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Relatively nonexpansive mappings and equilibrium problems are considered based on a shrinking
projection method. Using properties of the generalized f-projection operator, a strong convergence
theorem for relatively nonexpansive mappings and equilibrium problems is proved in Banach
spaces under some suitable conditions.

1. Introduction

It is well known that metric projection operator in Hilbert and Banach spaces is widely used
in different areas of mathematics such as functional analysis and numerical analysis, theory of
optimization and approximation, and also for the problems of optimal control and operations
research, nonlinear and stochastic programming and game theory.

Let X be a real Banach space with its dual X*, and let K be a nonempty, closed, and
convex subset of X. In 1994, Alber [1] introduced the generalized projections org : X* — K
and Ilx : X — K in uniformly convex and uniformly smooth Banach spaces based on the
function ¢(y, x) defined on p.3 and studied their properties in detail. In 2005, Li [2] extended
the definition of the generalized projection operator from uniformly convex and uniformly
smooth Banach spaces to reflexive Banach spaces and studied some properties of the
generalized projection operator. Recently, Wu and Huang [3] introduced a new generalized
f-projection operator in a Banach space. By making use of (2.5), they extended the definition
of the generalized projection operators introduced by Abler [1] and proved some properties
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of the generalized f-projection operator. Wu and Huang [4] studied a relation between the
generalized projection operator and the resolvent operator for the subdifferential of a proper
convex and lower semicontinuous functional in reflexive and smooth Banach spaces (see
[5-9]). Very recently, Li et al. [10] studied some properties of the generalized f-projection
operator, and proved the strong convergence theorems for relatively nonexpansive mappings
in Banach spaces.

On the other hand, equilibrium problem was introduced by Blum and Oettli [11], in
1994. It is a hot topic of intensive research efforts, because it has a great impact and influence
in the development of several branches of pure and applied sciences. It has been shown
that equilibrium problem theory provides a novel and unified treatment of a wide class of
problems arisen in economics, finance, physics, image reconstruction, ecology, transportation,
network, elasticity, and optimization problems. Numerous issues in physics, optimization,
and economics reduce to finding a solution of equilibrium problem. Some methods have been
proposed to solve the equilibrium problems (see, e.g, [12-14] and the references therein).

In this paper, motivated and inspired by the work mentioned above, we introduce
a new hybrid projection algorithm based on the shrinking projection method for relatively
nonexpansive mapping and equilibrium problem. Using the new algorithm, we prove
a strong convergence theorem for relatively nonexpansive mappings and equilibrium
problems in Banach spaces. The result presented in this paper extends and improves the
main result of Li et al. [10].

2. Preliminaries

Let X be a real Banach space with its dual X* and R = (-o0,+o0). We denote the duality
between X and X* by (:,-), and the norms of Banach space X and X* by || - ||x and || - [|x-,
respectively. A Banach space X is said to be strictly convex if ||(x + y)/2|| < 1 forall x,y € X
with ||x|| = |ly|]l = 1 and x # y. It is also said to be uniformly convex if lim,, _, »||x, — || = O for
any two sequences {x,}, {y,} in X, such that ||x,|| = [lyx]| = 1 and lim, _, .|| (xn + y») /2| = 1.
The function

) X+
6x(e) = mf{l - ”2—yl| =1, |y =1 |lx -y 2 g} 2.1)

is called the modulus of convexity of X.
A Banach space X is said to be smooth provided that lim;_, o (||x+ty||—||x||) /t exists for

all x,y € X with ||x|| = ||y|| = 1. It is also said to be uniformly smooth if the limit is attained
uniformly for ||x|| = ||y|| = 1. The function
x+y||l+||x-v
px(t) = Sup{ b =l =1, < t} 02)

is called the modulus of smoothness of X.

