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Abstract. We consider the asymptotic behaviour of the transition density for processes
of jump type as the time parameter ¢ tends to 0. We use Picard’s duality method, which allows
us to obtain the lower and upper bounds of the density even for the case where the support
of Lévy measure is singular. The main result is that, under certain restrictions, the density
behaves in polynomial order or may decrease in exponential order as + — 0 according to
geometrical conditions of the objective points.

Introduction. Let x,(x) be a d-dimensional jump process given by the stochastic dif-
ferential equation

t 4
0.1 x(x) =x +f b(xs(x))ds + Z Y (xs—(x), Az(s)),
0

s<t

where z(s) denotes an R“-valued Lévy process of jump type, y(x, ¢) is a function from
R? x R to R? and }_¢_, denotes the compensated sum (cf. Section 1).

Picard [18] has devéloped a calculus for showing the existence and the regularity of the
transition density p;(x, y) for x;(x) (as the density of the law of the process x;(x)), which is
applicable to the case where the Lévy measure of the driving process z(s) is not necessarily
smooth. He uses a method of adding and subtracting Dirac masses on the Poisson time-space
state space (called duality method), instead of previous methods using perturbations in space
or time directions developped by [1], [2], [3] and [21] for instance. This method has, in
particular, an advantage that it can be applied to the case of singular Lévy measures (e.g., it is
countably supported).

In this note, we will study the asymptotic behavior of p;(x, y), for given x and y, as
t — 0 under the condition that z(s) has a singular Lévy measure. In particular, its support
may be discrete (u is the sum of point masses.) We shall extend the type of processes treated
in [19], [20], and apply the method of Picard. The present study may also be viewed as a
continuation and an improvement of the same subject in [7], [8], [9] and [10]. Indeed it will
be seen, as in those previous results, that the geometrical quantity a(x, y) attached to the
support of the Lévy measure plays an important role in estimating p,(x, y) for accessible
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points y (see Section 1 for the definition). Namely, if y is accessible, then we have
pe(x, y) < t2@N=4E a5 0.

If y is not accessible, then the density does not decay in polynomial order of t as t — 0
and may decrease in exponential order (see Theorem 2(b)). The resulting formula in this
exponential case is very close to the one that Picard obtained in the case d = 1, and x;(x) is a
Lévy process.

We organize this note as follows. In Section 1 we state our results under necessary
assumptions. In Section 2, we recall fundamental lemmas (Lemmas 2.1, 2.2) due to Picard,
and provide several examples using these lemmas.

In Section 3 we prove Theorem 2 by using previous lemmas. More precisely, for the
lower bound (Lemma 2.1), we use a point of view similar to that used in [20], [8] and [10]
(it is called as a method of skelton trajectories in [10]). That is, we approximate trajectories
which may have positive law by some principal trajectories given by a certain Markov chain.
To obtain the upper bound (Lemma 2.2), however, this strategy is not sufficient to treat all the
points of positive density. We introduce to this end, according to [20], perturbations (¢,) of
the Markov chain above. This enables the estimations from above at all points which may
have positive densities, and gives a strong result in the scheme of approximation of jump-type
processes by Markov chains compared with [15]. The lower bound for the case of Theorem
2(b) (asymptotically accessible case) is not obtained yet. This will be studied in a subsequent
paper.

A part of this work was done at Université Blaise Pascal (Clermont-Ferrand, France)
in the summer of 1997, on leave from University of Tsukuba. The author would like to
thank Professor J. Picard for his hospitality and stimulative discussions during the stay. He
is grateful also to the anonymous referee for the careful reading of the first version of this
article, and for giving useful comments and advices.

1. Statement of Results. Let z(s) be an R%-valued Lévy process with Lévy measure
u(de): fRd(Ié'I2 A Du(de) < +o00. That is, the characteristic function ¥ is given by

Y (§) = E["*7"] = exp(ité - ¢ + rf(e"“ — 1 —i& - L1jg<1)r(do)) .

We may write
2(s) = es +ff ¢ (N(dudt) — dulgien) - w(d2)).
0 JR4\{0}

where N is a Poisson random measure with mean du x u(d¢). Let y(x, ¢) : R x R4 — R¢
and b(x) : R? — R4 be C*°-functions, whose derivatives of all orders are bounded, satisfying
y(x,0) =0.

