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Abstract With thehelp of themaximal function characterizations ofBesov-type spaces

with variable smoothness and integrability we prove the characterization by ball means

of differences for these function spaces.

1. Introduction

Function spaces with variable exponents have been intensively studied in recent

years by a significant number of authors. The motivation for the increasing inter-

est in such spaces comes not only from theoretical purposes, but also from appli-

cations to fluid dynamics [26], image restoration [2], and PDEs with nonstandard

growth conditions. A comprehensive overview on existence and regularity results

for PDEs in the variable exponent setting, including an extensive list of refer-

ences on this subject, is given in the recent survey [15]. In all these applications

the Lebesgue and Sobolev spaces with variable integrability, Lp(·) and W k,p(·),

seem to appear in a natural way.

Lebesgue spaces with variable exponent have been explicitly studied in [27],

but the systematic study of the spaces Lp(·) andW k,p(·) started in [18]. Since then,

various other function spaces and classical operators of harmonic analysis have

been investigated in the variable exponent setting, notably after the boundedness

of the Hardy–Littlewood maximal operator was proved in [4]. We only refer to the

survey monograph [7] for further details and references on recent developments

in this field.

In recent years, there has been growing interest in generalizing classical

spaces such as Sobolev spaces, Besov spaces, and Triebel–Lizorkin spaces to the

case with either variable integrability or variable smoothness (see Triebel’s mono-

graphs [34] and [35] for the history of these function spaces).

Besov spaces of variable smoothness and integrability, B
α(·)
p(·),q(·), initially

appeared in the paper of A. Almeida and P. Hästö [1]. Several basic properties

were established, such as the Fourier analytical characterization. When p, q,α are

constants they coincide with the usual function spaces Bα
p,q . Also Sobolev-type

embeddings and the characterization by approximations of these function spaces
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were obtained. Taking α ∈ R and q ∈ (0,∞] as constants we derive the spaces

Bα
p(·),q studied by Xu [37], [38]. Some properties of these function spaces such as

local means characterizations, atomic decomposition, and characterizations by

ball means of differences can be found in [9] and [16]. Variable Besov-type spaces

have been introduced in [13] and [12], where their basic properties are given, such

as the Sobolev-type embeddings and that under some conditions these spaces are

just the Besov spaces B
α(·)+n(1/τ(·)−1/p(·))
∞,∞ . For constant exponents, these spaces

unify and generalize many classical function spaces including Besov spaces and

Besov–Morrey spaces (see, e.g., [43, Corollary 3.3]).

The main aim of this article is to prove the characterization by ball means

of differences for Besov-type spaces with variable smoothness and integrability.

2. Preliminaries

As usual, we denote by Rn the n-dimensional real Euclidean space, N the col-

lection of all natural numbers, and N0 = N ∪ {0}. The letter Z stands for the

set of all integer numbers. For a multi-index α = (α1, . . . , αn) ∈ Nn
0 , we write

|α| = α1 + · · · + αn. The Euclidean scalar product of x = (x1, . . . , xn) and y =

(y1, . . . , yn) is given by x · y = x1y1 + · · ·+ xnyn.

For x ∈ Rn and r > 0 we denote by B(x, r) the open ball in Rn with center

x and radius r. By suppf we denote the support of the function f , that is, the

closure of its nonzero set. If E ⊂Rn is a measurable set, then |E| stands for the
(Lebesgue) measure of E and χE denotes its characteristic function.

The symbol S(Rn) is used in place of the set of all Schwartz functions ϕ on

Rn, that is, ϕ is infinitely differentiable and

‖ϕ‖k,l := sup
x∈Rn

∑
|α|≤l

∣∣Dαϕ(x)
∣∣(1 + |x|

)k
<∞

for all k, l ∈N. We denote by S ′(Rn) the dual space of all tempered distributions

on Rn. We define the Fourier transform of a function f ∈ S(Rn) by

F(f)(ξ) = (2π)−n/2

∫
Rn

e−ix·ξf(x)dx.

Its inverse is denoted by F−1f . Both F and F−1 are extended to the dual

Schwartz space S ′(Rn) in the usual way.

The Hardy–Littlewood maximal operator M is defined on L1
loc by

Mf(x) = sup
r>0

1

|B(x, r)|

∫
B(x,r)

∣∣f(y)∣∣dy.
For v ∈ Z and m= (m1, . . . ,mn) ∈ Zn, let Qv,m be the dyadic cube in Rn, Qv,m =

{(x1, . . . , xn) :mi ≤ 2vxi <mi + 1, i = 1,2, . . . , n}. For the collection of all such

cubes we use Q= {Qv,m : v ∈ Z,m ∈ Zn}. For each cube Q, we denote by xQv,m

the lower left corner 2−vm of Q=Qv,m and its side length by l(Q). Furthermore,

we put vQ =− log2 l(Q) and v+Q =max(vQ,0).

By C we denote generic positive constants, which may have different values

at different occurrences. Although the exact values of the constants are usually
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irrelevant for our purposes, sometimes we emphasize their dependence on certain

parameters (e.g., C(p) means that C depends on p). Further notation will be

properly introduced whenever needed.

The variable exponents that we consider are always measurable functions p

on Rn with range in [C,∞[ for some C > 0. We denote the set of such functions

by P0. The subset of variable exponents with range [1,∞[ is denoted by P . We

use the standard notation

p− = ess-inf
x∈Rn

p(x), p+ = ess-sup
x∈Rn

p(x).

The variable exponent modular is defined by �p(·)(f) =
∫
Rn �p(x)(|f(x)|)dx,

where �p(t) = tp. The variable exponent Lebesgue space Lp(·)consists of mea-

surable functions f on Rn such that �p(·)(λf) < ∞ for some λ > 0. We define

the Luxemburg (quasi-)norm on this space by the formula ‖f‖p(·) = inf{λ > 0 :

�p(·)(
f
λ )≤ 1}. A useful property is that ‖f‖p(·) ≤ 1 if and only if �p(·)(f)≤ 1 (see

[7, Lemma 3.2.4]).

Let p, q ∈ P0. The mixed Lebesgue-sequence space 	q(·)(Lp(·)) is defined on

sequences of Lp(·)-functions by the modular

��q(·)(Lp(·))

(
(fv)v

)
:=

∑
v

inf
{
λv > 0 : �p(·)

( fv

λ
1/q(·)
v

)
≤ 1

}
.

The (quasi-)norm is defined from this as usual:

(2.1)
∥∥(fv)v∥∥�q(·)(Lp(·))

:= inf
{
μ > 0 : ��q(·)(Lp(·))

( 1

μ
(fv)v

)
≤ 1

}
.

If q+ <∞, then we can replace (2.1) by the simpler expression ��q(·)(Lp(·))((fv)v) =∑
v ‖|fv|q(·)‖ p(·)

q(·)
. Furthermore, if p and q are constants, then 	q(·)(Lp(·)) =

	q(Lp). The case p ≡ ∞ can be included by replacing the last modular by

��q(·)(L∞)((fv)v) =
∑

v ‖|fv|q(·)‖∞.

It is known (cf. [1] and [17]) that 	q(·)(Lp(·)) is a norm if q(·)≥ 1 is constant

almost everywhere (a.e.) on Rn and p(·)≥ 1, or if 1
p(x)

+ 1
q(x)

≤ 1 a.e. on Rn, or

if 1≤ q(x)≤ p(x)<∞ a.e. on Rn.

We say that g : Rn → R is locally log-Hölder continuous, abbreviated g ∈
C log

loc , if there exists c log(g)> 0 such that

(2.2)
∣∣g(x)− g(y)

∣∣≤ c log(g)

log(e+ 1/|x− y|)
for all x, y ∈ Rn. We say that g satisfies the log-Hölder decay condition if there

exists g∞ ∈R and a constant c log > 0 such that∣∣g(x)− g∞
∣∣≤ c log

log(e+ |x|)
for all x ∈ Rn. We say that g is globally log-Hölder continuous, abbreviated

g ∈ C log, if it is locally log-Hölder continuous and satisfies the log-Hölder decay

condition. The constants c log(g) and c log are called the locally log-Hölder con-

stant and the log-Hölder decay constant, respectively. We note that all functions

g ∈C log
loc always belong to L∞.



