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This paper is concerned with a delayed predator-prey diffusion model with Neumann boundary
conditions. We study the asymptotic stability of the positive constant steady state and the
conditions for the existence of Hopf bifurcation. In particular, we show that large diffusivity
has no effect on the Hopf bifurcation, while small diffusivity can lead to the fact that spatially
nonhomogeneous periodic solutions bifurcate from the positive constant steady-state solution
when the system parameters are all spatially homogeneous. Meanwhile, we study the properties
of the spatially nonhomogeneous periodic solutions applying normal form theory of partial
functional differential equations (PFDEs).

1. Introduction

Functional differential equations have merited a great deal of attention due to its theoretical
and practical significance; they are often used in population dynamics, epidemiology, and
other important areas of science; see [1-6]. In particular, Lu and Liu [7] proposed the
following modified Holling-Tanner delayed predator-prey model:

du(t) u(t) au(t)o(t)
ar r”(t)< - 7) T a+bult) +co(t)’

02

where u(t) and v(t) denote the densities of prey species and predator species, respectively.
The first equation states that the prey grows logistically with carrying capacity K and

(1.1)
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intrinsic growth rate r in absence of predation. The second equation shows that predators
grow logistically with intrinsic growth rate s and carrying capacity proportional to the
prey populations size u(t). The parameter h is the number of prey required to support one
predator at equilibrium, when v(t) equals u(t)/h. The term hv(t)/u(t) of this equation is
called the Leslie-Gower term. This interesting formulation for the predator dynamics has
been discussed by Leslie and Gower in [8, 9]. T is incorporated in the negative feedback of the
predator density. auv/(a+bu+cv) is Beddington-DeAngelis functional response. It is known
that the Beddington-DeAngelis form of functional response has desirable qualitative features
of ratio-dependent form but takes care of their controversial behaviors at low densities [10].
For more details on the background of this functional response, we refer to [10-12].

For convenience, a nondimensional form of system (1.1) will be useful. By defining
t=rt i =u(t)/K, o = av(t)/rK, and dropping the tildes for the sake of simplicity, model
(1.1) becomes the following model:

du(t) _
Tt

u(t)o(t)
a + bu(t) +co(t)’

u(t)(1-u(t) -

1.2
dv(t) 12)

o) |-

where 6 = s/r, p = sh/a, a1 = a/K, ¢ = cr/a, T = r7. Lu and Liu [7] proved the system
(1.2) is permanent under some appropriate conditions and investigated the local and global
stability of the equilibria.

In the earlier literature, most population models are often formulated by ordinary
differential equations with or without time delays [1, 2, 13-18]. It is well known that the
distribution of species is generally heterogeneous spatially, and therefore the species will
migrate towards regions of lower population density to add the possibility of survival. Thus,
partial differential equations with delay became the subject of a considerable interest in recent
years. For a detailed theory and applications of delay equations with diffusion arising in
biological and ecological problems, we refer to [19-23]. Therefore, time delays and spatial
diffusion should be considered simultaneously in modeling biological interactions. Thus, the
growth dynamics of two species corresponding to system (1.2) should be described by the
following diffusion system with delay:

a , 7
—”(att )y Au(t, x) + u(t, 1) |1 - ut,x) - g bu(:fg:)?cw(t, x)], t>0, x €(0,7),
avgt,x) dbAV(t, x) + ot x) [5 pv(t :3] £50, x € (0,),

oulbx) _ 00X _o 450, x=0,x,
ox ox

u(t,x) =¢(t,x) >0, v(t,x)=¢(x)>0, (tx)e[-1,0]x(0,x),

(1.3)

where u(t, x) and v(t, x) can be interpreted as the densities of prey and predator populations
at time t and space x, respectively; di; > 0, d, > 0 denote the diffusion coefficients of prey
and predator two species, respectively; A is the Laplacian operator; Neumann boundary
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conditions in (1.3) imply that two species have zero flux across the domain boundary.
(¢, ) € C=C([-7,0],X), and X defined by

X={(u,v):u,veWZ'Z(O,x):%:%:O, xzo,ﬂ} (1.4)

with the inner product < -, - >.

In the remaining part of this paper, we focus on system (1.3). The main purpose of this
paper is to consider the effects of the delay and diffusion on the dynamics of system (1.3).