We carry out our study in the probability space (£2, (F;);>0, P), where 2 = D[RT, R 4]
(Skorohood space), (F;);>0 = filtration generated by z(s), and P = probability measure on
o of z(s). That is, u(d¢) = P(z(s + ds) € d¢|z(s))/ds.
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Consider the following SDE

t 4
(L.1) x(x) = x + /O blxs())ds + Yy (xe—(x), Az(s)) ,

s<t

where ) denotes the compensated sum. That is,

4 t
Zy(x,Az(s))=ali_rg})[ Y v Azs) - [0 ds /m y(x.;)u(d;)}.

s=t s<t,|Az(s)|ze

Equivalently, we may write x,(x) as

t t
xz(x)=x+f b’(xs(x))ds+f/ ¥ (5= (x), )N (dsdt)
0 0J/¢1=1
(1.2) .
+// V(xs—(x)» ;)N(de€)7
0/ 1>1

where N denotes the compensated Poisson random measure: N (dsd¢) = N(dsd¢) —
dsu(d?), b'(x) = b(x) — fl;lzl y(x, £)u(dt), where the integrability of y (x, ¢) with re-
spect to 1z|>1) - de(¢) is assumed. We remark that

0
y(x,¢) = %(x,m; 7 0)

for some y(x,¢) = o(|¢]) as ¢ — 0.

Throughout this paper we assume the following four assumptions (A.1)—(A.4):

(A.1) The Lévy measure satisfies that there exist some 0 < 8 < 2 and positive Cy, Ca
such that as p — O,

(13) Cip* A1 < f ce*ude) < Cop?PI,
1¢1<p

where ¢ = ({1, ..., ¢q) is considered as a column vector and hence inequalities are in the
sense of matricies. Or equivalently, for all u € S¢~!

f (¢, w)u(de) < p*P
1Z1<p

as p — 0. (Here < means the quotient of the two sides is bounded away from zero and above
as p — 0.)
(A.2) We further make the following assumptions in case 0 < 8 < 1 in the above:
(2-a) If0 < B < 1, we assume that ¢ = fl{lsl cu(de), b =0andforall u € §4-!

(1.4) f (€, u) 1 euy>0p(O)p(dg) < p*P
{IZ1<p}

as p — 0.
(2-b) If 8 =1, then

(1.5) lim sup

-0

< 400.

/ u(de)
fe<ltI<1)
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(A3) (3-a) Forany p >2andanyk € N?\ {0},

3k p
/Iy(x,;“)l”du@) <C+[x)h?, SUP/ a—;,:(x,f:) du(t) < +oo.
X
(3-b) There exists § > 0 such that
d a *
(1.6) inf[y* (%(x,O)) (%(x@) yix € R"] > 8|yl
on R4.
(A.4) We assume that for some C > 0,

]

(1.7) inf  |det (1 + P, ;)) >C.
xeRY ¢ esuppu 0x

The condition (1.7) guarantees the existence of the flow @5 (x)(w) : RY — R4, x4(x) >
x;(x) of diffeomorphisms for all 0 < s < ¢ (cf. [13]).

Equation (1.1) (resp. (1.2)) has a unique solution. This follows from the fact that (1.1) can
be written in the canonical form (in [to integral)

(1.8) dxi(x) =dO;(x;—(x)), xo(x)=0,

where

t
O:(y) -——b’(y)H-/0 {fli l)/(y,C)N(dsd;“)+/ y(y,s“)N(dst)} ,
¢l

[¢1>1
and that the equation (1.8) has a unique solution due to [4, Theorem 2.1] (cf. [12, Theorem
3.1]). Furthermore, due to the inversibility assumption (A.4), there exists a stochastic flow of
diffeomorphisms, denoted by ¢; (s < t) : R? - R4, such that x,;(x) = @s.1(x5(x)), which
is inversible ([13, Section 1], [1, Lemma 7-27]; see also [22, Theorem V65] for the simple
case y(x,¢) = X(x)¢).

We cite the following fundamental result due to Picard [18].

PROPOSITION 1.1 (cf. [18, Theorem 4.1]). Under the conditions (A.1) through (A.4),
x¢(x) has a Cp°-density for each t > 0, which we denote by y = p;(x, y).

We remark the crucial condition: for eacht > 0, p > 1,
< 400

(o ()],

0 a
with g = (a—x¢s.r(xs(X))) <£(x3(x)v 0))

for the existence of the density in [18] being derived from (1.6) and (1.7) by an argument
similar to that in the proof of Corollary 4.4 of [18].
Let v(d¢) be the probability measure on R¢ given by

(IZ1> A Dp(dd)
JUSIF A D)

(1.9)

(1.10) v(d¢) =
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Then dv ~ du and dv/du is globally bounded from above.
The following result is an extension of Theorem 1 in [20] to the above mentioned type
of processes.

