Decay structure of two hyperbolic
relaxation models with regularity loss

Yoshihiro Ueda, Renjun Duan, and Shuichi Kawashima

Abstract This article investigates two types of decay structures for linear symmetric
hyperbolic systems with nonsymmetric relaxation. Previously, the same authors intro-
duced a new structural condition which is a generalization of the classical Kawashima—
Shizuta condition and also analyzed the weak dissipative structure called the regularity-
loss type for general systems with nonsymmetric relaxation, which includes the Tim-
oshenko system and the Euler—-Maxwell system as two concrete examples. Inspired by
the previous work, we further construct in this article two more complex models which
satisfy some new decay structure of regularity-loss type. The proof is based on the ele-
mentary Fourier energy method as well as the suitable linear combination of different
energy inequalities. The results show that the model of type I has a decay structure sim-
ilar to that of the Timoshenko system with heat conduction via the Cattaneo law, and
the model of type Il is a direct extension of two models considered previously to the case
of higher phase dimensions.
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1. Introduction

In this article, we consider the Cauchy problem on the following linear symmetric
hyperbolic system with relaxation (see [5]):

(1.1) up + Aty + Lipu =0,
with
(1.2) u|t:0 = UgQ.
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Here u = u(t,x) = (u1,...,uy)T (t,x) € R™ over t >0, z € R, is an unknown
function, up = ug(x) € R™ over = € R is a given function, and A,, and L,, are
(m x m)-real constant matrices. In general we assume A,, is symmetric, and L.,
is degenerately dissipative in the sense of 1 < dim(ker L,,) <m — 1. As pointed
out in [33], for a general linear degenerately dissipative system it is interesting to
study its decay structure under additional conditions on the coeflicient matrices
and further investigate the corresponding time-decay property of solutions to the
Cauchy problem at the linear level. The purpose of this article is to present two
concrete models of A,, and L,,, which do not satisfy the dissipative condition
in [33], to derive the decay structures of the corresponding linear systems. We
remark that a similar issue has been extensively investigated by Villani [37] for
an infinite-dimensional dynamical system, for instance, in the content of kinetic
theory.

In what follows let us explain the motivation for dealing with the problem
considered here. More generally, one may consider the system in multidimensional
space R"

n

(1.3) A+ Al g, + Lyu =0,

j=1
where u = u(t,z) € R™ over t > 0, x € R™. When the degenerate relaxation matrix
L,, is symmetric, Umeda, Kawashima, and Shizuta [36] proved the large-time
asymptotic stability of solutions for a class of equations of hyperbolic-parabolic
type with applications to both electro-magneto-fluid dynamics and magneto-
hydrodynamics. The key idea in [36] and the later generalized work [31] that first
introduced the so-called Kawashima—Shizuta (KS) condition is to construct the
compensating matrix to capture the dissipation of systems over the degenerate
kernel space of L,,. The typical feature of the time-decay property of solutions
established in those works is that the high-frequency part decays exponentially
while the low-frequency part decays polynomially with the same rate as the heat
kernel. To precisely state these results, we apply a Fourier transform to (1.3) (or
(1.1)). Then we can obtain

(1.4) A% iy + €| A (W) + Ly =0,

where £ € R™ denotes the Fourier variable of z € R", w = ¢/|¢] € S"71, and
Ap(w) = z;;l A{,le. Moreover, we prepare some notation. Given a real matrix
X, we use X% and XY to denote the symmetric and skew-symmetric parts of

X, respectively, namely, X% = (X + X7T)/2 and XV = (X — XT)/2. Then the
decay result in [36] and [31] is stated as in Proposition 1.1.

CONDITION 1.1

We have that AY, is real symmetric and positive definite, A7, for each 1 <j<n
is real symmetric, and L,, is real symmetric and nonnegative definite with the
nontrivial kernel.
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CONDITION 1.2
There is a real compensating matrix K(w) € C*°(S™"~!) with the properties

K(—w)=-K(W), (K(w)A%)T = ~K(w)AY,, and
[K(w)Am(w)}sy >0 on kerL,,

for each w e S" 1.

PROPOSITION 1.1 (DECAY PROPERTY OF THE STANDARD TYPE ([36], [31]))

Consider (1.3) with Condition 1.1. For this problem, assume that Condition 1.2
holds. Then the Fourier image 4 of the solution u to (1.3) with initial data
u(0,z) = ug(x) satisfies the pointwise estimate

(1.5) a(t,€)| < Cem @ fag (€]

where M(&) := |€2/(1 + |£]?). Furthermore, let s >0 be an integer, and suppose
that the initial data ug belong to HS N LY. Then the solution u satisfies the decay
estimate

(1.6) [05u(t)|| . < C(L+ )74 72 g 11 + Ce™! |9k ug|| 2

for k<s. Here C' and c are positive constants.

Under Conditions 1.1 and 1.2, we can construct the following energy inequality:

d
LE+eD<
gt TP =0
where
B = (A%0.0) - 10 @) A0, 0)
(1.7) €
il> + (1 — P)al”

« and ¢ are suitably small constants, and P denotes the orthogonal projection
onto ker L,,.

For the nonlinear system, the global existence of small-amplitude classical
solutions was proved by Hanouzet and Natalini [12] in one space dimension and by
Yong [38] in several space dimensions, provided that the system is strictly entropy
dissipative and satisfies the KS condition. Later on, the large-time behavior of
solutions was obtained by Bianchini, Hanouzet, and Natalini [3] and Kawashima
and Yong [18] based on the analysis of the Green function of the linearized
problem. Those results show that solutions to such nonlinear systems will not
develop singularities (e.g., shock waves) in finite time for small smooth initial
perturbations (see [5], [20]). Notice that the L2-stability of a constant equilibrium
state in a one-dimensional system of dissipative hyperbolic balance laws endowed
with a convex entropy was also studied by Ruggeri and Serre [29]. Moreover,
it would be an interesting and important topic to study the relaxation limit of
general hyperbolic conservation laws with relaxations (see [4], [17], and references
therein).
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Recently, it has been found that there exist physical systems which violate the
KS condition but still have some kind of time-decay properties. For instance, for
the dissipative Timoshenko system (see [14], [15]) and the Euler—Maxwell system
(see [8], [35], [34]), the linearized relaxation matrix L,, has a nonzero skew-
symmetric part, while it was still proved that solutions decay in time in some
different way. Besides those, there are two related works dealing with general
partially dissipative hyperbolic systems with zeroth-order source when the KS
condition is not satisfied. Beauchard and Zuazua [2] first observed the equivalence
of the KS condition with the Kalman rank condition in the context of control
theory. They extended the previous analysis to some other situations beyond the
KS condition and established the explicit estimate on the solution semigroup in
terms of the frequency variable and also the global existence of near-equilibrium
classical solutions for some nonlinear balance laws without the KS condition.
In the meantime, Mascia and Natalini [25] also made a general study of the
same topic for a class of systems without the KS condition. The typical situation
considered in [25] is that the nondissipative components are linearly degenerate,
which indeed does not hold under the KS condition (see also [16]). Notice that,
in both [2] and [25], the rate of convergence of solutions to the equilibrium states
for the nonlinear Cauchy problem is still left unknown.

The authors of this article [33] introduced a new structural condition which
is a generalization of the KS condition, and they also analyzed the corresponding
weak dissipative structure called the reqularity-loss type for general systems with
nonsymmetric relaxation, which includes the Timoshenko system and the Euler—
Maxwell system as two concrete examples. Precisely, one has Proposition 1.2.

CONDITION 1.3

We have that AY, is real symmetric and positive definite, and A7, for each 1 < j <
n is real symmetric, while L,, is not necessarily real symmetric but is nonnegative
definite with nontrivial kernel.

CONDITION 1.4
There is a real matrix S such that (SA2)T = SAY |

[SLy])” + L] >0 on C™, ker ([SLp|™ + [Ly]™) =ker Ly,
and moreover, for each w € S"1,
(1.8) i[SAm(w)]asy >0 on ker[L,,]".
PROPOSITION 1.2 (DECAY PROPERTY OF THE REGULARITY-LOSS TYPE ([33]))
Consider (1.3) with Condition 1.3. For this problem, assume that Conditions 1.2

and 1./ hold. Then the Fourier image 4 of the solution u to (1.3) with initial
data u(0,x) =ug(x) satisfies the pointwise estimate

(1.9) |a(t, &) < Ce™ MO ag(¢)],
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where A(€) = [£]?/(1+ |€|*)%. Moreover, let s >0 be an integer, and suppose that
the initial data ug belong to H* N LY. Then the solution u satisfies the decay
estimate

(110)  [[0Fu(b)]] 2 < OO+ 62 ug]l 1+ C(1+1) /2 |0k g

for k+¢<s. Here C and c are positive constants.

Observe that A(€) in (1.9) behaves as [£]2 as €| — 0 but behaves as 1/|£]? as |¢] —
0o. Thus, estimates (1.9) and (1.10) are weaker than (1.5) and (1.6), respectively.
In particular, the decay estimate (1.9) is said to be of the regularity-loss type.
Similar decay properties of regularity-loss type have been recently observed for
several interesting systems. We refer the reader to [14], [15], and [24] (cf. [1],
[28]) for the dissipative Timoshenko system; [8], [35], [34], for the Euler—-Maxwell
system; [13], [19], for a hyperbolic-elliptic system in radiation gas dynamics; [22],
[23], [21], [6], [32], for a dissipative plate equation; and [7], [10] for various kinetic-
fluid models.

In fact, one can show that Proposition 1.1 can be regarded as a corollary of
Proposition 1.2 after replacing (1.8) in Condition 1.4 by a stronger condition:

i[SAm(w)]aSy >0 onC™,

for each w € S™~ 1. The key point for the proof of (1.9) is to derive the matrices
S and K(w) such that the coercive estimate

(1.11) 6[K(w)Am(w)]sy + [SLy)” + [Lp]¥ >0 on C™

holds true for suitably small § > 0. Indeed, under Conditions 1.2, 1.3, and 1.4,
estimate (1.11) is satisfied. Then, using (1.11), we get the energy equality

d
1.1 a <
(1.12) th+cD_07
where
E = (A° 4.4 aq SAOAA_O‘QK‘(S-K A0 46
(A i)+ e (S 40,8,8) = 7 0K (@) A ) ),
(1.13)
D:7‘€|2 |a)? + 1 |(17P)a2+|(1—131)u|2
(1+1€7)2 L+ (€2 ’

ay and ag are suitably small constants, and P and P; denote the orthogonal
projections onto ker L,,, and ker[L,,]%. Interested readers may refer to [33] for
more details on this issue and also for the construction of S and K(w) for the
Timoshenko system and the Euler—Maxwell system. Therefore, Conditions 1.3
and 1.4 are generalizations of the classical KS conditions. We finally remark that
it should be interesting to further investigate the nonlinear stability of constant
equilibrium states of the systems of regularity-loss type under the structural
condition (Conditions 1.2-1.4) postulated in Proposition 1.2.

Inspired by the previous work [33], the goal of this article is to construct much
more complex models (1.1) with given A,, and L,, such that they enjoy some
new dissipative structure of regularity-loss type. Here we recall the notion of the
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uniform dissipativity of system (1.1) introduced in [33]. Consider the eigenvalue
problem for the system (1.1):

(nA?n + ZfAm + Lm)¢ =0,
where n € C and ¢ € C™. The corresponding characteristic equation is given by
(1.14) det(nA® +i€A,, + L) =0.

The solution n =n(i€) of (1.14) is called the eigenvalue of system (1.1).

DEFINITION 1.3
System (1.1) is called uniformly dissipative of type (p,q) if the eigenvalue n =
n(i€) satisfies

Rn (i) < —cl¢*P/ (1 +1¢)"

for all £ € R™, where ¢ is a positive constant and (p, q) is a pair of positive integers.

Note that, as proved in [33, Theorem 4.2], one has (i) < —cA(§) whenever
the pointwise estimates in the form of (1.5) or (1.9) hold true. Therefore, we can
determine the type (p,q) for a uniformly dissipative system (1.1) in terms of the
function A(£) obtained from the pointwise estimate on (¢, §):

(1.15) a(t,€)] < Cem MO q,(€)|.

For example, under the assumptions in Proposition 1.1 or 1.2, the system (1.1)
is uniformly dissipative of type (1,1) or (1,2), respectively. Notice that the
regularity-loss type corresponds to the situation when p is strictly less than g,
that is, p <gq.

Historically, Shizuta and Kawashima [32] showed that, under Condition 1.1,
the strict dissipativity Rn(i€) <0 for £ # 0 is equivalent to the uniform dissipa-
tivity of type (1,1). Moreover, they showed the pointwise estimate (1.5) by using
only one compensating skew-symmetric matrix K (w) (see (1.7)). The authors [33]
formulated a class of systems whose dissipativity is of type (1,2) and obtained
Proposition 1.2. Notice that, in this case, we need to use one compensating sym-
metric matrix S and one compensating skew-symmetric matrix K(w) to get the
desired pointwise estimate (1.9) (see (1.13)). We note that the dissipative Tim-
oshenko system and the Euler-Maxwell system studied in [14] and [34], respec-
tively, are included in the class of systems with type (1,2), which was formulated
n [33]. However, to get the optimal dissipative estimate for these two examples,
we need to use one S and two different K (w)’s (see [26], [34]).

More complicated concrete models have been found. Indeed, Mori and Kawa-
shima [27] considered the Timoshenko—Cattaneo system with heat conduction
and showed that its dissipativity is of type (2,3). Moreover, they proved the
optimal dissipative estimate by using four different S’s and four different K (w)’s.
This means that Proposition 1.2 and the class formulated in [33] is not enough
to analyze the dissipativity of general systems (1.3), and we have to study other
concrete models.
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In this article, we will present a study of two concrete models of system (1.1)
related to the above general issue. For Model I, one has (see (2.2) in Theorem 2.1)

p=m—3, qg=m—2.

