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Abstract This article gives an explicit formula for the Ehrhart quasipolynomial of cer-
tain 2-dimensional polyhedra in terms of invariants of surface quotient singularities.
Also, a formula for the dimension of the space of quasihomogeneous polynomials of a
given degree is derived. This admits an interpretation as a numerical adjunction formula
for singular curves on the weighted projective plane.

1. Introduction

This article deals with the general problem of counting lattice points in a polyhe-
dron with rational vertices and its connection with both the singularity theory of
surfaces and adjunction formulas for curves in the weighted projective plane. In
addition, we focus on rational polyhedra (whose vertices are rational points) as
opposed to lattice polyhedra (whose vertices are integers). Our approach exploits
the connection between Dedekind sums (as originated from the work of Hirze-
bruch and Zagier [18]) and the geometry of cyclic quotient singularities, which has
been proposed by several authors (see, e.g., [23], [7], [10], [19], [28], [11], [4], [5]).

According to Ehrhart [17], the number of integer points of a lattice (resp.,
rational) polygon P and its dilations dP = {dp | p € P} is a polynomial (resp.,
quasipolynomial) in d of degree dim P referred to as the Ehrhart (quasi- Jpolynomial
of P (cf. [12]). In this article we focus on the Ehrhart quasipolynomial of polygons
of type

(1) dDw :Dw,d: {(x’yvz) 6R3 | xay72207w0$+w1y+w2z:d}7
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where w = (wg, w1, ws) are pairwise coprime and
(2) Dw5:{($ay,z)€R3|$,y,220,w0$+w1y+w2211}

is a rational polygon. In Theorem 1.1 we give an explicit formula for the Ehrhart
quasipolynomial of (1), which in Theorem 1.2 is shown to be an invariant of the
quotient singularities of the weighted projective plane P2 .

Throughout this article, wg,w;,ws are assumed to be pairwise coprime
integers. Denote by w = (wg, w1, ws), @ = wowiws, and |w| = wy + wy + wa.
Finally, the key ingredients to connect the arithmetical problem referred to
above with the geometry of weighted projective planes come from the obser-
vation that

(3) Ly (d) := #(Duw,a NZ%) = h° (Piﬁ O(d))’

that is, the dimension of the vector space of weighted homogeneous polynomials
of degree d, and from a numerical adjunction formula relating h%(P2; O(d)) with
the genus of a curve in P2 .

To explain what we mean by numerical adjunction formulas, assume that
a quasismooth curve C C P2 of degree d exists. In that case, according to the
classical adjunction formula, one has the following equality relating canonical
divisors on C and P2 :

(4) Ke = (Kpz, +C)le-

Equating degrees on both sides of (4) and using the weighted Bézout’s theorem,
one has

deg(C)deg(Kpz +C d(d —
29(C) — 2 = deg(Kpz, +C)c = 8(C)deg(Kp; +C) _ d(d — |ul)

w w

Notice that the generic curve of degree kw is smooth (see [15, Lemma 5.4]).
In that case, one has (cf. Section 4)

where g, ¢ == % + 1.

However, for a general d the generic curve of degree d in P?, is not necessarily
quasismooth (see [15, Lemma 5.4]). The final goal of this article is to revisit (5)
in the general (singular) case.

Let us present the main results of this work. The first main statement shows
an explicit formula for the Ehrhart quasipolynomial L., (d) of degree two of D,, 4
in terms of d.

THEOREM 1.1
The Ehrhart quasipolynomial Ly, (d) for the polygon D., in (2) satisfies

Lw(d):gw,d+|w\ - Z Ap(d+ \w|)
PeSing(P2))
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The quadratic polynomial g, = k(kgﬁljwl) + 1 in k is called the virtual genus

(see [15, Definition 5.1]) and Ap(k) is a periodic function of period w which is
an invariant associated to the singularity P € Sing(P2)) (see Definition 3.8). The
proof of Theorem 1.1 relies heavily on computations with Dedekind sums.

The next result aims to show that the previous combinatorial number Ap (k)
has a geometric interpretation and can be computed via invariants of curve sin-
gularities on a singular surface. To do so, we recall the recently defined invariant
dp(f) of a curve ({f =0},P) on a surface with quotient singularity (see [15,
Section 4.2]), and we define a new invariant kp(f) in Section 3.1.

THEOREM 1.2

Let (f, P) be a reduced curve germ at P € X, a surface cyclic quotient singularity.
Then

Ap(k)=dp(f) —rp(f)
for any reduced germ f € Ox p(k).

The module Ox p(k) of k-invariant germs of X at P can be found in Defini-
tion 2.3.

As an immediate consequence of Theorems 1.1 and 1.2 one has a method
to compute L, (d) by means of appropriate curve germs ({f =0}, P) on sur-
face quotient singularities. In an upcoming article (see [14]), we will study the
Ap(k)-invariant by means of singularity theory and intersection theory on surface
quotient singularities to give a closed effective formula for the Ehrhart quasipoly-
nomial Ly, (d). In fact, Theorem 1.1 can also be seen as a version of [7], where an
explicit interpretation of the correction term is given in Theorem 1.2.

Finally, we generalize the numerical adjunction formula for a general singular
curve C on P2 relating h"(P?, Op> (d — |w])), its genus ¢(C), and the newly defined
invariant xp.