The organization of this paper is as follows. In Section 2, we consider the stability
of the positive constant steady-state solutions and the existences of Hopf bifurcations
of surrounding the positive constant steady-state solutions. In particular, we show the
existence of spatially nonhomogeneous periodic solutions while the system parameters are
all spatially homogeneous. In Section 3, we present that the emergence of these spatially
nonhomogeneous periodic solutions is clearly due to the effect of the small diffusivity. Finally,
we study the properties of the spatially nonhomogeneous periodic solutions applying normal
form theory of PFDEs.

2. Stability and Hopf Bifurcations

In this section, we investigate the stability of the positive constant steady state of (1.3) and
obtain the conditions under which (1.3) undergoes a Hopf bifurcation.

It is easy to see that the solutions of system (1.2) have a unique boundary equilibrium
E1(1,0) and a unique positive equilibrium E*(u*, v*), where

~(a1-b-c16/p+6/P) +VA e
2(b+c16/p) ’ p (2.1)

A= (a1-b-c16/p+6/B) +4ai(b+c16/p).

*_

Obviously, Ei(1,0) and E*(u*, v*) are also the spatially homogeneous steady-state solutions
of system (1.3). From the point of view of biology, we should consider system (1.3) in the
closed first quadrant in the (u, v) plane, that is, the positive constant steady-state solutions
E*(u*,v*) of system (1.3).

Letu(t,x) = u(t,x)—u*; o(t, x) = v(t,x) —v*, for convenience, we use u(t, x) and v(t, x)
to replace u(t, x) and v(t, x), respectively; then system (1.3) can be transformed into

% = diAu(t,x) + aju(t, x) + appo(t, x) + Z f(l) ul(t, x)v! (t, x),
1+]>2
avgt, X) = dyAv(t, x) + aoiu(t — 7, x) + anv(t — T, x) (2.2)

2 u]tltfz(Z) u'(t-7,x)0 (t - 7, x)0'(t, x),

i+j+l>2
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where
bu*v* u*(ay + bu*
a1 = 1%) =-u"+ 27 a1p = éi) == (@ ) 7 < 0,
(a1 + bu* + c1v*) (a1 + bu* + c1v*)
2
_ s _0 O _
a1 = Jig0 = F >0, a» = fo0 = -6 < 0,
- . 23)

it oiti+

l(l) = —f 7 1(21) = —fl 7 i/j/l 2 0/

T ool | L T 0ulovion) | e e

Ooylon) - — " <2>:U<5_ﬁ_v>‘
f ( ) a1 +bu+civ’ f ! u

Therefore, the positive constant stationary solution E*(u*,v*) of system (1.3) can be
transformed into the origin of system (2.2).

Let u1 () = u(t,-), uo(t) = v(t,-), U(t) = (ur(t), uz(t))7; therefore, system (2.2) can be
rewritten as an abstract form in the phase space C = C([-T,0], X):

U(t) = dAAU(#) + L(U,) + f(U), (2.4)

where d = (di,dy)T, A = (f’/gxz a/gxz), U, 0) = U(t+80), -1 <0 <0,L:C — Xand

f:C — X are given, respectively, by

L((p)=< a19(0) + a12¢(0) >

a1 (-T) + anps(-1) )’
1
> =i v (2.5)

— fij
ivj=2t]

f(9) = 1 /

S i DRk ng0)

i+j+1>2

for Y= ((Pll (PZ)T € (C/ (P(e) = ut(e)/ -T < 9 < 0.
Linearizing (2.4) at (0,0) gives the linear equation

U(t) =dAU(t) + L(Uy), (2.6)
whose characteristic equation is
Ay - dAy - L(e'y) =0, 2.7)

where y € dom(A) \ {0} and dom(A) C X.
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It is well known that the linear operator A on (0,sr) with homogeneous Neumann
boundary conditions has the eigenvalues ~-k*(k € Ny = {0,1,2,...}), and the corresponding
eigenfunctions are

1_ (Y 2 _ 0) __cos(kx) keN 28
P <0> C <n' Y= fcos(kx) [, o @8)

Notice that (B, f2)i, construct an orthogonal basis of the Banach space X. Therefore
L(B.,p3) C span{p;, B}, and thus any element y in X can be expanded a Fourier series in

the form
o Bi
y=>Y! , (2.9)
k=0 ﬂi

. <<y/ﬁi>>
Y- . (2.10)
(v. )

In addition, some easy computations can show that

7 /B
L{ ¢ = [L(p)] , (2.11)
i i
for ¢ = ((pl,(pz)T e C.

