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We consider the best approximation by Jackson-Matsuoka polynomials in the weighted L, space
on the unit sphere of R¥. Using the relation between K-functionals and modulus of smoothness on
the sphere, we obtain the direct and inverse estimate of approximation by these polynomials for
the h-spherical harmonics.

1. Introduction and Notations

Let S := S*1 = {x : ||x|| = 1} denote the unit sphere in R? (d > 3), d € N, where |x||
denotes the usual Euclidean norm, R the set of real numbers. For a nonzero vector v € R4,
let 0, denote the reflection with respect to the hyperplane perpendicular to v, x0, = x —
2({(x,v)/ lolI*)v, x € R4, where (x,v) denote the usual Euclidean inner product. Let G be a
finite reflection group on R? with a fixed positive root system R,, normalized so that (v, v) =
2 for all v € R,. Then G is a subgroup of the orthogonal group generated by the reflections
{ov : v € R,}. Let x be a nonnegative multiplicity function v — «, defined on R, with the
property that x, = x, whenever o, is conjugate to o, in G, then v — x, is a G-invariant
function. We consider the weighted best L, approximation with respect to the measure h2dw
on S, where k2 is defined by

he = [ [x0)*,  xeR, (1.1)

vER,

dw is the surface (Lebesgue) measure on S. The function h, is a positive homogeneous
function of degree yi := 3 g, Ko, and it is invariant under the reflection group. We denote
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by a, the normalization constant of hy, a;' = [ hZ(y)dw and denote by L,(h2),1 < p < oo,
the space of functions defined on S with the finite norm

1/p
171 = (a fg FOPEd) | 1<p<e, 12)

and for p = oo we assume that L, is replaced by C(S) the space of continuous functions on S
with the usual uniform norm || f|c.

Ay denote the h-Laplacian. Ay is the Laplace-Beltrami operator on the sphere.
P2 denote the subspace of homogeneous polynomials of degree n in d variables. The h-
harmonics are defined as the homogeneous polynomials satisfying the equation AP =0, P €
pPa. Furthermore, let #9(h2) denote the space of h-spherical harmonics of degree n in d
variables. The spherical h-harmonics are the restriction of h-harmonics on the unit sphere.
It is well known that spherical h-harmonics are eigenfunctions of Aj; that is,

ApoY (x) = -n(n+20)Y(x), x€S, Ye Je;;’(hi). (1.3)

The standard Hilbert space theory shows that Ly(h2) = 32 ®#%(h2). That is, with
each f € L,(h2) we can associate its h-harmonic expansion

f(x) = iYn(hi; fx), xes, (1.4)
n=0

in Ly (h2) norm. For the surface measure (x = 0), such a series is called the Laplace series (see
[1]). The orthogonal projection Y;,(h2) : Ly(h2) — H#4(h2) takes the form

Ya (2 fox) = fsf(y)Pn(hi;x, y) i (y)dew(y), (15)

where P,(h2; x,v) is the reproducing kernel of the space of h-harmonics J#%(h2), which is
given by (see [2])

Pn<hi;x,y> = nIAVK[Cﬁ((,y))](x). (1.6)

Cy is the ultraspherical polynomial of degree 1, A := yic + (d = 2)/2, yx = S e, ko, and the
intertwining operator V is a linear operator uniquely determined by

Vi C Dn, Vel =1, DV =Ved;, 1<i<d. (1.7)
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The spherical means are denoted by

1

TQ(f)zW

f f(y)dw(y), (1.8)
(x,y)=cos 0

where [S972| = [, dw = 2@ D/2/T((d - 1)/2).
The spherical means associated with hZdw, in which T} (f) is defined by

o J'O TX(f, x) g (cos 0) (sin )26 = ay J’S F)Veg(( YR (dew(y),  (19)

where g is any function [-1,1] — R such that the integral in the right-hand side is finite,
ot =L A-)""2dt = T(A +1/2)y/@/T(A +1). TS(f) is a proper extension of Ty (f), since
To(f) satisfies Ty(f) when x = 0 and V, = id, and the properties of Tj are well known (see
[2]). In particular, the function T} f (x) has the expansion

= Ch 0
T3(f) - 5 Cule0ed)

> o AGHE ggﬁ(cose)yn@i; f): (1.10)

Simultaneously, they lead to the following definition of an analog of the modulus of
smoothness.