For Model II, we let m be even, and one has (see (3.2) in Theorem 3.1)
1
p:§(3m—10)7 qg=2(m—3).

In both cases we see p < ¢, and hence, the two models that we consider are of
regularity-loss type. Compared with energy inequality (1.12), the energy inequal-
ities of Models I and II are much more complicated. More precisely, to control
the dissipation term, we must employ a lot of compensating symmetric matrices
and skew-symmetric matrices whose numbers depend on the dimension m of the
coefficient matrices. Therefore, we cannot apply Proposition 1.2 to Models I and
IT and need direct calculations (see Sections 2 and 3).

The proof of the estimate in the form of (1.15) is based on the Fourier energy
method, and in the meantime, we also give the explicit construction of matrices
S and K as used in Proposition 1.2. As seen later on, a series of energy estimates
is derived, and their appropriate linear combination leads to a Lyapunov-type
inequality of the time-frequency functional equivalent to |(t,€)|?,
implies (1.15). The most difficult point is that it is unclear to justify whether one
choice of (p, q) is optimal (see more discussions in Section 4.1). For that purpose,
we also present an alternative approach to find out the value of (p,q) for both
Models I and II, and the detailed strategy of the approach is given later.

The rest of the article is organized as follows. In Sections 2 and 3, we study
Models I and II, respectively. In each section, for the given model, we first state
the main results on the dissipative structure and the decay property of the system
(1.1), give the proof by the energy method in the case m = 6—which indeed
corresponds to some existing physical models—show the proof in the general case
m > 6 still using the energy method, and finally give the explicit construction
of matrices S and K. The matrices S and K constructed in Sections 2.3 and
3.3 have a very important role in obtaining a coercive estimate similar to (1.11).
Consequently, by employing these matrices, we can derive the desired pointwise
estimates through (2.47) and (3.64) to be verified later. In Section 4, we provide
another approach to justify the dissipative structure of system (1.1).

which hence

Notation

For a nonnegative integer k, we denote by 0¥ the totality of all the kth-order
derivatives with respect to = = (z1,...,2,). Let 1 <p < oo. Then LP = LP(R")
denotes the usual Lebesgue space over R™ with norm || - ||». For a nonnegative
integer s, H® = H*(R") denotes the sth-order Sobolev space over R" in the L>-
sense, equipped with the norm || - || gs. We note that L? = H°. Finally, in this
article, we use C and c¢ to denote various positive constants when there is no
confusion.
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2. Modell

2.1. Mainresult|
In this section, we consider the Cauchy problem (1.1)—(1.2) with coefficient matri-
ces given by

01 0 0,
10 0 0
00 0 ag, 0 0
0 0 a4 0 ! as 0
A - l---—-—-===-- l— & - —
m 0 as 1 0 ag )
|
0! Qg
0 : i
' am 0
(2.1) .
0 0 0 1,
0 0 00!
0 0 0 0, 0
-1 000!
Ly = 1 0 ’
|
|
|
0 . 0
|

where integer m > 6 is even, v > 0, and all elements a; (4 < j <m) are nonzero.
We note that the system (1.1), (2.1) with m =6 is the Timoshenko system with
heat conduction via the Cattaneo law (see [11], [30]). For this problem, we can
derive the following decay structure.

THEOREM 2.1
The Fourier image 4 of the solution u to the Cauchy problem (1.1)-(1.2) with
(2.1) satisfies the pointwise estimate

(2.2) |a(t,€)] < Cem A ag(€)],

where \(€) 1= €20m=3) /(1 4 £2)™=2. Furthermore, let s >0 be an integer, and
suppose that the initial data ug belong to H® N L'. Then the solution u satisfies
the decay estimate

23)  [|0ku(®)] . < CA+ )T T ug|| 11 4+ C(1+ )75 |05 g 2

for k+¢<s. Here C and c are positive constants.

We remark that the estimates (2.2) and (2.3) with m = 6 are not optimal. Indeed,
Mori and Kawashima [27] showed sharper estimates.

The decay estimate (2.3) is derived by the pointwise estimate (2.2) in Fourier
space immediately. Thus, readers may refer to [33] (see also [9]), and we omit
the proof of (2.3) for brevity. To make the proof more precise, we first consider
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the special case m =6 in Section 2.2 and then generalize it to the case m > 6 in
Section 2.3. The proof of (2.2) is given in the following two sections.

2.2. Energy method in the case m =6
In this section we first consider the case m = 6. In this case, system (1.1) with
(2.1) is described as

Opliy +1€09 + g =0,
Oylia + 1€y =0,

8{&3 + i§a4ﬂ4 =0,
(2.4) I L
Oy + i§(astiz + asts) — 4y =0,
Olis + i{(a5114 + aeﬁﬁ) =0,
O¢lig + i€aglis + yig = 0.

For this system we are going to apply the energy method to derive Theorem 2.1
in the case m = 6. The proof is organized into the following three steps.

Step 1. We first derive the basic energy equality for system (2.4) in the Fourier
space. We multiply all the equations of (2.4) by @ = (d1,1s, U3, s, Us, U6 )T,
respectively, and combine the resultant equations. Then we obtain
6 5

Zajatﬂj + 22'53?(1)1&2) + 2252 aj+1§R(ﬁjﬁj+1) + 22'%(’114&1) + 7|ﬁ6‘2 =0.

j=1 =3
Thus, taking the real part for the above equality, we arrive at the basic energy
equality

1, N
(2.5) §8t|u|2+7\u6|2:0.

Here we use the simple relation 0, (ﬂjz) = 2R(;0,4;) for any j. Next we create
the dissipation terms.

Step 2. After the dissipation for g has been established, it remains to obtain
the dissipation for the other components 1, s, U3, U4, 5. The main idea is to
make full use of both the hyperbolic terms and the antisymmetric terms in each
equation of the system so as to derive corresponding dissipations up to some
interactive terms which actually can be controlled after taking an appropriate
linear combination of all possible energy identities together with (2.5) from the
previous step.

We first construct the dissipation for ;. We multiply the first and fourth
equations in (2.4) by —1y and —1,, respectively. Then, combining the resultant
equations and taking the real part, we have

(2.6) —815%(121’154) + |’0,1|2 — |ﬂ4‘2 — f%(lf@&;;) + a4£%(ia11§3) + a5§§R(iﬂ1ﬁ5) =0.
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We multiply the second and third equations in (2.4) by —aqt3 and —a4ls, respec-
tively. Then, combining the resultant equations and taking the real part, we have
—a48t8%(112ﬁ3) — a;;f%(iﬁl’li;g) + aif%(lﬁgfm) =0.

Therefore, combining the above two equalities, we obtain

( 7) —8t§R(&1ﬁ4+a4112ﬁ3)+ |’(11|2 - ‘ﬂ4‘2
2. _ _
+ (a] — 1)ER(itiatls) + as&R(it175) = 0.

Furthermore, we multiply the second and fifth equations in (2.4) by —ts5 and
—1ly, respectively. Then, combining the resultant equations and taking the real
part, we have
(28) —8t8?(ﬁ265) — f%(lﬂl’&g}) + a5€%(i’&264) + aﬁé—%(iﬂgaﬁ) =0.
Finally, multiplying (2.7) and (2.8) by a2 and —as(a3 — 1), respectively, and
combining the resultant equations, we have

8tE1 + a§(|ﬂ1|2 — ‘1AL4‘2) + (15(&2 + Cl,g — 1)&%(1@1’&5)
(2.9) _

— asag(af — 1)ER(idads) = 0,

where we have defined that Ey := —R{a2 (114 + asliatiz) — as(a3 — 1)iats}

Next, we multiply the first and second equations in (2.4) by —ifis and i€,
respectively. Then, combining the resultant equations and taking the real part,
we have

(2.10) EOEs + & (|h2]® — |01]?) + ER(it204) =0,

where Ey := —R(it11s). Therefore, by the Young inequality, the above equation
becomes

1.,,. N 1.
(2.11) €0 By + 5 €% a|* < €2 + Slal?.

We multiply the third and fourth equations in (2.4) by i€asty and —ifasts,
respectively. Then, combining the resultant equations and taking the real part,
we have

a4§8t§R(iﬂ3ﬁ4) + ai§2(|ﬁ3|2 — |@4|2) + a4a5§2%(’&3ﬁ5) + a4§%(iﬂ1ﬁ3) =0.

We multiply the second and third equations in (2.27) by —ast3 and —ayts,
respectively. Then, combining the resultant equations and taking the real part,
we have

—a40;R(Toli3) — asER(i01U3) + a2ER(itoly) = 0.
Finally, combining the above two equations, we get
(212) 8t{§E3 + F1} + aifZ (|113|2 — |ﬁ4|2) + a4a5£2§R(ﬁgﬁ5) + aZ@R(zﬂQfM) =0,

where F3 := a,R(iti314) and F; := —ayR(d203). By using the Young inequality,
we can obtain the inequality

1 . R 1 . . a
(2.13)  O{EEs + Fi}+ §ai§2\us\2 < ai&lag|* + §a§€2|u5|2 + a3 €]z | .
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Multiplying the fourth and fifth equations in (2.27) by i€asts and —ifasiy,
respectively, combining the resultant equations, and taking the real part, we have

§01 By + a3€” (| ] — |as*)

(2.14) _ _ _
- a4a5§23‘3(ﬂ3ﬂ5) + a5a6§2§)?(114ﬁ6) — 04553%(2'121@5) =0,

where F, := asR(iti41s). Here, by using the Young inequality, we obtain
1 .
E@tE4 + §a§£2|U4|2
(2.15) )
< a3&?|as|* + §a§§2\ﬂ6\2 + agasE*R(30s5) + asER (i1 ds).
We multiply the fifth equation and the last equation in (2.4) by i€agts and

—iagls, respectively. Then, combining the resultant equations and taking the
real part, we obtain

asE 0 R (ilstie) + age’ (is]* — |6 |*) — asasé*R(tate) + vacER(idste) = 0.
By using the Young inequality, this yields

= 1 N N L o . =
(216) aﬁéé)t?]?(ww(;) + 5a%§2|u5\2 < a%fz‘ll@‘z + 572|u6|2 + a5a6§2§R(u4u6).

Step 3. In this step, we sum up the energy inequalities derived in the previous
step and then get the desired energy estimate. Throughout this step, the 3;’s
with j € N denote the real numbers determined later. We first multiply (2.9)
and (2.11) by €2 and f3;, respectively. Then we combine the resultant equations,
obtaining

OB + AiEB) + (a3 — B)E%in? + 2Le2)inf?

S (% + a§§2) |a4|2 — a5(ai + CLE — 1)63%(1"&1&5) + a5a6(ai — 1)53%(2'112’&6).

Moreover, combining (2.9), (2.13), and the above inequality, we have

0{(1+&)E1 + P1éFr + EF3 + Fy }
{2 4 (03— B0 Y i + 2e2inf? + Sa3e?)isf?

. 1 N .
< {2+ 2 1 0+ aR)e Yl + ga3elisl? + adlellinl i
—as(a3 + a3 — 1)E(1 + )R (it ds) + asae(af — 1)E(1 + ) R(itiatie).

For this inequality, letting 8, be suitably small and employing the Young inequal-
ity, we can get

O{(1+E)Ey + By + EE3 + Fi } + c(1+ &%) |* + B2 (|a2]? + |as]?)
(217) < CA 4|l + C&las|

+ a3 + a3 — 1CIEP[an]las| + ai — 1|CIE|(1 + €2) |z | e].
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Similarly, we multiply (2.15) and (2.17) by 1+ ¢&2 and 2£2, respectively. Then
we combine the resultant equations, obtaining

OBl (L +E)Er + BréBs + B3 + Fy) + £(1+ &%) Ey}
+ Bacg® (1+€%) i |* + Bact (|taf + J115]?) + (%aé — B0) (1 + i
< B0 sf? + 31+ )i + a3€%(1+ €7
+asa58 (1+ E)R(i30s5) + asé (1 + &) R(idds)
+ Balaf + a2 — 1|CIE[°|an ||iis| + Balad — 1|CIEP (1 + £2) |tta] | s .
Letting > be suitably small and using the Young inequality, we derive that
B (14 E)Er + B1&Ea + B3 + Fy) + £(1+ %) Ey }
+c(1+ ) ([aa? + |aa]?) + c&* (2] + as|?)
< C(1+&)2as|* + CE (1 + &%) ag|?
+[af + a3 — 1|CE%as|* + |af — 1O (1 + £2)?|dia | g

(2.18)

If we assume that a3 — 1 =0, then estimate (2.18) can be rewritten as
0B (14 E)Ey + fréEs + B3+ Fy) + E(1+ &%) Eq}
(2.19) + e (1+ &) (|an]? + |al?) + c&* (az|* + |as|?)
S C(L+E)°|as|? + C2(1+ €2)]ag|*.

