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We investigate the growth of solutions of higher-order nonhomogeneous linear differential
equations with meromorphic coefficients. We also discuss the relationship between small functions
and solutions of such equations.

1. Introduction and Main Results

Let f(z) be a meromorphic function in the whole complex plane. Throughout this paper, we
assume that the reader is familiar with the fundamental results of the Nevanlinna’s value
distribution theory of meromorphic functions and the standard notations such as the order
o(f), the exponent of convergence of zero-sequence A(f), and the exponent of convergence of
the sequence of distinct zeros A(f). Moreover, a meromorphic function ¢s(z) is called a small
function with respect to f(z) if T(r,¢) = o(T(r, f)) asr — oo, possible outside of a set of r
with finite measure, where T(r, f) is the Nevanlinna characteristic function of f(z). The study
of oscillation of solutions of linear differential equations has attracted many interests since the
work of Bank and Laine; for more details see [1]. One of the main subject of this research is
the growth and zero distribution of solutions of linear differential equations. In this paper,
we first discuss the growth of solutions of higher-order linear differential equation

O+ H f&D .. Hof =F(z), k>2, (1.1)

where H; (j =1,...,k - 1), Hy#0 and F #0 are entire functions of finite order. Some results
on the growth of solutions of (1.1) have been obtained by several researchers, see [2—4]. In
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the case that the coefficients H; (j = 0,...,k — 1) are polynomials, the growth of solutions of
(1.1) has been extensively studied; see [2]. In 1992, Hellerstein et al. [3] proved that every
transcendental solution of (1.1) is of infinite order, if there exists some d € {0,1,...,k — 1}
such that max;;a{o(H;),0(F)} < o(Hg) < 1/2. As for sectorial growth conditions on the
coefficients of (1.1) that imply that all solutions are of infinite order, see, for example, [5]. In
addition, a special case for this was investigated by Wang and Laine [6]. Recently, Wang and
Laine [4] obtain the following.

Theorem A. Suppose that Hj(z) = Dj(z)e"'® (j =0,..., k-1) where Pj(z) = aj,z"+ - -+ajo (j =
0,...,k~1) are polynomials with degree n > 1, D;(z) are entire functions of order less than n, not all
vanishing, and F(z) #0 is an entire function of order less than n. If aj, (j =0,...,k — 1) are distinct
complex numbers, then every solution of (1.1) is of infinite order.

Thus a natural question is whether every meromorphic solution of (1.1) has infinite
order, if the coefficients of (1.1) are meromorphic? The following theorem partially answers
this question.

Theorem 1.1. Let Aj(z) (j = 1,...,k = 1), Ag#0 and F#0 be meromorphic functions with
max{c(A;),j =0,1,...,k=1),0(F)} <1, and let ag, a, ..., ax-1 be complex constants such that
(i) arga; = argap and a; = cjap(0 < ¢j < 1) or (ii) arga; # argag (j = 1,...,k —1). Then every
meromorphic solution f #0 of the equation

O+ Apqe®r=zf D 4oy Age™* f =F, k22, (1.2)

satisfies A(f) = A(f) = o(f) = oo.

Remark 1.2. In Theorem 1.1, if ajz (j = 0,...,k—1) are replaced by Pj(z) = aj,z" +---+ajo (j =
0,...,k-1), with additional hypothesis on a;, similar to a;, and furthermore o(F) is replaced
by o(F) < n, then we have the same conclusion with Theorem 1.1.

In 2000, Chen [7] first studied the fixed points of solutions of second-order linear
differential equations and obtained some precise estimation on the number of fixed points.
After that, a number of results on fixed points of solutions of differential equations with
entire coefficients were obtained; see [8-10]. In 2006, Chen and Shon [11] further studied
the relation between small functions and solutions of differential equations and obtain the
following.

Theorem B. Let Aj(z)#0 (j = 0,1) be entire functions with c(A;) < 1, and let a,b be complex
constants such that ab#0 and arga # argbor a = cb (0 < ¢ < 1). If ¢s(z) #0 is an entire function
with finite order, then every solution f #0 of equation

f'+A1(2)e® f + Ag(z)e” f =0 (1.3)

satisfies \(f — ¢) = M(f' = ¢) = A(f" - ) = 0.

