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We investigate the existence of ground-state solutions for a class of N-Laplacian equation with

critical growth in RN. Our proof is based on a suitable Trudinger-Moser inequality, Pohozaev-
Pucci-Serrin identity manifold, and mountain pass lemma.

1. Introduction

Consider the following N-Laplacian equation:

~Anu+[uNu=fu), inRYN,
(1.1)
u>0, inRN, uewiN (RN),

where N > 2. Ayu = div(|Vu|N"2Vu) is the N-Laplacian, the nonlinear term f (u) has critical
growth.

The interest in these problems lies in that fact that the order of the Laplacian is the
same as the dimension N of the underlying space. The classical case of this problem that
N =2, and the the problem (1.1) reduces to

~Au+u=f(u), inR? (1.2)

has been treated by Atkinson and Peletier [1] and Berestycki and Lions [2]. They obtained
the existence of ground-state solution which the nonlinear term f(u) is subcritical growth.
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Alves et al. [3] extend their results to the critical growth. As N #2, do O and Medeiros [4]
consider the following N-Laplacian equation problem:

-Anu=g(u), in RN, (1.3)

where ¢ : R — R has a subcritical growth and obtain a mountain pass characterization of
the ground-state solution for the problem (1.3). In the present paper, we will improve and
complement some of the results cited above.

Assume the function f : R — R is continuous and satisfies the following conditions:

(g1) limg o (f(s)/s|s|N %) = 0;

(g2) There exist constants ag, by, by > 0 such that | f(s)| < by|s|N~! +by[exp(ag|s|V/ N-D) -
Sn-2(tg, 8)], where Sy_a(ao, 8) = Spoy (ak /k!)|s|NK/N-1;

(g3) There exist A > 0 and g > N such that f(s) > As?~!, for every s > 0.
8 q y

Remark 1.1. Condition (g») implies that f has a critical growth with critical exponent a.
Consider the energy functional I : WYN(RN) — R

I(u) = % JRN<|Vu|N + |u|N>dx—f

F(u)dx, (1.4)
RN

where F(s) = [; f(t)dt. By a ground-state solution, we mean a solution such w € WN(RN)
such that I(w) < I(u) for every nontrivial solution u of the problem (1.1). Let C; > 0 denote
the best constant of Sobolev embeddings:

wiN <RN> <14 <RN>, (1.5)

for g € (N, +o0), that is,

N/q
Co[ ] s [ (7l ) 16)
RN RN

for all u € WWN(RN),
Now we state our main theorem in this paper.

Theorem 1.2. If f satisfies (g1), (g2), and (g3), with

_ N @-NI/N
1> ("T) ciN, (1.7)

then the problem (1.1) possesses a nontrivial ground-state solution.
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In this paper, we complement some results [4] from subcritical case to the critical case.
Furthermore, the ground-state solution to the problem (1.1) is obtained without assuming
that the function

f(s)

S
|S|N—1

(1.8)

is increasing for s > 0 (see [5]), and the so-called Ambrosetti-Rabinowitz condition: there
exists 0 > N, such that for all x € RV,

0<OF(x,u) <uf(x,u). (1.9)

The paper is organized as follows. Section 2 contains some technical results which
allows us to give a variational approach for our results. In Section 3, we prove our main
results.

2. The Variational Framework

For1 < p < oo, LP(RN) denotes the Lebesgue spaces with the norm ||u|r»zvy = (g lulPdx)*'?,
WP (RN) denotes the Sobolev spaces with the norm [|ullyir@yy = (fpn (IVUlP +|ulP)dx) /P, As
p = N, we have the following version of Trudinger-Moser inequality.