When {x,} is a sequence in X, we denote the strong convergence of {x,} with a cluster
x € X by x, — x and the weak convergence of {x,} with a weak cluster x € X by x,, — x. A
Banach space X is said to have the Kadec-Klee property if a sequence {x,} of X satisfies that
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x, — x € X and [|x,|| — ||x]|, then x,, — x.Itis known that if X is uniformly convex, then X
has the Kadec-Klee property.
The normalized duality mapping ] from X to X* is defined by

Ja={x e X" (x,x) = x| = 1|1} 2.3)

for any x € X. We list some properties of mapping | as follows.

(i) If X is a smooth Banach space (with Gateaux differential norm), then J is single-
valued and demicontinuous. If X is a smooth reflexive Banach space, then J is
single-valued and hemicontinuous. If X is a strongly smooth Banach space (with
Fréchet differential norm), then J is single-valued and continuous.

(ii) J is uniformly continuous on every bounded set of a uniformly smooth Banach
space.

(iii) If X is a reflexive, smooth and strictly convex Banach space, J* : X* — X is the
duality mapping of X*, then J™' = J*, JJ* = Ix., J*] = Ix.

Let X be a smooth Banach space and K be a nonempty, closed and convex subset of X.
The function ¢ : X x X — Ris defined by

$(y, %) = |ylI* - 2y, Jx) + [|x| (2.4)

forall x,y € X.
Next, we recall the concept of the generalized f-projector operator, together with its
properties. Let G : K x X* — RU {+o0} be a functional defined as follows:

G(&,¢) = IEI* - 2(&, ) + |lolI* + 20 ), (2.5)

where ¢ € K, ¢ € X*, p is a positive number and f : K — RU {+o0} is proper, convex, and
lower semicontinuous.
From the definitions of G and f, it is easy to have the following properties:

(i) G(¢, p) is convex and continuous with respect to ¢ when ¢ is fixed;

(ii) G(¢, @) is convex and lower semicontinuous with respect to ¢ when ¢ is fixed.
Definition 2.1. Let X be a real smooth Banach space and K be a nonempty, closed and convex
subset of X. We say that H{< : X — 2K s a generalized f-projection operator if

I, x = {u € K+ Gu, Jx) = infG(¢, Jx) } Vx e X. (2.6)

In order to obtain our results, the following lemmas are crucial to us.

Lemma 2.2 (see [15]). Let X be a real Banach space and f : X — R U {+oo} be a lower
semicontinuous convex functional. Then there exist x* € X* and a € R such that

f(x)>(x,x")y+a, VxeX. (2.7)
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Lemma 2.3 (see [16]). Let X be a uniformly convex and smooth Banach space and let {y,}, {z,} be
two sequences of X. If (Y, zn) — 0 and either {y,} or {z,} is bounded, then y, — z, — 0.

Let K be a closed subset of a real Banach space X, and let T be a mapping from K
to K. We denote by F(T) the set of all fixed points of T. A point p in K is said to be an
asymptotic fixed point of T, if K contains a sequence {x,} which converges weakly to p such
that lim,, _, o (x, = Tx,,) = 0. The set of all asymptotic fixed points of T will be denoted by F(T).
T is called nonexpansive if || Tx — Ty|| < ||x — y|| for all x,y € K, and relatively nonexpansive
if F(T) = F(T) and ¢(p, Tx) < ¢(p,x) for all x € K and p € F(T). Obviously, the definition
of relatively nonexpansive mapping T is equivalent to F(T) = F(T) and G(p, JTx) < G(p, Jx)
forall x € K and p € F(T).

Lemma 2.4 (see [17]). Let X be a strictly convex and smooth Banach space, let K be a closed, and
convex subset of X, and let T be a relatively nonexpansive mapping from K into itself. Then F(T) is
closed, and convex.