From (2.9) and (2.11), (2.7) is equivalent to

1
A+ dq k2 0 an a P _
< 0 A+ d2k2> (aﬂe‘“ azze‘“ ,32 =0 (212)
k

Thus A is a characteristic root of (2.7) if and only if for k € Ny, A satisfies

Syt
k=0

A%+ Ad + Bi + (—amA + Cr)e ™™ =0, (2.13)

where

Ak = d1k2 + d2k2 - a1,

Bk = d1d2k4 - a11d2k2,

Ck = anayn — apay — dik*ax >0, (2.14)

2. %
a16%u
112 — X121 = ou* + 5 > 0.
plai + bu* + c1v*)
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When 7 = 0, (2.13) reduces to the following quadratic equation with respect to .A:

A2+ (Ax—an)A+ B + C = 0. (2.15)

If @11 <0, then Ax > 0,B; >0, and

Ax —axn >0,
(2.16)
By + Ck >0,

since Cy > 0.

Therefore, it is obvious that all roots of equations (2.15) have negative real parts, and
we can conclude that the positive constant steady state E*(u*, v*) of system (2.2) is locally
asymptotically stable in the absence of delay when a;; < 0. Thus, we can have the following
conclusions.

Theorem 2.1. Suppose that the condition a1y < 0 is satisfied. Then

(i) all roots of each equation in (2.15) have negative real parts for any wave number k,

(ii) for any wave number k, the positive constant steady-state solution E*(u*,v*) of system
(1.3) is locally asymptotically stable in the absence of delay.

In the following, we discuss the effects of delay 7 on the stability of the trivial solution
of (2.2). Notice that icw(ew > 0) is a root of (2.13) if and only if for a certain k € Ny, w satisfies
the following equation:

—w? + Axwi + Bi + (—anwi + Ci)(cos wt — isin wT) = 0. (2.17)

Thus

w'+ (A2 -2Bi-ad, )+ B -CE =0, keN, (2.18)
Letting w? = z, then (2.18) can be written as
2+ (Al -2Bc-f)z+BE-CE=0, kel (2.19)

Equation (2.19) with k = 0 has only one positive real root:

2
V(A -, 4C - (A2 - ) (2.20)
zo = 5 >0,

where Cy = aj1ap — appay = 6u* + (a162u*/ﬁ(a1 +bu* + clv*)z) > 0.
In addition, from (2.17) and (2.20), we have

Agaz (wp)? + Colwy)?

2
a5, (wo)” + C5

cos(woT) = (2.21)
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where wy = 1/z. Thus

oo 1 {arcc Aoaz(wo)” + Co(wo)’

. +2jor ¢, je€N. 2.22
] wO a§2 ((,()0)2 + Cg ] } ] 0 ( )

Denote
(H) (d% + d%) - 2dyaq1 > [X%z - a%l and dyd, + (dlazz - dzan) > 1102 — A12021.

Theorem 2.2. Assume that the conditions (H) and aq1 < 0 hold. For T = T]Q, (2.13) withk =0 has a
pair of purely imaginary eigenvalues +wyi and there are no other roots of (2.13) with zero real parts.

Proof. Assuming A = iw,, w, > 0 is a solution of (2.13) with k > 1. From (2.17), (2.18), and
(2.19), we get

wh+ (A,{ _ 2By —agz)w5+B,3 ~C2=0, keN={1,2,...), (2.23)

so we have

2
, (A2 -2By —a3) /(AL - 2B~ a3,)” ~4(B. - C2)
* 2 4

ken. @2

w

Clearly, if A7 — 2By — a3, > 0 and Bf — C{ > 0, there are no w, such that (2.13) with k > 1 has
purely imaginary roots #wii.
By computing, we have

A2 -2Bx—ad, = <d% + d%)k4 —2dyan1 k? + a?, - a3,
(2.25)
By = didok* — andak?, Ck = anaxn — apay — dik*axn > 0.