THEOREM 1 (general upper bound: cf. Picard [20]). The density p;(x, y) satisfies the
following estimate:

(1.11) (@) supps(x,y) < Cot_d/ﬂ ast— 0,
x,y

(1.12) pr(x,x) < 7B a5t —0 uniformly in x .
(b) Forallk e N 4 there exists Cy > 0 such that

(1.13) sup |p®(x, y)| < Cpt~WIHDIB 45t 5 0,
X,y

where p®) denotes the k-th derivative with respect to y.

We can give examples that the supremum in (a) is in fact attained on the diagonal {x = y}
(diagonal estimate):
pr(x, x) < 7B a5t —0
uniformly in x (see [7, Section 2-4]). The estimate above is more exact than the one by
Hoh-Jacob [5] using functional analytic methods: there exist C > 0, v € (1, 00) such that

v

sup pr(x,y) <Ct™" ast— 0.
Xy

Consider a series of functions (4,)%, A, : R+ — R? defined by Ag(x) = x

and Ay (x, X1, .0, Xng1) = Ap(x, X1, .0, Xn) Y (Ap(x, X1, ..., Xn), Xnt1). Fixx € R4.
We put S, to be the support of the image measure of u®" by the mapping (xi, ... , x,) —>
Ap(x,x1,...,x,),and S = | J,, S.

DEFINITION 1.2 (accessible points). Points in S, regarded as points in R, are called
accessible points. Points in S \ § are called asymptotically accessible points.

Intuitively accessible points are those points which can be reached by x;(x) using only
by a finite number of jumps of z(s). We remark that S is not necessarily closed, although each
S, is so.

We define for each x the mapping H, : suppv — Py = x + {y(x,¢); ¢ € suppv}
byt > x+yx,0). Let P = {y € P, ;21 € Peozi € Py_,vi = 2,...,n— 1},
n=1,2,... (zo = x). Then Pf') = P,, and PX(") can be interpreted as points which can be
reached from x by n jumps along the trajectory x;(x). Given x, y € R4(y # x), let a(x, y)
be the minimum number / such that y € Px(l) if such [ exists, and put a(x, y) = +o0 if not.
Or equivalently, a(x, y) = inf{n; y € U, -, Sk}.

Now we introduce a concrete “singu—lar” Lévy measure of z(s), which has already de-
scribed in [23, Example 3.7], and in [2, Section 2]. Let u(d¢) = Ziio kndq,(ds) be the
d-dimensional Lévy measure such that (a,; n € N) and (k,; n € N) are sequences of points
in R? and real numbers, respectively, satisfying
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(i) |ap| decreases to 0 as n — o0,
(i) k, >0,

(i) Yon2knlanl® < +o0.

For this Lévy measure, we can show the unique existence of the solution x;(x) of (1.2)
([23, Theorems 1.1, 2.1]), and the existence of the density under the assumptions (A.1)—(A.4).
We further assume that

_ . /8 !
(1.14) N = N(t) = max{n; |a,| >t /"} < log -
The next theorem (b) can be viewed as an extension of Proposition 5.2 in [19].

THEOREM 2. Lety # x.
(@) Assume y € S, that is, a(x, y) < +00. Then we have

(1.15) pi(x, y) < 19EN=d/B a5t 5 0.

(b) Assumey € S \ S (a(x,y) = +00). Suppose b(x) = 0 and let B’ > B. Then
log p;(x, y) is bounded from above by the expression of type I' = I'(t):

N
(1.16) = —min Z(wn log(1/(tky)) + log(wy!)) + O (log(1/¢t) loglog(1/t))
n=0
ast — 0. Here the minimum is taken with respect to all choice of ay, ... ,an by &, for
n=12,...,n1andn, € N such that
(1.17) 1y = Any (. E1, o Ea)] < VP

where w, = # of a, in the choice and n| = Z,Ilvzo Wp.

We remark that in finding the above minimum the conditions (1.14) and (1.17) work
complementarily. That is, as t > 0 gets smaller, (1.17) becomes apparently more strict,
whereas we may use more combinations of a;’s to approximate y due to (1.14). Since 8’ > 8,
the condition (1.17) does not prevent A, (x, &1, ... , &) from attaining to y as t — 0, using
aop, ... ,ay under (1.14). We also remark that if x and a, are rational points (e.g., d = 1,
x = 0, a, = 27"), then the result (b) holds for almost all y € S(= [0, 1]) relative to the
Lebesgue measure, whereas for t > 0, y — p;(x, y) is smooth on S due to Proposition 1.1.