658 Douadi Drihem

We define the following class of variable exponents:

P log :=
{
p ∈ P :

1

p
is globally log-Hölder continuous

}
,

which were introduced in [6,Section 2]. We define 1/p∞ := lim|x|→∞ 1/p(x) and

we use the convention 1
∞ = 0. Note that, although 1

p is bounded, the variable

exponent p itself can be unbounded. It was shown in [7, Theorem 4.3.8] that

M : Lp(·) → Lp(·) is bounded if p ∈ P log and p− > 1 (see also [6, Theorem 1.2]).

Also if p ∈ P log, then the convolution with a radially decreasing L1-function is

bounded on Lp(·): ‖ϕ ∗ f‖p(·) ≤C‖ϕ‖1‖f‖p(·). We also refer to the papers [3] and

[4], where various results on maximal function in variable Lebesgue spaces were

obtained.

Very often we have to deal with the norm of characteristic functions on balls

(or cubes) when studying the behavior of various operators in harmonic analysis.

In classical Lp-spaces the norm of such functions is easily calculated, but this is

not the case when we consider variable exponents. Nevertheless, it is known that

for p ∈ P log we have

‖χB‖p(·)‖χB‖p′(·) ≈ |B|.

Also,

(2.3) ‖χB‖p(·) ≈ |B|
1

p(x) , x ∈B,

for small balls B ⊂Rn (|B| ≤ 2n), and

(2.4) ‖χB‖p(·) ≈ |B| 1
p∞

for large balls (|B| ≥ 1), with constants only depending on the log-Hölder con-

stant of p (see, for example, [7, Section 4.5]), where f ≈ g means C1f ≤ g ≤C2f .

Recall that ηv,m(x) = 2nv(1 + 2v|x|)−m, for any x ∈ Rn, v ∈ N0, and m> 0.

Note that ηv,m ∈ L1 when m>n and that ‖ηv,m‖1 =Cm is independent of v.

2.1. Some technical lemmas
In this section we present some results which are useful for us. The following

lemma is from [16, Lemma 19] (see also [5, Lemma 6.1]).

LEMMA 2.5

Let α ∈C log
loc , and let R≥ c log(α), where c log(α) is the constant from (2.2) for α.

Then

2vα(x)ηv,m+R(x− y)≤C2vα(y)ηv,m(x− y)

with C > 0 independent of x, y ∈Rn and v,m ∈N0.

The previous lemma allows us to treat the variable smoothness in many cases as

if it were not variable at all; namely, we can move the term inside the convolution

as follows:

2vα(x)ηv,m+R ∗ f(x)≤Cηv,m ∗ (2vα(·)f)(x).
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LEMMA 2.6

Let r,R,N > 0, let m > n, and let θ,ω ∈ S(Rn) with suppFω ⊂ B(0,1). Then

there exists C =C(r,m,n)> 0 such that, for all g ∈ S ′(Rn), we have∣∣θR ∗ ωN ∗ g(x)
∣∣≤Cmax

(
1,
(N
R

)m)(
ηN,m ∗ |ωN ∗ g|r(x)

)1/r
, x ∈Rn,

where θR(·) =Rnθ(R·), ωN (·) =Nnω(N ·), and ηN,m(·) =Nn(1 +N | · |)−m.

This lemma is a slight variant of [33, Chapter V, Theorem 5] (see also [5,

Lemma A.7], [12, Lemma 2.2]). The following lemma is from [13, Lemma 2.11].

LEMMA 2.7

Let τ ∈ P log
0 and k ∈ Zn. For any cubes P and Q such that P ⊂Q, we have

C1

( |Q|
|P |

)1/τ+

≤
‖χQ‖τ(·)
‖χP ‖τ(·)

≤C2

( |Q|
|P |

)1/τ−

,

where C1,C2 > 0 are independent of |Q| and |P |.

Let L
p(·)
τ(·) be the collection of functions f ∈ L

p(·)
loc (R

n) such that

‖f‖
L

p(·)
τ(·)

:= sup
∥∥∥ fχP

‖χP ‖τ(·)

∥∥∥
p(·)

<∞, p, τ ∈ P0,

where the supremum is taken over all dyadic cubes P with |P | ≥ 1. Also, the

space L̃p(·) is defined to be the set of all functions f such that

‖f‖
L̃p(·) := sup‖fχP ‖p(·) <∞, p ∈ P0,

where the supremum is taken over all dyadic cubes P with |P | = 1. Obviously

L
p(·)
τ(·) ↪→ L̃p(·). We introduce the abbreviations

∥∥(fv)v∥∥�q(·)(Lp(·)
p(·))

:= sup
{P∈Q,|P |≤1}

∥∥∥( fv
|P |1/p(·)χP

)
v≥vP

∥∥∥
�q(·)(Lp(·))

,

∥∥(fv)v∥∥�τ(·),q(·)(Lp(·))
:= sup

P∈Q

∥∥∥( fv
‖χP ‖τ(·)

χP

)
v≥v+

P

∥∥∥
�q(·)(Lp(·))

.

The following lemma is the 	q(·)(L
p(·)
p(·))(-	

τ(·),q(·)(Lp(·)))-version of Lemma 4.7

from A. Almeida and P. Hästö [1]. (We use it, since the maximal operator is in

general not bounded on 	q(·)(Lp(·)) (see [1, Example 4.1])).

LEMMA 2.8

Let p ∈ P log and q, τ ∈ P log
0 with 0< q− ≤ q+ <∞.

(i) For m> 2n+ c log(1/τ) + c log(1/q), we have∥∥(ηv,m ∗ fv)v
∥∥
�τ(·),q(·)(Lp(·))

≤C
∥∥(fv)v∥∥�τ(·),q(·)(Lp(·))

,

where C > 0 is independent of {fv}v∈N0 .
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(ii) For m> 2n+ c log(1/p) + c log(1/q), we have∥∥(ηv,m ∗ fv)v
∥∥
�q(·)(L

p(·)
p(·))

≤C
∥∥(fv)v∥∥�q(·)(Lp(·)

p(·))
,

where C > 0 is independent of {fv}v∈N0 .

The proof is given in [13, Lemma 2.12]. The next three lemmas are from [5] where

the first tells us that in most circumstances two convolutions are as good as one.

LEMMA 2.9

For v0, v1 ∈N0 and m>n, we have

C2ηmin(v0,v1),m ≤ ηv0,m ∗ ηv1,m ≤C1ηmin(v0,v1),m,

where C1,C2 > 0 depend only on m and n.

LEMMA 2.10

Let α ∈C log
loc and p, q, τ ∈ P log

0 with 0< q− ≤ q+ <∞. Let {fk}k∈N0 be a sequence

of measurable functions on Rn. For all v ∈ N0, P ∈ Q, and x ∈ Rn, let gv(x) =∑v
k=v+

P
2(k−v)δfk(x). Then there exists a positive constant C that is independent

of {fk}k∈N0 such that∥∥∥( gv
‖χP ‖τ(·)

χP

)
v≥v+

P

∥∥∥
�q(·)(Lp(·))

≤C
∥∥∥( fv

‖χP ‖τ(·)
χP

)
v≥v+

P

∥∥∥
�q(·)(Lp(·))

for any dyadic cube P and∥∥∥( gv
|P |1/p(·)χP

)
v≥vP

∥∥∥
�q(·)(Lp(·))

≤C
∥∥∥( fv

|P |1/p(·)χP

)
v≥vP

∥∥∥
�q(·)(Lp(·))

for any dyadic cube P with |P | ≤ 1.

The proof of Lemma 2.10 can be found in [12].

3. Variable Besov-type spaces

In this section we present the Fourier analytical definition of Besov-type spaces

of variable smoothness and integrability, and we recall their basic properties.