Lemma 2.5 (see[10]). Let X be a real reflexive and smooth Banach space and let K be a nonempty,
closed, and convex subset of X. The following statements hold:

(1) Hﬁx is a nonempty, closed, and convex subset of K for all x € X;

(ii) forallx € X, X € H{<x if and only if

(x-y, Jx-Jx)+pf(y) -pf(X) 20, VyeK; (2.8)

(iii) if X is strictly convex, then T, is a single-valued mapping.
Y K 8 ppmng

Lemma 2.6 (see [10]). Let X be a real reflexive and smooth Banach space, let K be a nonempty,
closed, and convex subset of X, and let x € X, X € Héx. Then

$(y,x) +G(x,Jx) <G(y,Jx), VYyeKk. (2.9)

Lemma 2.7 (see [10]). Let X be a Banach space and y € X. Let f : X — R U {+oo} be a proper,
convex and lower semicontinuous functional with convex domain D(f). If {x,} is a sequence in D(f)
such that x, — X € int(D(f)) and lim,, _, xG(xy,, Jy) = G(X, Jy), then im,, _, o, ||x,|| = ||X]|.

Let M be a closed and convex subset of a real Banach space X and g: M x M — Rbe
a bifunction. The equilibrium problem for g is as follows. Find X € M such that

g(x,y) >0, YyeM. (2.10)

The set of all solutions for the above equilibrium problem is denoted by EP(g). For solving
the equilibrium problem, one always assumes that the bifunction g satisfies the following
conditions:

(Al) g(x,x) =0, forall x € M;
(A2) g is monotone, thatis, g(x,y) + g(y,x) <0, forall x,y € M;
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(A3) forall x,y,z € M, limsup,,g(tz+ (1 -t)x,y) < g(x, y);
(A4) for all x € M, g(x,-) is convex and lower semicontinuous.

In order to prove our results, we present several necessary lemmas.

Lemma 2.8 (see [14]). Let M be a closed and convex subset of a uniformly smooth, strictly convex
and reflexive Banach space X, and g(-,-) be a bifunction from M x M — R satisfying the conditions
(A1)—(A4). For all v > 0 and x € X, define the mappingas follows.

T,x = {ze M:g(z,y)+ %(]z—]x, y—-z)>0, VyEM}. (2.11)

Then, the following statements hold:

(B1) T; is single-valued;

(B2) T, is a firmly nonexpansive-type mapping, that is, for all x,y € X,

<]Trx -JTy, Tyx - Tr]/> < <]x -Jy, Trx - Tr]/>} (2.12)

(B3) F(T,) = F(T,) = EP(g);

(B4) EP(g) is closed and convex.

Lemma 2.9 (see [14]). Let M be a closed and convex subset of a smooth, strictly convex, and reflexive
Banach space X, g be a bifunction from M x M to R satisfying the conditions (A1)—(A4), and r > 0.
Then, for any x € X and q € F(T,),

¢(q,Trx) + §(Tx, x) < d(g, x). (2.13)

3. The Main Result

In this section, we prove a strong convergence theorem for relatively nonexpansive mappings
and equilibrium problems in Banach spaces.

Theorem 3.1. Let X be a uniformly convex and uniformly smooth Banach space, K and M be two
nonempty, closed and convex subsets of X such that KN M#@. Let T : K — K be a relatively
nonexpansive mapping and f : X — R a convex and lower semicontinuous mapping with K C
int(D(f)). Let g(-,-) be a bifunction from M x M — R, which satisfies the conditions (A1)-(A4).
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Assume that {a, ), is a sequence in [0,1) such that lim sup, | _a, < 1, and {r,} C [a, ) for
some a > 0. Define a sequence {x,} in K N M by the following algorithm:

xo=x€KnM, Hy=KnM,
Yn = ]_1 (anJxn + (1 - )] Txy),
u, € M such that g(un,y) + %(]un ~JYn, Y—ua) 20, VyeM, (3.1)
n

Hyu = {z € Hy: G(z, Jua) < G(z, Jyn) < G(z, Jxn)},

Xn+l = H{JTMX, n=0,12,....

If F = F(T) N EP(g) is nonempty, then {x,} converges strongly to Héx.

Proof . The proof is divided into the following four steps.

(I) First, we prove the following conclusion: H, is a closed convex set and F ¢ H, for
alln > 0.

It is obvious that Hy is a closed convex set and F C Hy. Thus, we only need to show
that H, is a closed convex set and F ¢ H,, forall n > 1.