The proof of these theorems will be given in Section 3.

Notation. Here we sum up notation we will use throughout this note.
z(s)  Lévy process with Lévy measure d

xs(x) the jump type process driven by z(s)

Z"(s) Lévy process defined by 2" (s) = ), . Az(u) 1{jazu)|>r)
Z"(s) Lévy process defined by 7" (s) = z(s)_— Z"(s)

2. Preliminaries. In this section, we prove two lemmas which are essential for our
estimation. These lemmas are inspired by Picard [20]. Proofs of these lemmas can be derived
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easily in view of Picard [20], using several corresponding lemmas. Let (§,),cny be an RY-
valued series of random variables (i.i.d.) obeying the probability law v(d¢), independent of
z(s).

LEMMA 2.1 (lower bound for accessible points). Let (§,)nen be an R%-valued random
variables (i.i.d.) obeying the probability law v(d¢), independent of z(s). We define a Markov
chain (Up)pen by Ug = x and Uy = Uy + y(Up, Ent1), n € N. Assume that for y € R4,
there exist somen > 1,y = y, > 0and ¢ > 0 such that for all ¢ € (0, 1], P(|U, — y| <
g) > ce?. Then we have

(2.1) pi(x,y) = Ct"T=D/IB g5t 0.

We notice that the lower bound in R.H.S. depends on (n, y,,). Put g(x, dz) = d(H}v)(2),
z € Py \ {x}, where Hv = vo H_ ! (cf. Section 1). Then we have an expression of the
probability above:

(22) P(Up —yl<¢) = / / Lizaslzn—yi<e)(@n) 9(x, dz1) - - - g(zn—1, dzp)
P P,

in—1
(cf. [8]). Hence the condition P(|U, — y| < &) > ce? implies:
y can be attained with the singular Lévy measure (dimsuppv = 0) if y = 0.
Let (¢n)nen be a series of smooth functions: RY — R?. We define another Markov
chain (V;)nen by Vo = @o(x) and V11 = Vi, + (@n+1 0¥ ) (Vi, En+1). Furthermore we define
the series of real numbers (®,,),en by

(23) @p= sup (ek(y) — yl+ lor(») = ID).
k<n,yeRd

Under these preparations we have

LEMMA 2.2 (upper bound). Choose y # x. Assume there exist a sequence (Vn)neN,
vn € [0, 00], and a non-decreasing sequence (K,)nen, K, > 0, satisfying the following
condition: for each n and for any (¢i);_ satisfying @, < Ky, V, defined as above satisfies
that with some C,, > 0

2.4) if Yn < +00, then P(|V, —y| <€) < Cue" forall ¢ >0,
and
(2.5) if yn = +o00, then P(|V, —y| <€) =0 for ¢ > 0 small.

Furthermore, if we put I' = min, (n + (y, — d)/B), then we have:
(1) IfT' < +oo, then p;(x,y) = ot ast — 0.
(i) IfI"' = +oo, then foranyn € N ps(x,y) = o(t") ast — 0.

Note that I" depends implicitly on the choice of (K,). However, for each n, bigger yj,
gives a better upper bound.
Given perturbations (¢;), we define Q,((O) = {¢o(x)} and the sequence (Q,((”)) succes-
sively by
O™ = {zu—1 + (@n 0 ¥)@n-1,¢); ¢ € suppv, zo—y € QD)
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forn = 1,2,.... Hence the set ch") can be interpreted as the points which can be reached
from x by V,,, and we have

P(IVa =yl =8

(2.6)
= / / 1[Zn:|¢n(zn)—ylse}(Zn)g(‘PO(x),dzl)"'9(§0n—l(2n—1), dzn)
LNE) Py,

~1G@p=1)

forn=0,1,2,.... We remark thatif y ¢ Pf") (n > 1), then by choosing ¢, such that the
size @, of perturbations is small enough, we can let y ¢ Qi"); so that by choosing K,, > 0
small and ¢ > 0 small, ¥, may be 4+00 in the above.

EXAMPLES. We give here some results which are derived from above lemmas but are
not in the scope of our main result. In the following examples, we assume that the drift
coefficient b for x;(x) is identically zero, so that x;(x) is a martingale.

(1) First we give an example where the Lévy measure has an absolutely continuous
density with respect to d-dimensional Lebesgue measure, treated in [8].

Consider the case u(d¢) = h(¢)d¢, where h(¢) € C>(R“ \ {0}) is symmetric and
satisfies

(i) supph(-) C {¢ € R% || < c} where 0 < ¢ < +00,

(i) k@) =a/ItDICI™4 % a € (0,1),ina neighbourhood of the origin with a(-) €
Cc>®(s41h.