Motivated by Theorem B, we try to consider the relation between small functions
with meromorphic solutions of (1.2). Indeed, such relationship on higher order differential
equations is more difficult than that of second order differential equations. Moreover, the
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method used in the proof of Theorem B cannot deal with the case of higher-order linear
differential equations.

Theorem 1.3. Under the assumption of Theorem 1.1, if ¢ #0 is a meromorphic function of finite order
and satisfies max{A(¢), L(1/P)} < 1, then every non-trivial meromorphic solution of (1.2) satisfies

Mf=¢)=Mf - ¢) = 0.

Remark 1.4. As the remark on Theorem 1.1 in Remark 1.2, the conclusion of Theorem 1.3 can
also be extended to the case that ajz (j = 0,...,k — 1) are replaced by Pj(z) = aj,z" +--- +
ajo (j=0,...,k—1), with some similar additional hypothesis on a;,, F and ¢ in Theorem 1.3.

2. Preliminary Lemmas
To prove our theorems, we need some lemmas.

Lemma 2.1 (see [12]). Let w(z) be a transcendental meromorphic function with o(f) = 0 < co.
Let T = {(ki,j1),..., (km, jm)} be a finite set of distinct pairs of integers satisfying k; > j; > 0 for
i=1,2,...,m. Also let € > 0 be a given constant. Then, there exists a set E1 C (1, 00) that has finite
logarithmic measure, such that for all z satisfying z ¢ E U [0, 1] and for all (k, j) € T, One has

[0 (z)] < ||k D1 2.1)

Let P(z) = (a + pi)z" + - - is a nonconstant polynomial and «, § are real constants. For
0 € [0,2r), set 5(P(z),0) = acosnf — fsinnbd.

Lemma 2.2 (see [13]). Let P(z) be a non-constant polynomial of degree n. Let w(z) be a
meromorphic function, not identically zero, of order less than n, and set g(z) = w(z)e"®). Then for
any given € > 0 there exists a zero measure set Hy C [0, 27r) such that if € 0 € [0,20r) \ (H1 U Hy),
then for |z| > r(0).
(1) If6(P,0) < 0, then exp((1 +€)6(P,0)r") < |g(re®)| < exp((1 - €)6(P,0)r™);
(2) If 6(P,0) > 0, then exp((1 — €)6(P,0)r") < |g(re®®)| < exp((1 + €)6(P,0)r™), where
H, ={0:6(P,0) =0, 0<0 <2} is a finite set.

Lemma 2.3 (see [14]). Let Ay,..., Ax-1, F#0 be finite-order meromorphic functions. If f is an
infinite-order meromorphic solution of the equation

94 A f®D 4y Agf = F, (2.2)

then f satisfies A(f) :X(f) =0(f) = .

Lemma 2.4 (see [15], page 79). Suppose that fi(z), f2(z),..., fu(z) (n > 2) are meromorphic
functions and g1(z), $2(2), . .., gu(2) are entire functions satisfying the following conditions:

(1) S0, fi(2)es® =0;

(2) gj(z) — gk (z) are not constants for 1 < j <k <n;
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(B)For1<j<n, 1<h<k<nT(r, f;) = o{T(r,e8 %)} (r — oo,r & E), where E has a
finite measure.

Then fi(z)=0 (j =1,2,...,n).

Lemma 2.5 (see [4], Lemma 2.6). Let f(z) be a an entire function of order o(f) = 0 < oo. Suppose
that there exists a set E C [0,2sr) which has linear measure zero, such that log*|f (re®®)| < Mr* for
any ray arg z = 6 € [0,20r) \ E, where M is a positive constant depending on 0, while p is a positive
constant independent of 6. Then o(f) < p.

Lemma 2.6 (see [16]). Let f(z) be a transcendental meromorphic function of order o(f) = 0 < co.
Then for any given € > 0, there exists a set E3 C [0, 2sr) which has linear measure zero, such that if
g1 € [0,20r) \ Es, then there is a constant Ry = Ri(g1) > 1 such that for all z satisfying arg z = ¢
and |z| = r > Ry, One has

exp{-r7*} < | f(z)| < exp{ro*}. (2.3)

3. Proof of Theorem 1.1

Assume that f(z) is a meromorphic solution of (1.2) of finite order. We will deduce a
contradiction later. First, we have o(f) > 1. Otherwise, it follows from Lemma 2.4 that Ay =0
which is a contradiction.