In addition, according to a11 < 0, we have B > 0. It is clear that (d? + d5)k*-2d ay1 k2 +
a3, — ag, > (di + d3) — 2diany + af, — a5, when k > 1(a11 < 0). Furthermore, if did, + (diax -
daa11) > ayiar; — apaz, we can get B — C; > 0 when k > 1. Therefore, (2.13) with k > 1
has no purely imaginary roots when the conditions (H) and aj; < 0 hold. Thus the proof of

Theorem 2.2 is accomplished.
O

Let

A7) =0(T) +iw(T) (2.26)

be a root of (2.13) with k = O near 7 = T]Q satisfying G(T]Q) =0, w(T]Q) =wy, j € No.
Then the following result holds.
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Lemma 2.3. The following transversality conditions hold:

dRe A (T]Q>
dr

>0, jeN,. (227)

From the previous discussions, we have the following theorem on the stability of
positive steady-state solution (u*, v*) of system (1.3) and the existence of Hopf bifurcation
near (u*,v*).

Theorem 2.4. Assume that the conditions (H) and ay1 < 0 hold. Then
(i) ifr € [0, T](.)), the positive constant steady state (u*, v*) of (1.3) is asymptotically stable;
(ii) if T > T](.), the positive constant steady state (u*, v*) of (1.3) is unstable;

(iii) T = T](.) are Hopf bifurcation values of system (1.3), and these Hopf bifurcations are all
spatially homogeneous.

3. Effect of Small Diffusivity

In the previous section, we have obtained the conditions under which spatially homogeneous
Hopf bifurcations bifurcate from the positive steady-state solutions E* = (u*,v*) of system
(1.3) when the parameter 7 crosses through the critical value 77. In this sense, we say that the
diffusion terms do not have effect on the Hopf bifurcations. In this section, we discuss the
effect of small diffusivity on Hopf bifurcations for system (1.3) when the condition (H) is not
satisfied. For the simplicity of discussion which follows, throughout this section, we always
suppose that the condition (H;): dids + (diap — daain) > anaxn — ajpaz holds.

Assume A = iwy(wy > 0) is a solution of (2.13) with k > 1. From the discussion in
Section 2, we have

wh+ (A} -2Bi-a,)w} + B -CE =0, keN. (3.1)
If the condition (H) is not satisfied, and

(Ha) (A} - 2B - a3,)* - 4(By - C}) 20,

then (2.13) with k > 1 has roots +iwy, where

2

. \J ~(A} ~ 2Bk~ aj,) + \/ (A7 -2By - a3,)" —4(B; - C}) (3.2)

k= .
2

From the discussion in Section 2, we know that there exists kg > 0, kg € N such that (2.13)
with k > 1 has only characteristic roots with negative real parts when k > ko [24].
In addition, from (2.17), we have

Ak (wi)® = BeCr + Ci(wyi)*

2
a5, (wi)” + C7

cos(wkT) = , keN (3.3)
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Thus

e 1 < Agaz(wi)* = BkCr + Cr(wi)*
T. = — | arccos

+2jor ), j€Ny keN. 3.4
wi a%z(wk)2+Ci ]> J= =0 (34)

In particular, it is easy to know from (Hj) that By > Cx when ay; < 0. By the same way
in Theorem 2.2, we can see if

(8 + )16 - 8y, > ad, - a2, (3.5)

then (2.13) with k > 2 has no purely imaginary eigenvalues.

Suppose the condition (H) is not satisfied, that is, (d? +d3) —2d 11 < a3, —a3,, assume
further (H,) satisfy. Then (2.13) with k = 1 has a pair of purely imaginary eigenvalues iw;,
and all other zeros have negative real parts, where w; is given by

2

- J (4328, o) V(4 2B~ ) 4B C) 56)

1= .
2

Therefore, we can obtain the following.

Lemma 3.1. Suppose that ay1 < 0 and (d2 + d3)16 — 8dya1y > a2, — a2, > (d? + d3) — 2dyany. If the
condition (Hy) holds, then (2.13) with k = 1 has a simple pair of purely imaginary roots +iw, and all
other roots except iw1 have strictly negative real parts, where w is defined by (3.6).

For system (1.3), by the similar discussion to that of Theorem 2.2, when 7 crosses
through the critical values T].l, where

11 < Araxn(wi)’ - BiCy + C(w1)’
7; = — | arccos
1

. +2jr ), jEN, 3.7
] [X%z(wl)z-{-ci ] > ] 0 ( )

it can give rise to Hopf bifurcation at the positive constant steady state (1*,v*). By the results

in [22], bifurcating periodic solutions of (1.3) at 7 = T].l are spatially nonhomogeneous.