THEOREM 1.3 (NUMERICAL ADJUNCTION FORMULA)
Consider C = {f =0} C P2, an irreducible curve of degree d. Then

w

h? (P2, Ops (d—|w])) = g(C) + Z kp(f).

PeSing(C)

This article is organized as follows. In Section 2 some basic definitions and prelim-
inary results on surface quotient singularities, logarithmic forms, and Dedekind
sums are given. In Section 3, after defining the three local invariants mentioned
above, a proof of Theorem 1.2 is given. An introductory example is treated in
Section 4, and finally, the main results, Theorems 1.1 and 1.3, are proven in
Section 5.
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2. Definitions and preliminaries

In this section some needed definitions and results are provided.

2.1. V-manifolds and quotient singularities

We start by giving some basic definitions and properties of V-manifolds, weighted
projective spaces, embedded Q-resolutions, and weighted blowups (for a detailed
exposition see, e.g., [16], [2], [3], [20], [22]). Let us fix the notation and introduce
several tools to calculate a special kind of embedded resolution, called embedded
Q-resolutions (see Definition 2.4), for which the ambient space is allowed to
contain abelian quotient singularities. To do this, we study weighted blowups at
points.

DEFINITION 2.1

A V-manifold of dimension n is a complex analytic space which admits an open
covering {U;} such that U; is analytically isomorphic to B;/G; where B; C C" is
an open ball and G; is a finite subgroup of GL(n,C).

We are interested in V-surfaces where the quotient spaces B;/G; are given by
(finite) abelian groups.

Let G4 C C* be the cyclic group of dth roots of unity generated by &g .
Consider a vector of weights (a,b) € Z? and the action

Gy x (C2 L) (CQ,
(gda(xay)) = (fg%fgy)

The set of all orbits C?/Gy is called a cyclic quotient space of type (d;a,b) and
it is denoted by X (d;a,b).

The type (d;a,b) is normalized if and only if ged(d,a) = ged(d,b) = 1. If this
is not the case, then one uses the isomorphism (assuming ged(d,a,b) =1)

(6)

d o a b )
(d,a)(d,b)’ (d,a)’ (d,b)/’

[(@.9)] = [(@ D,y @)]

X(d;a,b) HX(

to normalize it.
We present different properties of some important sheaves associated to a
V-surface (see [8, Section 4], [16]).

PROPOSITION 2.2 ([8])
Let Ox be the structure sheaf of a V-surface X.

- If P is not a singular point of X, then Ox p is isomorphic to the ring of
convergent power series C{xz,y}.

.- If P is a singular point of X, then Ox p is isomorphic to the ring of Gq-
invariant convergent power series (C{x,y}Gd.
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If no ambiguity seems likely to arise, then we simply write Op for the corre-
sponding local ring or just O in the case P =0.

DEFINITION 2.3

Let G4 be an arbitrary finite cyclic group, and let (a,b) € Z% be a vector of
weights. Consider the action given in (6). Associated with X (d;a,b) one has the
following Ox, p-module:

OX,P(k) = {h € (C{x,y} ‘ h(53x752y) = ffjh(%y)},

also known as the module of k-invariant germs in X (d;a,b).

REMARK 2.1

Note that
d—1

(7) C{x,y} = P Ox.p(k).
k=0

REMARK 2.2 ([8])

Let [, k € Z. Using the notation above one clearly has the following properties:

- Ox,p(k)=0Ox,p(d+k),
. OX,p(l) (9 Ox}p(k) C OX,p(l + k’)

These modules produce the corresponding sheaves Ox (k) on a V-surface X,
which are also called orbisheaves.

One of the main examples of V-surfaces is the so-called weighted projective
plane (e.g., [16]). Let w := (wo, w1, w2) € Z2, be a weight vector, that is, a triple
of pairwise coprime positive integers. There is a natural action of the multiplica-
tive group C* on C?\ {0} given by

(xo,x1,x2) — (t“°x, " 2, 12 29).

3
The universal geometric quotient of ¢ (\310} under this action is denoted by P?

and it is called the weighted projective plane of type w.
Let us recall the adapted concept of resolution in this category.

DEFINITION 2.4 ([20])
An embedded Q-resolution of a hypersurface (H,0) C (M,0) in an abelian quo-
tient space is a proper analytic map 7: X — (M,0) such that

(1) X is a V-manifold with abelian quotient singularities,

(2)  is an isomorphism over X \ 7~ 1(Sing(H)),

(3) m~Y(H) is a Q-normal crossing hypersurface on X (see [26, Defini-
tion 1.16]).

Embedded Q-resolutions are a natural generalization of the usual embedded
resolutions for which some invariants such as ¢ can be effectively calculated (see
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[15]). As a key tool to construct embedded Q-resolutions of abelian quotient
surface singularities we will recall toric transformations or weighted blowups in
this context (see [21] as a general reference), which can be interpreted as blowups
of m-primary ideals.

Let X be an analytic surface with abelian quotient singularities. Let us define
the weighted blowup 7 : X > Xata point P € X with respect to w = (p, ¢). Since
it will be used throughout the article, we briefly describe the local equations of
a weighted blowup at a point P of type (d;a,b) (see [20, Chapter 1] for further
details).