Let Ψ be a function in S(Rn) satisfying 0 ≤ Ψ(x) ≤ 1 for all x, Ψ(x) = 1 for

|x| ≤ 1, and Ψ(x) = 0 for |x| ≥ 2. We put Fϕ0(x) = Ψ(x), Fϕ(x) = Ψ(x2 )−Ψ(x),

and Fϕv(x) =Fϕ(2−v+1x) for v = 1,2,3, . . . . Then {Fϕv}v∈N0 is a resolution of

unity,
∑∞

v=0Fϕv(x) = 1 for all x ∈ Rn. Thus, we obtain the Littlewood–Paley

decomposition

(3.1) f =
∞∑
v=0

ϕv ∗ f

of all f ∈ S ′(Rn) (convergence in S ′(Rn)).

Now, we define the spaces under consideration.
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DEFINITION 3.2

Let {Fϕv}v∈N0 be a resolution of unity, let α :Rn →R, and let p, q, τ ∈ P0.

(i) The Besov-type space B̃
α(·),p(·)
p(·),q(·) is the collection of all f ∈ S ′(Rn) such

that

(3.3) ‖f‖
B̃

α(·),p(·)
p(·),q(·)

:= sup
P∈Q

∥∥∥(2vα(·)ϕv ∗ f
|P |1/p(·) χP

)
v≥v+

P

∥∥∥
�q(·)(Lp(·))

<∞.

(ii) The Besov-type space B
α(·),τ(·)
p(·),q(·) is the collection of all f ∈ S ′(Rn) such

that

(3.4) ‖f‖
B

α(·),τ(·)
p(·),q(·)

:= sup
P∈Q

∥∥∥(2vα(·)ϕv ∗ f
‖χP ‖τ(·)

χP

)
v≥v+

P

∥∥∥
�q(·)(Lp(·))

<∞.

Since Fϕv is smooth, Fϕv · Ff makes sense as a distribution in S ′(Rn). Because

of the compactness of the support of Fϕv the famous Paley–Wiener–Schwartz

theorem (see [34, Theorem 1.2.1]) tells us that ϕv ∗f is an entire analytic function.

So the quasinorms in (3.3) and (3.4) make sense.

The definitions of the spaces B̃
α(·),p(·)
p(·),q(·) and B

α(·),τ(·)
p(·),q(·) are independent of the

chosen resolution of unity (3.1) if α ∈ C log
loc , p, q, τ ∈ P log

0 , and 0< q+ <∞, and

different choices yield equivalent quasinorms. Using the system {Fϕv}v∈N0 we

can define the norm

‖f‖Bα,τ
p,q

:= sup
P∈Q

1

|P |τ
( ∞∑
v=v+

P

2vαq
∥∥(ϕv ∗ f)χP

∥∥q
p

)1/q

for constants α and p, q ∈ (0,∞]. The Besov-type space Bα,τ
p,q consists of all distri-

butions f ∈ S ′(Rn) for which ‖f‖Bα,τ
p,q

<∞. It is well known that these spaces do

not depend on the choice of the system {Fϕv}v∈N0 (up to equivalence of quasi-

norms). If τ = 0, then Bα,0
p,q =Bα

p,q . Further details on the classical theory of these

spaces can be found in [8], [10], [20], and [43] (see also [11] for recent develop-

ments). Variable Besov-type spaces B̃
α(·),p(·)
p(·),q(·) and B

α(·),τ(·)
p(·),q(·) have been introduced

in [13] and [12], where their basic properties are given, such as the Sobolev-type

embeddings. One recognizes immediately that if α, τ , p, and q are constants,

then B̃
α(·),p(·)
p(·),q(·) =B

α,1/p
p,q and B

α(·),τ(·)
p(·),q(·) =Bα,τ

p,q . Besov-type space B
α(·),τ(·)
p(·),∞ consist

of all distributions f ∈ S ′(Rn) such that

sup
P∈Q,v≥v+

P

∥∥∥2vα(·)ϕv ∗ f
‖χP ‖τ(·)

χP

∥∥∥
p(·)

<∞.

Also, we have

(3.5) 2v(α(x)+n(1/τ(x)−1/p(x)))
∣∣ϕv ∗ f(x)

∣∣≤C‖f‖
B

α(·),τ(·)
p(·),q(·)

and

2vα(x)
∣∣ϕv ∗ f(x)

∣∣≤C‖f‖
B̃

α(·),p(·)
p(·),q(·)
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for any x ∈ Rn, α ∈ C log
loc , and p, q, τ ∈ P log

0 , where C > 0 is independent of x

and v. In the definition of the spaces B
α(·),τ(·)
p(·),q(·) and B̃

α(·),p(·)
p(·),q(·) if we replace dyadic

cubes P by arbitrary cubes P , then we obtain equivalent quasinorms.

Independently, D. Yang, C. Zhuo, and W. Yuan [42] studied the function

spaces B
α(·),τ(·)
p(·),q(·) where several properties are obtained such as atomic decompo-

sition and the boundedness of the trace operator. The following results are given

in [13, Theorems 3.8, 4.7] where these results with fixed exponents are proved in

[41, Theorem 1] and [43, Proposition 2.6].

THEOREM 3.6

Let α ∈C log
loc , p, p1, p2, q, τ ∈ P log

0 , and 0< q+ <∞.

(i) Let τ∞ ∈ (0, p−]. If (1/τ − 1/p)− > 0 or (1/τ − 1/p)− ≥ 0 and q ≡ ∞,

then

B
α(·),τ(·)
p(·),q(·) =Bα(·)+n(1/τ(·)−1/p(·))

∞,∞ ,

with equivalent norms.

(ii) If (p2 − p1)
+ ≤ 0, then

B
α(·)+n/τ(·)+n/p2(·)−n/p1(·)
p2(·),q(·) ↪→B

α(·),τ(·)
p1(·),q(·).

(iii) We have

B
α(·),τ(·)
p(·),q(·) ↪→Bα(·)+n/τ(·)−n/p(·)

∞,∞ .

Here B
α(·)
p(·),q(·) is the Besov space of variable smoothness and integrability, and it

is the collection of all f ∈ S ′(Rn) such that

‖f‖
B

α(·)
p(·),q(·)

:=
∥∥(2vα(·)ϕv ∗ f)v≥0

∥∥
�q(·)(Lp(·))

<∞,

which was introduced and investigated in [1] (see [9] and [16] for further results).

We refer the reader to the recent paper [45] for further details, historical

remarks, and more references on embeddings of Besov-type spaces with fixed

exponents.

Let 0 < u ≤ p < ∞. The Morrey space Mp
u is defined to be the set of all

u-locally Lebesgue-integrable functions f on Rn such that

‖f‖Mp
u
:= sup

B
|B| 1p− 1

u

(∫
B

∣∣f(x)∣∣u dx)1/u

<∞,

where the supremum is taken over all balls B in Rn. The spaces Mp
u are quasi-

Banach spaces (Banach spaces for u ≥ 1). They were introduced by Morrey in

[22] and belong to the wider class of Morrey–Campanato spaces (cf. [25]). They

can be considered as a complement to Lp-spaces. As a matter of fact, Mp
p = Lp.

One can easily see that

Mp
w ↪→Mp

u if 0< u≤w <∞.



Characterization of variable Besov-type spaces 663

DEFINITION 3.7

Let {Fϕv}v∈N0 be a resolution of unity, α : Rn → R, 0 < u ≤ p < ∞, and

0 < q ≤ ∞. The Besov–Morrey space Nα(·)
p,q,u is the collection of all f ∈ S ′(Rn)

such that

‖f‖Nα(·)
p,q,u

:=
( ∞∑
v=0

‖2vα(·)ϕv ∗ f‖qMp
u

)1/q

<∞.

Besov–Morrey spaces with fixed exponents were introduced by Netrusov [23].

Kozono and Yamazaki [19] studied semilinear heat equations and Navier–Stokes

equations with initial data belonging to Besov–Morrey spaces. The investigations

were continued by Mazzucato [21], where one can find the wavelet decomposition

of Besov–Morrey spaces. On the other hand, the Besov–Morrey space Nα
p,q,u is a

proper subspace of the space B
α, 1u− 1

p
u,q with u < p and q <∞ (see [31]). Further

properties for these function spaces can be found in [28], [29], and [30].