From these assumptions, we can choose v to have a bounded density. As in [8, Section
2], we can show that Uy, and hence U,, have bounded densities, so that the assumption holds
with the index ¥ = d in Lemma 2.1 with n > a(x, y). Here a(x, y) is the integer introduced
in Section 1. Furthermore, the assumption in Lemma 2.2 is satisfied with ¥, = d and with
K, small if a(x, y) < n, and y, = +o0 if a(x, y) > n (choose ¢, = id). Hence we have
I' =a(x, y),and p;(x, y) < t*®Y ast — 0.

(2) Our next example is the one treated in [7] and [10]. Let u be the d-dimensional
Lévy measure

2.7 u(ds) =h(§) -+ @h(Lq)dtr---diq,

where each h € C®°(R \ {0}) satisfies
(i) supph(:) C[—c,c]\ {0} where 0 < ¢ < +o0,
@ii) h>0on(—c,c)\ {0}, and

h(£) = (@ 1(—00,0)(&) +at 10 400y (EDIE|™' 7P

in some neighborhood of the origin for some 8 € (0, 2) and at>0,a>0,at+a =1.
We choose y(x,¢) to be y(x,¢) = (X1(x),...,X4(x))'¢, where X are C*® R4-valued
functions, whose derivatives of all orders are bounded, such that X (x) = (X;(x), ..., Xz(x))

forms a basis of T (R9), x € R9. In this case we can show the existence of a smooth density
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(cf. [7]). The measure g(x, d¢) is given by

(2.8) ff(z)g(x,di)=cff(x +X @) O - h(Ca)dSr - dLa .

For simplicity, we assume that supp s = [—1, 1] (c = 1) and X; = (0, ... ,0,1,0,...,
0), where the component 1 is at i-th coordinate, so that X = I;. Letx = (0, ... ,0). We first
choose y # x be on (R \ {0}) x {0}4-1; so that ar(x, y) < 4o00. By the expression (1.12) we
have

(2.9) P(U,—yl<e)<e' ase—>0if n>alx,y)),

(2.10) P(U,—y|l<e)=0 if n<ax,y).
Hence we can choose ¥ = 1 for the lower bound (cf. [7, Section 2-4]):
2.11) pi(x,y) = CteN=@=D/B a5t 5 0.

For the upper bound, we may have for some (¢, ) for which &, is small, that y, = +o00
for n < a(x, y) by the reason given after (2.6). For n > «a(x, y), we have from (2.9) that
v» = 1 for some K, small. Hence I' = a(x, y) — (d — 1)/8. Therefore

(2.12) pi(x, y) x (FEN=@=D/B a5 4 5 0.

In [10] we gave an upper bound Cr®*-»)(1=@=D/B) for this case.
Next we choose y in (R \ {0})¢. Then, similarly to the above, a(x, y) < 400, and we
have:

(2.13) P(Up—yl<e)=<e? ase—0ifn>a,y)),
(2.14) P(U,—yl<e)=0 ifn<alx,y),
(2.15) pi(x,y) < 1%FY  ast 0.

3. Proof of Theorem 1. First we prove two lemmas.

LEMMA 3.1. Let ¢5,; be the stochastic flow of diffeomorphisms generated by x;(x).
Then foranyq > 1,k € N2\ {0}

@) sup  E[sup|(6;N® (3] < +00.
(t,y)e[0,11xR4 s<t

PROOF. Consider the reversed process Z; = ¢(“tl )=t Then Z; satisfies the backward
SDE

(32) Z;=y- / bEZ)du+ Y y0(Zue, AV,
0

ux<s

where V,, = z(t) — z((t — u)—), yo(x, ¢) satisfies that for pu-a.e. ¢, x = x + yp(x, ¢) is the
inverse map of x > x + y(x, ¢). Then [4, Section 3 (3.7)] implies (3.1).
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LEMMA 3.2. Leth > 0andk € N%. Denote by Pri(x,y) the density of x; (x), where
x{ (x) is defined as (1.1) with z(s) replaced by 7" (s). Then

|P§k,),sh(X, M| < Cpr~ KD for 0 <r <1.

PROOF. Leth > 0andr > 0. We put x; (x) = (l/r)xr’ﬂh(x). X, (x) satisfies

h c
byt =r or =r 1
) = fo by (B DA’ + ) e (Fy (), A7 (W) + ~x,
h'<h
where 77 (t) = (1/r)Z" (rPt), by(y) = rP~b(ry) and y,(x,¢) = (1/r)y(rx,r¢). The
assumption (A.2) (2-b) is used here to guarantee that the scaled drift parameter ¢, =
rB=1(c - Jir<ic1<1y $#(d8)) s finite. Then, by the definition of & > X} (x),

P(x,(x) € d(y/r)|xg(x) = x/r) = P(x}y,(x) € dy).