Therefore, we have the following conclusion.

Theorem 3.2. If the conditions in Lemma 3.1 are satisfied, then T = le are Hopf bifurcation values

of system (1.3), and these Hopf bifurcations are all spatially nonhomogeneous, where le is defined by
(3.7).

In general, we have the following.

Theorem 3.3. Suppose that a1y < 0, if there exist ko > 0, ko € N such that

(8 + )k}~ chanikl > a3, - ady > (d? +d3) - 2darn, (3.8)
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and (Ha) holds, then (2.13) with k = ko has purely imaginary roots iwy, and system (1.3) has a
family of spatially nonhomogeneous periodic solutions bifurcating from the spatially homogeneous
steady state (u*,v*), when T crosses through the critical values T}‘", where wy, and T;(O are defined by
(3.2) and (3.4) with k = ko, ko € N, respectively.

From Theorems 2.2 and 3.3, we can know that large diffusivity has no effect on the
Hopf bifurcation, while small diffusivity can lead to the fact that the system bifurcates
spatially nonhomogeneous periodic solutions at the positive constant steady state under
which the system parameters are all spatially homogeneous. These exhibit that the emergence
of these spatially nonhomogeneous periodic solutions is clearly due to the effect of the small
diffusivity.

4. Properties of Hopf Bifurcation

In Theorem 3.2, we have obtained the conditions under which a family of spatially
nonhomogeneous periodic solutions bifurcates from the spatially homogeneous steady-state
solutions E* = (u*,v*) of system (1.3) when the parameter 7 crosses through the critical
value T]-l. In this section, we redefine an inner product to study the properties of the spatially
nonhomogeneous Hopf bifurcation applying normal form theory of PFDEs by developed
[22, 25].

Normalizing the delay 7 in system (2.2) by the time-scaling t — t/7, (2.2) is
transformed into

Oult,x) _ T{d1Au(t,x) +anu(t,x) + apo(tx) + S l.,i].,fiﬁ-”ui(t, x)o (£, ) }

ot S
avg{ X) = T{dzAU(t, x) +anu(t—1,x) + anv(t-1,x) 4.1)

THITERL
i+j+1221']'l'

Y 1 <2>u"(t—1,x)vf(t—1,x)v’(t/x)}'

where f, f@ are defined by (2.2). Letting 7 = T].l +a, j € Ny, then, (4.1) can be written in
abstract form in C = C([-1,0] : X) as

%U(t) =TI dAU(t) + L(T}) U, + F(U,, a), (4.2)
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where d = (d1,dy)", L(Tl.l)(-) :C —= X, F(,a) : CxR* — X are given by
( >(lp) _ < a1191(0) + a122(0) )
211 (=1) + anga(-1)
F(p,a) = adAp(0) + L(a)p + f (g, a),

) (4.3)
3 i B w0
i+j>2
f("o’ Tfl> - (Til * a) @ i I '
D ,l,f,ﬂq)ﬁ ~1)}(-1)¢p4(0)
i+j+l>2
for ¢ = ((pl,(pz)T e C.
Linearizing (4.2) at (0,0) leads to the following linear equation:
Liree) = T dAU(t) + L( )(ut) (4.4)
dt
Let Ay = {—iwy,iw; }; consider the following FDE on C([-1, 0], X):
2(t) = 7}dAz() + L(1) ) (1), (4.5)

that is,
) (G )R G ) S

Obviously, L(T].l) is a continuous linear function mapping C([-1,0],X) into X.
According to the Riesz representation theorem, there exists a 2 x 2 matrix function 7(6, 7).
-1 <60 <0, whose elements are of bounded variation such that

1) (9) = J‘_O1 dn(0,7})$(0) for peC. (4.7)

Thus, we can choose
n(6,7}) = (4.8)

then (4.7) is satisfied.
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Letting A(Tl-l) denote the infinitesimal generator of strongly continuous semigroup,
according to [2], then,

%, 0 €[-1,0),
A(T;)q)(e) = g (4.9)
L(r})(¢) = J‘_1 dn(t7)pm, 0=0,
where ¢ € C!([-1,0], X).
For ¢ € C1([0,1], (X)"), define
_2ots) s€(01],
A*p(s) = 0 ds ) (4.10)
—t)dn(t, ), s=
I1¢( t) q<t T]> s=0
and a bilinear inner product of the Sobolev space W?2(0, rr):
0 (6
(55.9©) =500~ [ [ gie-Orano)g@)ae
) (4.11)

0
= w090 -7t [ go+1(, 0 )p@rde,

where 77(0) = (6, T].l) and A* are the formal adjoint of A(T].l).
. . 1 . . . .