Recently, Triebel [36] further introduced and studied some local versions of

these smoothness Morrey-type spaces and also considered their applications in

heat equations and Navier–Stokes equations. More recent results can be found

in [44], where they studied the relations between Triebel’s local spaces and the

Besov-type and Triebel–Lizorkin-type spaces and their associated uniform spaces.

D. Yang and W. Yuan [39], [40] introduced and investigated the homogeneous

Besov and Triebel–Lizorkin spaces, which generalize the homogeneous Besov and

Triebel–Lizorkin spaces.

The Besov–Morrey spaces with variable exponents were first introduced in

[14], which also introduced equivalent quasinorms of these new spaces, which are

formulated in terms of Peetre’s maximal functions. Also the authors obtained

the atomic, molecular, and wavelet decompositions of these new spaces.

In the next proposition we present the relations between variable Besov–

Morrey spaces and variable Besov-type spaces (see [13]).

PROPOSITION 3.8

Let α ∈C log
loc , 0< q <∞, and 0< p< u<∞.

(i) For 0< q <∞ we have the continuous embeddings

Nα(·)
u,q,p ↪→B

α(·),( 1
p−

1
u )−1

p,q .

(ii) We have

Nα(·)
u,∞,p =B

α(·),( 1
p− 1

u )−1

p,∞ .

Following [9], we define, for a > 0, v ∈N0, α :Rn →R, and f ∈ S ′(Rn), the Peetre

maximal function

ϕ∗,a
v 2vα(·)f(x) = sup

y∈Rn

2vα(y)|ϕv ∗ f(y)|
(1 + 2v|x− y|)a and

ϕ∗,a
v,P 2

vα(·)f(x) = sup
y∈P

2vα(y)|ϕv ∗ f(y)|
(1 + 2v|x− y|)a ,
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where P is a dyadic cube. We now present a fundamental characterization of the

spaces under consideration.

THEOREM 3.9

Let α ∈ C log
loc and p, q, τ ∈ P log

0 . Let a >
2n+c log(1/τ)+c log(1/q)

p− and 0 < q− ≤
q+ <∞. Then

(3.10) ‖f‖�
B

α(·),τ(·)
p(·),q(·)

:= sup
P∈Q

∥∥∥(ϕ∗,a
v 2vα(·)f

‖χP ‖τ(·)
χP

)
v≥v+

P

∥∥∥
�q(·)(Lp(·))

is an equivalent quasinorm in B
α(·),τ(·)
p(·),q(·) .

Proof

We divide the proof into two steps.

Step 1. It is easy to see that for any f ∈ S ′(Rn) with ‖f‖�
B

α(·),τ(·)
p(·),q(·)

<∞ and

any x ∈Rn we have

2vα(x)
∣∣ϕv ∗ f(x)

∣∣≤ ϕ∗,a
v 2vα(·)f(x).

This shows that the right-hand side in (3.4) is less than or equal to (3.10).

Step 2. We will prove in this step that there is a constant C > 0 such that

for every f ∈B
α(·),τ(·)
p(·),q(·)

(3.11) ‖f‖�
B

α(·),τ(·)
p(·),q(·)

≤C‖f‖
B

α(·),τ(·)
p(·),q(·)

.

We choose t > 0 such that a >
2n+c log (1/τ)+c log(1/q)

t >
2n+c log(1/τ)+c log (1/q)

p− . By

Lemmas 2.6 and 2.5 the estimates

2vα(y)
∣∣ϕv ∗ f(y)

∣∣≤C12
vα(y)

(
ηv,m ∗ |ϕv ∗ f |t(y)

)1/t
≤C2

(
ηv,m−c log(α) ∗

(
2vα(·)|ϕv ∗ f |

)t
(y)

)1/t(3.12)

are true for any y ∈Rn, v ∈N0, and any m> 0. Now divide both sides of (3.12)

by (1 + 2v|x− y|)a. On the right-hand side we use the inequality(
1 + 2v|x− y|

)−a ≤
(
1 + 2v|x− z|

)−a(
1 + 2v|y− z|

)a
, x, y, z ∈Rn.

On the left-hand side take the supremum over y ∈Rn and get for all f ∈B
α(·),τ(·)
p(·),q(·) ,

any x ∈ P , any v ≥ v+P , and any m> at+ c log(α)(
ϕ∗,a
v 2vα(·)f(x)

)t ≤C2ηv,at ∗
(
2vα(·)|ϕv ∗ f |

)t
(x),

where C2 > 0 is independent of x, v, and f . An application of Lemma 2.8(i) gives

that the left-hand side of (3.11) is bounded by

C sup
P∈Q

∥∥∥(ηv,at ∗ (2vα(·)|ϕv ∗ f |)t
‖χP ‖tτ(·)

χP

)
v≥v+

P

∥∥∥1/t
�
q(·)
t (L

p(·)
t )

≤C
∥∥(2vα(·)ϕv ∗ f)v

∥∥
�τ(·),q(·)(Lp(·))

=C‖f‖
B

α(·),τ(·)
p(·),q(·)

.

The proof is complete. �
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Notice that, for a > 0, v ∈ N0, α : Rn → R, f ∈ S ′(Rn), and x ∈ P , 2vα(·)|ϕv ∗
f |(x) ≤ ϕ∗,a

v,P 2
vα(·)f(x) ≤ ϕ∗,a

v 2vα(·)f(x). Therefore, we also have the following

maximal function characterizations.

THEOREM 3.13

Let α ∈ C log
loc and p, q, τ ∈ P log

0 . Let a >
2n+c log (1/τ)+c log(1/q)

p− and 0 < q− ≤
q+ <∞. Then

‖f‖�
B

α(·),τ(·)
p(·),q(·)

:= sup
P∈Q

∥∥∥(ϕ∗,a
v,P 2

vα(·)f

‖χP ‖τ(·)
χP

)
v≥v+

P

∥∥∥
�q(·)(Lp(·))

is an equivalent quasinorm in B
α(·),τ(·)
p(·),q(·) .

The following result is from [12].

LEMMA 3.14

Let α ∈ C log
loc , p, q ∈ P log

0 , and 0< q+ <∞. A tempered distribution f belongs to

B̃
α(·),p(·)
p(·),q(·) if and only if

(3.15) ‖f‖#
B̃

α(·),p(·)
p(·),q(·)

:= sup
{P∈Q,|P |≤1}

∥∥∥(2vα(·)ϕv ∗ f
|P |1/p(·) χP

)
v≥vP

∥∥∥
�q(·)(Lp(·))

<∞.

Furthermore, the quasinorms ‖f‖
B̃

α(·),p(·)
p(·),q(·)

and ‖f‖#
B̃

α(·),p(·)
p(·),q(·)

are equivalent.

Using this lemma, we can easily prove that if α ∈C log
loc , p, q ∈ P log

0 , and 0< q+ <

∞, then B
α(·),p(·)
p(·),q(·) ↪→ B̃

α(·),p(·)
p(·),q(·) .

By the same arguments used in the proof of Theorem 3.9, we have the fol-

lowing characterizations of the spaces B̃
α(·),p(·)
p(·),q(·) .

THEOREM 3.16

Let α ∈C log
loc and p, q ∈ P log

0 . Let a >
2n+c log (1/p)+c log(1/q)

p− and 0< q− ≤ q+ <∞.

Then

‖f‖�
B̃

α(·),p(·)
p(·),q(·)

:= sup
P∈Q

∥∥∥(ϕ∗,a
v 2vα(·)f

|P |1/p(·) χP

)
v≥v+

P

∥∥∥
�q(·)(Lp(·))

and

‖f‖�
B̃

α(·),p(·)
p(·),q(·)

:= sup
P∈Q

∥∥∥(ϕ∗,a
v,P 2

vα(·)f

|P |1/p(·) χP

)
v≥v+

P

∥∥∥
�q(·)(Lp(·))

are an equivalent quasinorm in B̃
α(·),p(·)
p(·),q(·) .