The birational morphism m = (44,0 X@b)w — X(d;a,b) can be

—

described as usual by covering X (d;a,b), into two charts (71 U [72, where for
instance U; is of type X(?;l, _q+€a pb), with a'a =bb=1 mod (d) and e =
ged(d, pb — ga). The first chart is given by

X(ﬁ;LLa/pb) *}ﬁla
0 R
[(xe’y)] = [((mpvqu)a[l :y]w)}(d;a,b)'

The second one is given analogously.

The exceptional divisor E = ﬂ&?a)b)’w(O) is identified with Pl (d;a,b) :=
P! /G 4. The singular points are cyclic and correspond to the origins of the two
charts.

2.2. Log-resolution logarithmic forms

All the preliminaries about de Rham cohomology for projective varieties with
quotient singularities can be found in [26, Chapter 1], and the ones about the C'*
log complex of quasiprojective algebraic varieties can be found in [13, Section 1.3].
Here we focus on the nonnormal crossing Q-divisor case in weighted projective
planes.

Let D be a Q-divisor in a surface X with quotient singularities. The com-
plement of D will be denoted by Xp. Let us fix a Q-resolution 7:Y — X of
the singularities of D so that the reduced Q-divisor D = 7*(D)eq is a union of
smooth Q-divisors on Y with Q-normal crossings.

Using the results in [26] we can generalize in [13, Definition 2.7] for a non-
normal crossing Q-divisor in X.

DEFINITION 2.5
The sheaf 7,0y (log(D)) is called the sheaf of log-resolution logarithmic forms
on X with respect to D.

REMARK 2.3
Note that the space Y in the previous definition is not smooth, and we use the

standard definition of logarithmic sheaf for V-manifolds and V-normal crossing
divisors D due to Steenbrink [26].
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In what follows, a log-resolution logarithmic form with respect to a Q-divisor D
and a Q-resolution 7 will be referred to as simply a logarithmic form if D and 7
are known and no ambiguity is likely to arise.

REMARK 2.4
Let h be an analytic germ on X (d;a,b) where the type is normalized. Notice

that w = h 2L automatically defines a logarithmic form with poles along zy,

dxzNdy

whereas expressions of the form & = h—

might not even define a 2-form unless
h is such that @ is invariant under Gy.

Also note that m,Qy (log(D)) depends, in principle, on the given resolution 7.
The following result shows that this is not the case.

PROPOSITION 2.6

The sheaves m,Q%y (log(D)) of logarithmic forms on X with respect to the Q-
divisor D do not depend on the chosen Q-resolution.

Proof

Let Y and Y’ be two Q-resolutions of (X, D). After resolving (Y, D) and (Y, D’)
and applying the strong factorization theorem for smooth surfaces, there exists
a smooth surface Y obtained as a finite number of blowups of both Y and Y’,
which is a common resolution of (Y, D) and (Y’, D’). Note that (see [26, p. 351])

Q3 (log(D)) = p. Q% (log(D))  and 3, (log(D")) = p, 2% (log (D)),

where D, D', and D are the corresponding total preimages and p and p’ are the
corresponding resolutions. The result follows, since

7.3 (log(D)) = 7.2, (log(D)) = 5.8 (log (D)) = 7,24, (log (D))

due to the commutativity of the diagram 7p = 7'p’. |

NOTATION 2.7

In the future, we will refer to such sheaves as logarithmic sheaves on D and they
will be denoted simply as Q% (LR(D)).

2.3. Dedekind sums
Let a, b, ¢, t be positive integers with ged(a,b) = ged(a, c) = ged(b, ¢) = 1. The aim
of this part (see [6] for further details) is to give a way to compute the cardinal
of the following two sets:

A= {(:r,y) € Z2zo ’ ax + by < t},

Ag = {(x,y,z) GZ%O | az+by+cz:t}.

Note that #A; cannot be computed by means of Pick’s theorem unless ¢ is
divisible by a and b.
Denote by La, () the cardinal of A;. Let us consider the following notation.
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NOTATION 2.8
Denote by &, :=e % . Consider

a—1
1
p{a,b,c}( ) = pOIY{a b c} + a Zl 1— gkb gkc)gkt

(9) b—1 1
1 RS
+g}; 1_ gkt+gz:1 1_51@@ — gkb)eht
with

t2 E(l 1 1)+ 3(ab + ac + be) + a? —|—b2—|—c

1 t) i = —— —_ _ _
po y{a’b’c}( ) 2abc ab + ac + be 12abe

REMARK 2.5
Notice that, in particular, one has

p{a,b,l}(t) = po]Y{a,b,l}(t)

(10) 13 152
+_Z kb) F) kﬁ—z Kt
a & (T gL —ehyeht T b & (1 —£>b
with

t? t(l 1 1>+3(ab+a+b)+a2+b2+1
5 :

1 L (.
po Y{a,b,l}(t) 2ab 12ab

ab+a b

THEOREM 2.9 ([6])
One has

LAl (t) :p{a,b,l}(t) and LA2 (t) :p{a,b,c} (t)

Now we are going to define the Dedekind sums, giving some properties which
will be particularly useful for future results. See [24] and [6] for a more detailed
exposition.

DEFINITION 2.10 ([24])
Let a,b be integers, with ged(a,b) =1 and b > 1. The Dedekind sum s(a,b) is
defined as

b—1

<n> tw=S((2) ()

Jj=1
where the symbol ((x)) denotes

(@) x—[z]— % if z is not an integer,
€T =

0 if « is an integer,
with [z] being the greatest integer not exceeding .