Since G(z, Ju,) < G(z, Jy,) and G(z, Jy,) < G(z, Jx,) are respectively equivalent to

22, Ty = Jtta) + unl® = ||ya]|* <0,

22, Jxu = Jyn) + ||y = I%a]? <0,

(3.2)

it follows that H,;; is closed and convex for all n > 0. Thus, we know that {x,} is well defined.
Further, for any u € F and n > 0, we have

G(u, Jyn)
= [[uell® = 2(e, @ J ot + (1= ) JTo) + [l J ot + (1= ) J T2 || + 20 f (1)
< full* = 26t (1w, Jotw) = 2(1 = ) (s, JTxw) + atullocull” + (1 = @) | Txcull” + 2 f (1)
=t (1l = 2, Tt} + |all? + 20 f 1)) (3.3)
+ (L= at) ([l =2, JTx,) + [Tl + 20 ()
= ayG(u, Jxn) + (1 - @) G(u, JTx,)

< G(ur Jxn).

On the other hand, it follows from the definition of {u,} and Lemma 2.8 that u,, = T}, y,. From
Lemma 2.9, we obtain

d)(u/ un) = ‘i)(u/ Trnyn) < (,b(u/ yn)/ (34)
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which implies that
G(u, Jun) < G(u, Jyn)- (3.5)

Therefore, u € H,,1 for all n > 0.

(IT) Second, we show that {x,,} is bounded and lim,, _, ,G(x,, Jx) exists.

Since f : X — Ris a convex and lower semicontinuous mapping, a direct application
of Lemma 2.2 yields that there exist x* € X* and a € R such that

fy)>(y,x")+a, VyeX (3.6)
It follows that

G(xtn, Jx) = ||xnll* = 2(n, Jx) + [lx]I* + 2pf (xn)
> [loeull* = 2(2n, J2) + [|x]1* + 2p(xn, x) + 2pax
= [Joeall* = 2{xn, Jx = px*) + ||x|* + 2pa (3.7)
> [lxall® = 2[| Jox = px*|[ll2a]l + [Ix[I* + 2pa

= (leall = [l = p*[[)* + llel* = || Jx = px°[|* + 2pa
Since x, = H{In x, it follows from (3.7) that

G(u, Jx) 2 G(xn, Jx)
i i (3.8)
> (lxall = |Jx = px*|)* + l|x|* = || Jx - px*||* + 2pa, Yu€F,

which implies that {x,} is bounded and so is {G(x,, Jx)}. By the fact that x,.1 € Hy1 C Hy,
and Lemma 2.6, we obtain

@ (xni1, %) + G(xp, Jx) < G(xp11, JX). (3.9)
It is obvious that
¢ (xne1, xn) > (2|l = [lxal))* > 0, (3.10)

and so {G(x,, Jx)} is nondecreasing. Therefore, we know that lim,, _, .G (xy,, Jx) exists.

(III) Third, we prove that, if x,, — X, then x € F, where {x,, } is an arbitrarily weakly
convergent subsequence of {x,}.

It follows from the definition of H,.1 and x,,1 € H,, that

P (xXns1, un) < P(Xni1, Yn) < P(Xpi1, xn) < G(oxnir, Jx) — G(xy, JX). (3.11)
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Taking lim, _, o, in (3.11), we get
Jim ¢ (i1, up) = Hm ¢ (i1, Yn) = lim (i1, %) = 0. (3.12)
Applying Lemma 2.3, we obtain

lim (|21 = ty|| = Hm || %041 = Y| = Hm [[x500 = x4]| = 0. (3.13)
n—oo n—oo n—oo

Next, we show that x € F(T) = F(T).
From the fact that | is uniformly norm-to-norm continuous on bounded sets, we have