It is easy to see from Section 2 that A(7;) has a pair of simple purely imaginary
eigenvalues +iw; and they are also eigenvalues of A* since A(T].l) and A* are adjoint
operators. Let D) and * be the center spaces, that is, the generalized eigenspaces, of A(T].l) and
A* associated with Ay, respectively. Then p* is the adjoint space of 0 and dim 0 = dim p* = 2.

In addition, according to [22, 25], by a few simple calculations, we can choose @ and ¥
be the bases for ) and p*, respectively. It is known that & = ®B, where Bisthe I x I diagonal

. irh 0
matrle:< L)
0 it;

]

Let® = (D, d;) and ¥ = (‘Pl,‘Pz)T, where

@y (0) = (1,6)"e™ 9, Dy(0) = D1(0), -1<6<0,

W, (s) = %(1, Oe TS Wy(s) =W (s), 0<s<]1,

. (4.12)
é=l(4.?1—6t11+dl, €=

12 (29X}

_wy +a —dy i)

7

p=(1+80) —7j (=dy +an + Gan +éary — dagl + Elan)e T
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From the above expression, we can easily see that (¥, ®;) =1, (‘Pl,al) =0.
Let fi = (B1,P3), c - f1 be defined by ¢ - fi = c1fp} + c2fp? for ¢ = (c1,0)" € R? and

(¢ - f1)(B) = ¢(0) - f1 for O € [-1,0]. Then the center space of linear equation (4.4) is given by
PcnC, where

PCN‘P = (I)(IP"< ¥, f1 >> . fl, (NS C (413)

and C = PcenC @ PoC; here P C denotes the complementary subspace of PDenC in C.
Let A1 be defined by
]

Anp(0) = ¢(0) + Xo(O)[r Ap(0) + Lo (1} ) (9(0)) -¢(0)], peC,  (414)

where Xo: [-1,0] — B(X, X) is given by

X, =% 0€lL0), (4.15)
I, 6=0.

Then AT]_l is the infinitesimal generator induced by the solution of (4.4) and (4.2) and
can be rewritten as the following operator differential equation:

U; = AplUs + XoF Uy, a). (4.16)

Using the decomposition C = PcnC ® PoC and (4.13), the solution of (4.16) can be written as

x1(t)

=@ <x2(t)

) “ f1+ h(x1, %0, ), (4.17)

where (xl,xz)T = (¥, < Uy, f1 >),and h(x1,x2, ) € PoC with h(0,0,0) = Dh(0,0,0) = 0.
Thus, we describe the flow on the center manifold for (4.2) as

X1 (t
.X'Z(t

U?=®< D-ﬁ+huhm» (4.18)

where h(x1, x2) = h(x1,x2,0).
Letting z = x1 — ixp; and ¥(0) = (¥ (0), ¥,(0))", when a = 0, then z satisfies

Z= iw1T]-1Z +9(z,2), (4.19)
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where

8(z,z) = (¥1(0) - i¥2(0))(F(U4,0), f1),
w(z,Z) = h<z+z,ﬂ,0>,

2 2
— z2 _ 72 227
w(z,z) = wzo? +w11zz +w02? +~(,4]217 R

Noticing that p; = @; + iD,, therefore, solutions of (4.16) can be rewritten as

o

In addition, (4.19) can be rewritten as the following form:

. 22 _ 7 227
Z=l(AJ1T]-Z+gZOE+gnzZ+go2E+8217+"'

Let

_ ZZ _ EZ ZZE
g(Z,Z) = gzoE +g1122+g02? +g21T doeen,

From (4.20), we have

(F(U,0), f1)
! ( D+ f gz <1>)

4 —2iwn T} 2 (2) ) )
e (4 e + R 3 A+ 50 )2

[(2+&) £ + £ + @éfé?]zz

+
IR

1 1 1) \=
]1 <§f() () _f: f()> 2

Z 2i 2 - 2 - 2
o (B TE R TR 3 ST )

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

[(5 + §> Hote eng < o+ éf(%) ey ( 101+ §f011) 200+ §gfé§())]zf
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1