Lemma 2.1 (see [6]). If N >2, a > 0and u € WUN(RN), then

f [exp<a|u|N/(N_l)> - Sn-2(a, u)|dx < co. (2.1)
RN

Moreover, if ||Vu||LNN(RN) <1, Jullpveyy £ M < oo and a < ay, then there exists a constant C,

which depends only on N, M, and a, such that
’[ [exp<a|u|N/(N_1)> - SN_Z(a,u)]dx <C(N,M,a), (2.2)
RN

1/(N-1)

where an = Nwy,';  and w'/ (N1

) is the measure of the unit sphere in RN,

In the sequel, since we seek positive solutions, and assume that f(s) = 0 for s < 0.
Consider the following minimization problem:

min{ % LRN |Vu|Ndx : ’[RN G(u)dx = O}, (2.3)

where g(s) = f(s) - s|s|N2, G(s) = [; g(t)dt = F(s) — (1/N)s". Since the problem (1.1) is an
autonomous problem, under the Schwarz symmetric process, we can minimize the problem



4 Abstract and Applied Analysis

(2.3) on the space eri;dN(RN ), the subspace of WN(RN) formed by radially symmetric
functions. Indeed, let u* be the Schwarz symmetrization of u, we have

Gu*)dx = j G(u)dx, f |Vt |Ndx < f |VulNdx. (2.4)
RN RN RN

RN

Hence, we can minimize the problem (2.3) on the space erédN(]RN ) (see [7]). Now, we defined
the following notations

m = inf{I(u) : u is nontrivial solution of the problem (1.1)}

. 1 N . -
A =inf {N jRN [Vu| dx : IRN G(u)dx = 0} (2.5)
b=inf maxI(y(t)),

where T = {y € C([0,1], Wy} (RN)) : y(0) = 0,1(y(1)) <0).
We recall that Pohozaev-Pucci-Serrin identity shows that any solutions u of the
problem (1.1) should satisfies the Pohozaev-Pucci-Serrin identity:

(N-p) J‘RN |[VulPdx = Np JRN G(u)dx. (2.6)

Then, as p = N, we have [,y G(u)dx = 0.
Hence, we have the Pohozaev identity manifold:

p= {u € WLN<RN> \ {0} : (N -p) LRN |[VulPdx = Np JRN G(u)dx}

(2.7)
- {u € W1'N<RN> \ {0) : f G(u)dx = 0}.
RN
So, we have
A= inft \VulNd = inf I (u) (2.8)
_uGI)N RN “ * m_uET w, :
where 7 = {u € WUN(RN) \ {0} : I'(u) = 0}.
In what follows, we will show that A is attained, and afterwards we prove that
m=A=Db, (2.9)

thereby proving that the problem (1.1) has a ground-state solution.
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3. The Proof of Theorem 1.2

In this section, we prove that A is attained, the equality (2.9) is satisfied. Hence the proof of
Theorem 1.2 is obtained.
In the following, we consider the following minimax value:

= inf I(tv).
= gkt oy T 61)

Now, we show a sufficient condition, on a sequence {v,} to get a convergence like
F(v,) — F(v)in L'(RN).

Lemma 3.1. Assume that f satisfies (g1) and (), and let {v,} be a sequence in W;’é\] (RN such

that [|[Voullth@ry < 1 l[oallix @y < M < oo, then we have

f F(v,)dx — F(v)dx, (3.2)
RN RN

where v, — v in WWN(RN),

Proof. Without loss of generality, we assume that there exist v € erédN (RN) such that

va—v, in WY (RY), (3.3)

v, — v, a.e.in RN,

Let v* is the Schwarz symmetrization of v, then we have

IRN v[exp <a0|v|N/(N_l)> - SN—Z(“OIU)]dx = IRN v [eXP (“0|U*|N/(N_l)> - SN-2 (“OIU*)]dX,

j |v|Ndx:f [o*|N dx.
RN RN

(3.4)
From (g1), we obtain that for € > 0, there exists 6 > 0, such that
f(s) <els|N!, for |s| <8, (3.5)
so, we have
F(s) < %|5|N, for |s| < 6. (3.6)

From (g»), we obtain

F(s) < Cils|N + Cals| [exp (olsIN/ ™) = Sna(ao, w)],  for |s| 2 6. (3.7)
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There two estimates yield

F(s) < C3ls|N + Cas| [exp<a0|s|N/(N_l)> - SN_Z(ao,u)], for s > 0. (3.8)