4. Characterization by ball means of differences

This section is devoted to the characterization of Besov-type spaces B
α(·),τ(·)
p(·),q(·) and

B̃
α(·),p(·)
p(·),q(·) by ball means of differences. In the case of constant indices p, q, α, and
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τ , we refer especially to [10] and [43]. Let f be an arbitrary function on Rn and

x,h ∈Rn. Then

Δhf(x) = f(x+ h)− f(x), ΔM+1
h f(x) =Δh(Δ

M
h f)(x), M ∈N.

These are the well-known differences of functions which play an important role

in the theory of function spaces. Using mathematical induction one can show the

explicit formula

ΔM
h f(x) :=

M∑
j=0

(−1)j
(
M

j

)
f
(
x+ (M − j)h

)
,

where
(
M
j

)
are the binomial coefficients. By ball means of differences we mean

the quantity

dMt f(x) = t−n

∫
|h|≤t

∣∣ΔM
h f(x)

∣∣dh=

∫
B

∣∣ΔM
thf(x)

∣∣dh,
where B = {y ∈ Rn : |h| ≤ 1} is the unit ball of Rn, t > 0 is a real number, and

M is a natural number. In the following we present some properties of the spaces

L
p(·)
λ(·) and L̃p(·).

PROPOSITION 4.1

Let τ,λ ∈ P log
0 and p ∈ P log.

(i) If τ∞ ≤ λ∞, then

L
p(·)
λ(·) ↪→ L

p(·)
τ(·).

(ii) We have

B
0,τ(·)
p(·),1 ↪→ L

p(·)
τ(·) ↪→ L̃p(·) ↪→S ′(Rn).

Proof

The property (i) follows from the estimates ‖χP ‖λ(·) ≈ |P |1/λ∞ ≤ |P |1/τ∞ ≈
‖χP ‖τ(·) for any P ∈ Q, with |P | ≥ 1 (see (2.4)). By Hölder’s inequality, we

see that for any ϕ ∈ S(Rn) and any M ∈N large enough∣∣〈f,ϕ〉∣∣ ≤ ∫
Rn

∣∣f(x)∣∣∣∣ϕ(x)∣∣dx
=

∑
m∈Zn

∫
Q0,m

∣∣f(x)∣∣∣∣ϕ(x)∣∣dx
≤

∑
m∈Zn

‖fχQ0,m‖p(·)‖ϕχQ0,m‖p′(·)

≤ C1‖ϕ‖M,0‖f‖L̃p(·)

∑
m∈Zn

(
1 + |m|

)−M

≤ C2‖ϕ‖M,0‖f‖Lp(·)
τ(·)

,
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which proves the embedding L
p(·)
τ(·) ↪→ L̃p(·) ↪→S ′(Rn). Let {Fϕv}v∈N0 be a reso-

lution of unity. Then, for each dyadic cube P , f =
∑∞

v=0ϕv ∗ f in the sense of

Lp(·)(P ). Thus, if |P | ≥ 1, then∥∥∥ fχP

‖χP ‖τ(·)

∥∥∥
p(·)

≤
∞∑
v=0

∥∥∥ ϕv ∗ f
‖χP ‖τ(·)

χP

∥∥∥
p(·)

≤ ‖f‖
B

0,τ(·)
p(·),1

follows. �

Before proving the characterization of these function spaces by ball means of

differences we present some technical lemmas.

LEMMA 4.2

Let R> 0, τ, p ∈ P log
0 , 0< r < p−, and θ,ω ∈ S(Rn) with suppFω ⊂B(0,1).

(i) For any f ∈ S ′(Rn), any m> 2n+ c log(
1
τ )r, and any dyadic cube P with

|P | ≥ 1, we have∥∥∥θR ∗ ωR ∗ f
‖χP ‖τ(·)

χP

∥∥∥
p(·)

≤Cmax
(
1,
(
Rl(P )

)(n−m)/r)‖ωR ∗ f‖
L

p(·)
τ(·)

such that the right-hand side is finite, where C > 0 is independent of R, f , and

l(P ).

(ii) For any f ∈ S ′(Rn), any m> 2n, and any dyadic cube P with |P |= 1,

we have ∥∥(θR ∗ ωR ∗ f)χP

∥∥
p(·) ≤Cmax(1,R(n−m)/r)‖ωR ∗ f‖

L̃p(·)

such that the right-hand side is finite, where C > 0 is independent of R and f .

This lemma is from [12, Lemma 2.4]. Let us now introduce the (quasi-)norms,

which shall be the main subject of our study. We define

‖f‖∗
B

α(·),τ(·)
p(·),q(·)

:= ‖f‖
L

p(·)
τ(·)

+ sup
P∈Q

∥∥∥(2kα(·)dM2−kf

‖χP ‖τ(·)
χP

)
k≥v+

P

∥∥∥
�q(·)(Lp(·))

and

(4.3) ‖f‖∗
B

α(·),p(·)
p(·),q(·)

:= ‖f‖
L̃p(·) + sup

{P∈Q,|P |≤1}

∥∥∥(2kα(·)dM2−kf

|P |1/p(·) χP

)
k≥vP

∥∥∥
�q(·)(Lp(·))

.

In view of [13, Lemma 3.6], the supremum in (4.3) can be taken with respect

to any dyadic cubes. The following technical lemma is just [10, Lemma 3.5] for

constant exponents.

LEMMA 4.4

Let α ∈ C log
loc , with α− > 0, M ∈ N, τ, q ∈ P log

0 , and p ∈ P log, with p− > 1. Then

there is a constant C > 0 such that∥∥∥( 2vα(·)

‖χP ‖τ(·)

(∫
|y|≤1

∣∣ΔM
2−vyf(·)

∣∣dy)χP

)
v≥v+

P

∥∥∥
�q(·)(Lp(·))

≤C‖f‖∗
B

α(·),τ(·)
p(·),q(·)

and
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∥∥∥( 2vα(·)

‖χP ‖τ(·)

(∫
|y|>1

∣∣ΔM
2−vyf(·)ω(y)

∣∣dy)χP

)
v≥v+

P

∥∥∥
�q(·)(Lp(·))

≤C‖f‖∗
B

α(·),τ(·)
p(·),q(·)

(4.5)

for any dyadic cube P , any ω ∈ S(Rn), and any function f such that

‖f‖∗
B

α(·),τ(·)
p(·),q(·)

<∞.

Proof

We see that it suffices to prove the second estimate. We write for any x ∈ P

2vα(x)
∫
|y|>1

∣∣ΔM
2−vyf(x)ω(y)

∣∣dy
=

∞∑
k=0

2vα(x)
∫
2k<|y|≤2k+1

∣∣ΔM
2−vyf(x)ω(y)

∣∣dy
≤C

∞∑
k=0

2(α(x)+n)v−Nk

∫
2k−v<|h|≤2k−v+1

∣∣ΔM
h f(x)

∣∣dh
=C

∞∑
k=0

2−Nk♣v,k(x),

where

♣v,k(x) := 2(α(x)+n)v

∫
2k−v<|h|≤2k−v+1

∣∣ΔM
h f(x)

∣∣dh,
N > 0 is at our disposal, and we have used the properties of the function ω,

|ω(x)| ≤C(1+ |x|)−N for any x ∈Rn and anyN > 0. Fix 0< r < 1
2 min(p−, q−,2).

Then the left-hand side of (4.5) is bounded by

C
( ∞∑
k=0

2−Nrk
∥∥∥( ♣v,k(·)

‖χP ‖τ(·)
χP

)
v≥v+

P

∥∥∥r
�q(·)(Lp(·))

)1/r

=
(v+

P −1∑
k=0

· · ·+
∞∑

k=v+
P

· · ·
)1/r

= (Iv+
P
+ II v+

P
)1/r

≤ 21/r−1
(
(Iv+

P
)1/r + (II v+

P
)1/r

)
.