Definition 1.1 (see [2]). For f € Lp(hi), 1<p<ooorfeC(S), the modulus of smoothness
on the sphere is given by

w(fit), = sup If =T5 ()l (L.11)
0<o<t
The K-functional of the sphere is given by

42 s _ 2
K(£i#),, = inf {1 =gl +Ellansll, ) (112)

where W,(h2) = {f : f € L,(h2),~k(k + 2\)Pc(h%; f) = Pi(h%; g) for some g € L,(h%)},
0 <t <ty, tyis a positive constant.

In [2], Xu proved the weak equivalence relation

Clw(fit),, < K(f; tz) LS Cw(fit), (1.13)

LY

Throughout this paper, C denotes a positive constant independent on n and f and C(a)
denotes a positive constant dependent on a, which may be different according to the
circumstances.
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Based on the classical Jackson-Matsuoka kernel (see [3]), we define a new kernel

. 2s
1 sin?n6/2
M,,.i; = : , =12,..., R, 1.14
j,i,5 (9) Qn;j,i,s < sin219/2 > n CS ( )

where j,i,s € N, Q,;; is a constant chosen such that ¢, fgr Mg (Q)Sin”‘@d@ = 1. Itis
known that M,,;;; s(0) is an even nonnegative operator. In particular, it is an even nonnegative
trigonometric polynomial of degree at most 2s(nj+2j-2i) for j > i and the Jackson polynomial
for j = i. Using M,,;;; s(0) we consider the spherical convolution

Jujis(f3 %) = (f ¥ Mujis) (%) = a1 fo T5(f; ) My,j,5(0) (6)sin'6 de. (1.15)

It is called the Jackson-Matsuoka polynomials on the sphere based on the Jackson-Matsuoka
kernel. In particular, (fo * My;jis)(x) = 1 for fo(x) = 1. The classical Jackson-Matsuoka
polynomials in the classical L, space have been studied by many authors (see [3, 4]).

The purpose of this paper is to consider approximation by h-harmonic polynomials,
which in the L, metric can be viewed as weighted approximation, in which the measure dw
on the sphere is replaced by h2dw. It is well known that the situation can be quite different
from that of ordinary harmonics; the weighted approximation is not a simple extension. Since
the orthogonal group acts transitively on the sphere S, much of the results for the ordinary
harmonics can be proved by considering just one point; the reflection groups do not act
transitively on the sphere.

In this paper, we consider weighted approximation of the Jackson-Matsuoka
polynomials on the sphere. With the help of the relation between K-functionals and modulus
of smoothness of sphere and the properties of the spherical means, we obtain the direct
and inverse estimate for the best approximation by Jackson-Matsuoka polynomials in the
weighted L, space on the unit sphere of R%. We only consider best weighted approximation
by Jackson-Matsuoka polynomials, and for the other polynomials on the unit sphere of R,
the methods and the results are similar.

2. Auxiliary Lemmas

We need the following lemmas.

Lemma 2.1. Let Qs = [ ((sinn60/2)/(sin* 6/ 2))*sin0 d6. Then, the weak equivalence
Qn;j,i,s = 1’l4i5_2)L_1 (21)

holds true for 4si > 2A + 1, j > i, where the weak equivalence relation A(n) =< B(n) means that
A(n) < B(n) and B(n) < A(n), and relation A, < B, means that there is a positive constant C
independent on n such that A(n) < CB(n) holds.

The proof is similar to that of Lemma 2.2 and we omit it.
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Lemma 2.2. For4is >r+2\A+1,j>1i,r €R, thereis a constant C(A, j, i, s) such that

f 0" M,;j,,:(0)sin**0d0 < C(A, j,i,s)n™".
0

(2.2)

Proof. Since 0/ < sin(0/2) < 6/2 and sin6 < 0 hold for 0 < 6 < o, by Qs < n*5 271, we

have

o ) b . 2j 2s
f 0" M,sj56(0)sin™0d0 < C(1, j, i, s)m 241 J 0" szﬂ sin?'0 do
0 0 sin'6/2

: 2s
nir/2 2]
.. _4i iS—r—2)— sin“/t
< C()L, i, S)Tl 4zs+21+1n4ls r—21-1 tr+2/\ > - At
0 t21

/2 -2\ 2 o . 2j

.. _ sin“/t sin“/t

SC()L/]/ 1, S)n r ’[ tr+2/\ T dt+f tr+2)L —
0 2i /2 tZz

<C(\, j,i,8)Cont <C (A, 4, s)n)‘,

where

)2 . 2j 2s . . 2j 2s
sin“/t sin“/t
CZ:I A dt+f t(———) dt, 4is>r+20+1, j>i.
0 F2i /2 t21

Lemma 2.2 has been proved.