Then, multiplying (2.16) and the above inequality by (14 &2)% and 3£, respec-
tively, and combining the resultant equations, we have

O B3E% (B2 (L + E2)Er + BiéEo + EE3 + F1) + £(1+ E2)Ey) + £(1 + €2)°Es5}
+ 53054(1 + 52)(|’&1|2 + "IAL4|2) + B3656(|’LAL2|2 + |7:L3|2)

1 N
+ (508 = BC )21 + €)%
. 1 N
< BaCE L+ €M)l + (aB? + 577) (1 + €27l
+ a5a6€? (1 + £2)*R(tiatie ).
Hence, we arrive at

0 {BsE (B (1 + E*)Ey + P1€Es + EB5 + )
+E(1+E)Ey) +E(1+&2)°Es }
+ e 1+ (a1 + |aal?) + c€® (2] + |as|?) + (1 + €)% s |
<O+ ag|* + CE (1 +€2)°|dual |tig -

Moreover, we multiply (2.13) and (2.15) by B4£% and B5€%, respectively, and
combine the resultant equations and the above inequality. Then, by letting B4



Decay structure of two hyperbolic relaxation models 247

and (5 be suitably small, this yields
OB + 6" (1+ %) i [* + c€®liaaf* + € (1 + €2)
+ € (1 + ) aal® + (1 + €2)Jiis|* < C(1+ &%) g |,
where we have defined
E = B2 (1+ %) E1 + 152536 B + £ (B2 s + Ba€) (B3 + 1)
+E(B3(1+€%) + Bs€") Ea + E(1 +€°)° Bs.

Finally, by combining the basic energy (2.5) with the above estimate, this yields

(2.20)
(2.21)

051+ Vil + 5B} + e (1 + € i
(2.22)
Fe€ial? + 30D (4 )0, <0
j=3

Thus, integrating the above estimate with respect to t, we obtain the energy

estimate
ﬁ(t,é)!2+/t{(1fz)3|a1|2+GE;)M@F
(2.23)
+Z 1522]6) =1l (0,6)[",
where we use the inequality
(2.24) dif? < i + B < Clal

for suitably small 87. We note that the energy inequality (2.23) tells us not
only the boundedness of the energy part but also the structure property of the
dissipation part. More precisely, the estimate (2.22) with (2.24) gives us the
pointwise estimate

¢6
(R
If we assume that a + a2 — 1 =0, then the estimate (2.18) is rewritten as
0B (14 )B4+ préEs + EEs + Fy) + E(14+ €% Eq}
(2.26) +c(1+ &) (Jan]* + |2al?) + c&* (|a|* + | s]*)
<O+ as]* + C(1+€2) gl

(2.25)

a(t, )| < Cem MO

a(0,8)],

A(E) =

Then, multiplying (2.16) and the above inequality by (14 &2)2 and 3£, respec-
tively, and combining the resultant equations, we have

N Bs& (B2 (1 + E*)Er + Bi€Er + EEs + 1) + E(14+ E3)Ey) + £(1+ €°)°Es5 }
+ B3t (1+€7) (|111|2 + |ﬁ4|2) + 53056(|ﬂ2|2 + \ﬁ?,\z)
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+ (502 B:0) (1 + €2l

< 55001 +&) sl + (a3 + 577) (1 +-€9)2iko? + asaot(1 + %) Ro{aaiis).

Hence, we arrive at
O { B3 (B (1 + E*)Ey + P1€Es + EB3 + )
HE(L+E)Ey) +E(1+ ) Es }
+et (14 ) ([an? + aal?) + c€® (gl + |as|?) + c€(1 + €%)?| s |
< C(1+ %))
Moreover, we multiply (2.13), (2.15), and (2.16) by B4€5, B5¢6, and Bg€S, respec-

tively, and combine the resultant equations and the above inequality. Then, by
letting 84 and f5 be suitably small, this yields

O {BoB3E (1 + ) Er + p1B2BsE By + £ (B2fs + Ba®) (EE3 + F1)

+ € (B3(1+€%) + s6") Ba + €((1+€%)° + o) Es }

+ e (148 | + e€®iia|” + (1 + €7) ks |

+ e (14 €)% aal® + (1 + €)as]” < C(1+ €2)*ag|*.
We note that this estimate is essentially the same as (2.20). Hence, we can obtain
the energy estimate (2.23) and the pointwise estimate (2.25). Eventually, we
arrive at the estimate for both cases a3 — 1 =0 and a% + a2 — 1 = 0. Moreover, by
using a similar argument, we can derive the same estimates in the case a3 — 1 #
0, a3 + aZ — 1 # 0. Specifically, we multiply (2.16), (2.18), (2.13), and (2.15)
by (1+&%)3, B3€2, 845, and B5€8, respectively. Then, combining the resultant

equalities, we obtain (2.20) with (2.21) and, hence, arrive at (2.23). Thus, we
complete the proof of Theorem 2.1 with m =6.

2.3. Energy method for Model |
Inspired by the concrete computation in Section 2.2, we consider the more general
case m > 6. Now, our system (1.1) with (2.1) is described as

Oy + 1€l + 1y =0,
O¢tiy + 1€, =0,
6,5123 + i5a4a4 = 0,
(2.27) R _ R R R
Oylig + i€(aalis + aslis) — 41 =0,
atﬂj+i£(ajﬁj_1+aj+1aj+1)20, j=5,....m—1,
Oyl + 1€ Uy —1 + Yl = 0.

We are going to apply the energy method to this system and derive Theorem 2.1.
The proof is organized into the following three steps.
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Step 1. We first derive the basic energy equality for the system (1.1) in the
Fourier space. Taking the inner product of (1.1) with @, we have

Taking the real part, we get the basic energy equality

10, N
53¢ 4l + (Lt @) =0,

and hence,
1
(2.28) 5at|a|2jum;“n:o.

Next we create the dissipation terms in the following two steps.

Step 2. For / =6,...,m—1, we multiply the fifth equation with j =¢—1and j =/
in (2.27) by i€ayty and —ifaeiy_1, respectively. Then, combining the resultant
equations and taking the real part, we have
(229 ae€d R(itg—17e) + a7 & (|1 [* — |e|?)
2.29 _ _
— apar—1ER(Up—20p) + apars1ER(Up—17p41) = 0.

Here, by using the Young inequality, we obtain

1 .
0 Ep_1 + §a%§2|uz71\2
(2.30) 1
< aj&la,? + §af+1§2|ﬂe+1|2 + agar—1E*R(tg—20y)

for £ =6,...,m — 1, where we have defined E,_; = a,ER(itlp_17¢). Then, we
multiply the fifth equation with 57 =m — 1 and the last equation in (2.27) by
1€am T and —i€a,, ty,—1, respectively. Then, combining the resultant equations
and taking the real part, we obtain
( ) amgaté}%(lam—lam) + a$n§2(|ﬁm—1|2 - |ﬁm‘2)
2.31 _ _

— A -1 E2R (T — 2T ) + YA ER (10— 1T ) = 0.

Using the Young inequality, this yields

1
gatEm—l + §a$n£2|am—1 |2
(2.32)

. 15 . -
S a72n§2|um|2 + 572‘um|2 + amam71€2§}e(um72um)7

where we have defined E,,, 1 = @y &R (it 10m)-

Step 3. We note that (2.27) with 1 <j <5 is the same as the five equations
n (2.4). Thus, we can adopt the useful estimates derived in Section 2.2. More
precisely, we employ (2.13), (2.15), and (2.18) again.

For estimate (2.18), if we assume that a3 — 1 =0, then we can obtain (2.19).
Next, by multiplying (2.30) with £ =6 and (2.19) by (1+ ¢£2)3 and 33£2, respec-
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tively, and combining the resultant equations, we have
O { B3 (B2 (L + E2)Er + B1€Es + EBs + Fy) + E(1+ €2)Ey) + (1 + €2)°B5 )}
+ Bse*(1+€2) (|t | + [@a]?) + B3ctS (Jta|* + |as]?)
+ (a2~ Bi0) (14 &)
< B3O 1+ €2)|ao]” + age? (1 + €2)° |ao|?
+ %a$§2(1 +E2)%)07)? + asasf2(1 + £2)3R(tigtig).
Hence, we arrive at
0 B3 (B2 (1 + E*) By + Bi&Es + EEs + FY)
+E(1+E)Ey) +£(1+ €)% E5}
+ €t (1 +E) (|t ]? + |aa]?) + € (|| + |a[*) + c€?(1+ &) s |?
< CE(1+E)° (s + [a7|*) + CE (1 4 €)% |aual |ig.

Moreover, we multiply (2.13) and (2.15) by B4£% and 5, respectively, and
combine the resultant equations and the above inequality. Then, by letting B4
and (5 be suitably small, this yields

OB + €' (14 )i [* + el + c€®(1 + ) ita]* + ¥ (1 + €%t
+c€2(1+)3as> < C(1+ €3 ag|> + CE (1 + &) |ar|?,
where E is defined in (2.21).
If we assume that a3 + a2 — 1 =0, then we employ (2.26). Then, multiplying

(2.30) with £ =6 and (2.26) by (14 £2)? and B3£2, respectively, and combining
the resultant equations, we have

O B3E% (B2 (1 + E2)Er + P1€Es + EE3 + F1) + E(1 + €3 Ey) + £(1+ €2)°E5}
+ 53054(1 +§2)(|ﬁ1|2 + "LAL4‘2) + 53056(|’LAL2|2 + |7:L3|2)

(2.33)

+ (G2~ Bi0) (14 &)
< B3C(1+€%) fiag|? + age? (1 + %)% |ae|?
+ %a$§2(1 + )27 + asase? (14 £2)2R (1)
Hence, we arrive at
0 B3E% (8262 (1 + E*) By + B1€Es + EE3 + FY)
+E(1+E%)By) +€(1+ %) Bs )
+e (14 ) ([aa? + aa]?) + c€® (o] + |as|*) + c€(1 + €%)?| s |
< C(1+&) ae| + CE (14 €2)Jar|*.
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Moreover, we multiply (2.13), (2.15), and (2.30) with £ =6 by B4£¢, B5¢%, and
B6€0, respectively, and combine the resultant equations and the above inequality.
Then, by letting B4, 85, and [¢ be suitably small, this yields

0 {BaBsE (1 + E2)Er + B1B2B3E  Eo + £ (BafBs + Pa&”) (EEs + FY)

+ & (Bs(L+ &%) + BsENEs + £((1+ €2) + B6€°) E5 }

+e€ (L4 &) |* + €®liaf® + 6 (1 + €7t

+ 6 (14 €)%l + (1 + 6%)° s |

<CO+8) as|* + O (1+ 7).
Consequently, this estimate is essentially the same as (2.33). Moreover, by using
a similar argument, we can derive the same estimate in the cases a3 —1# 1 and
a3+ a2 —1#0 (for details, see Step 3 in Section 2.2).
By using estimate (2.33), we construct the desired estimate. We multiply

(2.30) with £ =7 and (2.33) by (1+&2)* and 37£2, respectively, and combine the

resultant equations. Moreover, letting 8; be suitably small and using the Young
inequality, we obtain

O{BrEE+E(L+ &) Eg} + (1 + )|t |* + c€¥|tia|® + & (1 + &%)| i3]
+ €81+ )2 ]® + c€* (1 + €2)|as|® + c€?(1 + €2)*|tig |
< C(1+&)%|ar> + CE(1+ &%) as|*.

Eventually, by the induction argument with respect to j in (2.30), we can

derive
OhEm—s + &I (1 + &) |* + £V |?
m—2 . )
(2.34) ey eI 4822y
j=3

SCA+E)" Pl [P+ CEL+ )™ i

for m > 7. Here we define &, as & = F and
gm—Q = 6m—1§25m—3 + §(1 + fQ)m_4Em—27 m> 8.
Now, multiplying (2.32) and (2.34) by (1 +&2)™3 and f3,,£2, respectively, and
making the appropriate combination, we get
OiEmr + ML+ )i [* + €20 |
(2.35) m-1 _ _
+e Y A+ Y20 < C(1+ )P |
=3

Finally, by combining (2.28) with (2.35), this yields
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3t{ (L+ )20 + Bt 1Em— 1}+C§2(m DL+ &)y

(2.36) } A
4+@ﬂmﬁnmﬁ+c§:éwhﬂu+f%fﬂ@ﬁgo.
j=3

Thus, integrating the above estimate with respect to ¢, we obtain the energy

. 9 t 52(m—4) . 52(m—3) A
u(t,§)| +/ {W|U1|2+W|U2|2
(2.37) .

2(m—j)
#3159

Jj=

estimate

for m > 7. Here we have used the inequality
1 B
12 .12 m+1 12
c|u| < §|U| + W&Thl < C|U|
for suitably small (,,+1. Furthermore, estimate (2.35) with (2.36) gives us the
pointwise estimate
52(m—3)
(1+£2)m—2
for m > 7. Therefore, together with the proof in Section 2.2, (2.2) is proved, and
we then complete the proof of Theorem 2.1.

a(t, )] < Cem MO

a(0,6)], A=

2.4. Construction of the matrices K and S

In this section, inspired by the energy method employed in Sections 2.2 and 2.3,
we shall derive the matrices K and S. Based on the energy method of Step 2 in
Section 2.2, we introduce the (m x m)-matrices

00 0 1, 0 0 0 0,
00 0 0] 00 L 0]
N 0,0 g0 1o 0,0
1 0 0 0 ’ 0 0 00! ’
_______ . o 0 b
| |
0 0 0 0
00 00,0
00 00"'1
o0 0000
S3=[0 0 0 0,0 ,
b’l’b’bﬁh”’
|
|
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and hence,

0 0 0 a5, O
0 0 asas O : 1—a?
0 a40ax 0 0 0
=—as|as 0 0 0, 0
'6_1_153"_0_"0_:"6"“
|
|

Then, we multiply (1.4) by S and take the inner product with 4. Furthermore,
taking the real part of the resultant equation, we obtain

1. - . 3
(2.38) 5at< ,0) + E(I[S AR a,a) + ([SLy,]™a,4) =0,
where
0 0 agas 0 | a? 0
0 0 0 a5, 0 ag(l—aj)
agas 0 0 010 0 0
. 0 a O 0,0 0
SAp=—as |~—-5-—--- LT :
P10 0 0o 0
0 0 0 010 0
|
|
|

Equality (2.38) is equivalent to (2.9). We note that the symmetric matrix S; +
a4Ss is the key matrix for the (4 x 4)-Timoshenko system (see [14], [15]). The
symmetric matrix S is one of the key matrices for system (1.4).