Here we put
∑v+

P −1
k=0 · · ·= 0 if v+P = 0, and Iv+

P
can be rewritten as (here, obviously

v+P = vP )

C

v+
P −2∑
k=0

· · ·+C

v+
P −1∑

k=v+
P −1

· · ·=M1 +M2.
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Here we put
∑v+

P −2
k=0 · · ·= 0 if v+P ≤ 1. After a change of variable v − k − 1 = j,

we get

M1 ≤ C

v+
P −2∑
k=0

2(α
++n−N)rk

∥∥∥(2jα(·)dM2−jf(·)
‖χP ‖τ(·)

χP

)
j≥v+

P −k−1

∥∥∥r
�q(·)(Lp(·))

≤ C

v+
P −2∑
k=0

2(α
++n−N)rk

∥∥∥(2jα(·)dM2−jf(·)
‖χP ‖τ(·)

χQ(xP ,2k+1−vP )

)
j≥v+

P −k−1

∥∥∥r
�q(·)(Lp(·))

,

after using P ⊂ Q(xP ,
√
n2k+1−vP ) (cube centered at the point xP with sides

parallel to coordinate axes and of length
√
n2k+1−vP ). This expression is bounded

by

C

v+
P −2∑
k=0

2(α
++n−N+n/τ−)rk

(
‖f‖∗

B
α(·),τ(·)
p(·),q(·)

)r ≤C
(
‖f‖∗

B
α(·),τ(·)
p(·),q(·)

)r
,

where we used, by Lemma 2.7,

(4.6)
‖χQ(xP ,

√
n2k+1−vP )‖τ(·)

‖χP ‖τ(·)
≤C2nk/τ

−
,

for N large enough such that N > 2(α+ + n) + n/τ− and here C > 0 is indepen-

dent of vP . Now M2 is bounded by

C2(α
++n−N)rv+

P

∥∥∥(2vα(·)dM2−vf(·)
‖χP ‖τ(·)

χP

)
v≥0

∥∥∥r
�q(·)(Lp(·))

.

Using the fact that χP ≤ χQ(xP ,
√
n ), ‖χQ(xP ,

√
n )‖τ(·) ≈ 1, and ‖χP ‖τ(·) ≥

C2−vPn/τ−
, we obtain

M2 ≤C2(α
++n+n/τ−−N)rv+

P
(
‖f‖∗

B
α(·),τ(·)
p(·),q(·)

)r ≤C
(
‖f‖∗

B
α(·),τ(·)
p(·),q(·)

)r
,

because N >α+ + n+ n/τ−. Therefore,

(Iv+
P
)1/r ≤C‖f‖∗

B
α(·),τ(·)
p(·),q(·)

.

We estimate II v+
P
. For all (fv)v∈N0 ⊂ 	q(·)(Lp(·)) we set

(fv)
k+v+

P

v=v+
P

= (fv+
P
, . . . , fk+v+

P
,0,0, . . . ).

Since ‖ · ‖�q(·)(Lp(·)) is a quasinorm in the 	q(·)(Lp(·))-spaces we obtain, for any

dyadic cube P , II v+
P
is bounded by

C

∞∑
k=v+

P

2−Nrk
∥∥∥(2(α(·)+n)v

‖χP ‖τ(·)

×
(∫

|h|≤2k−v+1

∣∣ΔM
h f(·)

∣∣dh)χP

)k+v+
P

v=v+
P

∥∥∥r
�q(·)(Lp(·))

(4.7)
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+C

∞∑
k=v+

P

2−Nrk
∥∥∥(2(α(·)+n)v

‖χP ‖τ(·)

×
(∫

|h|≤2k−v+1

∣∣ΔM
h f(·)

∣∣dh)χP

)
v≥k+v+

P +1

∥∥∥r
�q(·)(Lp(·))

.

Using the embedding 	q
−
(Lp(·)) ↪→ 	q(·)(Lp(·)) we estimate the first term by

C
∞∑

k=v+
P

2−Nrk
(k+v+

P∑
v=v+

P

∥∥∥2(α(·)+n)v

‖χP ‖τ(·)

(∫
|h|≤2k−v

+
P +1

∣∣ΔM
h f(·)

∣∣dh)χP

∥∥∥q−
p(·)

)r/q−

≤C
∞∑

k=v+
P

2(2(α
++n)−N)rkk

‖χP ‖rτ(·)

∥∥∥(∫
|h|≤2k−v

+
P +1

∣∣ΔM
h f(·)

∣∣dh)χP

∥∥∥r
p(·)

.

Recalling the definition of ΔM
h f , we obtain∫

|h|≤2k−v
+
P +1

∣∣ΔM
h f(x)

∣∣dh
≤

M−1∑
m=0

(
M

m

)∫
|h|≤2k−v

+
P +1

∣∣f(x+ (M −m)h
)∣∣dh+C2n(k−v+

P )
∣∣f(x)∣∣

=C

M−1∑
m=0

(
M

m

)∫
|y−x|≤(M−m)2k−v

+
P +1

∣∣f(y)∣∣χQ(xP ,(M+
√
n )2k+1−vP )(y)dy

+C2n(k−v+
P )
∣∣f(x)∣∣

≤C2n(k−v+
P )
(∣∣f(x)∣∣+M(fχQ(xP ,(M+

√
n )2k+1−vP ))(x)

)
for any x ∈ P . Hence,∥∥∥(∫

|h|≤2k−v
+
P +1

∣∣ΔM
h f(·)

∣∣dh)χP

∥∥∥
Lp(·)

≤C2n(k−v+
P )
(
‖fχP ‖p(·) +

∥∥M(fχQ(xP ,(M+
√
n)2k+1−vP ))

∥∥
p(·)

)
≤C2n(k−v+

P )
(
‖fχP ‖p(·) + ‖fχQ(xP ,(M+

√
n)2k+1−vP )‖p(·)

)
≤C2n(k−v+

P )‖χQ(xP ,(M+
√
n)2k+1−vP )‖τ(·)‖f‖Lp(·)

τ(·)
,

after using the fact that M : Lp(·) → Lp(·) is bounded. We use (4.6) with

Q(xP , (M +
√
n )2k+1−vP ) in place of Q(xP ,

√
n2k+1−vP ) to estimate the last

expression as

C2(n+n/τ−)k‖χP ‖τ(·)‖f‖Lp(·)
τ(·)

≤C2(n+n/τ−)k‖χP ‖τ(·)‖f‖∗Bα(·),τ(·)
p(·),q(·)

.

Then the first term in (4.7) is bounded by

C

∞∑
k=v+

P

2(2α
++3n+n/τ−−N)rkk‖f‖r

L
p(·)
τ(·)

≤C
(
‖f‖∗

B
α(·),τ(·)
p(·),q(·)

)r
,
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where we use the fact that N > 2α+ + 3n+ n/τ−. The second term in (4.7) is

bounded by

C

∞∑
k=v+

P

2(α
+−N+n)rk

∥∥∥(2α(·)vdM2−vf(·)
‖χP ‖τ(·)

χP

)
v≥v+

P

∥∥∥r
�q(·)(Lp(·))

≤C

∞∑
k=v+

P

2(α
+−N+n)rk

(
‖f‖∗

B
α(·),τ(·)
p(·),q(·)

)r

≤C
(
‖f‖∗

B
α(·),τ(·)
p(·),q(·)

)r
,

since N >α+ + n. This finishes the proof of Lemma 4.4. �

LEMMA 4.8

Let α ∈ C log
loc , with α− > 0, M ∈ N, q ∈ P log

0 , and p ∈ P log, with p− > 1. Then

there is a constant C > 0 such that∥∥∥( 2vα(·)

|P |1/p(·)
(∫

|y|≤1

∣∣ΔM
2−vyf(·)

∣∣dy)χP

)
v≥vP

∥∥∥
�q(·)(Lp(·))

≤C‖f‖∗
B̃

α(·),p(·)
p(·),q(·)

and∥∥∥( 2vα(·)

|P |1/p(·)
(∫

|y|>1

∣∣ΔM
2−vyf(·)ω(y)

∣∣dy)χP

)
v≥vP

∥∥∥
�q(·)(Lp(·))

≤C‖f‖∗
B̃

α(·),p(·)
p(·),q(·)

for any dyadic cube P , with |P | ≤ 1, any ω ∈ S(Rn), and any function f such

that ‖f‖∗
B̃

α(·),p(·)
p(·),q(·)

<∞.