1
+ <1>< wl, (0) + 23(0)>+ o <w}1(0)g+

w%o (0)
2

zo( )5

+é%i<e T (0)8 + €T 2 E b w? (-1) +

1
5 2((2)()) (23 fenT Tw] (-1) + e 1wy (- 1))

1 it 7]
\ (T Tk (g e Tl (-2, >

Noting that ¥;(0) — i¥,(0) =

(1 - iwy)
J (1) (1) 2 (1)
&0 = T (éf é )
(1+w?)(1+&2)
21w1 7 (2) 1w1 T (2) 1w1 'r
<§f110 101 §2f0
le (1 - 1w1)

8= Tt aem LA +«séfé?]

(e T 1) +
i+ &fale)
802 = 820
B 27'].1(1 —iw)
BT A )1+ &)

wiy (0)¢ +

2
x [< i (wﬁ(m T LR L )§>
1 1
+f) <wh (0) + wzg(0)> + foy <wh (0)¢+ wzg(0)§>,

(2(1 ~iwr) /(1 +w)(1+£6))(1,4),

lwl”r ( (2)

0))

oyl Wao (-1 1
<f1(i)J€ i < %1(—1)+e2""”il—202( )+w}1(—1)§ ] 20; )§>

+?] + 1%1 (e “ 1w (0) +e e 20( ) wiy (1§ + s 1)§>

20( )§>

therefore,

15

z°z

(4.26)

@, 1o
200 §§2f020> g] 4

101

)
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- w3 (-1 Lk (=1) -
e (02D e o

' oyt Wi (0 wi (-1)=
+ 1((2)i (e_mm’1 wi, (0) + e % +wl (1) + 205 )‘;
. w2 (0)- 2 (1)
+ éﬁ <€Wﬂ’1w%1(0)§ + e %é +w? (-1)¢ + 20§ )g
1 » _
+ 5 fany (2670} (-1) + €T}y (-1) )

2 200

1 i )
+5 foao (26w (<1)é + e""”flw%o<—1)§),1>§].

(4.27)
Since wy(0) and w11 (0) for (6 € [-1,0]) appear in g»1, we still need them.
It follows easily from (4.22) that
w(z,z) = wyzz + wn <Z'E + ZE) + WOQEE +eee, (4.28)
z? z
AT;w = AT_I wWro— + AT1 ZUHZE + AT_l wWyp—+:--. (429)
j j 2 j j 2
According to [22] we can know,
w = AT]_lw + H(z,z), (4.30)
where
z? z
H(z,z) = Hy— + Hy1zz+ Hp— + -+ -
(z,2) 207 + O11zz + M2 5 + (4.31)

= XoF(U},0) - ®(¥, (XoF(U;,0), f1)) - fi

and H,']' € IJQC, i+j =2.
Thus, by using the chain rule

o WED, owEz). (4.32)
o0z 0z
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From (4.23) and (4.30), we can obtain

<2iL(J1T]-1 - AT}>wzg = Hz(),
—Arwn = Hi, (4.33)
<—2iw1’r.1 - AT)_1>ZU02 = Hoz.

]

Noticing that A.,]; has only two eigenvalues +iw;, therefore, (4.33) has the unique solution
wij(i+j =2)in PoC and

1
wy = <21'W1Tj1 - AT_1> Hyy,
]

wry = —A;]_}Hn, (4.34)

-1
Woo = <—2iw17'].1 - AT_1> Hoz.
]

Note that for -1 <0 <0,

H(z,z) = - ®O)¥(0)(F(U,,0), f1) - f

0 0 0) —p2(0
_ <p1< );m( ) pa )Zim ))@;Egi)(p(ubm,fﬁ.ﬁ

(4.35)

~ 3 [P O F1(0) ~ 1¥:(0)) + p2(B)(¥1 (0) + ¥2(0))] (F(UL,0), f1) -

1 _ 1 _ _
= = 7[8071(0) + Zop2(0)]2° - f1 = 5 [81P1(6) + 811P2(0)] 22 - fu.
So,for-1<6<0,

Hy(0) = - % [$20p1(0) + gop2(0)] - f1,

Hu(0) = - 2 [30p1(0) + 32 (©0)] 22 fi,
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gf(l) (1) ng(l)

@ 1. _éz <2>>

Hyy(0) =
o2 2 2
T (éf &+ et éf 1(01 e & foni + 5 200 020

N|<L

110

~ 2180 (0) + Ep2(0)] - £,

7! (E+&) i) + fao) +E2f3)
Hy1(0) = ?] _ @, o o o o o
(é * §> WlT < 101+ éfOll) el ( 101+ éfon) 200t égfozo

110

- % [g11P1(0) +81,p2(0)] - f1.