We introduce the (m x m)-matrix

Ky

0 0

Then, we multiply (1.4) by —i£K; and take the inner product with @. Moreover,
taking the real part of the resultant equation, we have
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1 ‘ ‘
(2.39) —iﬁmunam>+g%UQAum¢Q—g@uanPwaa>:o
where
-1 0 0 0, 0 0 0 0,
0 1 0 0:0 0 0 0 1:0
o 0o o0 o0, o 0 0 0,
Bdm=1 06 o ¢ o1 ’ Bilm=14 0 0 0
________ . vuv v v
| |
0 0 0 0

Equality (2.39) is equivalent to (2.10).
We next introduce the (m x m)-matrices

00 0 0, 00 0 0,

| |

o0 0 10 01000
Ky=ay l ) Sy=—ay |
0 0 —1 0! 00 0 0!
________ . Voo 0 v

| |

0 () 0 0

Then, we multiply (1.4) by —i£ K5 and Sy, and we take the inner product with
4, respectively. Moreover, taking the real part of the resultant equations and
combining these, we have

(2.40) %c’)t<(s4 —i6K,) 1, 0) + E([KyAp ]V, @) + ([SaLm ]V, a)

+ &(i[SsAp, — Ky Lp )i, 4) =0
where S4L,, = O and

00 0 0, 0
00 0 0 ' 0
0 0 ai 0 1 asas O
K4Ap = _0_ _0_ _0_ _ j%‘zl_:_ _0_ I
00 0 0 1 0
|
0 l 0
00 0 0 |
0 0 0 —ﬁ: 0
1o o o0 o,
S4Am - K4Lm - 0 0 0 0 |
_________ + -
|
0 0

Equality (2.40) is equivalent to (2.12).
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000 0,0
000 0°'0
o000 o.00
Ks=as|0 0 0 0 '1
00 0 -1 :_0_ B
0 0

Then, we multiply (1.4) by —i€ K5 and take the inner product with 4. Further-
more, taking the real part of the resultant equation, we obtain

(2.41) —§§3t<lK5u, @) + (K5 Ap]™a, 0) — E(i[ K5 L™ a,4) =0,
where
0 0 0 0, 0 0
00 0 0' o0 0
oo o o0 o 0
Kad — |00 0 _ad, 0 ases
m 0 0 —asas 0 —az 0 ’
00 0 01 0 0
|
0 : 0

K5L,, =

-

Equality (2.41) is equivalent to (2.14).
Based on the energy method of Step 2 in Section 2.3, we introduce the
(m x m)-matrices

0 0
0 S 0
0 0
Ke=a,| © 0 0 10 -~ 0f £-1
0 0 -1 0 0 0 V4
0 0
0 b 0
0 0
{—1 7
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for £=6,...,m—1. Then, we multiply (1.4) by —iK, and take the inner product
with 4. Furthermore, taking the real part of the resultant equation, we obtain

1
(2.42) — 580, (1K, 1) + ([ KeAp]Ya,a) =0
for £=6,...,m — 1, where
0 0 0 0
0 0 0 0
KA, = |0 0 0 a; 02 agagyr 0 - Of £-1
0 -+ 0 —ap_1ar 0 —aj 0 0o --- 0 Y4
0 0 0 0
0 0 0 0

Moreover, we have

1
2.43 ——E0, (1K 1, 1) + E2([Kim A ¥ 0, 0) — E(i[Kpy L |V 0, 0) = 0,
2
where
0 0 0
K A = 0 R
0 0 0 a?, 0
0 0 —ampm_1am O —afn
0
K, L,, = 0
0 -+ 0 amy
0 --- 0 0

Equalities (2.42) and (2.43) are equivalent to (2.29) and (2.31), respectively.

For the rest of this section, we construct the desired matrices. According to
the strategy of Step 3 in Section 2.2, we first combine (2.38) and (2.39). More
precisely, multiplying (2.38), (2.40), and (2.39) by (1 + £2), (1 + £2), and 6y,
respectively, and combining the resultant equations, we obtain

%at<{(1 +&4)8 — it (01 K1 + (1 + &) Ky) b, a)
+ (L+ EN[SLp]Y a1, a) + E([(01K1 + (1 + &) Ky) A | ™ a0, a1)
+ &1+ ) (i[SARYa,0) — E(i[(61 K1 + (1 + &) Ky) L | a,4) = 0.
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Here we define S = S + S;. We next multiply (2.41) with £ =6 and the above
equation by (1 + &%) and €2, respectively, and then combine the resultant
equations; we obtain

%@({5262((1%2) — g (01K + (14 €)K4)) — (1 + €2)2 K Y
+ 6282 (1 4+ E)([SLp Y, ) + 0283 (1 + ) (i[S A ]* 01, 1)
+E2([(5262(01 K1 + (1+ E)KL) + (14 €32 K5) Ay Va0
— (i[(02€2 (01 Ky + (14 E2)Ka) + (1+ &) K5) L i, ) = 0.

Moreover, multiplying (2.42) and the above equation by (1 + &2)3 and d3€2,
respectively, and combining the resultant equations, we get

%at<{53§2 (0262 ((1 + €3S — i€ (01 K1 + (1 + &%) Ky))
—i€(1+€*)2Ks5) —if(1+ €2)° Ko}, i)
+ 020361 (1 + E)([SLin] 1, 1) + 020367 (1 + ) (i[SAm]™V 0, )
+ ([ (5587 (0267 (01 K1 + (1 4+ 6°)Ky) + (1 +€7)°K)
+(1+€%)°Ke) A ™, )
— 536%(i[ (5262 (51 Ky + (1 4+ € Ky) + (14 €2)°K5) Ly | ™Y1, ) = 0.

Consequently, by the induction argument with respect to ¢ in (2.42), we have

%3t<{j1:[z 6]_52@74)(1 +f2)8 _ Zf/Cg}ﬁ,ﬁ,>

-3
+ 6,62V + (S, )
(2.44) =

£—3
+ 620+ @) (S Aty

=2

-3
+ (Ko Aty i) — ] 6,622 (Gl L™V, ) = 0

j=3
for 5 < ¢ <m — 1, where the last term on the left-hand side is replaced by
E(i[Ks Ly )20, 1) for £=5. Here we define Ky as Ky =01 K1 + (1 + %) K, and

Ke=00_38Ke 1+ (1 + 3K,

for £ > 5. Therefore, we combine (2.43) and (2.44) with £ =m — 1. Then we can
obtain
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m—4

%at<{ §;€2m=9(1 4 €2)8 —zgicm}a,a>+52<[/cmAm}sya,a>

j=2

BN

m—4

+ [ 6:8 2+ E){([SLm|Yii, )

Jj=2

4 et
(2.45) n H 5j§2(m*4)+1(1+§2)<i[5/1 1254, a>

j=2

m—4

— IT ;82 Gl Lon )Y 1, )

7=3
= &(1 4+ €)™ ([ Ko L™, ) = 0.

Finally, multiplying (2.45) by 0m—3/(1 + &2)™~2 and combining (2.28) and the
resultant equations, we can obtain

gl [+ &W{HW(’" D(1+€2)S — i€k }|a,a)

i)+ T 6 ST
mU, U poo ml|” U, U
ey

(2.46)
iii gﬂm7®+1< >
+ 0 3 (S ARV, 1
Loae
m—3 £2m=5)+1 < >
j 5 (s L "V 0,4
HUoaseam
—5m,3i<z’[KmL 1 a,d) =0
1+¢2 ’
where I denotes an identity matrix. By letting d1,...,d,,_3 be suitably small,

(2.46) derives energy estimate (2.37). More precisely, noting that

m—3

K= T 6,6 V(01K + (1+ ) Ka) + (1 4+ )" Ky,
j=2

m—3m—3

+ Z H 6j£2(m—k—2)(1 +§2)k_1Kk+2

k=3 j=k

for m > 6, we can estimate the dissipation terms as
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m—3 £2m=4) ‘
<Lm’LL, 'LL> + e J (1 + 52)711—3 <[8Lm} u, 'LL>
52
(247) +5m*3( T g2ym 2<IC A )
52 m—4) 2 2(m ) 52 m—j)
26{(1+§2)m 3| 1| (1+§2)m 2‘2‘ +Z 1+€2m]|j‘}
for suitably small 41, ...,d,,_3. Consequently, we conclude that our desired sym-
metric matrix S and skew-symmetric matrix K are described as
52(m—4) 52
S=————-8, K=—"+———-K,.
(e (e

3. Modelll

3.1. Mainresultll
In this section, we treat the Cauchy problem (1.1)—(1.2) with

0 ].| 0 0\ |
ro0;0_ 0, o __________ .
0O 01 0 ag 1 O I
0 0je 00 0 0
0 01 0 ag !
| | |
Ap = [ 0 ,a O | ,
| | |
| | |
| | |
0 Qm—2
| | |
o0 s 000
I 1 0 0 | 0 am
I | 0 'a, O
(3.1) o o . .
O| 0 O| 0 | |
_O_I____1_T_6________—__—__—_| __________ 1
| | | |
O L0 00 0
0,0 0] 0 as K :
| 01 —as 0 | I
| | | |
Lm: I I I ! )
| | | |
| | 0 Ap—3 | 0 |
| | | |
N L _______ ~m-3 0 , 0 0
[ [ 0 0 0 am-1 ' 0
| 0! 0 ! —am 0 0
N e )

where integer m >4 is even, v > 0, and all elements a; (4 < j < m) are nonzero.
We note that the system (1.1) with (3.1) for m =4 is the Timoshenko system
(see [14], [15]). For this problem, we can derive the following decay structure.
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THEOREM 3.1
The Fourier image 4 of the solution u to the Cauchy problem (1.1)-(1.2) with
(3.1) satisfies the pointwise estimate

(3-2) |a(t,€)| < Cem X |ag(€)]

where \(€) := €3m710/(1 4 £2)2m=3)  Fyrthermore, let s >0 be an integer, and
suppose that the initial data ug belong to H® N LY. Then the solution u satisfies
the decay estimate

[0Eu(t)]| o < C(L+t)~ 7510 G yg || 1o+ O (1 + 1)~ 72 |95+ ug | 2

for k+¢<s. Here C and c are positive constants.

3.2. Energy method in the case m =6

Ide, Haramoto, and Kawashima [14] and Ide and Kawashima [15] had already
obtained the desired estimates in the case m = 4. Thus, we consider the case
m = 6 in this section, which can shed light on the proof of the general case m > 6
to be given in Section 3.3. Then we rewrite the system (1.1) with (3.1) as

Oty + i€z =0,

Oyl + 1801 + U2 + U3 =0,
O¢ti3 + i€aytliy — 2 =0,
Opliy + i€aytiz + astis =0,
Optis + i€aglig — astiy =0,

8tﬁ6 + i§a6ﬁ5 =0.

Step 1. We first derive the basic energy equality for system (3.3) in the Fourier
space. We multiply all the equations of (3.3) by 4 = (4, az, U3, U4, Us,U6) ",
respectively, and combine the resultant equations. Furthermore, taking the real

part for the resultant equality, we arrive at the basic energy equality
1, .

Next we create the dissipation terms in the following two steps.

Step 2. In this step, we exactly follow the same idea as in Step 2 in Section 2.2
in order to obtain the dissipation of other components besides 5.

As the dissipative term 4o appears in the second equation of (3.3), we first
consider the possibility of obtaining the dissipation of the hyperbolic term .
For that, we multiply the first and second equations in (3.3) by ity and —ilt,
respectively. Then, combining the resultant equations and taking the real part,
we have

(3.5) EOR(it1t2) + €2 (|1 |* — |G2]?) + YER (i1 G2) + ER(it1a3) = 0.
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Next, we combine the fourth and sixth equations in (3.3), obtaining
at (§a6ﬁ4 + ia5ﬂ6) + i§2a4a6f&3 =0.

Then multiplying the first equation in (3.3) and the resultant equation by £agy —
iastg and 4;, combining the resultant equations, and taking the real part, we
obtain

(3 6) ﬁt{a6§§R(ﬁlﬁ4) — (15%(7;’&1&6)}
- — CL4CL6§2§R(’L@11§3) + a6§2§R(ia21§4) + %5%(&266) =0.

To eliminate R(it;43), we multiply (3.5) and (3.6) by a2a2¢? and agaeé, respec-
tively, and add the resultant equations. Then this yields

a1a6€0, B\ + aZa2¢* (i |? — |as|?)
(3.7)

+ a4a§§3§)‘€(iﬁgﬁ4) + a4a5a6§28‘3(ﬁ21§6) + vaiagf?’ﬂ?(iﬂlﬁg) =0,

where E§6) = GGS%(ﬂl’li;) - (l5§R(’L"lAL1a6) + a4a6§2%(i1}1ﬁ2).
We multiply the second and third equations in (3.3) by Gg and s, respec-
tively. Then, combining the resultant equations and taking the real part, we have

(38) 8t§R(ﬂ2a3) + |ﬂ3‘2 — |1j62|2 + f%(lﬂlﬁz;) — a4§%(iﬂ2&4) + 7%(@2&3) =0.

By the Young inequality, (3.8) is estimated as
1. . . o=
(3.9) O Es3 + §|u3|2 <y |2 4+ (1 4+92)|ao)? + as€R(itoty),

where E3 = R(ii203).