The following result, referred to as a reciprocity theorem (see [6, Corollary 8.5]
or [24, Theorem 2.1] for further details), will be key in what follows.
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THEOREM 2.11 (RECIPROCITY THEOREM,; SEE [6], [24])
Let a and b be two coprime integers. Then
1 1+4+a®+0b°

s(a,b) + s(b,a) = ~2 + 12ab

Let us express the sum (11) in terms of ath roots of the unity (see, e.g., [6,
Example 8.1] or [24, Chapter 2, (18b)] for further details).

PROPOSITION 2.12 ([6], [24])
Let a,b be integers, with ged(a,b) =1 and b > 1. Denote by & a primitive bth
root of unity. The Dedekind sum s(a,b) can be written as

b—1
b—1 1 1
slab)=—g TGN -¢)

Let us exhibit some useful properties of the Dedekind sum s(a,b).
Since ((—z)) = —((z)) it is clear that

s(—a,b) = —s(a,b)
and also
s(a,—b) = s(a,b).
If we define a’ by ’la=1 mod b, then
s(a’,b) = s(a,b).

PROPOSITION 2.13 ([6], [24])
Let a,b, c be integers with ged(a,b) = ged(a,¢) = ged(b,c) = 1. Definea’ by a'a=1
mod b, b’ by ¥’b=1 mod ¢, and ¢’ by ¢c=1 mod a. Then
1 a?+b*+c?
bc b bV,e)=—- 4+ ——7——.
s(bc’,a) + s(ca’,b) + s(ab’, c) 4+ T2abe
DEFINITION 2.14 ([6])
Let a1,...,am, let n € Z, and let b € Z~g. Then the Fourier-Dedekind sum is
defined as
1 b—1 kn
Sn(a1,...,am;b) == - ba —.

P T o T

Let us see some interesting properties of these sums.

REMARK 2.6 ([6])
Let a,b,c € Z.

(1) For all n € Z, s,(a,b;1) =0.
(2) For all n € Z, sp(a,b;c) = s,(b,a;c).
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(3) One has sg(a,1;b) = —s(a,b) + %'

(4) If o’ denotes the inverse of @ modulo ¢, then sg(a,b;c) = —s(a’b,c) + <

—1
4c

With this notation we can express (9) and (10) as
(12) Plab,1}(t) = DPolyfa1 3 (t) +5-t(a, 1;0) + s—+(1,bsa),
(13) Plab.ey(t) =POly (g (t) +s-t(a,bic) +s_¢(b,c;a) + s—i(a, c;b).

As a consequence of Zagier reciprocity in dimension 3 (see [6, Theorem 8.4]),
one has the following result.

COROLLARY 2.15 (RADEMACHER’S RECIPROCITY LAW; SEE [6])
Substituting t =0 in the previous expression one gets
1 a?+b%2+c2

1= poly(a .} (0) = sola, bs¢c) + so(c, bya) + so(a, €;6) = = + —o

3. Local algebraic invariants on quotient singularities

In this section we study two local invariants of a curve in a V-surface, the J-
invariant 0p(C) and the dimension kp(C) (see Definitions 3.2 and 3.5), and a
local invariant of the surface, Ap(k) (see Definition 3.8), as well as the relation
among them (see Theorem 1.2), so as to understand the right-hand side of the
formula in Theorem 1.1.

In [15] and [22] we started extending the concept of the Milnor fiber and
Milnor number of a curve singularity allowing the ambient space to be a quotient
surface singularity. A generalization of the local §-invariant is also defined and
described in terms of a Q-resolution of the curve singularity. All these tools allow
for an explicit description of the genus formula of a curve defined on a weighted
projective plane in terms of its degree and the local type of its singularities.

DEFINITION 3.1 ([15])
Let C ={f =0} C X(d;a,b) be a curve germ, where f is quasi-invariant. The
Milnor fiber f{* of (C,[0]) is defined as

fi={f1=1}/Ga.
The Milnor number p* of (C, P) is defined as

p = 1= xP(f).

We recall that x°™*(O) := ﬁ S A(=1)3mA|GA| for an orbifold O with a finite
CW -complex structure given by the cells A and the finite group G acting on it,
where G 5o denotes the stabilizer of A.

Note that alternative generalizations of Milnor numbers can be found, for
instance, in [1], [9], [27], and [25]. The one proposed here seems more natural
for quotient singularities, but more importantly, it allows for the existence of an
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explicit formula relating the Milnor number, §-invariant, and genus of a curve on
a singular surface.
We define the local invariant § for curve singularities on X (d;a,b).

DEFINITION 3.2 ([15])
Let C be a reduced curve germ at [0] € X (d;a,b). Then we define § (or 6¢(C)) as
the number verifying

PR) =1 = 25,

where % is the number of irreducible branches of C at [0].

REMARK 3.1

Note that the d-invariant of a reduced curve (i.e., a reduced Q-divisor) on a
surface with quotient singularity is not an integer number in general, but rather
a rational number (see [15, Example 4.6]). However, in the case when C is in fact
Cartier, 6o(C) is an integer number that has an interpretation as the dimension of
the quotient R/R where R is the coordinate ring of C and R is its normalization
(see [15, Theorem 4.14]). An alternative definition of §y(C) on normal surfaces in
terms of a resolution can be found in [7].