r}iir;oll]xn+l - ]yn” = nlgrgo||]xn+l - ]xn” =0. (314)
Note that
||]xn+1 - ]]/n” = |Jxne1 —anJxn — (1 — ay) JTx,||
= |1 —an)Jxp1 — (1 —an)JTx, + anJxp1 — oy J x5l (3.15)
> (1= ap)|Jxne1 = JTxull = anllJ2ne1 = Jxul|
and thus
a
IJxne1 = JTxn|| < ||]xn+1 _]yn” + - 1] xne1 = Jxaull
1-a, 1-a,
) (3.16)
< 1 (”]xnﬂ_]]/n”+||]xn+1_]xn”)o
-ay,
From (3.14) and lim sup, _, a, <1, we get
lim (| Jxns1 = JTxall = 0. (3.17)
Since J~! is uniformly norm-to-norm continuous on bounded sets, we have
Jim a1 = Toa]| = 0. (3.18)
Since
||xn - Txn” = ”xn = Xnt+1 t Xnt+1 — Txn”
(3.19)

SHlxn = Xpaa || + X041 = Txal|,
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we have

Jim Jlacw = Toul| = Hm [|xn, — Toxn || =0 (3.20)
and so
x € F(T) = F(T). (3.21)
Now, we show X € EP(g). Since
Nt = Y| < %ns1 = ttall + || %ns1 = v, (3.22)
we get
11121;0||un -ya| =0. (3.23)
Since J is a uniformly norm-to-norm continuous on bounded sets, we have
Tim [|Ju = Jyn|| =0 (3.24)

From the assumption that r,, > a, we get

lim M - 0. (3.25)
It follows from u, = T;,y, that
1
g(tn, y) +r—<]un—]yn,y—un> >0, VYyeM. (3.26)

From (A2), we obtain

Jun = Jyn 1
S L] N

Tn Tn

(Jun = JYn, y = thn) 2 ~g(n,y) 2 g(y,un), VyeM. (3.27)

Since lim,, , oo || X341 — Ul = limy = o || Xn+1 — Xn|| = 0, we obtain

Jim 6, =t = lim 1%, = 14 | = 0. (3.28)
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For any h € X*, it follows that

Jim ((uty,) = B(®)) = lim By, = %) + B, = )] =0 (3.9)

and so u,, — X. From (3.27) and (A4), we know that

g(y,x) < lilzrligfg(y, Uy, ) < klgl;ny — Uy, || - w =0, YyeM. (3.30)
Letting
y=ty+(1-HTeM, YO<t<l, yeM, (3.31)
we have
gy, x) <0. (3.32)
It follows from (A1) that
0=g(yey) <tg(yey) + 1-Dg(y, X) <tg(yy) (3.33)
and thus
g(yry) >0. (3.34)
Taking the limit as t | 0 in (3.34) and from (A3), we have
g(x,y) >0, VYyeM (3.35)

and so x € EP(g).
(IV) Last, we prove that x,, — Hﬁx.
Since F is a closed convex set, from Lemma 2.5, we know that HJ;x is single-valued

and denote that w = HJF(x. Since x,, = H{Inx and w € F ¢ H,,, we have
G(xy, Jx) < G(w, Jx), Yn>1. (3.36)

For each given x, G(¢, Jx) is convex and lower semicontinuous with respect to ¢, it is easy to
see that G(¢, Jx) is weakly lower semicontinuous with respect to ¢ and so

G(x, Jx) < lilgninfG(xnk,]x) <limsup G(xy,, Jx) < G(w, Jx). (3.37)

k— oo
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From the definition of HJI;x and X € F, we know that X = w and so limg_,,,G(xp,, Jx) =
G(x, Jx). It follows from Lemma 2.7 that limy _, o, ||xy, || = ||X]|. The Kadec-Klee property of X

implies that {x,, } converges strongly to H{Ex. Since {xy,, } is an arbitrarily weakly convergent

sequence of {x,}, we conclude that {x,} converges strongly to H{Tx. This completes the proof.
O

Remark 3.2. Letting M = X, EP(g) = X and u,, = y, in (3.1), then H,,.1 = {z € H, : G(z, Jy,) <
G(z, Jx,)} and so Theorem 3.1 reduces to Theorem 4.1 of Li et al. [10].