Furthermore, we multiply the third and fourth equations of (3.3) by —ifast4
and i€a47s, respectively. Then, combining the resultant equations and taking the
real part, we have

(310) —Cl4£8t§R(ia3ﬁ4) —|—ai§2 (|ﬁ4|2 — |7:L3 |2) —|—CL4€§R(’L.’LAI,QI:L4) — a4a5§§R(iﬁ31§5) =0.
By the Young inequality, the above equation is estimated as

1 . 1 N o=
(311) 5&,134 =+ 5&2€2|U4|2 S §|UQ|2 + ai§2|U3|2 + CL4CL5£§R(’LU3U5),

where E4 = —a4§R(Z.1AL3’LTL4).
We multiply the fourth and fifth equations in (3.3) by asts and a5y, respec-
tively. Then, combining the resultant equations and taking the real part, we have

azOR(tatis) + a2 (|is|* — @a]?) + asasER(itias) — asasER(iiats) = 0.
By using the Young inequality, we obtain
1,,. . 1 N a3
(3.12) O Es + §a§|u5|2 < (L§|U4|2 + §a§f2|u3|2 + asagER(itat),

where E5 = a58t8?(ﬁ4735).
Moreover, we multiply the last equation and the fifth equation in (3.3) by
i€agls and —ifagle, respectively. Then, combining the resultant equations and
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taking the real part, we have
—a€OR(itstig) + ags® (s |” — |ts|*) + asacER(itats) = 0.
Using the Young inequality, this yields
(3.13) £0:Es + %a(2552|116|2 < age?las|® + %agmﬁ,
where Eg = —agR(itste).
Step 3. In this step, we sum up the energy inequalities and derive the desired

energy inequality. For this purpose, we first multiply (3.12) and (3.13) by &2 and
(1, respectively. Then we combine the resultant equations, obtaining

1 . 1 .
O {E*Es + p16Es} + §ﬁla§§2|u6|2 + (§G§ - ﬁla§)§2\us\2
1 . 1 N N
< (381 + ) aBliuaf? + Sa3e sl + lasllasll P aall s .
Letting 1 be suitably small and using the Young inequality, we get
X X X 1 X
O{E Es + B1€Ee} + € (Jas]” + |ig|?) < C(1+€%)?aal” + §a§§4\U3|2~

Moreover, combining the above estimate and (3.12), we get

O{(1+E)Es + BiéEs} + c(1+ &)|as|* + c€?|tig|?
(3.14) n21e 2, L 2.0 2 2
< O+ &) ] + gas€ (1 +€7) s

Second, we multiply (3.11) and (3.14) by (1 + £2)? and B2£2, respectively, and
combine the resultant equations. Then we obtain

{ P& (1+ &%) Es + fréEs) + £(1+ &)y}
+ Bac€?(1+€%)|iis|? + Bact |iig]* + (%ai - 520)520 +E)%|a?
<C(1+&)?aa)? + CE(1 + €2)?|as]? + CE(1 + £2)*R(itzts)
Letting S, be suitably small and using the Young inequality, we get
0i{B28? (1+ &) Es + Bi1&Es) + E(1+ ) Ea} + c€2(1 4 %) | tis|?
+ i) + e (14 %) [aa|* < C(1+€%)?|aa|* + C(1+ &) iig|*.

Third, we multiply (3.9) and (3.15) by (1+¢&2)? and B3, respectively, and combine
the resultant equations. Then we obtain

81:{/33 (5252((1 +&)Es + 51§E6) +&(1+ {2)2E4) +(1+ 52)3E3} + Bsctt|tig|?

(3.15)

+ Bc(1+ €5l + Bsct? 1+l + (5 — 5C) (1+ €))sl?

< C(1+E)3a? + (1 + €231 |* + as€ (1 + €2)3R(itia0y).
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Therefore, letting 83 be suitably small and using the Young inequality, we get
0{ B3 (B2 (1 + ) Es5 + B1€Eg) + £(1 + €2)°Ey) + (1 + €2)°E5 }
(3.16) + c€'iig|? + €% (1 + €7) 15| + € (1 + €)% |tua]* + (1 + €%)° s |
SO+ aol” + 21+ €)%
Fourth, we multiply (3.7) and (3.16) by (1 + &2)3 and B4&2, respectively, and

combine the resultant equalities. Moreover, letting 84 be suitably small and using
the Young inequality, we obtain

OE + c€®lts]” + € (1+ €)a|* + &' (1 + %)% |1a | + c6(1 + €7)? s |
+ e (1+ €)% < C(1 4 &)%|ia|* + asasast® (1 + £2)*R(tintig),
where we have defined
E = (462 (ﬁ3 (ﬂ2§2((1 +&Es + /31§E6) +&(1+ 52)2E4) +(1+ 52)3E3)

+agapt(1+ 2B

(3.17

Moreover, to estimate R(iatg), we multiply (3.17) by ¢? and use the Young
inequality again. Then this yields

0B + c¥litg|” + c€® (1 + &) i |* + c8°(1+€)|a*
+ et (14 €)% as)? + € (1 + ) |an |* < O (1 + %)%z,
Finally, multiplying the basic energy (3.4) and (3.18) by (1+¢2)% and S35, respec-

tively, combining the resultant equations, and letting (5 be suitably small, this
yields

(3.18)

at{%h N + BB 4 e (146 i
(3.19) +e(1+ )% ag|? + et (14 €2)3|as|? + c€8(1 + £€2)2| g
+e€(1+ %) a5 ]* + c€Blitg]* < 0.

Thus, integrating the above estimate with respect to ¢, we obtain the energy
estimate

54

. 2 ¢ £ e 2 £ 2
. |a(t,€)| +/O{(1+§2)3|U1| + [ e +WIU3| +WIU4|
' 6 8
+ (1f§2)5|a5|2+ (1f§2>6|’&6|2}dT§C|ﬁ(0,£)’2.
Here we have used the inequality
2
(3.21) clif < 51 + s B < Clal

for suitably small 85. We note that the energy inequality (3.20) tells us not
only the boundedness of the energy part but also the structure property of the
dissipation part. More precisely, estimate (3.19) with (3.21) gives us the pointwise
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estimate
58
(1+&2)8

This therefore proves (3.2) in the case m =6 for Theorem 3.1.

w(0,8)], A6 =

it §)] < Cem O

3.3. Energy method for Model II
Inspired by the concrete calculation in Section 3.2, we consider the more general
situation m > 6. Then we rewrite our system (1.4) with (3.1) as
Ortin + i€te =0,
Optig + i€ty + Yo + 03 =0,
O¢ti3 + i€aytiy — g =0,

(3.22)
Oty +1i€ajlj—1 +a;11Uj41 =0, j=4,6,...,m —2 (for even),

8,51%‘ + ifaj+11lj+1 —a;lij—1 =0, j=57,....m—1 (fOI‘ Odd),

Oty + i€t _1 = 0.

Step 1. We first derive the basic energy equality for system (1.4) in the Fourier
space. Taking the inner product of (1.4) with 4, we have

(T, 4) + 1E( A, 0) + (L, @) = 0.
Taking the real part, we get the basic energy equality
%<‘9t|a|2 + (L, @) =0,
and hence,
(3.23) %at\aﬁ + 7lti2|? = 0.

Next we create the dissipation terms in the following two steps.

Step 2. We note that we had already derived some useful equations in Section 3.2.
Indeed, (3.5), (3.9), (3.11), and (3.12) are valid for our general problem. There-
fore, we adopt these equations in this section.

To eliminate R(iti1U3) in (3.5), we first prepare a useful equation. We combine
the fourth equations with j =4,...,2¢ in (3.22) inductively. Then we obtain

[ [
(3.24) Olhye +i&(—i&) 2 [ [ azstis + [ ] azjs1tizesr =0,
j=2 j=2
for 4 <2¢ < m — 2, where we have defined Uy = 14 and
-1
Uz = —iazelhap_2 + H a2j4112p.

j=2
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Moreover, by combining the last equation in (3.22) and (3.24), this yields
m/2
(3.25) 20Uy, — 6™ [ azjtis =0.
j=2
Multiplying (3.25) by —a; and the first equation in (3.22) by —i™/2U,,, combin-
ing the resultant equations, and taking the real part, we obtain
m/2
(3.26)  —OR("™ Uptin) — [ ag; €™ ' Rlitndis) + ER(E™ > Upn i) = 0.
j=2
To eliminate R(id173), we multiply (3.5) by HTZ/ZQ a2;€™?72 and combine the
resultant equation and (3.26). Then we obtain

m/2
O™ + T azs€™/ (Jin]? — |ia]?)
3.27 o
(3.27) s
+ v H angm/Qflm(ialﬁz) + fm(im/%lumﬁz) =0,
j=2

where we have defined

m/2

B = T azi€™* " Ritirin) — RE™ *Upmt).
j=2
For £ =4,6,...,m — 2, we multiply the fourth equation and fifth equation
with j =¢ and j =/¢+1 in (3.22) by agy1@er1 and agq e, respectively. Then,
combining the resultant equations and taking the real part, we have
ap 10 R (Getpr1) + af o ([Gega|* — |ae]?)

(3.28) - ,
+ apar1ER(1tg—1Ue1) — arp1a042ER (10U 42) = 0.

By using the Young inequality, we obtain

1 "
O Eey1 + §a§+1|ue+1\2
(3.29)

. 1 N =
<aj|ie* + §a§+1§2|ue—1|2 + 1@ 2ER(1eTp42),

where E€+1 = ag+1§}:3(ﬂgﬁg+1).

For ¢ =4,...,m — 4, we multiply the fourth and fifth equations with j =
(42 and j=£+1in (3.22) by i€asyoler1 and —i€apy oty 2, respectively. Then,
combining the resultant equations and taking the real part, we have

— a1 280 R (il 1100 42) + a7 o8 (|Gral® — s |?)

(3.30) i _
+ a1 00426 R (1Uplies2) — appoap3ER(1tp41U43) = 0.

Here, by using the Young inequality, we obtain
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1 .
§0iEpi2 + §a;23+2€2|w+2|2
(3.31)

N 1 . =
<agy o8| + §a?+1|uzl2 + ap12a013ER(ite411043),
where E,g+2 = —a5+2%(iﬂg+1ag+2)
Moreover, we multiply the last equation and the fifth equation with j =m —1

in (3.22) by 1€ Up—1 and —i€ap, U , respectively. Then, combining the resultant
equations and taking the real part, we have

532) — A& R (1 —1) + a2, (|@m]? — |lm—1]7)
3.32 B
+ am,lam@?(iam,gﬁm) =0.

By using the Young inequality, this yields
(3.33) §O, By, + a m&lm|? < af 1| + S ag, 1 |dm-2|?,

where E,, = —am%(zum,lum).

Step 3. In this step, we sum up the energy inequalities constructed in the previous
step and then make the desired energy inequality. The strategy is essentially the
same as in Section 3.2.

For this purpose, we first multiply (3.29) with £ =m — 2 and (3.33) by &2
and [, respectively. Then we combine the resultant equations, obtaining

1 . 1 "
O{E B + Br€Bm} + 58102, m|? + (02, = Bra?, )€2litm 1

1 N 1 N N N
< (381 +€) @ aliim—af? + Sa2 1l +lam—1llam I -l .
Letting 1 be suitably small and using the Young inequality, we get
a1ﬁ{§2E’m—1 + B1§Em} + C§Q(|ﬁm|2 + |ﬂm—1‘2)

1 N
<C(1 +&? ) |t — 2|2 + 2a’m 1£4|um—3‘2-
Moreover, combining the above estimate and (3.29) with £ =m — 2, we get
at{(]- + 52)Em71 + ﬂlgEm} + C£2|ﬁm|2 + C(]- + 52)"&77171 |2
(3.34) 1
<O+ E) [l + a7 1€ (1 + &)l
Second, we multiply (3.34) and (3.31) with £ =m — 4 by £2£2 and (1 +£2)2,
respectively, and combine the resultant equations. Then we obtain

0528 (1 +€) B + Br6 ) + E(L+ € B o)}
+ Bt ? + 2c€ (14 €)1 + (5022~ 20)E (14 € Pl of?
< O (14 )i 5 + 50y (1+ €l
+ CIEI + )il |
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Letting (2 be suitably small and using the Young inequality, we get
0e{ 26 (1 + ) Em—1+ B1€Em) +E(1 + %) Em2}
(3.35) + &Ml |? + € (1 + E)|lim—1]* + € (1 + €2)|tm—2|?

1 X
§a3n—3(1 + )|l —a|*.

Third, we multiply (3.35) and (3.29) with £=m —4 by B3 and (1 + £2)3,
respectively, and combine the resultant equations. Then we obtain

O {B3 (B2 (1 + ) Em1 + BiéEm) + (1 + 6% Ep2) + (1 + &%)’ B3}
+ ﬁ3C£4|am|2 + 53062(1 + 52)|ﬁm71 |2 + 53052(1 + 52)2|’&4WL72|2

+ (0% 550) (1 4+ s

< O(l +§2)3|ﬁm—3|2 +

< O+ )P lim > + 502, o1+ €l
+ClE1(1+ &%) it —a |l —2]-
Therefore, letting 83 be suitably small and using the Young inequality, we get
B3 (B2 (1 + €3 Bt + B1éEy) + E(1+ &) By )
+ (1+ &) Em—s} + i |* + € (1 + €)|iy—1 |

(3.36) + c€2(1 + )2 |tim—2|® + c(1 + 2|ty —3]?