Also note that 7 can also be seen as the number of irreducible k-invariant
factors of the defining equation f. For instance, the germ defined by f = (22 —y*)
in C? is not irreducible since (22 — y*) = (v — y?)(z + y?). However, f =0 also
defines a set of zeroes in X (2;1,1), which is irreducible (and hence r* = 1), since
(x —y?) and (z +y?) are not k-invariant for any k (recall Definition 2.3).

A recurrent formula for § based on a Q-resolution of the singularity is provided
in Theorem 3.3.

Assume (f,0) C X(d;a,b), and consider a (p,q)-blowup 7 at the origin.
Denote by vo(f) the (p,q)-multiplicity of f at 0, and let e := ged(d, pb — ga).
As an interpretation of v = 1y(f), we recall that 7*(C) = C + 2E, where 7(C)
is the total transform of C, C is its strict transform, and E is the exceptional
divisor.

We will use the following notation:

v (f)
14 _ o _
(14) bl =55 (vo(f) —p—a+e)
THEOREM 3.3 ([15])
Let (C,[0]) be a curve germ on an abelian quotient surface singularity. Then
(15) 5(C)=">" Qi (F);
Q=([0]

where Q runs over all the infinitely near points of a Q-resolution of (C,[0]) and
T(p,q) 5 @ (p,q)-blowup of Q, the origin of X(d;a,b).
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3.1. Logarithmic modules
For a given k > 0, one has the module Op(k) of k-invariant germs (see Defini-
tion 2.3)

Op(k) = {h € C{z,y} | h(&Gz, Eqy) = EGh(x,y) }-
Let {f =0} be a germ in X(d;a,b). Note that if f € Op(k), then one has the
following O p-module:

dx Nd
wf Y is Gd—invariant}.

Op(k—afb):{he((l{:c,y}’h

DEFINITION 3.4
Let D={f =0} be a germ in P € X(d;a,b), where f € Op(k).

1) Let MLE denote the submodule of Op(k —a —b consisting of all h €
D
Op(k —a—1b) such that the 2-form (recall Notation 2.7)

dx N\ dy

w=nh € Q% (LR(D)).

(2) Let M™% denote the submodule of MR consisting of all h € MER such
that the 2-form
dx N\ dy

f

admits a holomorphic extension outside the strict transform f
(3) Any Op-module M C MER will be called a logarithmic module.

w=h

€ 0% (LR(D))

DEFINITION 3.5
Let D={f=0} be a germ in P € X(d;a,b). Let us define the following dimen-
sion:
OP(S)
C MnDul ;

kp(D)=kp(f) :=dim
for s=degf—a—0.

REMARK 3.2
From the discussion in Section 2.2 note that kp(f) turns out to be a finite number
independent of the chosen Q-resolution. Intuitively, the number xp(f) provides

the minimal number of conditions required for a generic germ h € Op(s) so that
h e M3

REMARK 3.3
It is known (see [13, Chapter 2]) that if f is a holomorphic germ in (C2,0), then

ko(f) = do(f)-
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3.2. The d-invariant in the general case of local germs

Let us start with the following constructive result which allows one to see any
singularity on the quotient X (d;a,b) as the strict transform of some {g =0} C C?
after performing a certain weighted blowup.

REMARK 3.4

The Weierstrass division theorem states that, given f,g € C{x,y} with f being
y-general of order k, there exist ¢ € C{z,y} and r € C{z}[y] of degree in y less
than or equal to k— 1, both uniquely determined by f and g, such that g =qf+r.
The uniqueness and the linearity of the action ensure that the division can be
performed equivariantly for the action of G4 on C{x,y} (see (7)), that is, if
fig € O(1), then so are ¢ and 7. In other words, the Weierstrass preparation
theorem still holds for zero sets in C{z,y}%<.

Let {f =0} C (X(d;a,b),0) be a reduced analytic germ. Assume that (d;a,b) is a
normalized type. After a suitable change of coordinates of the form X (d;a,b) —
X (d;a,b), [(z,y)] = [(x + M\y*,y)] where bk =a mod d, one can assume z 1 f.
Moreover, by Remark 3.4, f can be written in the form

(16) fla,y) =y + > aa'y’ e C{a}ly] N O(k).

1>0,7<r
For technical reasons, in the following results the space X(d;a,b) will be consid-
ered to be of type X (p;—1,q). Note that this is always possible.

LEMMA 3.6

Let f € O(k) define an analytic germ on X(p;—1,q), ged(p,q) =1, such that
x 1 f. Then there exist g € C{x,y} with x{g such that g(zP,x%) = 27" f(x,y).
Moreover, f is reduced (resp., irreducible) if and only if g is.

Proof
By the discussion after Remark 3.4 one can assume f € C{z}[y] as in (16). We
have —i+qj=qr=k mod p for all 4,7 so p| (i + q(r —j)) and i + q(r — 7) > 0.
Consider

itq(r—j)

g(z.y) =y + Y ayr vy eCla}fy),
i>0,5<r
glab,aty) =aty + > aga Ty =t (y Y ayely).
1>0,5<r 1>0,5<r

Note that the strict transform passes only through the origin of the first chart. [J

The following Proposition 3.7 will be useful to give a generalization of Remark 3.3.
Before we state the result we need some notation. Given r,p,q € Z~ we define
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the following combinatorial number which generalizes (g):

-p—q+1)
17 5pea) . — rlar—p—gq
( ) T 2p

Note that (‘21) = 56(11’1).