Lemma 2.3 (see [2]). For 0 < 8 < ur, one has

0 ¢
Ty(g:x) —g(x) = J‘ sin~2't dtf TX(Anog)sin*u du
0 0

0
= J‘ sin ' t®(t) By (Anog, x)dt,
0

where

1 .
Bi(Anog, x) = 0] fo TX(Anog)sin*udu,

and O(t) = ¢} fé sin*u du.

)

(2.3)

(2.4)

O

(2.5)

(2.6)
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Lemma 24. Let g, Anog, A; o8 € Ly(h3), 1 < p < o0, Juyjis(f;x) be the Jackson-Matsuoka
polynomials on the sphere based on the Jackson-Matsuoka kernel, 4is > 2\ +5, j > i. Then, there

is a constant C(A, j,i,s) such that

niisg = & = am Anogll,,, < C(L i s)n™| AiogH
where a(n) < n~2.
Proof. By Lemma 2.3, we have
v
Jnijis (g; x) -g(x)=a J Myj,5(6) (Tg (g; x) - g(x))sinZ)‘G de

CD()

= C)LJ MnJIS(Q)smz)‘GdQJ‘ Bt(Ahog,x)dt
0]

dt

v/
= c)LAhlog(x)J‘ M,y;j,,(0)sin*'0 do ,
0 S

<I)(t)

+qj Mn]ls(G)smz)‘GdGI (Anog, x) — Apog(x))dt

dt
2y

t
= Ahog(x)f Mn”s(G)smz)‘GdQ J‘ sin*udu

0 sin

I Mn],s(6)31n2)‘6 doe
0 sin

= a(n)Apog(x) + f M,y;i5(0)sin*0%g (g, x)d6,
0

where

dt

a(n) : f M,y;;,,5(0)sin*'0 do eIy

t
f sin?u du,

0 sin

0
dt
Yy(g, x) = .[0 ”‘tJ‘ sin?u(B;(Anog, x) — Apog(x))du.

By Lemma 2.1, we have

dt

t
a(n) = f Mn],s(G)smMG doe f sin?u du

0 sin
9 tsin?'¢

0 sin?t

= f M,y;;,5(0)sin*'0 do dt
0

= f 0> M,;i5(0)sin*0d0 <n?,  (0<¢<t).
0

(2.7)

dt
”tJ‘ smnu(Bt(Ahog,x) Anog(x))du

(2.8)

(2.9)

(2.10)
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We now estimate, using Lemma 2.3 again, the expression B;(Ap0g, x) — Apog(x), and obtain

%o (&)l < C(A jii, 5)6%|| A%08
P

. (2.11)
Kp

By Lemma 2.2 and Holder-Minkowski inequality shows that

f Mn;]-,,-,s(e)sinﬂelpe(g,x)deH <Cjiis)||a%g] pf 6* M, (0)sin>\0 d6
0 Kp P Jo

<C(Ljiis)n||a2,g

K,p ’

(2.12)

Consequently, by (2.8), (2.10), and (2.12) we complete the proof of this lemma. O
Lemma 2.5. For t > 0, there is a constant C such that

w(f;t6),, < Cmax{l,tz}w(f;ﬁ)xlp. (2.13)

Proof. By the equivalence relation between the modulus of smoothness and K-functional, and
the definition of K(f;#),,,, we have

w(f;16), < CK(£;6)%) < C(If - glly, + £6°1 Anoslly,,)

<cmax{1,2}(|If - gll,, + 6* Anogll,,) (2.14)
< Cmax{l,tz}K<f;62>Kp < Cmax{l,tz}w(f;ﬁ)xlp.

Lemma 2.5 has been proved. O

3. Main Results

Our main results are the following.

Theorem 3.1. Suppose that f € L,(h2), 1 < p < 00, Jujis(f;x) is the Jackson-Matsuoka polyno-
mials on the sphere based on the Jackson-Matsuoka kernel, 4is > 2A +5, j > i. Then

i (F) = fllp = w(fim™) . (3.1)

K,p
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Proof. First we prove ”]n;j,i,s(f) - f||1c,p < w(f; nil)x,p' Since (fo * Mn;]',i,s)(x) =1for fo(x) =1,
therefore, we have that

fﬂ M,y;;,,5(0) (f (x) = T5(f; x))sin*'0 dO
0

”]n;j,i,s(f) - f“KIP -
Kp (3.2)