. 1 .
< O(L+ &) itm—al* + a5, 5€ (1 + ) ibm s [*.
Inspired by the derivation of (3.34), (3.35), and (3.36), we can conclude that
the inequality
OrEm—s + Yy WA (14 )iy
(3.37) =5
1
SCA+E)™ Hiaal* + 5036 (1 + €)™ Jitg
is derived by the induction argument. Here [-] denotes the greatest integer func-
tion, & = B1€E, + (1+ fz)Em_l, and
Eo=Be’E—1 +E(1+ &) By,
Eor1=PBe1&+(1+ 52)€+1Em7(€+1)7

for even integers ¢ with ¢ > 2.
Furthermore, we multiply (3.37) and (3.11) by B,,_4&? and (1 4 £2)m~4
respectively, and combine the resultant equations. Then we obtain

(3.38)
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01+ Bm—acy_ EEATV(1 4 2=y, |?
=5

+ (30— BnaC) (14 )i

N 1 m—4 - m—dia |l
SCEA+&)™ igl* + 5 (1+€)™ Hial* + ClE|(1+ €)™ [ s,

where &,,_4 is defined by (3.38) with £ =m — 4. Thus, letting §,,_4 be suitably
small and using the Young inequality, we obtain

m
8t5m—4 +CZ£2([£/2]71)(1 +€2)m7£m€|2
(3.39) =1
1
< O(1+€)™ sl + 5 (1+ €)™ i 2.
Similarly, we multiply (3.39) and (3.9) by B3 and (14 £2)™~3, combine
the resultant equalities, and take (,,_3 suitably small. Then we have
0&m—s+cy WA 4 2)m |,
(3.40) =3
SCL+E)"2ag + (1 + )Pl ?,

where &,,,_3 is defined by (3.38) with £ =m — 3.

To estimate |11 |? in (3.40), we next employ (3.27). Namely, we multiply (3.27)
and (3.40) by (1+&2)™3 and B,,_20,&™/?2, respectively. Then we combine
the resultant equations, obtaining

Ou{ B2 O™/ 2, _s + (14 €22 B

e Ll N S R S S e (1
=3

+ am (1= B 2) €21+ 2" i |
< Cfm/2_2(1 +§2)m—2|a2‘2 +,yam£m/2—1(1 +f2)m_3%(i'&11§2)
+ f(]- + g2)m73%(im/2+1um62)7

where we have defined «,, = H;"Z/QZ agj. Here, taking f3,,_» suitably small and
using the Young inequality, we get

5t{5m72am£m/2_25m73 + (1 +§2)m—3E£m)}
(341) +C§m/2—2 Z§2([£/2]—1)(1_~_£2)m—5|ﬁ2|2+c§m/2(1+§2)m—3|a1|2
=3
< Cfm/2_2(1 +§2)m—2|a2|2 +€(1 + gZ)m—3%(im/2+1Mma2).

For the last term on the right-hand side of (3.41), we note that
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m/2—3 m/2—1

Un =TT amsi) (=i s+ (T azir )iim
Jj=0 j=2

m/2—1 k—1 m/2—1—k
+ (H a2a‘+1)( 11 amﬂj)(—if)mp—kﬁzka
k=3 j=2 §=0
for m > 6, where the last term on the right-hand side is neglected in the case
m = 6. Then, substituting the above equality into (3.41), we obtain

0{ B2 €™/ 2E,, g + (14 €22 B

fem/22 252([5/2]*1) (14 )™ > + cfm/2(1 + &)™y
(3.42) =3

m/2
SOEmPA )P+ C Y [P 4 €2)™ 3 ato g
k=2

In order to control the term of |&,,| on the right-hand side of (3.42) we introduce
the inequality
€[22 (1 + €22 i | < €% 1Ot [* + Ce(1 4 €2)2" D i,

€3m/2—6

Inspired by the above inequality, we multiply (3.42) by and employ this

inequality. Then we obtain

/200 B 20m €™ 2y + (14+ €2 B } + (¢ = )€1 2

m—1
+C€2m710 Z 52[[/2](1 +€2)mfé|,az‘2 +C€2m76(1 +§2)m73|ﬂ1|2
£=3
<{CEMS £ C(1+ €)Y (14 )75 i
m/2—1

+C D EPTTR A+ €)™ B[k

k=2

Therefore, letting € be suitably small, we have

53m/2768t{ﬂm—207rL§m/2728m—3 + (1 + 52)m73E£m)}

+C6-2771710 ZgQ[[/Z](1+£2)m7£|ﬁz|2 +C£2m76(1+£2)m73|ﬂ1|2
(3.43) =3

m/2—1
SCA+EPMINag +C Y 6P (1 + €)™ gzl
k=2

Moreover, applying the inequality
€m0 R (L €2)™ 2 faao | o,

< E§2m—10+2k(1 +§2)m—2k|a2k|2 _’_CE€2m—4k(1 +§2)m—6+2k|,&2|2
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to (3.43), we can get

at£m—2 + Cé~2m710 252[5/2](1 + g2)m7Z|,aé|2
(3.44) =3

+ MO+ €)M P P < C(1+ €32 anf?,

where we have defined &, _o = £3™/276(B,, _oa;,€™/?72E,, _3+(1 +£2)m*3E£m)).

Finally, multiplying the basic energy (3.4) and (3.44) by (1 +£2)2(™=3) and
Bm_1, respectively, combining the resultant equations, and letting (5,,_1 be suit-
ably small, we obtain

1 ~ m— m—3|5
0 SO+ Il + Bp1Emms p 4+ €21+ €2 i

(3.45) m
-I—C(l +£2)2(m—3)‘,&2|2 _’_C£2m—IOZ§2[2/2](1 +§2)m—2|ﬁe|2 <0.

£=3
Thus, integrating the above estimate with respect to ¢, we obtain the energy

estimate
§2m76

t
ﬁ(t,f)|2 +/0 {le/ﬂ? + |’EL2|2
grm—10  Jn o e2[e/2]
(1+&)m=3 & (1+&2)f

(3.46)

+

i} dr < Cla0,¢)

where we use the inequality

ﬁm—l ~12
(s gy o2 =0

for suitably small (,,_1. Furthermore, estimate (3.45) with (3.47) gives us the
pointwise estimate

1
(3.47) claf* < 5m|2 +

g3m—10
(1+&£2)2(m=3)"
This therefore proves (3.2) and completes the proof of Theorem 3.1.

a(t, &) < Ce MO

3.4. Construction of the matrices K and S
In this section, inspired by the energy method stated in Sections 3.2 and 3.3, we
derive the desired matrices K and S. Based on the energy method of Step 2 in

Section 3.2, we first introduce the following (m x m)-matrices:
0 1 0 0, 00 0 0,
~1.0 0 0! 000 0!
oo 0000 oo 000 170
Tlo 0 00 4T 0.0 1. 0
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Then, we multiply (1.4) by —i£ K; and take the inner product with &. Moreover,
taking the real part of the resultant equation, we have

1
(3.48) — 580 (K00, a) + E([K1 Am]¥ i, 0) — E(i[ K1 LY, 0) = 0,
where
1 0 0 0, 0 v 1 0,
0—100:O 0000:O
I U N O
Kidm=104 0 0 0 v BIm=10 g o o
________ b R
| |
0 0 0 0
Equality (3.48) is equivalent to (3.5). Similarly, by using the matrix K4, we obtain
1
(3.49) —Egat@ma, @) + E([KaAp]¥a, 0) — E(i[KaLy )™ a,4) =0,
where
00 0 0,
00 0 0 0
B 00 -1 0,
K4Am—a4 0 0 O 1 | 9
________ v
|
0 0
00 00,0
00 0O0'O0
|
. o0 0 0ia 0
Afm = 04 0100 0
|
0 0

Equality (3.49) is equivalent to (3.10).
We next introduce

| 1
00 0 0,
00 10! 0 o 0
o1 00,0 i :
53 = 0000 |’ =10 0 . 0]
| 0 20

()
(-
=

14

for 2 < ¢ <m — 1. Then, by using the same argument, we can show that the
equality

(3.50) 5008, ) + £S5 An]™it ) + ([SsLn] i, 2) =0,
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which satisfies

00 0 0, 0 0 0 0,

0 0 0 a! 0 -1 0 0!
o |1 00 0,0 o |0 v 1 0,0
sam 000 0! | 35m 0.0 00! |

is equivalent to (3.8). Similarly, we derive that
1. = = asy ~ ~ G v a
(3.51) §&w%m@+f@w@AM%%mQ+<w%LMWum =0,

which satisfies

SQjAm =

0 :+ 0
0
2j — 1
and
0 0 2541 0 0
- 0
SQijf 0 . 0 )
0
2j +1

is equivalent to
at%(’fblﬁgj) — azjfg%(iﬁlﬁgj_l) -+ CLQj_._lé}:E(?:LlfLQj_i_l) + féR(Z’ZAJJQ’ZTLQJ) = 0,

for 2 < j < (m — 2)/2. Therefore, to construct (3.26), we sum up (3.51) with
respect to j with 2 < j < (m —2)/2 and find that

1 < < ) 5 .
(352) Eat<8m72ﬁa ﬂ> + £<i[8mf2Am]asyﬁa ’LAL> + <[Smf2Lm]5yﬁva> =0
is equivalent to (3.26). Here we define Su as 5’4 = 5’4 and
Sap = a2¢6S20—2 + H a2j+152¢
j=2

for ¢ > 3. Consequently, multiplying (3.48) by H;n:22 agjfm/2*2 and combining

the resultant equality and (3.52), we obtain
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m/2
%6t< (Sm_g —1 H agjfm/2_1K1)ﬂ, 12>
j=2
~ m/2 sy
(3.53) n < [sm,sz +11 azjgm/?KlAm} uu>
j=2
m/2
+ &(i[Sm—2Am)*it, @) — [T az; €27 (iK1 L] 0, 0) = 0.

j=2

This equality is the same as (3.27).
Based on the energy method of Step 3 in Section 3.3, we next introduce the
following (m x m)-matrices:

0 0
0 0
Spi—ap |0 00 10 0 ¢
U o001 00 0 ol ¢+1
0 0
0 P 0
0 0
¢ 041

for £=4,6,...,m—2. Then, we multiply (1.4) by Se4+1 and take the inner product
with 4. Furthermore, taking the real part of the resultant equation, we obtain

1 A . asy ~ SYy5 A
(3.54) §8t<5g+1u, @) + §<2[Sg+1Am]‘ yu,u> + <[Sg+1Lm] Y4, u> =0

for £=4,6,...,m — 2, where

0 0
Syt A = ag 0 0 0 0 0 apy2 0O 0 L
0 0 a O 0 0 0O --- 0 ¢+1
0 0

0 0 O 0
(-1 ¢ (+1 (42

and
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0 0
0 0
0 0 -1 0 0 --- 0] ¢
Spiq L = a2 .
et 1l 00 1 0 - 0] 41
0 0
0 0
¢ 0+1

We note that (3.54) is equivalent to (3.28).
Additionally, we introduce the following (m x m)-matrices:

0 0
0 : : 0
0 0
Koin—apes | © 0 0 -1 0 - 0| ¢+41
+ 1o 0 1 0 0 -~ 0] 42
0 0
0 0
{+1 (42

for £ =4,6,...,m — 2. Then, we multiply (1.4) by —iK,yo and take the inner
product with 4. Furthermore, taking the real part of the resultant equation, we
obtain

(3.55) fégat@f(ma, ) + E([Kopo Am]¥ 1, 0) — E(i[Kpyo L)1, 0) =0,

for £=4,6,...,m — 4, where

0 0
0 0
0 0 =1 0 0 - 0| ¢41
Koo Am =gy 0 0 0 1 0 - 0| ¢42
0 0
0 : : 0
0 0
(+1 042

and
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0 0 0 0
L
Kby =ona| § 7 00 0 00 s B O] 4L
0 0 0 0
L

(=1 ¢ ¢+1 (+3
Moreover, we have
1 . PN 2 Sy : asy »
(3.56) —§§8t<szu,u>+§ ([KmAm])¥a,4) — E(i[ K Ly )Y, a) =0,

where

3
N
£
Il
S
3
o
(s

0 0 -1 0
0 0 0 1
0 00
KLy =0m-10m O 0 O
o -~ 0 0 0O
O - 0 -1 0 O

Then, (3.55) and (3.56) are equivalent to (3.30) and (3.32), respectively.

For the rest of this section, we construct the desired matrices. According
to the strategy of Step 3 in Section 3.2, we first combine (3.54) and (3.56).
More precisely, multiplying (3.54) with £ =m — 2 and (3.56) by (1 +&2) and 4y,
respectively, and combine the resultant equations, and we obtain

%at<{(1 + &%) S o1 — 618K, pii, 1)
+ (1 4+ ) ([Smo1 L)Y, @) + 0162 ([Kom A ¥ 0,40
+ &1+ &) (i[Sm-14n]*¥ 0, 0) — 61 (i[ K1 Ly )*¥ 0, 4) = 0.

We next multiply (3.55) with £ =m — 4 and the above equation by (1 +&2)? and
52€2, respectively, and combining the resultant equations, we obtain

%at<{52§2 (14 &) Sm1 — 018K ) — i€(1+ ) Ko}, 1)

+ 0263 (1 4+ ) ([Sm—1 L)Y a1, 1)
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+ E([(61828" Ko + (1+ € Kn2) Aya] ™1, 2)
+ 0% (L+ € (i[Sm-1Am]™ 0, 0)
— €(i[(01026 Ko + (1 + €2 Kon_2) L | "™ 1,0) = 0.