PROPOSITION 3.7
Let p,q,a,r € Z~o with ged(p,q) =1 and r =r + pa. Consider the following
cardinal:

APD =L (i, ) € Z* | pi+qj < qrii,j > 1}.

(1) If r =pa, then one has 5P — AP0
(2) The following equalities hold:

(18) B0 — 60 = 6,7 + aar,
; @) — AP0
(19) Agfl’ 9 _ Agp ?) = Arffr + aqr.

(3) The difference AP _ 59D only depends on r modulo p.

Proof

(1) To prove this fact it is enough to apply Pick’s theorem (see, e.g., [6,
Section 2.6]), noticing that the number of points on the diagonal without counting
the ones on the axes is a — 1. Finally, one gets

2 pa
(2) Proving (18) is a simple and direct computation. To prove (19), let us
describe AP? APD ang APV

TL—7"

APD = alpgr=p=a+1) _ sp.a0)

APD) =4 1(i,§) € Z* | pi + qj < qr + pqasi, j > 1},

APD = #{(i,5) € Z* | pi+ qj < qr3i, j > 1}
=#{(i,j) € Z* | pi + qj < qr + apq — apg;i,j > 1}
=#{(i.j) €2* | p(i +aq) +qj < qrizi>1,j > 1}
=#{(i,j) €Z* | pi+qj <qrizi>aq+1,j>1},
AP = 4 L(i,5) € 72 | pi+qj < qr1 — qrii,j > 1}
=#{(i,§) € Z* | pi+q(j +r) < qri;i,j>1}
=#{(i,j) €2 |p+qj<qri;i>1,5>r+1}.

By using the decomposition shown in Figure 1, the claim follows.
(3) Subtracting (18) and (19) shows that the result holds. O
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pa—+r
r
. a'qr'
1l - AN
o] qa
Figure 1
DEFINITION 3.8

Let k>0, and let P € X(p;—1,9) = X. The Ap(k)-invariant of X is defined as
Ap (k) := APD _ 5Pa),

where r = ¢~ 'k mod p.
As a result of Proposition 3.7 one has the following result.

THEOREM 3.9
Let f1, fo € O(k) be two germs at [0] € X (d;a,b). Then,

ko(f1) — Ko(f2) = do(f1) — do(f2)-

Proof
By Remark 3.4 and the discussion after it, we can assume that

felwy) =y + > aia'y’ € Cl{a}ly]
i>0<j<re
in X(p;—1,q9) (p=d, ¢g=—ba~! mod d). Consider g; € C{x,y} the reduced
germ obtained after applying Lemma 3.6 to fi. Denote by m(, ) the blowup at
the origin. Note that v, 4(¢g1) = ¢r1, and thus, 5P = Oy (1) (se€ (17) and

(14)) : dxzN\dy

Consider the form w := qbg—, ¢ € C{z,y}, and let us calculate the local

equations for the pullback of w after blowing-up the origin on C2,

(20) o LN 700 vsipta—tgriy DY
g1 i

Using the definitions of My and M} (see Definition 3.4), we find that

quMIglfl@hEM??l and vp+p+qg—1—gr; >0.
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Therefore, ¢(x,y) — ¢(aP,xz%y) induces an isomorphism
1o 4(p, 1
Mgt = AR A MR,

where Ai’f’q) :={h e C{z,y}|ordp+p+ g —1—gr1 >0} and ordy, is the (p,q)-
Clow) _ 4(p.0)
1

order of h. Since dimg¢ , one obtains

AR

(21) ko(g1) = APD + ko(f1).

On the other hand (see Remark 3.3 and Theorem 3.3),
(22) ro(91) = 60(91) = br(, o) () +00(f1) = 6L + 6o (f1)-
Therefore, from (21) and (22),
(23) ko(f1) = do(f1) + 010 — ABD.

Following a similar procedure we get
(24) ko(f2) = So(f2) + 6100 — ABD.

Notice that k = gr; = gro mod p, which implies 71 =7 mod p since p and q are
coprime. Therefore by Proposition 3.7,

AL = G = A — 58,
and finally from (23) and (24) it can be concluded that
ro(f1) = ro(f2) = do(f1) = do(f2). 0

Proof of Theorem 1.2
The result follows directly from (23). O

REMARK 3.5
If (£,]0]) is a function germ on X = X (d;a,b), then from Proposition 3.7(1) and
Theorem 1.2, one has

kp(f)=0p(f).

In particular, if P is a smooth point of X, then this generalizes Remark 3.3.