On the other hand, y — b,(y) is in C;° (we use here the assumption for the case 8 < 1).
¥r(x, ¢) satisfies the assumptions (A.1) through (A.4) uniformly in r. Hence by Proposition
1.1, (x;(x); r > 0) have C;°-densities pn(x/r, y : r), which are uniformly bounded with
respect to r > (. Hence, by the above relation,

1 _
Propn(x/r,y) = r—dph(x/r, y/r:r).

This implies
|Prrsne/r, )| < Crr=?.
Estimates for the derivatives with respect to y follows by differetiating the equality.

We are in a position to prove Theorem 1 (first part of (a) and (b)). We follow here Picard
[20].

Let I,(t) = [tn, tay1] = [t(1 =271, t(1 —=27™)],n = 1,2, ..., and put the random
variable N = min{n; sup,¢;, ) |4z(u)| < r}, where r = r(n,t) = yt1/B2=1/B Then we
have

P(N > n) =[] P(sup{|Az(w)|; u € L(t)} > r(k, 1)})

k=1

= [ [0 — exp(=IL(®)Iuflg] > rk, D))
k=1

< [Taa®Iuiizl > rk, o}
k=1

by the Poisson representation of z(s). Since u{|¢| > p} < p~# ((A.1), (A.2), u{|¢] > r} <
cy~P2%t~! and hence

P(N >n) <c'y™".
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We put the interval Iy = [, S]. We denote by ¥, : R? — R the flow of 27" (s)
from 1y t0 41 (that s, x; 2" (x) = Y (x7."")), s0 that xs(x) = ¥ (xs (x)). The truncated
process x; (x) has a C;° density p;.(x, y) by Proposition 1.1. Hence

P(Yn(x") € dy) = priwn. il (X', y)dy.
Then
P(xs(x) € dy|N = n, xg/(x) =x") = P(Yn(x") € dy|N = n, x,,(x) = x)
= P(Yn(x) € dy).
On Iy, z(s) makes no greater jumps than 7 = r(N, t), and hence
P(xs(x) € dy|N = n, xg(x) = x") = pz 1y (x5 (x), y)dy .
Since |Iy| = 1/2Y = (r(N, )/y)?,
P(xs(x) € dy|N)/dy = Elp; iy (xs(x), y)IN].

Denote by ¢s; the flow of diffeomorphisms generated by x;(x), so that x;(x) =
¢s.1(xs(x)) fort > S. Then, by changing the variable y = ¢S_: (y) and taking the expectation
with respect to N in both sides of the above,

(33) Pi(x.y) = Elp, (;ys(xs (), ¢5 () - 1det(J ($5 D ONN.

\y
Here J¢~'(y) = (8¢~'/3¢)(y) denotes the Jacobian matrix of ¢~! at y. We remark this
change-of-variables calculation is possible, since, conditionally on N, ¢5  is independent of
xs(x) and xg/(x).

Here sup(,.,)c(0.11xk¢ ELl sups<; | det(J (¢35 1)1(»)|7] < 400 for all ¢ > 1 by Lemma
3.1 with |k| = 1. We also have, for & > 0,

k -
|Pf‘,)ﬂ,,(x, NI < Cpyr =D

for0 < r <1 (Lemma 3.2).
Choose h = y P and r = 7 = r(N, t). Then we obtain by (3.3)

pi(x, y) < E[C,r(N, y~¢|det(J (65 I}

(3.4) _ _ _
< CyCyllr(N. )™l 2py = Cyt 4B |y =92V 12 )

We choose y > 0 so that ||y ~42Nd/B l12(py < M, and hence p;(x, y) < Cot~4/P.
The proof of the second statement of (a) is given below.
For the derivatives with respect to y (case (b)), we also have from Lemmas 3.1 and 3.2

that
k — —
P; ) < Cipt (d+|k|)/l3“y (d+k)oN+(d+1kD)/B ”Lz(P)'

Again, by choosing large y, we have the conclusion (b).
We next prove the second part of (a). We first have

LEMMA 3.3. Consider an R%-valued infinitely divisible random variable ©, indexed
byt > 0, and another R¢-valued random variable Y,. We assume that
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(i) Y hasa Cgo transition density uniformly in t,

) 1Yy — &g > 0ast — 0,

(iii) for the Lévy measure u; of ©;, there exist a compact K C R¢, and M > 0 such
that suppu; C K, and [ |x |2 (dx) < M (uniformly in't < 1), respectively. We further
assume that p; satisfies (A.1) and (A.2). Then the density of Y; is bounded away from zero as
t — 0 on any compact set.