Since f is a meromorphic solution of (1.2), we know that the poles of f can occur only
at the poles of A; (j = 0,...,k—1) and F. Let f = g(z)/d(z), where d(z) is the canonical
product formed with the nonzero poles of f(z), with o(d) < max{o(F),0(A;),j =0,..., k-
1} <1, and g is an entire function with 1 < 0(g) = 0(f) = 0 < co. Substituting f = g/d into
(1.2), by some calculation we can get

dF = g(k) + g(k_l) [Ak_1e®™ 1% + Bk,k—l] +---

k-1 k-1 (31)
+ gl [Ale‘llz + ZAie“szi,l + Bk,1] + gI:Aoeuoz + ZAieaizBiJ + Bk,O]/
i=2 i=1

where B; ; are defined as a sum of a finite number of terms of the type

Z)c]-h...ji(gly <d7(i)>ji. (3.2)

(]'1...]'1.

Cjj,..j; are constants, and j + j; + 2j> + - - - + ij; = k. Now, we rewrite (3.1) into

dF g(k) k-1 g k-1
riirs +oo+ | Are™® + > Aie“*Biy + Ba T + | Age™ + > Aie®*Bi1 + Bio | (33)
i=2 i=1
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Set max{c(A;),o(F),0(d),j =0,...,k -1} = p. By Lemma 2.1, for any given ¢ > 0

there exists a set E; € [0, 2or) which has linear measure zero, such that if 8 € [0,2r) \ E1, then
there is a constant R; = r;(0) > 1 such that for all z satisfying arg z = 6 and |z| > R;, we have

o) 40
N a2l DY (3.4)

|8(2)] ' |d(2)]

Meanwhile, by Lemma 2.6, for the above ¢ there exists a set E, of zero linear measure, such
that if 0 € [0,20r) \ E,, we have for sufficiently large r = |z|,

|Aj(z)| < exp{rﬁ”}, j=0,..., k-1 (3.5)

Next we divide our proof into two cases.

Case 1. Suppose that arga; = argap and a; = cjap (0 <¢j <1), j =1,...,k - 1. Then for any
ray arg z = 0, we have

6(ajz,0) = c;j6(apz,0). (3.6)

By Lemma 2.2, for any given ¢ we can find aray argz = 6 € [0,2or) \ EyUE, UH; U Hy,
where H; and H, are defined in Lemma 2.2, E; U E; U H; U H; has zero linear measure, such
that 6(a;z,0) = c;j6(aoz, 0) > 0, and for sufficiently large ,

|AO <rei6> eagreie
'A] <Tei9>eul-rei9

> exp{(1-¢)6(apz,0)r},
<exp{(1+¢)cjb(apz,O)r}, j=1,..., k-1

Thus, by (3.4) and (3.7), we have for sufficiently large r,

A()eaoz + ZAiea"zBi,l + Bk,()
i=1
|Ak-16™'% + By 1| < M1 exp{(1 - €)6(a;jz,0)r} = Mi_1 exp{(1 - £)ck16(aopz, 0)r},

k-1
' > Moexp{(1-¢)6(apz,0)r},

k-1
A + ZAie“szm +Bii| < Miexp{(1+¢)6(aiz,0)r} = Miexp{(1+¢)c16(apz, 0)r},
i=2
(3.8)
where M; (j =0,...,k —1) are positive constants.
For 6 € [0,2or) \ E1 U E; U Hy U H;, we claim that
log*|¢(z
g lg(2)] (3.9)

|Z|ﬂ+6
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is bounded on the ray arg z = 0. Otherwise, there exists a sequence of points z,, = r,,e’, such

thatr,, — oo, and that

log"|g(zm)|

r!i,*f (3.10)
From (3.10) and the definition of order, we see that
'd(zm)F(Zm) — (3.11)
8(zm)
for m is large enough.
By (3.3),(3.4), and (3.8)—(3.11), we get for sufficiently large m,
P 0
Myexp{(1-¢)6(apz, 0)ry} < |Aje™™ + ZAie“frme Bi1 + Bk
i=1
A(r,,e®)F (r,,e (k)
S_(re)(re)_'_g_
8 g
(3.12)