Acknowledgments

This work was supported by the Key Program of NSFC (Grant no. 70831005) and the National
Natural Science Foundation of China (11171237, 11101069). The work is also supported by
HK CityU, CTTES (9360142).

References

[1] Y. Alber, “Generalized projection operators in Banach spaces: properties and applications,” in
Proceedings of the Israel Seminar, vol. 1 of Functional Differential Equation, pp. 1-21, Ariel, Israel, 1994.

[2] J. Li, “The generalized projection operator on reflexive Banach spaces and its applications,” Journal of
Mathematical Analysis and Applications, vol. 306, no. 1, pp. 55-71, 2005.

[3] K.-q. Wu and N.+. Huang, “The generalised f-projection operator with an application,” Bulletin of the
Australian Mathematical Society, vol. 73, no. 2, pp. 307-317, 2006.

[4] K.-q. Wu and N.-j. Huang, “Properties of the generalized f-projection operator and its applications in
Banach spaces,” Computers & Mathematics with Applications, vol. 54, no. 3, pp. 399406, 2007.

[5] Y. Alber, “Metric and generalized projection operators in Banach spaces: properties and applications,”
in Theory and Applications of Nonlinear Operators of Accretive and Monotone Type, A. G. Kartsatos, Ed.,
vol. 178, pp. 15-50, Marcel Dekker, New York, NY, USA, 1996.

[6] Y. Alber, “Proximal projection methods for variational inequalities and Cesro averaged approxima-
tions,” Computers & Mathematics with Applications, vol. 43, no. 8-9, pp. 1107-1124, 2002.

[7] Y. Alber and S. Guerre-Delabriere, “On the projection methods for fixed point problems,” Analysis,
vol. 21, no. 1, pp. 17-39, 2001.

[8] K-Q. Wu and N.-J. Huang, “The generalized f-projection operator and set-valued variational
inequalities in Banach spaces,” Nonlinear Analysis. Theory, Methods & Applications, vol. 71, no. 7-8,
Pp- 2481-2490, 2009.

[9] D. Butnariu, S. Reich, and A. J. Zaslavski, “Weak convergence of orbits of nonlinear operators in
reflexive Banach spaces,” Numerical Functional Analysis and Optimization, vol. 24, no. 5-6, pp. 489-508,
2003.

[10] X. Li, N.§. Huang, and D. O’Regan, “Strong convergence theorems for relatively nonexpansive
mappings in Banach spaces with applications,” Computers & Mathematics with Applications, vol. 60,
no. 5, pp. 1322-1331, 2010.

[11] E.Blum and W. Oettli, “From optimization and variational inequalities to equilibrium problems,” The
Mathematics Student, vol. 63, no. 1-4, pp. 123-145, 1994.

[12] P. L. Combettes and S. A. Hirstoaga, “Equilibrium programming in Hilbert spaces,” Journal of
Nonlinear and Convex Analysis, vol. 6, no. 1, pp. 117-136, 2005.

[13] X. Qin, S. Y. Cho, and S. M. Kang, “Strong convergence of shrinking projection methods for quasi-¢-
nonexpansive mappings and equilibrium problems,” Journal of Computational and Applied Mathematics,
vol. 234, no. 3, pp. 750-760, 2010.

[14] W. Takahashi and K. Zembayashi, “Strong and weak convergence theorems for equilibrium problems
and relatively nonexpansive mappings in Banach spaces,” Nonlinear Analysis. Theory, Methods &
Applications, vol. 70, no. 1, pp. 45-57, 2009.

[15] K. Deimling, Nonlinear Functional Analysis, Springer, Berlin, Germany, 1985.



12 Abstract and Applied Analysis

[16] S. Kamimura and W. Takahashi, “Strong convergence of a proximal-type algorithm in a Banach
space,” SIAM Journal on Optimization, vol. 13, no. 3, pp. 938-945, 2002.

[17] S.-y. Matsushita and W. Takahashi, “A strong convergence theorem for relatively nonexpansive
mappings in a Banach space,” Journal of Approximation Theory, vol. 134, no. 2, pp. 257-266, 2005.