I
S J’O ”f - Tg (f) ”K,pMn;jrirs(G)Sin2)L9 de

Splitting the integral over [0, ] into two integrals over [0,1/n] and [1/n, 7], respectively,

and using the definition of w(f; ), ,, we conclude that

JT

If =15, < (f: n*l)w + f w(f;0),,Mu;s(0)sin* 0d6. (33)

1/n

From Lemma 2.5 it follows that, for 6 > n?,

w(f30),, = w(f;n%)xp < Cmax{1,726*}w(f;0), , < Cn*0%w(f;0),,.  (34)

Therefore, it follows that

T
”]"}]"i's (f) - f”;c,p < w(f’ Q)K,p <1 + anf ) 92Mn;j,i,s(9)Sin2)LQd9>‘ (35)
1/n

From Lemma 2.2, we get

”]n;j/irs(f) - f"x,p S C(')L’j’i’ S)(U(f' Tl_1> N (36)

K,p

Next we prove w(f;n™),,, < [|Jujis(f) = fll,. - Let m be a fixed positive integer Denote by

m

() =3 (Jj M,.,i:4(8)Q) (cos e)sinmede)myk(hi; f). (3.7)

k=0

By orthogonality of the orthogonal projector Yi, we have that

J™H(f)= ki()(f; M,y;;,,5(0)Q; (cos 0)sin*'0 d9>

x Yi <hiP i <J‘]r Mu;j,6(0)Q;5 (cos 0)sin™'0 d6> IYU (n f>> (3.8)

=0 \J o

= ]:l'?j,i,s <]rll;]}ifs (f)> ’
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Leting g = ],’f;’j,ils(f), by (3.8) we get

1 =8l = £ =T (0],

m
<
k=1

Tt () = TP,

(3.9)
<C(LJis) 3T () = Taas ()],
k=1 /
<CLiismlf - Tugae(D,
where ]2;j,i,s(f )=f.
On the other hand,
stz 0], < Skk+20) ([ Mujse(@)|Qitcoso)|sinede ) vi (% £).
P k=0 0
(3.10)
Note that [5]
C}(cos ) . _
|Q£(cos 9)| = EﬁT) < len{(ke) 1,1}. (3.11)

For k6 > 1, from (2.2) it follows that

|noran (O], < CCiis)

m v/ m
3 k(k + 20k (J Mjis (9)9-*sin“9d9) Ye(h2 f)
k=0 0

K,p

<C i s)n™ | fll,, K™ <C i s)yn™ || f|l,,-
k=0
(3.12)
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holds for m > 3/\. For k6 <1, by (2.2), we get

||Ah,0]rr[;1j,i,s (f) ||1c,p

<

i <qu Mn;j,i,s (Q)G—Z/m(62k(k + 2)L))1/m|Q£ (COS 6)|Sin216d9>mYk <hi, f)

k=0 M0

K,p

<C(A,j,i,s)

(] M@ 2/ (ko)) sinede) i (12 )
k=0 M0

K,p

<C(\j,is M,.,i5(0)072™sin®0d0 ) Yy (K
] j

0

m
2
k=0

K,p

< C(.)L,j,i, S)1’l2 K/PS an ||f||1<,p'

kzz(;)yk (h,c; f)

(3.13)

Consequently, the inequality
|anorn (0], < COuii RIS, (3.14)

holds uniformly for m > 3/1. Without loss of generality, we may assume m; > 3/A, m >
my +3/A. Using Lemma 2.4 and (3.8), we have

am|anofi D], = [l snoriy (0
T (F) - f”w + C(N iy s)n || Ao (f) Hx,p
< mllTugas(F) = Fll, + €O i, )|k Lt (£)
<l Tz (F) = £,

+COj1,9) (12| na g (D)o
<\ Juiis (f) =

+C(A,j,i,5) <n_2|| Ah,o],'ffj,i,s (f) ||K/P +

<

K,p

Kp >

Jis ()= Tugis (f)

Tt () = f ||p)

K',p>

< O is) (Whnjis () = ey 72| Ara 0 ()

< C("l’j’i’ S)(”]n;j,i,s(f) - f”K/P + ”(f) "x,p)'
(3.15)
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Consequently, n72||A hrOLZ;j,i,s (f )||K’p < CW s = Tujis(f )||K,p, by the definition of
K(f;#),, and (1.13) shows that

w(f;n‘1>w < CK(f;n_2>

K,p

<c(r-rmanl,, +nanra o, ) (316)
S C("{’ j’ i’ S) ”f - ]n?jrirs (f) ”K,p’
that is, w(f/ n_l)x,p < ”f - ]n;j,i,s (f)”,(,p-
The proof is completed. U
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