+ e+

k-1 ’
i0 i
Alealrme + E Aiea’r’"e Bi,l + Bk,l —g

=2 g

1
rk(‘”g)Mj exp{ (1+¢)cj6(aoz, G)rmeie} G

M

~.
I
—_

<

Clearly, we can choose sufficiently small € such that 0 < ¢ < min{(1 -¢;)/(1+¢;) : j =
1,...,k = 1}. Then by (3.12), we can obtain a contradiction provided that m is sufficiently
large.

Therefore,

log"|g(2)]

o (3.13)

is bounded, and we have |g(z)| < M exp{rf*¢} on the ray arg z = 6.

Case 2. Suppose thatarga; # argag (j =1,...,k—1). By Lemma 2.2, there exists a ray arg z =
0 € [0,2r)\ EyUE,UH; UH,, where E;, E;, Hj, and H; are defined, respectively, as in Case
1, such that

6(apz,0) >0, 6(ajz,0) <0, j=1,...,k-1. (3.14)
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Further, for any given ¢ > 0, we have for sufficiently large r,

; i0
|A0 <1"619) etre

; i)
|A] <r619>€a]r2

> exp{(1-¢€)6(aoz,0)r},
(3.15)
<exp{(1-¢)6(ajz,0)r}, j=1,..., k-1

Thus, by (3.4) and (3.15), we have for sufficiently large r,

k-1

Aoe“UZ + ZAie“"zBi,l + Bk,O
i=1
| Ag-1€%% + Bje 1| < Mg rFO71%9),

> Moexp{(1-¢)6(apz,0)r},

(3.16)

k-1
A16ulz + ZAieaizBi,l + Bk,l
i=2

< M1 rk(0—1+5),

where M; (j =0,...,k - 1) are positive constants.
For 6 € [0,2or) \ E1 U E; U Hy U H;, we claim that

log"|g(2)]
_— 3.17
121" 17

is bounded on the ray arg z = 0. Otherwise, there exists a sequence of points z,, = r,,e’, such
that r,, — oo, and that

log™|g(zm)] |

e (3.18)

From (3.18) and the definition of order, we see that

'd(zm)F(Zm)
8(zm)

—0 (3.19)

for m is large enough.
Then by similar reasoning as in Case 1, we can also obtain a contradiction. So

log"|g(2)]

o (3.20)

is bounded, and we have |g(z)| < M exp{rf*¢} on the ray arg z = 6.

Combining Case 1 and Case 2, for any given ray argz = 0 € [0,2o) \ E, E of
linear measure zero, we have |g(z)| < Mexp{r#*} on the ray argz = 0, provided that r
is sufficiently large. Thus by Lemma 2.5, we get 0(g) < p + ¢ < 1, which is a contradiction.
Again by Lemma 2.3, we complete the proof of Theorem 1.1.
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4. Proof of Theorem 1.3

Let f(z)#0 be a meromorphic solution of (1.2). Set Bj(z) = A;(z)e%=. First, we prove that

Mf-¢) =oo.
Set f = go + ¢. By Theorem 1.1, we have 0(go) = o(f) = oo. Substituting f = go + ¢ into
(1.2), we get

g + Biagl ™ 4o+ Bogo = F = (9% + Biag® ™ 4o+ Bogh). (4.1)

We remark that (4.1) may have finite-order solutions, but we only need to discuss the
solutions whose order are cc.

If % + Br1¢p®V + ... + Byp = F, then by Theorem 1.1, we have o(¢) = oo. It is a
contradiction. Hence we have F — (¢ + Bi_1¢p*~V + ... + By¢p) £0. It follows from Lemmas 3
and (4.1) that A(go) = A(g0) = 0(g0) = oo.