(4.36)
By the definition of A, 1, for -1 <0 <0, we have
w0 (0) = 2iw 1wy (0) + = [gzopl (0) +gpp2(0)] - 1, -1<6<0. (4.37)
Note that p1(0) = p1(0)e1?, -1 <0 < 0; hence
W (6) = [ B0 p1(0) + mz(e)] fi+°E;, —1<6 <0,
wﬂ'] 3wt
w11(0) = [gup1(0) + g p2(0)] - fi+E2, -1<6<0,
> (4.38)
Eqy =wy(0) - [ gzo p1(0) + 1P2(0)] “fu
wlT] 3w 7;

Ey = w11 (0) - [fj 1(0) + af” pz<0)] - fr.
] ]

Using the definition of A1 again and combining (4.29) and (4.33), we get
7

2W1T 1P1(0) fi+ 1P2(0)'f1+E1
(,01] 3(,(]1]

g"zpz(m fi +E1]

820
—T~1AT1 g
70w
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_ L<Tj1> [ 820 p1(9) - f1 + p2(9) fi+ E1€2W10:|

éf(l) (1) ézf(l)

o2 2 2 2y 1 2
o (e e g g D se)

Nl

- 5 80p1 0) + 2P O] - fr.

(4.39)
As
T Aap1(0) - fi +L(7}) (p1(0) - 1) = ieonT]pr(0) - fu,
(4.40)
T Aap20) - fi + (7)) (p2(0) - 1) = —icort}pa(0) - 1,
then
. w1 TL0
21(4)17']-1 E, - leAT; - L(le) <E1e2""1T/ >
1
T; éff? + —fé * §2f“> (441)
R !
2 e (e e e Ly L)
From the above expression, we can see easily that
E, = 1 —2iwq + a1 + dq 25V -
t 2 a1 —2iwy +axp +d;
TR gz () (4.42)
X
o2 2 2 2 2 2
(3 e 2 L L)
Similarly
-1
E - 1(1111 +di ap >
27 2 a1 axy +d;
(4.43)

($+2) A+ 10 + £
<§ + §> 10+ g < o + §f(§ﬁ> e ( o+ éfgi) 300+ 88£520
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Thus, g1 can be determined by the parameters and delay; we get

c1(0) = L 811820 — 2|g11|2 - @ + 8 (4.44)
2w, 3 2
Then, we can compute the following values:
o, - Re(@()
Re <)U <T]1>>
€ = 2Re(c1(0)), (4.45)
. Im(c; (0)) + 0» Im<)u <le>)
2= ! .

Therefore, we have the following result.

Theorem 4.1. (i) 0, determines the directions of the spatially nonhomogeneous Hopf bifurcation. If
02 < 0 (>0), then the spatially nonhomogeneous Hopf bifurcation is subcritical (supercritical).

(ii) €, determines the stability of bifurcated periodic solutions. If €; < 0 (>0), then the bifurcated
periodic solutions are stable (unstable).

(iii) T, determines the period of the bifurcating periodic solutions; if To < 0 (>0), the period
decreases (increases).

5. Conclusions

In this paper, we considered a delayed predator-prey system with diffusion effects. By
investigating the linearized system of the original system, the distribution of the roots of
the characteristic equations at the positive constant steady-state solution was obtained and
its stability was discussed. The obtained results indicate that the positive constant steady-
state solution of the system is asymptotically stable when 7 € [0, T]Q). As the delay 7 crosses
through each T][.), there exist a sequence of critical values T]Q (j =0,1,2,...) of T such that
the system undergoes a Hopf bifurcation at the positive constant steady-state solution.
Besides, we show that large diffusivity has no effect on the Hopf bifurcation, while small
diffusivity can lead to the fact that the system can bifurcate a spatially nonhomogeneous
periodic solutions at the positive constant steady-state solution. Furthermore, we study the
properties of the spatially nonhomogeneous periodic solutions. The conclusions demonstrate
that system (1.3) may have more complex and richer dynamics than system (1.1).
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