Proof

In view of the proof of Lemma 4.4, we need only to estimate the first term in

(4.7). (Observe that ‖χP ‖p(·) ≈ |P |1/p(x), x ∈ P , with |P | ≤ 1 (see (2.3)).) For

any dyadic cube with |P | ≤ 1 and k ≥ vP∥∥∥ 1

‖χP ‖p(·)

(∫
|h|≤2k−vP +1

∣∣ΔM
h f(·)

∣∣dh)χP

∥∥∥
Lp(·)

≤C2n(k−vP )
(∥∥∥ fχP

‖χP ‖p(·)

∥∥∥
p(·)

+
∥∥∥fχQ(xP ,2k+hn−vP )

‖χP ‖p(·)

∥∥∥
p(·)

)
, hn ∈N.

Observe thatQ(xP ,2
k+hn−vP )⊂

⋃3n

i=1Q
i =

⋃3n

i=1

⋃2(k+hn−v)P

l=1 Qi,l, where theQi’s

are dyadic cubes with side length 2k+hn−vP and the Qi,l’s are dyadic cubes with

side length 1. Therefore,∥∥∥fχQ(xP ,2k+hn−vP )

‖χP ‖p(·)

∥∥∥
p(·)

≤C2nvP /p−‖fχQ(xP ,2k+hn−vP )‖p(·)

≤C3nvP /p−
2n∑
i=1

2(k+hn−v)P∑
l=1

‖fχQi,l‖p(·) ≤C2nk‖f‖
L̃p(·) ,
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where C > 0 is independent of k. Now obviously,∥∥∥ fχP

‖χP ‖p(·)

∥∥∥
p(·)

≤C2nk/p
−‖f‖

L̃p(·) .

Then the first term in (4.7) is bounded by

C

∞∑
k=vP

2(2α
++3n+n/p−−N)rkk‖f‖r

L̃p(·)
≤C‖f‖r

L̃p(·)
,

where we use the fact that N > 2α+ + 3n + n/p−. This finishes the proof of

Lemma 4.8. �

We set

δp,τ := nmin
(
0,
(1
p
− 1

τ

)−)
.

Using the notation introduced above, we may now state the main result of this

article.

THEOREM 4.9

Let α ∈ C log
loc , M ∈ N, τ , q ∈ P log

0 , and p ∈ P log, with p− > 1 and 0 < q− ≤
q+ <∞.

(i) Assume

0<α− ≤ α+ <M + δp,τ .

Then ‖ · ‖∗
B

α(·),τ(·)
p(·),q(·)

is an equivalent quasinorm on B
α(·),τ(·)
p(·),q(·) .

(ii) Assume

0<α− ≤ α+ <M.

Then ‖ · ‖∗
B̃

α(·),p(·)
p(·),q(·)

is an equivalent quasinorm on B̃
α(·),p(·)
p(·),q(·) .

Proof

By similarity, we only consider B
α(·),τ(·)
p(·),q(·) , where for B̃

α(·),p(·)
p(·),q(·) we use the equiv-

alent norm (3.15), Theorem 3.16, and Lemma 4.8 in place of Theorem 3.9 and

Lemma 4.4, respectively. Let P be any dyadic cube. We will do the proof in three

steps.

Step 1. Let {Fϕv}v∈N0 be the functions used in Section 3. We have, with

α− > 0,

‖f‖
L

p(·)
τ(·)

≤
∞∑
v=0

‖ϕv ∗ f‖Lp(·)
τ(·)

≤
∞∑
v=0

2−α−v‖2α(·)vϕv ∗ f‖Lp(·)
τ(·)

≤ C‖f‖
B

α(·),τ(·)
p(·),∞

≤C‖f‖
B

α(·),τ(·)
p(·),q(·)

for any f ∈B
α(·),τ(·)
p(·),q(·) .
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Step 2. For any k ≥ v+P and any x ∈ P , we write

2kα(x)

‖χP ‖τ(·)
dM2−kf(x) ≤

∞∑
v=0

2kα(x)

‖χP ‖τ(·)
dM2−k(ϕv ∗ f)(x)

=

v+
P −1∑
v=0

· · ·+
k∑

v=v+
P

· · ·+
∞∑

v=k+1

· · ·

= IkvP (x) + II kvP (x) + III kvP (x).

Here we put IkvP = 0 if v+P = 0. We estimate the first summand and we start with

estimates of the higher-order differences ΔM
h (ϕv ∗ f). Let ψ,ψ0 ∈ S(Rn) be two

functions such that Fψ = 1 and Fψ0 = 1 on suppϕ and suppΨ, respectively.

Using the mean value theorem we obtain for any x ∈ P , v ∈ N0, and |h| ≤ 2−k

that ∣∣Δ1
h(ϕv ∗ f)(x)

∣∣ = ∣∣Δ1
h(ψv ∗ϕv ∗ f)(x)

∣∣
≤ 2−k sup

|x−y|≤d2−k

∑
|α|=1

∣∣Dαψv ∗ϕv ∗ f(y)
∣∣,

with some positive constant d, independent of v and k, and ψv(·) = 2(v−1)n ×
ψ(2v−1·) for v = 1,2, . . . . By induction on M , we show that∣∣ΔM

h (ϕv ∗ f)(x)
∣∣≤C2(v−k)M sup

|x−y|≤d2−k

ηv−1,N ∗ |ϕv ∗ f |(y),

with N > 0 large enough. We use Lemma 2.5 to obtain for any y ∈B(x,d 2−k)

and any k ≥ v

2v(α(x)+n(1/τ(x)−1/p(x)))

≤C
(
1 + 2v|x− y|

)c log(α+n(1/τ−1/p))
2v(α(y)+n(1/τ(y)−1/p(y)))

≤C(1 + d2v−k)c log(α+n(1/τ−1/p))2v(α(y)+n(1/τ(y)−1/p(y)))

≤C2v(α(y)+n(1/τ(y)−1/p(y))),

with some positive constant C that is independent of v. Therefore,

2v(α(x)+n(1/τ(x)−1/p(x)))
∣∣ΔM

h (ϕv ∗ f)(x)
∣∣

≤C2(v−k)M sup
|x−y|≤d2−k

2v(α(y)+n(1/τ(y)−1/p(y)))ηv−1,N ∗ |ϕv ∗ f |(y)

≤C2(v−k)M sup
|x−y|≤d2−k

ηv−1,N1 ∗ 2v(α(·)+n(1/τ(·)−1/p(·)))|ϕv ∗ f |(y),

again by Lemma 2.5, with N1 > 0 large enough. The right-hand side may be

estimated as

C2(v−k)M sup
|x−y|≤d2−k

ϕ∗,a
v 2v(α(·)+n(1/τ(·)−1/p(·)))f(y).
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Then we obtain, for any x ∈ P , |h| ≤ 2−k, and any k ≥ v, that

2v(α(x)+n(1/τ(x)−1/p(x)))
∣∣ΔM

h (ϕv ∗ f)(x)
∣∣

can be estimated by

C2(v−k)M sup
|x−y|≤d2−k

ϕ∗,a
v 2v(α(·)+n(1/τ(·)−1/p(·)))f(y)

(1 + 2v|x− y|)a

≤C2(v−k)Mϕ∗,a
v 2v(α(·)+n(1/τ(·)−1/p(·)))f(x)≤C2(v−k)M‖f‖

B
α(·),τ(·)
p(·),q(·)

,

by (3.5). Then

IkvP (x) ≤ C

v+
P∑

v=0

2(v−k)(M−α(x))+v(n/p(x)−n/τ(x))

‖χP ‖τ(·)
‖f‖

B
α(·),τ(·)
p(·),q(·)

≤ C2k(α(x)−M)

v+
P∑

v=0

2v(M+n/p(x)−α(x)−n/τ(x))

‖χP ‖τ(·)
‖f‖

B
α(·),τ(·)
p(·),q(·)

≤ C2k(α(x)−M) 2
v+
P (M+n/p(x)−α(x)−n/τ(x))

‖χP ‖τ(·)
‖f‖

B
α(·),τ(·)
p(·),q(·)

.