For the proof, see [20, Lemma 6]. The conclusion essentially follows from the uniform
boundedness of u,(dx).

From the assumption (A.1) we have u{|¢| > p} =< p~#, and hence we have u{|¢| >
r()} < Cr=8. We put A; = {sup,, |Az(s)| < r(®)}. Since ¢ - u{[¢| > r(#)} < C, we have
P(A;) > 0O uniformly as t — 0.

On Ay, z(s) = 27 (s), x;(x) = x{ (x) on [0, t]. Since x{ (x) and A, are independent,

(3.5) pi(x,y) = P(Ay) - P(x{(x) € dy)/dy > cP(x/(x) € dy)/dy

with some ¢ > 0. Hence we have only to prove that the density of X; = t~1/B (x/(x) —x)is
bounded away from zero at 0.

X; has a Cp° density for each ¢+ > 0 by Proposition 1.1. We shall approximate it by
some infinitely divisible random variable. Put ¢’ — z"(t') by 2 (t') = (1/r)z (rPt’). For
each t’ > 0, z"(¢’) is an infinitely divisible random variable, whose Lévy measure i’ (d¢) =
Ljzi<ym(rdt) at t’ = 1 satisfies assumptions (A.1) and (A.2). We introduce

o2 —1/p
O, = 3 (x,0z" (1) = T x, 00 "PZ(1).

Then &; — @, converges in L'to0ast — 0(to b(x) in case B = 1) (cf. [20, Lemma 7]).
Furthermore |(3y/d¢)(x, 0)] is bounded and ((3y/9¢)(x, 0))((3y/9¢)(x, 0))* is uniformly
elliptic by the assumption (A.3). Hence by Lemma 3.3, we conclude the density of &; is
bounded away from O at zero as t — 0.

4. Proof of Theorem 2. (a) Forn > a(x,y) we have P(JU, — y| < &) > ¢ for
& € (0, 1], since p has point masses. Hence p; (x, y) > Ct**:»)~4/B by Lemma 2.1.

For the upper bound, if n < «(x, y), then by choosing K, small, we have y ¢ ch")‘
That is,

P(V,—y| <&)=0 for & >0 small,

and we may choose y, = 400 in (2.4) and (2.5). On the other hand, if n > «a(x, y), then we
must choose ¥, = 0in (2.4) (¢, = id must satisfy it).
Hence we may choose I" = «(x, y) — d/B in the conclusion. These imply

(4.1) pi(x, y) =< (2CN=d/B

(b) WesetS,x = ([0,¢]¥/ ~) and S; = ]_[kzo St k, wWhere I_[kzo denotes the disjoint
sum and ~ means the identification of the coordinates on the product space [0, t]* by the
permutation.
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Let r = r(t) = t!/P. The distribution 15,,, of the moments (instants) of jumps related to
Z"(s) during [0, t] is given by

f f(S)dP; ,(Sr)
{#S =k}

k
1
4.2) = {(1/1{;;|>r}(§)ll«(d§)> (F) exp(“f/1{|;|>r)(§)ﬂ(d§))}

1 t t
X—k/"'[ fG1, .o, s0)dsy - dsy
* Jo 0

where f is a function on &; 4 (a symmetric function on [0, t1%). Given S, € S,, we introduce
the process x;(r, S, x) as the solution of the following S.D.E.:

xs(r, S, x) =x —f duf1{|;|>r1(i)y(xu(r, St x), £ (de)
(4.3) . 0
+Zy(-xu_(rv St’x)v Azr(u))+ Z y(xSi—(r5 St,x)»éir)v

uss Si€S1,5i<s
where (&, )nen denotes a series of random variables (i.i.d.) obeying the probability law

,LLr(dg) _ 1{|§|>r}(§) . /L(df) )

S Lei>n () - n(dt))
We remark that x;(r, Sy, x) is a martingale for each 0 < r < 1, due to the assumption b(x) =
0. We define a new Markov chain (Uy;)nen by Uy = x and U;H =U,+vUy,§,,).n€N.

We can prove due to Proposition 1.1 that under (A.1) through (A.4) the law of x5 (r, S;, x)
for (ds-a.e.) s > 0 has a C;°-density, denoted by ps(r, S, x, y).