4. Anintroductory example

Let us start this section with one basic illustrative example. Let us compute the
number of solutions (a,b,c) € Z&, of the equation

awg + bwy + cwy = kw

with wo,wq,ws € Zso and k € Z>( fixed, or equivalently, the number of mono-
mials in Opz of quasihomogeneous degree kw. This number will be denoted
by L, (kw) (recall (3)). Notice that this is equivalent to computing the num-
ber of nonnegative integer solutions (a,b,c) to awy + bw; = (kwp; — c)wy (with
w;; := w;w;), which can be achieved by considering the following sets:
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_ n1wo
= W
Qy”
P= (kwm, —nowz’wok‘)
Q = (k‘w(n,nlwzwlk)
]C’LUQ -1
k:w1 -1
_ 7’/7,0’11)2
Qm A, y= e
P
k:’wo —1
Py,
Q kwo1
P, = (mwy, —ngwam), m =0,..., kwg
Qm = (m‘w07n1w2m)7 m= 07 CERE) k’LU1
Figure 2

A:={(a,b) €72, | awp + bwy = awy,a=0,..., kwo },
B:= {(a,O) €Z2>0 ’ awozaw%a:(),...,kwm}
U{(O,b) €Z2>O | bwy :awg,a:0,...,kw01}.

If we denote by A = #A and B = #B, then one has L,(kw)=A+ B+1. To
compute A take two integers ng,n; such that nowg + njwy; =1 with n; > 0 and
ng < 0. (This can always be done since the weights are pairwise coprime.) There

exists a positive integer \ satisfying a = ngaws + Aw; and 7“0:41102 <A< nquuz.
This justifies the following definition (see Figure 2):
noow niow
Aa::#{AeZ>0‘— T2 a2 2}.
w1 Wo

Note that by virtue of Pick’s theorem the area of the triangle is equal to the
number of natural points in its interior I plus one half the number of points in
2 _
the boundary minus one. The area of the triangle equals kT‘” Thus,

k2w klw|
SRy ST bt
2 + 2 ’
which implies
Kok 1
A=T+ (kwy—1) = (T“’ - %H) + (kws = 1) = 5 (K — kfuwl) + kws.

It is easy to check that B = kwg + kw;. Then we have

1
Ly (ko) = §k(ku’)+ lw[) + 1.
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It is known that the genus of a smooth curve on P2 of degree d transversal with

respect to the axes is

d(d — |w)
2w

We want to find d such that L, (kw) = gw,4. To do that it is enough to solve the

equation

Gw,d = + 1

d(d — |w))

1.
2w *

1
5k(ku‘; +|wl) +1=
One finally gets that

Ly (kw) = Gw,|w|+kw-

The rest of this article deals with the extension of this example when d is not
necessarily a multiple of w.

5. Proof of the main results

Proof of Theorem 1.1
We will prove the equivalent formula

Ly (d = |w]) = guw.a — Z Ap(d).
PeSing(P2))

From the definitions note that

L (d - ‘w|) = P{wo,w1,wz} (d - ‘wl) = P{w} (d - |w|)
Fix a point P € Sing(PP2), and describe for simplicity the local singularity as
X(wi;wiyr,wire) = X(wi;—1,¢q;), where g; := —w;rllwi_m mod w;, fori=0,1,2.
(The indices are considered modulo 3.) Define r; := w;_ +12d mod w;. Then

A&‘“"”) = Diwi,qs,13 (@70 — Wi — Gi).
On the one hand from (13) and a direct computation one obtains

2

Ly (d - \w|) —Guwa=-1+ POIY{w}(O) + Z Slw\—d(wiawi+l§wi+2)'
i=0

By Definition 2.14 and Corollary 2.15 one obtains
2

(25)  Lu(d—|w]) = gua= Z(slwl—d(wi+1awi+2§wi) — 50(Wig1, Wig2;w;)).
i=0

On the other hand, from (12) and straightforward computations, one obtains

o(winas) _ A(wiai) — Wi+ Gi

y T4 2wzqz - pOIY{wi,qi,l}(O)

- (swiJrql'*qz‘Ti (wi7 1; Qi) + Switqi—qiri (qia 15 wi))a
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-1
1g 1
Swi+qi_qir1(Qi71;wi):— k(0.1 —w: —a.
@ kz:l (]' kql)(li w) w(inTz wia)
and
1% 1
Swi+qi—qir (Wi 15.4i) = - Z ks E(qiri—wi—q,
G =1 (1= €6 (1 — g )gq @)
‘g Z (1 *qukw‘)( k)
which implies by Proposition 2.12 that
g —1
(27) Swi+qi—qir; (wia 17 Q1) = Sw; (U}i, 17 ql) = 5(—wi7Qi) - 14(] .
1
Since by hypothesis ¢; = —w;_lleg mod w; and r; = w;_lzd mod w;, one
obtains

Switqi—qirs (Qia 1 wi)

w;—1

1
T w, Z qu )(1— 5}7) £(qiri—w;—q;)

w;

1 1
T w ; (1 v e i)
(28) '
t=—win 1 il 1
D = T D eI
RS 1
Wi (- € ) (1 — g gD
= —S|w\—d(wi+17wi+2;wi)~
Thus,
(29) S| —d (Wit 1, Wig2;W;) = —Sw, g —qirs (G, 1;W5),
for i =0,1,2.
By using (25), (26), and (29), it only remains to show that
(30)  —so(wit1, wito;w;) = U;;rq(fz = POIY fu;. 1,41 (0) = Switqs—qirs (Wi, 13 Gi)-
For the left-hand side we use Remark 2.6(4) and obtain
50(Wit1, Wito;w;) = —s(—qi, w;) + UZT_Z = s(qi,w;) + wil;_l-