Now we prove that A(f' - ¢) = co. Set g1 = f' — ¢. Differentiating both side of (1.2), we
get

FED 4 B f® + (B + Bieo) f* Y+ + (B, + By) f' + Byf = F. (4.2)
Rewriting (1.2), we have
1
f=F-§ [£O + Boaf® D s+ By f). (4.3)

Substituting (4.3) into (4.2), we get

B B
FOED 4 By — 20| £0 4| B 4 By — 0By | f6D
B() BO

B (4.4)
TR I:B’1+B0——OBl:|f'=F’—B6F.
By
We rewrite (4.4) into the following form:
FED 4 Croq f® + Croaf®V + -+ Cof = F' - ByF, (4.5)

where Cy1 = Bx1 - B/By, C; = B}+1 +B; - (By/By)Bj:1, j = 0,...,k — 2. Substituting f’' =

i+, [ = ¢ 1 p® into (4.5), we have

k k-1 k-2
g+ Crag® ™V + Ceag P 4 -+ Qo

(4.6)
=F -BjF - [¢<’<> + Creap® D + Crnp® 2 4o 4 C0¢].
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Next we prove
Qi(2) = ¢© + Cro1¢p® D + Cupp®? + -+ Cop — F' + ByF £0. (4.7)

Conversely, assume that Q;(z) =0
Dividing ¢ into both sides of Q(z) = 0, we have

Dy_1e®™ 1% + - + D1e™* + Dype™* + D(z) =0, (4.8)

where
Dy = A+ ABF + agAgF,

¢' : Ay
D1=A1$+ A1+A1a1—A—A1 ’

D, = Azd(;l <AI + Asap — —A2>%

D;= AT~ i + <A’ R Y >¢(] #9)
(i) j jY4i Ao ¢ ’

¢(k—1) ) A’ ¢(k—2)
Dy = A Al A -4 ,
k-1 k-1 é 1 T Ak-10k-1 Ay k-1 é

!

® A k1)
4 0 ¢

Set max{c(A;), o(F), j=0,...,k -1} = p. Clearly from (4.9),
0(Do(z)) <p. (4.10)
Meanwhile, by (4.9), we have

m(r,D;) <3m(rA)+m< (‘b(;] >+m<r,?>+m<r,A})+m<r,2—g>+O(1)

<4m(r,A;) +O(logr), j=1,...,k-1,

m(r,D) <m(r,F') + O(logr),
(4.11)
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outside a possible exceptional set E of finite linear measure. On the other hand, again by (4.9),
we have

1 1
N(r,D;) < N<r,$) . N(r, A—0> +K(N(r, Ag) + N(r,§) + N(r, A))),
j=1,...,k-1, (412

N(r,D) < N(r,é) +N<r,ALO> +2N(r, Ap) + kN (r,¢) + N(r, F').

Combining (4.11) and (4.12), we get

1

o(Dj) < max{A(d)),x\(qb
o(D) < max{A(¢),A<%),o(F’),o(Ao)} <1

>,0(A]-),j=0,...,k—1} <1, j=1,...,k-1,
(4.13)

By Lemma 2.6, for any given positive constants ¢, there exists a ray argz = 6 € [0,27) \ E,
where E; has zero linear measure, such that for sufficiently large r,

ID(z)| < exp{r0<D>+€ } (4.14)

Therefore by (4.13), and Lemma 2.2, we can find a ray argz = 6 € [0,2or) \ E1 U H; U Hy,
where H; and H, are defined in Lemma 2.2, H; U H;, has zero linear measure, such that
6(ajz,0) = cj6(apz,0) > 0, and for sufficiently large r,

'DO <rei9>e“"”ie > exp{(1-¢)6(apz, O)r},
. p (4.15)
|D]- <re’9>e“fre <exp{(1+¢)cjd(aoz,O)r}, j=1,..., k-1
Thus, by (4.8) and (4.14) and (4.15), we have
k-1
exp{(1-¢)6(apz,0)r} < Z exp{(1+¢)c;6(apz, O)r} + exp{r"(D)”}. (4.16)
i=1

Since € can be chosen arbitrarily small, we can obtain a contradiction. Thus we have Q;(z) #£0.
By Lemma 2.3 and (4.6), we get A(f' — ¢) = co.
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