Therefore,

IkvP (x)≤C2v
+
P n/p(x)2(v

+
P −k)(M−α(x))‖f‖

B
α(·),τ(·)
p(·),q(·)

, x ∈ P,

where we have used the fact that ‖χP ‖τ(·) ≈ 2−v+
P n/τ(x) since v+P > 0. Taking the

	q(·)(Lp(·))-(quasi-)norm we obtain

sup
P∈Q

∥∥(IkvP χP )k≥v+
P

∥∥
�q(·)(Lp(·))

≤C‖f‖
B

α(·),τ(·)
p(·),q(·)

sup
P∈Q

∥∥(2v+
P n/p(·)2(v

+
P −k)(M−α(·))χP )k≥v+

P

∥∥
�q(·)(Lp(·))

.

Let us prove that for any dyadic cube P∥∥(2v+
P n/p(·)2(v

+
P −k)(M−α(·))χP )k≥v+

P

∥∥
�q(·)(Lp(·))

≤C.

By using the embedding 	q
−
(Lp(·)) ↪→ 	q(·)(Lp(·)), the left-hand side is bounded

by

C
( ∞∑
k=v+

P

2(v
+
P −k)(M−α+)q−

)1/q−

‖2v
+
P n/p(·)χP ‖p(·) ≤C‖2v

+
P n/p(·)χP ‖p(·) ≤C,

where we used the fact that α+ <M and ‖2v+
P n/p(·)χP ‖p(·) ≤C. The second term

II kvP (x) is bounded by

C

k∑
v=v+

P

2(v−k)(M−α+)

‖χP ‖τ(·)
ϕ∗,a
v 2vα(·)f(x),
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where we choose a >
2n+c log (1/τ)+c log(1/q)

p− . Applying Lemma 2.10, we have

sup
P∈Q

∥∥(II kvP χP )k≥v+
P

∥∥
�q(·)(Lp(·))

≤C sup
P∈Q

∥∥∥(ϕ∗,a
v 2vα(·)f

‖χP ‖τ(·)
χP

)
v≥v+

P

∥∥∥
�q(·)(Lp(·))

≤C‖f‖
B

α(·),τ(·)
p(·),q(·)

,

where we have used Theorem 3.9. Recalling the definition of dM2−k(ϕv ∗ f), we
have

2vα(x)dM2−k(ϕv ∗ f)(x)

=

∫
B

2vα(x)
∣∣ΔM

2−kh(ϕv ∗ f)(x)
∣∣dh

≤
M∑
j=0

(
M

j

)∫
B

2vα(x)
∣∣(ϕv ∗ f)

(
x+ (M − j)2−kh

)∣∣dh.
We shall deal in detail only with the term with j = 0,1, . . . ,M − 1. The term

with j = M is much simpler to handle. (For that term, the integration over

h ∈B immediately disappears.) We use Lemma 2.6 with r = 1 in the form

2vα(x)
∣∣(ϕv ∗ f)

(
x+ (M − j)2−kh

)∣∣≤C2vα(x)ηv,2m ∗ |ϕv ∗ f |
(
x+ (M − j)2−kh

)
.

We have

2vα(x)
∫
B

ηv,2m ∗ |ϕv ∗ f |
(
x+ (M − j)2−kh

)
dh

= (M − j)−n2vα(x)+kn

∫
(M−j)2−kB

ηv,2m ∗ |ϕv ∗ f |(x− t)dt

≤C2vα(x)
∫
Rn

ηv,2m ∗ |ϕv ∗ f |(x− t)ηk,2m(t)dt

=C2vα(x)ηk,2m ∗ ηv,2m ∗ |ϕv ∗ f |(x)

≤C2vα(x)ηk,2m ∗ |ϕv ∗ f |(x)

≤Cηk,m ∗ |2vα(·)ϕv ∗ f |(x),

where we have used Lemmas 2.9 and 2.5 with m>max(n, c log(α)). Hence,

2vα(x)dM2−k(ϕv ∗ f)(x)≤Cηk,m ∗ |2vα(·)ϕv ∗ f |(x)

and

III kvP (x) ≤ C

∞∑
v=k

2(k−v)α(x)

‖χP ‖τ(·)
ηk,m ∗ |2vα(·)ϕv ∗ f |(x)

= C

∞∑
i=0

2−iα(x)

‖χP ‖τ(·)
ηk,m ∗ |2(k+i)α(·)ϕk+i ∗ f |(x).
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Take the 	q(·)(Lp(·))-(quasi-)norm, and use Lemma 2.8(i) to obtain (with m large

enough and 0< 2r <min(p−, q−,2))

sup
P∈Q

∥∥(III kvP χP )k≥v+
P

∥∥r
�q(·)(Lp(·))

≤C

∞∑
i=0

2−irα−
sup
P∈Q

∥∥∥(ηk,m ∗ |2(k+i)α(·)ϕk+i ∗ f |
‖χP ‖τ(·)

χP

)
k≥v+

P

∥∥∥r
�q(·)(Lp(·))

≤C sup
P∈Q

∥∥∥(2vα(·)ϕv ∗ f
‖χP ‖τ(·)

χP

)
v≥v+

P

∥∥∥r
�q(·)(Lp(·))

=C‖f‖r
B

α(·),τ(·)
p(·),q(·)

.

Step 3. Let Ψ be the function introduced in Section 3 that is, in addition,

radially symmetric. We make use of an observation made by Nikol’skij [24] (see

also [32] and [35, Section 3.3.2]). We put

ψ(x) := (−1)M+1
M−1∑
i=0

(−1)i
(
M

i

)
Ψ
(
x(M − i)

)
.

The function ψ satisfies ψ(x) = 1 for |x| ≤ 1/M and ψ(x) = 0 for |x| ≥ 3/2.

Then, taking ϕ0(x) = ψ(x), ϕ1(x) = ψ(x/2)−ψ(x), and ϕv(x) = ϕ1(2
−v+1x) for

v = 2,3, . . . , we obtain that {ϕv} is a smooth dyadic resolution of unity. This

yields that

sup
P∈Q

∥∥∥(2vα(·)F−1ϕv ∗ f
‖χP ‖τ(·)

χP

)
v≥v+

P

∥∥∥
�q(·)(Lp(·))

is a quasinorm equivalent in B
α(·),τ(·)
p(·),q(·) . Let us prove that

(4.10)
∥∥∥(2vα(·)F−1ϕv ∗ f

‖χP ‖τ(·)
χP

)
v≥v+

P

∥∥∥
�q(·)(Lp(·))

≤C‖f‖∗
B

α(·),τ(·)
p(·),q(·)

for any dyadic cube P of Rn. First, the left-hand side contains F−1ϕ0 ∗ f only

when |P | ≥ 1. Then from Lemma 4.2

(4.11)
∥∥∥F−1ϕ0 ∗ f

‖χP ‖τ(·)
χP

∥∥∥
p(·)

≤C‖f‖∗
B

α(·),τ(·)
p(·),q(·)

.

Moreover, it holds for x ∈Rn and v = 1,2, . . . that

F−1ϕv ∗ f(x) := (−1)M+1

∫
Rn

ΔM
2−vyf(x)Ψ̃(y)dy,

with Ψ̃(·) =F−1Ψ(·)−2−nF−1Ψ(·/2) (see [10, Theorem 3.1]). Now, for v ∈N we

write ∫
Rn

∣∣ΔM
2−vyf(x)

∣∣∣∣Ψ̃(y)
∣∣dy =

∫
|y|≤1

∣∣ΔM
2−vyf(x)

∣∣∣∣Ψ̃(y)
∣∣dy

+

∫
|y|>1

∣∣ΔM
2−vyf(x)

∣∣∣∣Ψ̃(y)
∣∣dy.
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Then the estimate (4.10) is an obvious consequence of (4.11) and Lemma 4.4.

Therefore, ‖f‖
B

α(·),τ(·)
p(·),q(·)

≤ C‖f‖∗
B

α(·),τ(·)
p(·),q(·)

, which completes the proof of this

theorem. �
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