Furthermore, multiplying (3.54) with £ =m — 4 and the above equation by
(14 €2)3 and d3, respectively, and combining the resultant equations, we get

SO0 (5:67 (1 +-€2)S 1 — riEKon)
—i€(1+ &) Km_2) + (1 +€2)3S,_3 i, 1)

(3.57)

+E(L+EH)(i[ (020582 Sm—1 + (1 + €22 Sp_3) A 1, 1)
y

— 636 (i[ (01028 K + (1 + €2)° Kp—2) L | ™0, 0) = 0
Now, we introduce the new matrices Ky and Sy as Ko = K,
Ko=00-100Ko—o+ (1 + &) Ky
for £>2, 8, =5,,_1, and
Se=0p-1608"Se—2+ (1 + ) 1Sy
for £ > 3. Then (3.57) is rewritten as
5at<{(1+52)$3—<53,¢§/c2}a,a> (1+&)([Ss @, 0) 4 6587 (Ko A ]¥ 0, )

+ (1 + ) (i[S3An]™Y i, 1) — 65E(i[Ko L]V 4, A> 0.

Consequently, by the induction argument with respect to £ in (3.54) and (3.55),
we arrive at

_6t<{ 1+§2 m—5 — Om 515K m — 6}“ u> 1+£ )<[ m— 5Lm}sya7ﬁ>
(358) 4 55 (Ko Am]™ @) + E(L+ ) (i[Sms Am]*V 0, )

— m—5&(i[Kim—6Lm]* 0, a) =0.

Applying the Young inequality to (3.58), we can obtain (3.37).
Moreover, we multiply (3.49) and (3.58) by (14 &2)™~* and 6,,_4&2, respec-
tively, and combine the resultant equations. Then this yields

—at<{5m 4+ E)Sm—5 — ilm—s } 0, 0)

+ 5m74£ (]- + g )<[ m75Lm}Syﬁ7 7-Al'> + £2<[]Cm74Am]syaa ﬁ>
+0m—a€ (1 + E)(i[Sm-5Am]™th, 1) — E(i[Km—a L™ tt, @) = 0.
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Similarly, we multiply (3.50) and the above equation by (1 +¢2)™ =2 and 6,,_3,
respectively, and combine the resultant equations. Then we get

%at<{(1+§2)8m,3 — Opn—31EK m—a Ja, 0) + (1 + E){[Sm—3 L]V 0, a)
(3.59) + O 3E (K- a A )™, 0) 4+ E(1 + €2 (i[Sp—3 Am] ™Y, 1)
— O3 (i[Km—s L™V, 0) = 0.
By the Young inequality applied to (3.59), we can derive (3.40).
We next employ (3.53) as constructed before. Multiplying (3.53) and (3.59)

by (14 €2)™3 and 0,20, ™/?2, respectively, and combining the resultant
equations, we get

%at<{(1+§2) — Q€™ Y, i) + (1 + E2)([S Ly ¥ i1, i)
(3.60) ™2 (K A, a) + E(1 + 52)<i[S’A [ 1, 40
— ™% 1<Z]CL 124 u>

where we have defined
S = 020228 g+ (14 €)™ 48, o,

K'=6m—20m—3Km—s+ (1+E)m 3K,

and had already defined a,, = HTZ/QZ az;. By (3.60), we can get (3.44).
Finally, multiplying (3.60) by 6,,_1&%™/276/(1 4 £¢2)2(m=3) and combining
(3.23) and the resultant equation, we can obtain

%at< [I + 5’"—‘1%3) [€3m/2-6(1 1 ¢2)8' — amigm—?/c’}} a, u>

(e
o g3m/2-6 o
+ (Lya,4) + 5m_1W<[8 L] yu,u>
52(m73) , o
(3.61) + amém_lqu A7, u>
gam=T e
_amém_lm<z[K Lo |*ai, 4)
G o g g
+5m_1W<2[8 Ap)*Ya,a) =0,
where I denotes an identity matrix. By letting d1,...,d,,_1 be suitably small,

(3.61) derives the energy estimate (3.46). To be more precise, we introduce

m/2k—1

K:m74 — (1 + 62)m_4K4 + Z H 6m72j6m72j71§2(k_2)(1 + 52)m_2kK2k
k=3 j=2

for m > 6, and hence,
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K'= 1+ )" 3K+ 6p20m_3(1+ €)™ 4K,

(3.62) m/2k—1
+0m—20m-3 Y [ [ Om-2i0m—2; 18* D (1 + )" K Koyy..
k=3 j=2

Moreover, we find that

m/2k—1
Sm_g=(1+&)"""95+ Z H Om—2j0m—2; 1182 F 2 (14 €)™ 2F G4
k=3 j=2
for m > 6, 54 = 5'4, 36 = a5§6 + 06554» and
m/2—2 m/2-3
Sm—2 = H 02j4+15m—2 + H A2, E™? 738,
j=2 j=1

m/2—3 m/2—k—1

+ kzzg ( H a2j+1)<Ham 2]) K18 ok

j=2
for m > 10, and also

S = 6m—204m§m/2_2(1 + fz)m_453

m/2k—1
+a, Z H 6m—2j5m—2j+1gm/2+2(k73) (1 + 52)77’7,*2]@52]6_1
k=3 j=1
(3.63) m/2—2 ~ m/2-3 ~
+ H azj+1(1+ &)™ S+ H ;"0 (1+ €)1,
j=2 j=1

m/2—3 m/2—k—1

> (I a2a+1)(Ham o )€ L4 )G
k=2 j=2

Therefore, by using (3.62) and (3.63), we can estimate the dissipation terms as

¢3(m—4)/2

(L, ) + 6m—1W<[8/Lm]Syﬁ,a>

é-2(m—3) , asy o -

+ 5mflm<[lc Am] u, u>

(3.64) £2(m=3) , W2 2t
ZC{ (1+£2)m 3|’LL1| +|u2| Z 1+£2 m+2j— 7|u2] 1‘
m/2 2(m+j—5)
§ Jj—
3 o).

for suitably small dq,...,0,,_1. We note that this estimate is the same as the
dissipation part of (3.46). Consequently, we conclude that our desired symmetric
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matrix S and skew-symmetric matrix K are described as
é-3(m—4)/2 s 52(m—3)

MR A (R DRy

4, Alternative approach

4.1. General strategy

In this section, by using the Fourier energy method, we provide an alternative
way to justify the dissipative structure of the linear symmetric hyperbolic system
with relaxation (1.1). The key point of the approach is to derive from the above
system a new system of m equations or inequalities

(Il), (12)" ) (Ij)a" ) (Im)a

in the Fourier space, such that their appropriate linear combination can capture
the dissipation rate of all the degenerate components only over the frequency
domain far from || =0 and [{| = co. Precisely, for any 0 < e < M < oo, by
considering

(41) Z CjIj
j=1
for an appropriate choice of constants ¢; >0 (1 < j <m) which may depend on
e and M, we expect to obtain that, for e <|¢| < M,
(4.2) at{\u|2+%Emt }+06M\u| <0,

where c. ps > 0 depending on € and M is a constant and Emt( ) is an interactive
functional such that |a|? + RE® (@) ~ |4|? over e < |¢] < M. To deal with the
dissipation rate around |{| =0 or || = oo, instead of (4.1), we reconsider the
frequency-weighted linear combination in the form of

€]
(4.3) ch AT %%I

Here a; >0 and 5; >0 (1 <j <m) are constants to be chosen such that similar
computations to those used for deriving (4.2) can be applied so as to obtain a
Lyapunov inequality taking the form

(4.4) {|af? + RE™ (4 }+CZA ()4, <o,

for all t >0 and all £ € R, where ¢ >0 is a constant, A;(§) (j=1,2,...,m) are
nonnegative rational functions of |£|, and E™*(4) is an interactive functional such
that |a]? + RE™(4) ~ |a|? for all £ € R. If (4.4) was proved, then by defining

)\min (f) = 1g1§nm Aj (5)7 § € R7
it follows that

a(t, )] < CemPmn®7(0,¢) %,
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for all t > 0 and all £ € R, which thus implies the dissipative structure of the
considered system (1.1). Observe that A;(§) (1 <j <m) and hence Amin(§) may
depend on a; >0 and 5; >0 (1 <j <m). In general, o; and f5; are required to
satisfy a series of inequalities such that (4.3) indeed can be applied to deduce
(4.4) by using the Cauchy—Schwarz inequalities. Therefore, we always expect to
choose constants «; and f; such that Amin(§) is optimal in the sense that Amin (&)
may tend to zero when || — 0 or |{] — oo at the slowest rate. Finally, we remark
that due to (4.2), which holds over e < || < M, considering (4.3) is equivalent to
considering Y7, ¢;[¢|* I; over [¢] <€ with 0 <e <1 and Y7", ¢;|¢| 7% I; over
|€] > M with M > 1. In this way, it is more convenient to derive those inequalities
satisfied by A;(§) (1 <j<m).

Finally, we remark that, although the current section provides an alternative
approach for the justification of decay structures obtained in the previous sections
for two types of models, it is still far from being understood how this approach
can be extended to the general hyperbolic systems by using similar computations.

4.2. Revisiting Model |
By using the same strategy as in Sections 2.2 and 2.3, one can obtain m identities
(I;) with j=1,2,...,m as follows:

(I) s 0y(i&lo, n) + |£*|2|® = — (i€, da) + |£? ||,
(L) Op{—1n, i) + |01]? = |a|® + (€02, Ga) + (T, i€aqtis + ifasis),
(Is): O {(i€asiis, i) — (asiiz, 2) } + aj|¢|*|is]?
= a|¢*|0a]? + (i€asiis, —iasts) + aj (i€ia, da),
(In): By (i€asta, s) + a3|€|* il
= (ifastlia, —i€agie) + a2|&?|0s]® + asaq|E*(G3, Us) + (i€asin, s),
(i) Beli€azayr,dy) + a3 |EP iy
= (i€ajiij_1,—ifaj10j41) + a5 €2 105)° + aja;1|€]* (2, 0y),
§=6,7...,m—1,
(Im-1): Ou(i€amiim—1,am) + i €[ |lm—1/?
= <i£amﬁm—1v *'Yﬁm> + a£n,|§|2mm|2 + am—lam|§|2<ﬁm—2vﬂm>a
(In): 50Ul + il =0.

We note that the equations (I1), (12), (I3), (1), (Lj—1), Um-1),(Im) are parallel
to (2.10), (2.6), (2.12), (2.14), (2.29), (2.29), (2.28), respectively. Hence, we omit
the proof for the derivation of these equations.

Step 1. We claim that, for any 0 < e < M < oo, there is ¢. p > 0 such that, for
all e <|¢| < M,
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(4.5) O {|a)* + REPU(2) } + cem]* <0,

where E"(4) is an interactive functional chosen such that

(4.6) |a]* + REP (a) ~ ).

Proof of claim

The key observation is that all the right-hand terms of identities (I;) (1 < j <m)

can be absorbed by the left-hand dissipative terms after taking an appropriate
linear combination of all identities. In fact, let us define

Eilnt (ﬂ) =C1 <i§’&2,ﬂ1> + CQ<—ﬂ1, 124>

3
L

+ c3{ (i€aytis, Ga) — (aqtis, tg) } + cjli€a;tij_1,7;).
J

Il
B

By taking the real part of each identity (I;), taking the sum Z;”:l ¢;I; with
an appropriate choice of constants ¢; (1 <j <m), and applying the Cauchy-
Schwarz inequality to the right-hand product terms, one can obtain (4.5), where
constants ¢; (1 <j <m) depending on € and M are chosen such that

<K<K " KepaokKem1<KLl=cy.

The detailed representation of the proof is omitted for brevity. Note that (4.6)
holds true due to |E™(4)| < Cprepm_1|a|? for some constant Cp; depending on
M and also due to the smallness of ¢,,,_1. O

Step 2. Let |£] > M for M > 1. We consider the weighted linear combination of
identities (I;) (1 <j <m) in the form of

m—1
Im + Z Cj|f|_BjIj7
j=1

where ¢; (1 < j <m—1) are chosen in terms of Step 2 and 8; > 0 are chosen such
that all the right-hand product terms can be absorbed after using the Cauchy—
Schwarz inequality. In fact, multiplying (I;) by |¢| =", one has

(Ig,): Ou(iglEl™ i, iin) + |67 [tia|* = —(ig|&] ™ tiz, tha) + €2~ ia]?,
(Ig,): (=€ P2, da) + (€] | |?
= €172 aa|? + (igle| Pz, i)
+ (a,i€|€| 7 aqtis + i€|€] P asis),
(Ig,): 0{(i€l€| P antis, la) — (aal€| P, d2) } + af|€[*~7|as]”
= a3|é> P |aa|® + (igl€| P astis, —ilasis ) + af (i€|€| PP, ),
(Is,): Ou(i€lE| P rastia, iis ) + a2|€]*7 |iy)?