On one hand, from Lemma 2.1, we obtain that there exists a constant C, which depends
only on N, M, and a such that

f exp<a|vn|N/(N’1)> <C. (3.9)
RN

When ||an||LNN(RN) <1, ||lvalliv@yy £ M < oo and a < an. Hence, we have

j F(v,) < Cs J |v,’;|Ndx +C, f |y [exp <a0|v,’;|N/(N’1)> — Sn-2(a, v:l)]dx
|x|<r RN x|<r

< CGMN + sz |y exp<tx0|v:l|N/(N"1)>dx

|x|<r

1/p

1/pn
< C3MN +Cs <’[ |,U:l|,u> <f eXp(ﬂth|’U;|N/(N1)>dx> (310)
|x|<r |x|<r

1/p
< CsMN + C4M<I exp <ﬂa0|v;|N/(N—1)>dx>

|x|<r

< GCs,

where C; (i = 2,3,4,5) are positive constants, the continuous imbedding WN(RN) <
LH(RN), 1/p+1/p=1and fag < an.
Then, by Dominated convergence theorem, we obtain

f F(v,)dx — f F(v)dx. (3.11)
|x|<r |x|<r

On the other hand,

J‘ F(v,)dx < C3 J‘ |vn|Ndx +Cy J‘ [04] [exp <zx0|vn|N/(N_l)> — Sn-2(ao, vn)]dx
|x|>r |x|>r

|x|>r

I|x|>rlvn| [exp <a0|vn|N/(N—1)> — Sn-2(ao, vn)] dx

o o) )
= Z _? |vn|'|vn|N]/(N_1)dx
j=N-1 ]' |x|>r
© o _
= 2 5] il P,
j=N-17° Jlxp>r

(3.12)
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where v}, is the Schwarz symmetrization of v,,. Notice that the estimate

1 [e'e} tN—l
—.dx = WN-1 j .—dt
f|x>, |x|1+NJ/(N—1) . HUNj/(N-1)

_ ( WN-1 )rN—l—Nj/(N—l)
Nj/(N-1)-N+1

wWN-—
< 2N

r

for all j > N -1, together with the Radial Lemma [4] leads to

o ol

24 .
> % il
|x|>r

m
j=N-171°

1/N j i/(N-1
<M< N ) / i @( N >7 ( )MNj/(N—l)f |x|—1—Nj/(N—1) dx
- WN-1 L7 \wNa [x|>r

]

C(N)

< .
r

Thus, given & > 0, there exists r > 0 such that

f |vn|Ndx <6, j [exp<a0|vn|N/(N_1)> - SN_z(ao,vn)]dx < 6.
[x[>r |x|>r

Which implies that

f F(v,)dx < C6§, I F(v)dx < Cbé.
|x|>r

|x|[>r
Using the estimate

+

URN (F(v) - F(0))dx

<

fl (P~ o)

fl (P - P

we get

lim

n— oo

IRN F(uy,) - IRN F(v)dx' < C6,

Hence, we obtain that

f F(v,)dx — F(v)dx.
RN ]RN

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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Lemma 3.2. The numbers A and c satisfy the inequality A < c.

Proof. For each v € WYN(RN) \ {0}, since we only consider the nontrivial solutions of the
problem (1.1), we divide them into two cases to consider.

Case 1. Let v* = max{v,0} #0, we define the function h : R — R by
tN'UN
h(t) = I G(tv)dx = j [F(tv) - —] dx. (3.20)
RN RN N

By (g1), we obtain that there exists 6 > 0, 0 < ¢y < 1 such that |s| < 6, and

|f(s)] < cols|V 7. (3.21)

Hence

tv
h(t)gf fc0|s|N-1dx—lJ tNoNdx
RN.JO N RN

co N 1 N
= oNdx- = | Jo|Vdx,
N ). fohdx N,[RN|U| o

(3.22)

we obtain that h(t) < 0 for t small enough. On the other hand, by (g»), we obtain that h(t) > 0
for t large enough. In this way, there exists t, > 0 such that h(ty) = 0, That is, tyv € D. Hence

1 N
< — < . .
A N J ) |v (tov)| dx I(to’(]) rrt\>ax I(t’l)) (3 23)

Case 2. Let v* = max{v,0} =0, since f(s) = 0 for all s < 0, we obtain

max I(tv) = +co. (3.24)

As a consequence,
A<ec. (3.25)
Combining Cases 1 and 2, we obtain that A < c. O

Lemma 3.3. The number A defined by (2.8) is positive, that is, A > 0.