For the right-hand side, using Corollary 2.15 and (27) we have
pOIY{wi,l,qi} (0) + Swi+q;i—qirs (wi, ]-; qi)
=1 - 50(gi, Lwi) — so(wi, 1;¢:) + sw, (Wi, 1; 1),



594 Cogolludo-Agustin, Martin-Morales, and Ortigas-Galindo

which by Remark 2.6(3) and (27) becomes

i1 -1 -1
(1 + s(gi,wi) — w4wi + s(wi, ¢i) — q4qi ) + s(—wi,q;) — q4qi .
Combining these equalities into (30) one obtains the result. O

Proof of Theorem 1.5
It is enough to apply [15, Theorem 5.7] and Theorem 1.1 and recall the charac-
terization of kp(f) in the proof of Theorem 3.9 (see (23)):

g(C) = Gw,d — Z 6P(f)

PeSing(C)
2
= Gu.a+ Y (6001 — ALwia)
i=0
Lw(d—"wl)
2
B ( D de(f)+ ) (sl _Ag)i,qi))) ,
PeSing(C) i—0
ZPESing(C) wp(f) 0

REMARK 5.1
The second equality in the previous identity always holds, and therefore if one
considers C C P2 a reduced curve of degree d, then (recall Theorem 1.2)

Ly(d—|w)) =gwa— > 6p(f)+ D &p(f)

PeSing(C) PeSing(C)
Let us see an example of the previous result.

EXAMPLE 5.1

Consider the polygon D, := {(z,y,2) € R3 | woz + w1y + wez = 1}, for w =
(wo, w1, ws) =(2,3,7). As an example, we want to obtain the Ehrhart quasipoly-
nomial L, (d) for D,,. Note that according to Theorem 1.1

1 1
Lo (d) = 8—4d2 + ?d—i— ao(d),

where ag(d) is a rational periodic number of period @ = 42. Moreover, ag(d) =
1-— (E?:o A;(d + 12)), where A; has period w; and depends only on the sin-
gular point P, = {z; =z =0} ({i,4,k} ={0,1,2}) in the weighted projective
plane P2 .

In order to describe A;(d) we will introduce some notation. Given a list of
rational numbers qo,...,q-—1 we denote by [qgo,-..,¢-—1] the periodic function
f:Z — Q whose period is r and such that f(i) =I[qo,-..,¢—1]; = ¢;- By using
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Table 1. Local invariants at X (7;2, 3).

d 0 1 2 3 4 5 6
Ap |0 27 37 |37 27 0| a7
5p 0 9/7 37| 3/7| 97 1| 47
Kp 0 1 0 0 1 1 0

Branches | 0 2 1 1 2 2 1
Equation | 1 | 2(2®+y?) T y | 2l@+y®) | zy | ¥ +47

this notation it is easy to check that

Ao(d) = [o,ﬂd and A (d) = [o%%}d
Finally, in order to obtain Ay (d), one needs to compute both J- and K-invariants
for the singular point P, € X = X(7;2,3).

The typical way to obtain the first row is by applying Theorem 1.3 to a
generic germ fy in Ox(d). This is how the second and third rows in the previ-
ous table were obtained. The last two rows indicate the local equations and the
number of branches of such a generic germ fg € Ox(d).

Let us detail the computations for the third column in Table 1 (case
d=1). One can write the generic germ f; in Ox (1) as z(z® + y?). On the one
hand, a (2,3)-blowup serves as a Q-resolution of X, and thus, by using Theo-
rem 3.3,
8(8-2—-3+7) 3—-1 9

=57 Trs T

For a computation of kp one needs to study the quotient (’)X(S)/M;}l‘l.
Notice that in the present case Ox = C{z,y}¢" = C{z",y", 2%y} and Ox(3) is
the Ox-module generated by y and z°. In order to study ./\/lnfl, consider a generic
form

(ay + b:ﬁ)% € 0% (LR(f1)).

where a,b € Ox, and its pullback by a resolution of the singularity X (7;2,3).
One obtains the following;:

z:uﬂ'}f
de Ady —Y=01 =7 5 o4 duy A diy
b 5 « 373 a4+ b 57\ 71
(ay+ £z )I(CCS 7y2) vl(a+ ulvl)f}ful(ui{’ — 1)

31
( ) dU1 A d”Ul

3 .
= “(a+buivy) ————.
7(a+ ulvl)vlul (u$ —1)
Therefore, (ay + ba®) ¢ M‘}iﬂ if and only if the function a € Ox is a unit.
Hence, by Definition 3.5,
Ox(3) _
Ml -

f1

rkp(f1)=dimc dimc(y)c = 1.
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Finally,

Ap(1)=bp(f1) — rp(f1) = 2

The rest of values in Table 1 can be computed analogously. Hence, one
obtains

s -2l i20 ),

7
and thus,
1 1 1 11 4 2332
Lwd:_d2 =d (]-_|:,_:| _|:;_;_:| _|:a_a a_a_a_a_:| )
(d) 84 +7+ 04d 033d 0707777d
For instance, to obtain L, (54), note that [0,1]5 0,4]0 =0, [0,%,4]54 =

[07%5%}0 :Oa and [Oa%707%7%a%5%]54: [07%507

1 1 3
Lu(54) = ;54 + =54+ (1 _ ?) —43.
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