= (i€|¢| P astia, —i€agiic )
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+ a3 | as|? + asaal€P P (s, dis) + (i€]€] " as i, s ),
(Is,_,): 0u(i&lE| Piraya 1, 1;) + a?|f|275j71 i1
= (i€l¢]™P 1 ati 1, —i€ajrtij41) + af €71 i)
+ajaj_1|EP 7 (G0, 05), §=6,7,...,m—1,
T 1) s OEIEl Pt amlin -1, i ) + ap, €17 g1 [
= (1€l a1, =Yl ) + ap [0 [
+ A1 €27 (G G-
We then require 8; (1 <j <m—1) to satisfy the following relations. From (I3, ),
p1—12>0, pr1—22>0,

2060 —=1)> (1 —2) + (Bs—2), B1—2> B,

where, since |¢| > M, ) — 1 > 0 is such that £[¢| =71 in the left first product term
of (Ig,) is bounded, 1 —2 >0 is such that [£|>71 in the left second product
term of (Ig,) is bounded, 2(8; —1) > (81 —2) + (84 — 2) is such that the product
term (i€|¢| 7711, 74) on the right first term of (Is,) can be bounded by the
linear combination of the dissipative terms |£[>751|dz|? in (I5,) and |€|>~P4|ay|?
in (Ig,), and B; — 2> B is such that the term |¢|27P1|d|? on the right second
term of (Ig,) can be bounded by the dissipative term |¢|=72|a;|? of (I,). In the
same way, from (Ig,) for j=2,3,...,m — 1, respectively, we require

B2 >0,
PazPs—2, 2B—-1)2(B—-2)+(L—2), foa=fs  f22ps,
fs—12>0, B3 >0, B3 —22>0,
B3 —22>Ps—2, B3 > Bs, 2(83—1)> (B3 —2) + (81— 2),
Ba > 1, B1>2, B> Be, B > Bs,
284—2) 2q(Bs—2)+(Bs—2),  2(Ba—1) = B2+ (85 —2),
for j=6,...,m—1,
Bi-1=1,  Bj-12>2,
Bi-12Bj+1,  Bi—1=B5, 2(Bj—1—2) > (B2 —2) +(B8; — 2),
and
Bm-12>1, Bm-12 2,
2(Bm-1—1) 2 Bm-1—2,  Bm-1—-220, 2(Bm-1—2) 2 B2 — 2.
Let us choose
pr=4, Pa=Pf3=-=Pm-1=2,
which satisfy all the above inequalities of f3; (1<j<m-1).
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We now define
EI (i) = ea (i€lé] iz, i) + ea(~[€] i, )
+ e { (i€]€| P aatis, wa) — (aal€] "2z, a2) |

m—1

+ Z Cj <z’£|§|_2aj11j,1,ﬁj>.

j=4
Then, as in Step 1, one can show that, for any M > 1, there is ¢j; > 0 such that,
for all |£| > M,

ol + REZ @)} + ear{ Il 72 (jaa? + [a2]2) + Y Iy} <0,

=3

Step 3. Let €] <€ for 0 <e<1. As in Step 2, we consider the weighted linear
combination of identities (I;) (1 <j <m) in the form of

m—1
L+ Y ¢lé]1;,
j=1

where c; (1 <j<m-—1) are chosen in terms of Step 1 and aj > 0 are chosen such
that all the right-hand product terms can be absorbed after using the Cauchy—
Schwarz inequality. In fact, as in Step 2, multiplying (I;) by |£|*/, one has

(Ioy) s O (i€IE[* ) + €T a2|* = —(i€]€]* da, @) + €T an 2,
(Iny): Ou(—|€]*2 0y, ta) + €] |t |?
= [€]°2 |aa|® + (i€1€|** g, Aa) + (01, 0€|€|*2 astis + iE|€|** as s ),
(Tog) = O {(i€1&]% astia, iia) — (aal€|** i3, 02) } + a3 1€ T2 g |
= a3|&Pros|agl? + (i€|€]* astis, —i€astis ) + af (i€|€]|** . 3),
(Ioy): Ou(i€|€|* a5y, s ) + a3 |€)* 4| aa)?
= (i€|€|* aslia, —ifagle) + a2l |5 ]?
+ asag |7 (g, Us) + (i€]€|“ a5y, ds ),
(Io,_,) = Op(i€lE|* " a it 1, a5) + a?|§|2+ajfl|ﬁj—1\2
= (i€|¢|% 2 azi; 1, —ifaj 10541 ) + a5 €[22y 2
+aja;1|€PT (00, 1;), §=6,7,...,m—1,
(Tay_y) s Oc(EEIEI ™ O lim—1, i ) + ag, [€]2T0m g —1|?
= (P€[€|* = amlm—1, Vi) + ap, [T |

+ amlflawn|£|2+am71 <ﬁm72a ﬁm>
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As in the case of the large frequency domain, for || < € with € > 0, in order for all
the right product terms to be bounded, from equations (I,,) (j=1,2,...,m—1)

i
above, respectively, we have to require

a1 +1>0, 2(a1 +1) > (o1 +2) + (s + 2), a1+ 2> g,
g > oy + 2, 209 +1) > (a1 +2) + (aq + 2), g > ag, as > as,
az > g, as > as, 2(as +1) > (g + 2) + (a1 + 2),
Q4 > Qg, Q4 > Qs,
2004 +2) > (as+2)+ (a5 +2),  2(as+1)>az+ (a5 +2),
for j=6,...,m—1,
a1z, g za;, o 20 +2) 2 (a2 +2) + (o +2),
and

Qo —1 ZO’ am—1+2207 2(am—1+2) Zam—2+2~

m—1
_j:l )

To consider the best choice of {a;} one can see that
Q2 Q2> 20 2] 2 2 Q2 2 Q1 2> 0= iy,
with
oy —ag > 2,
ag —ay 2> 2,
az —ay > 2,
oj_1—oj <aj—ojy1, 4<ij<m-—1
Therefore, the possible best choice satisfies
a; — oy =2,
Qg — oy =2,
az — oy =2,
2=a3—au<ag—as < <Qpo1 — Q= Qpo1 =2,
which implies
a1 =ag =ag =2(m—4),
a;j=2(m—j—-1), 4<j<m-—1
We now define

B (@) = ey (i€ D, i) + ea— |2 Vi, )

+ s { (i€|¢P MV agiis, ig) — (aal€P" Vg, ) }
S .
+ 2 e (igle T Vagi o, d).

Jj=4

—
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Then, as in Step 1, one can show that, for any 0 < e <1, there is ¢, > 0 such
that, for all |£] <k,

Ou{laf? + RE (1)} + c.{|eP™Slanf? + [P Slaal? + 3 I Ny P} <0
7j=3
which further implies that, for [£| <,
at{|u|2+§REmt }+Ce‘§|2m 6|u‘2<0

Step 4. For £ € R let us define
|§|2(m—4) ) |£‘2(m—4)

E™ (i) = ¢ W@fﬁz,@ﬁ + 02W<—@17ﬁ4>
€20 o
+C3w{ i€ayliz, la) — (agliz, o) }
m— 2(m—j—1)
Z ﬁ_mg(mﬁ@g%ﬁj—lvﬁj)-
—1

As in Steps 2 and 3, we consider the weighted linear combination of identities
(I;) (1 <j <m) in the form of

s |€|2(m—4) s | |2(m—4) I
e (T e e C ) e
R < S

+c3 1,

(1+]€)2m- 613+ZCJ (1 + |£])20m—9)

where ¢; (1 <j<m—1) are chosen in terms of Step 1. Thanks to computations
in Steps 1, 2, and 3, in the same way, one can deduce that, for £ € R,

19) {|u|2—|—3‘EEmt }+c{7‘§|2m ’ |41 |
' (1+[g)2m—s "
e, el
* e g *Z g1l <0

which further gives
‘ §|2m 6

e 14l <
(1+g)2m=
By noticing |@|? + RE™ (4) ~ |a|?, it follows that

g {|af? + RE™ (2)} +

|£|2m76
(T +fghrm

for all ¢ >0 and all £ € R. Notice that the result here is consistent with (2.2)
proved in Section 2.3.

a(t,&)] < CemOMa(0,8)], (&) =




286 Ueda, Duan, and Kawashima

4.3. Revisiting Model Il
In this section, we revisit Model II (1.1) with coefficient matrices A,, and L.,
defined in (3.1). For simplicity of representation, we rewrite A,, with m =2n as

0 a2
a1 0
0 asy
A2n = 43 0

0 2n—12n
a2n,2n—1 0

with ag;_1,25 = agj,2j—1 = a; for 1 < j <n, and also choose L,, with m =2n as

0
1 1
-1 0
0 1
Loy = -1
0 1
-1 0
0
With notation as above, system (1.1) can read
Olinj—1 +1i€a;lo; — toj—o =0,
Oilio; +i€ajlinj—1 + Ugj41 + 022502 =0, j=1,2,...,n,

with the convention that tg,4+1 =0 and 49 =0. As for Model I, we can obtain
the estimates

1. .
(A7) Sl + il =0,

n

J _
oR(iganin, (€)' ([T an) azy) + calé?lin
k=2

=1
(4.8) |
n 7 1
2. . 1 .
S (1 I¢l) ol + R(a3inn, Y (=i) I ([T an) iy ),
=2 k=2
OR(igj 1, uz;j—2) + cliigj—1|?
(4.9)
S |t —o|? + Etigj—s|* + R(—ifa;tin;, 2; ),
and
(’)t%<i§aja2j, ﬂ2j71> =+ ca?§2|ﬁ2j\2
(4.10)

S ligj—o|® + af€?|an; 1 |* + R(—ikajbigj 1, G5 1),
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for j =2,3,...,n. Indeed, by using (3.23), (3.27), (3.29), and (3.31) derived in
Section 3.3, we can get (4.7), (4.8), (4.9), and (4.10) immediately.
Let us denote (4.7), (4.8), (4.9), and (4.10) by (I1), (I2), ({2j—1), and (Iz;),

respectively, where j = 2,3,...,n. Consider the linear combination of all 2n equa-
tions
n
2(023’71]23'71 + c25125),
j=1
where ¢; =1 and ¢, >0 (k=2,3,...,2n) are constants to be properly chosen. It is

straightforward to verify that, for any 0 < e < M < oo, one can choose constants
¢k (1 <k <2n) depending on € and M, with

0<cop K cCopo1 L Ko Ko1K K3 K e <L 1=cy,
such that there is ¢, ps > 0 such that, for all e <|{| < M,
O {|af? + REP (@) } + cem|ti)* <0,

where Ei"(4) is an interactive functional given by

. n A
B (@) = ea(igarin, Y (=€) ([T ax) iz )
=1 =2
+ Z{Czj—1<ﬁ2j—1,uzj—2> + co5(i€ayling, tigj 1) },
=2
satisfying
[a]? + REP(4) ~ [af?, for e < |¢] < M.

Furthermore, we can consider the frequency-weighted linear combination in the
form of

n

1 €122
(4.11) Z{CQj—l (1 1 |€])aw-1 Pz 1+ c2 W&j}v

J=1

where oy = 1 = 0. As for Model I, we use the same strategy to determine the
choice of constants

2, Q3,...,02n, ﬁ27637"'7ﬁ2n'

In fact, by considering the low-frequency domain |¢| < e with e <1, ag, a3, ..., a2,
are required to satisfy inequalities

2—j4+a>0, 7=2,3,...,n,
ag >0,
2+ a2 >0,
az >0, 2+ a3 >2+ag,

ay >0, 2+ ay > as,
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Qg 2 2+ anj_g, 2+ aoj > a1,
Qi1 > 2+ agj_2, 24 o1 > g3, j=3,4,...,n,
and
2B3—j4a) > +2, j=2,...,n,

2
1+0[32 —;a4a

[y

Qo > E(Oézj-u +agj_1)—1,

Qjq1 > %(a2j+2 +ag;)—1, j=2,...,n—1.
One can take the best choice
ag =4(n —2),
agjr=ag;=4(n—-2)+2(j-2), j=2,3,...,n

Similarly, by considering the high-frequency domain || > M with M > 1, con-
stants (2, B3, ..., B2, are required to satisfy inequalities

fa—22>0,
B3 >0, B3 —22> P2 —2,
Ba>0,  Pa—22>ps,
B2j > Boj—2, B2j —2 2> Boj—1,
B2j—1 > Baj—2 — 2, B2j—1—22B2j-3, J=3,...,m,
and
2(83 —1) > Bs— 2,
P2a+j—220, 282 +37—3)> P2 —2, j=2,...,n,
2(B2j — 1) = Baj+1 + Baj—1,
2(B2j+1 —1) 2 (Bojuz —2) + (B2 —2), j=2,....,n—1
One can take the best choice
Baj=Boj+1 =27, j=12,...,n.
Now, by (4.11), let us define the interactive functional

Qs n ) J _
o0 Lo 3L )

=1

- €] .
+Z{02j—1 o2 1B (Uoj-1,U2j2)
LA T g

€122

W@faﬂbp ﬂzj—1>}’

+ C25
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that is,
|£‘4n78

W<i§a1ﬂ17 Z(—i{)lfj (;:[Q ak) _1ﬁ2j>

j=1

Eint (,&) =y

n |£‘4n+2j—12
+ 2{027*1 (1+ |¢])int+ai—14 (tigj—1,12;-2)

Jj=2

| An+2i-12
+ C2j (1 + [€])3nt4i-12 <Z§aj“2jvu2jfl>}v

and also define the energy dissipation rate

5 ~ 12 |€|2+0‘2 ~ 12
D(U)Z |U2| “erﬂ
. g7 b2 1 S o2
i {<1+|§|>a2j71+ﬁ2ﬂ (g4 gy 1024 b
j=2
that is,
o ~ 12 |§|4n_6 ~ 12
D(u) = |UQ| + WWI‘

g
e e e i e e
Then it follows that
o {|af® + RE™ (@)} + cD(a) <0,
for all t >0 and all £ € R. Noticing
4 + RE™ (@) ~ |af?

and

Dl > |§|6n710 o
W2 T

one can see that Model IT (1.1), where coefficient matrices A,, and L,, are defined
in (3.1) with m = 2n, enjoys the dissipative structure

a(t,6)|° < Cen®a(0,¢)

)

with
|€|6n710 |§|3m710

n(§) = (1 + |€])8n—12 = (1+ [¢))im—12"

Hence, the derived result here is consistent with (3.2) proved in Theorem 3.1.
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