Gould-Hopper polynomials, one can easily
find the above equalities. O
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Lemma 4.3. For x € [0, o0), one has

K ((s-x)%x) = $+ % hd+1)(h(d+1) +d+2) +%
Ki((s-2)%x) = 3n—’;2 + %{6h(h+2)(d+1)2+2h(d+1)(—3d+2) +5}

e Ll @1t e om0 +12m 4 )@ 17
£ 7h(d +1) = 9h(h + 1)(d + 1) + 4d(d — 1)(d + 1)*K?

+3R2d2(d + 1) + (d - 2)(d - 1)d(d + 1)h + %}

Proof. It is enough to use Lemma 4.2 to obtain above equalities.

Theorem 4.4. Let f € C?[0, a]. Then one has

xfl/(x) '

lim n[K; (i) - F)] = F {1+ 3 |+ 2

Proof. By Taylor’s theorem, we get

_ 2
=07 012y 4 (5 — 2)(s; %),

f() = f(x) + (s =0 f () +

11

(4.6)

(4.7)

(4.8)

where 7(s; x) € C[0, a] and lim,_, ,7(s; x) = 0. If we apply the operator K, to the both sides

of (4.8), we obtain

K (fix) = f(x) + f(x)K(s - x; x)

* %K;ﬁ((s -x)%; x> + K;((s - x)*n(s; x);x).

In view of Lemmas 4.2 and 4.3, the equality (4.9) can be written in the form

(K (i) - 0] = n{ B s
Y A

+nkK;, ((s - x)zq(s; x);x),

(4.9)

(4.10)
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where

d+1 (k+1)/n
K;((s - x)*n(s; x);x) e hz B (nx P f 1 (s — x)*1(s; x)ds. (4.11)

Applying Cauchy-Schwarz inequality, we get

nK:l((s - x)zq(s; x); x>
d+1 (k+1)/n 12 s (k1) /n 2 (412)
ne ”ng e 1) <I (s- x)4ds> <f 1 (s; x)ds> :

k/n k/n

If we use Cauchy-Schwarz inequality again on the right-hand side of the inequality above,
then we conclude that

d+1 h) ((k+D)/n 1/2
nk;, (s - x)°n(s;%);x) < < e hzg" e, 1) (s-x)4ds>

k/n

d+1 (k+1)/n 1/2
_ < e ,,ng (nx, h) J P5) ds> (4.13)

= (ki (s - %) VKGR 67000,

In view of Lemma 4.3,

lim n?K}, ((s —x)! x) =3x? (4.14)

n—oo

holds. On the other hand, since 7(s; x) € C[0,a] and lim,_,,#(s; x) = 0, then it follows from
Theorem 2.3 that

nlim K, <712(s,' x);x) = qz(x; x) =0. (4.15)
Considering (4.13), (4.14), and (4.15), we immediately see that
lim anl((s - x)zq(s; x);x> =0. (4.16)

Then, taking limit as n — oo in (4.10) and using (4.16), we have

Tim 1 [KG, (f;) - f(x)]—f(x){h(d+1)+ } xf;(x) (4.17)

which completes the proof. O
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Remark 4.5. Getting h = 0 in Theorem 4.4 gives a Voronovskaya-type result for the Szasz-
Mirakyan-Kantorovich operators given by (1.12).
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