Proof. Clearly, A > 0. Assume by contradiction that A = 0 and let {u,} be a minimizing
sequence in W (RY) to A, that is,

lf Vi, |Ndx — A=0 with f G(uy)dx = 0. (3.26)
N RN RN
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For each A, > 0, set v, (x) = u,(x/1,) satisfying
! J |Vo,[Ndx = ! f |Vo,|Ndx (3.27)
N RN " B N RN " ) ’
Similarly, we have

G(v,)dx = )dnvf G(up)dx =0,
]RN

RN

(3.28)
I loa|N dx = A,fyf | |N dox.
RN RN
We choose A =1/ [ox [un|Ndx, so [un [04|Ndx = 1. Then we get

1 N

— |Vu,|"dx — A=0,

N Jon
(3.29)

f loa|Ndx =1, f G(v,)dx = 0.
RN RN

In what follows, we study in the space era’dN (RN). Firstly, we assume that there exists
veE era’dN (RN) such that v, — v in eréfj (RN).

On one hand, since (1/N) [pn [Vo,/N — A =0, then 3Ny > 0, forall 0 < € < 1,
when n > N, we have [,y |[Vv,[Ndx < e < 1 and we also know that [,y [v,[Ndx = 1, so
loa]lLv rNy £ M < co. From Lemma 3.1, we have

’[ F(v,)dx — F(v)dx. (3.30)
RN RN
Note that
LN
G(vy)dx = F(v,) — =|v,|” )dx =0, (3.31)
RN RN N

so we have

J F(v,)dx = lf |o,|Ndx = L (3.32)

RN " - N RN " - N '

Hence, we have

1
F(v)dx = —. .
IRN (v)dx N (3.33)
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It implies that v #0. On the other hand, since v, — v in erédN (RN), and the space

1N . .
W_J (RN) is a reflexible Banach space, we have

nlgr;o inf % LRN Vo, |Ndx > % JRN |VoNdx > 0. (3.34)
Since
| N
lim inf — [Vo,|Vdx=A=0, (3.35)
n—oo N RN
we get
! [VolNdx =0 (3.36)
N Jgn o '

From which it follows that v = 0, we have an absurd. Hence, we have

A>0. (3.37)

Lemma 3.4. IfA > (g - N/q)(q_N)/NCZ/N, then c <1/N.

Proof. From (g3), we have f(s) > As77!, for all s > 0. Now we choose ¢ € Wi’g (RN) such that
N -1
20, |l¢ll, =C,, o llyyingny = 1- (3.38)

Hence, we have

1 N N
cSn;g)xI(tq;) :n?z%X{NfRNOV(t‘”)' + |ty >dx—J‘]RN F(tq;)dx}

tN ty
= rrtlz%x N IRN fo f(s)ds dx}
N w (3.39)
< — - q-
< n}z%x N AJRN Io s 'ds dx}
tN A
= - q
n;lzaox N q RN ¢ dx}
Let K(t) =tN/N - (At1/q) [gn 7dx, then K (t) is continuous function, we have
K'(t)=tNT1 a7 | ¢idx = 0. (3.40)

RN
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By a simple calculation, when ty = (1/A fRN " dx)l/ @N) 5 0, we have

1 1 N/(q-N) 1 1 q/(g-N)
max K(t) = K(t)) = = ——— - (—f q,rqu> ey a—
£0 N\ A fpn ¢pdx q Jry A fpn gpidx

_ qg-N ~-N/(g-N) ~(@/N)-(N/(qg-N))
= TN NNl

N (3.41)
q=N /g =N\ N gm0 ~a/G-N)
< Cq Cq
Ngq q
1
= N
Hence, we have
1
—. 3.42
c< N ( )
O

Lemma 3.5. The number A is attained, that is, there exists u € eréfi\] (RN such that A =
Jan IVulNdx and [y G(u)dx = 0.

Proof. Let {u,} be a minimizing sequence in erédN (RN) for A, that is,

lf Vi, Ndx — A (n — o), I G(uy)dx = 0. (3.43)
N RN RN

Arguing as in Lemma 3.3, we assume that fRN |u,|Ndx = 1. From (3.43), Lemmas 3.3 and 3.4,
we obtain

lim | |Vu,|Ndx=NA<Nc<1. (3.44)

n— oo RN

From Lemma 3.1,
f F(u,)dx — J‘ F(u)dx, (3.45)
RN RN

where u, — u in WYN(RN), as n — oo.
By (3.43) and (3.45), we have

1 N 1
d = - d = —
IRNI (un)dx = 5 _[RN funl” dx = 5

d = —.
IRN F(u) X N
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It implies that

u#0, (3.47)

1

1
~ ). [VuNdx < lim infﬁf

|V, |Ndx = A, (3.48)
RN

f [ulNdx < lim inff lun|Ndx = 1. (3.49)
RN n—oo RN

From (3.48) and (3.49), we have

1 N 1 1 N
_ _ - _ > 0. .
IRN G(u)dx LRN F(u)dx N JRN |u| ™ dx NN o lu|Vdx >0 (3.50)

If IRN G(u)dx #0, from (3.50), we have IRN G(u)dx > 0. Consider the function h defined in
Lemma 3.2 relative to the function:

h(t) = IRN G(tu)dx. (3.51)

We concludes that h(t) < 0 for t small enough. On the other hand, h(1) = [,x G(u)dx > 0. In
this way, we obtain that there is t; € (0,1) such that h(ty) = 0, that is,

I G(tou)dx = 0. (3.52)
RN

Hence, from (3.48),

0< lf |V (tou)|Ndx = ltgyf |VulNdx <t A < A. (3.53)
N RN N ]RN

However, from (3.52), we have tou € ). Hence, we obtain
1 N
— [V (tou)| dx > A. (3.54)
N ]RN

Which is contradictory with (3.53).
Thus, we obtain

J G(u)dx = 0. (3.55)
RN

It implies u € P and

1
~ ). [VulNdx > A. (3.56)
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From (3.48) and (3.56), we obtain that

1
~ . [VulNdx = A, (3.57)
R

with [,x G(u)dx =0, u#0.
We obtain that A is attained. O
Proof of Theorem 1.2. From Lemma 3.5, there is u € era’dN(RN ) \ {0} such that

L |VulNdx = A, G(u)dx = 0. (3.58)
N ]RN ]RN

we will prove that m = b = A.
By Lagrange multipliers, there exists p € R, such that

LRN [VulN2VuVodx = p IRN g(uw)vdx, (3.59)

for every v € WIN(RN),
Define the rescaled function u,/~ = u(p
with

~1/Nx), which is a nontrivial solution of (1.1)

N N
f |Vup1/N| dx = f |[Vu|™dx,
RN RN

(3.60)
IRN G(up)dx=p IRN G(u)dx = 0.

Thus, we have

N B 1 N B
dx - LRN G<up1/N>dx =N | vuNax=a. @en

m < I<up1/N> = % . |Vup1/N
R

So, we have

m<A. (3.62)

For each y € T, one has y([0,1]) N P #0 from [4]. We obtain that there exists t, € [0, 1]
such that y(t)) € P, that is, y(t) satisfied that [y G(y(tp))dx = 0 and then

1

X Nx - = 3.63
A IRN |V (to)| " dx N IRNG(Y(t0)>dx—I(Y(t0))- (3.63)

Hence A < I(y(to)) < maxejo11I(y(t)) for every y € ', we obtain that

A<b. (3.64)

From (3.62) and (3.64), we obtain that m < A < b.
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On the other hand, for every nontrivial solution w € WN(RN) of the problem (1.1),
there exists a path y,, € I' such that w € y,,([0, 1]) and maxe[o,11I (Yoo (t)) = I(w). Consequently,
b<I(w), b<m.

In conclusion, we obtain

m=A=b. (3.65)

Hence, the function u,/v is a ground-state solution of the problem (1.1). O
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