Indeed, let 0 < s < t. In the case S; = @, we can choose 1{;|<,} - n(d¢) for the
measure u(d¢) in Proposition 1.1. Hence we have the existence of the density for the law
ps(r, 8, x,dy) of xs(r, @, x) (= x5(r, S¢, x)|s,=0) : ps(r, @, x,dy) = ps(r, 0, x, y)dy.

Next we consider the general case. Since z'(s) and z"(s) are independent, we have
by Markov property that the law ps(r, S, x,dy) = P(xs(r, S;, x) € dy) of x5(r, S, x) is
represented by

pS(r9 Sty-xvdy)

=/d26f ps, (1, @,x,zi))gr(zb,dm)fdz’lf Psy—si (1 8, 21, 21) 9r (2] d22)
P, Py
0 %1

---/dz;,l_lfP {Psny =51 (3 B, 20y =1, 2~ ) 9r (2, _ 1 A2n)) Pr—s,, (1, B, Zny , dY)}

“np—1
if §; € S, (cf. [8, (2.7)]). Here g,(x,dz) = P(x + y(x,§]) € dz).
On the other hand, we have by the independence of 7" (s) and z” (s) again

Ps(xad}’)=/:sPs(r,St’xde)dﬁt,r(St)»

t
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using the factorization of the measure N (cf. [11, p. 71]). By Proposition 1.1, L.H.S. has
the density ps(x, y) with respect to dy. Hence ps(r, S;, x, dy) is absolutely continuous with
respect to dy (d P; ,-a.s.). Hence we have by the derivation under the integral sign

ps(x,y) = /:S (ps(r, ¢, x, dy)/dy)(»)d P, 1 (St) -

We denote by ps(r, S;, x, y) the derivative ps(r, S;, x, dy)/dy(y) which is defined uniquely
d f’;,r ® dy-a.e. (Since d 13,,, |s, « is the uniform distribution on S; k, ps(r, ¢, x, y) is defined
uniquely ds ® dy-a.e.) Since y — ps(x, y) is smooth, sois y — ps(r, S, x, y) ds-a.s., and
hence ps(r, Sy, x, y) is defined as a smooth density ds-a.e.

Thus by taking s = ¢

o0
(44) Pt(x’)’)z/:gPt(r,St»x»Y)Pt,r(St)=Zpt(k,r,x,y),
't k=0

where

pt(k»r1xvy)=/ Pt(",st,x,)’)dﬁt,r(st)-

St.k

Hence

pe(x, y)dy = EPr [P(x,(r, S, x) € dy)]
4.5) - OHS:
= EPr EEOT P (r, Spyx) € dyl|Si &L .. L Ejs)].

Foreach S, € §;, weputn) =k if S; € S; . We then have

E®™ [P (x(r, S, x) € dy)IS;]
r\®#S, /
(4.6) = EWO™ P(u(r, Siox) edy 1y = US| < V718, 8], ... €0)]

r )®#S{

+ EWT Py (r, S x) e dy 1y — Uj, | > 1S 6L gD
First we have to compute P(|y — U}, | < 1By = EWD®"[p(ly ~Un | < VB gL
34 Dl for a given y = x,(r, S, x) with S; € &;,»,. We denote by the random variable W, the
number of a, in (§/);L,.
Given n; € N, let (w,,)f:’zo and w, € N U {0} be a series of integers such that n; =
SN, w,. We then have

P(forall n < N, Wy =w, and |y — U}, | <1'/F)

Mo
< [T —hknyere ™,
n=0 Wy
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since each W, is a Poisson random variable with mean tk,,. Hence

logP(forall n < N, W, =w, and |y — UJ,| < '/#)

N
4.7) < — > (wn log(1/(tkn)) + log(wn') + tkn)
n=0

N
= — ) (wnlog(1/(tkn)) + log(w, 1)) + O(1).
n=0
We introduce the set W of all (wy,) f;’zo’s such that for some n; € N, U}, . directed by the
following condition (*) satisfies |y — Uy, | < 1178,
(*) wp = (#ofa,’s which appearin &y, ... ,§; )andn; = Zﬁl:l Wh.
Then it follow from (4.7) that
log P there exists (w,) € W such that forall » < N,
o8 W, = w, and |y — UL, | < /8
4.8) N
< ~n¢ivn;)<wn log(1/(tkn)) + log(w,)) + O (log [W)).

On the other hand, we have

(4.9) P(W, = N? and |y — Uj, | < 1'%y < Ce™* < cemelostt/0’

since W, is a Poisson variable with mean tk,. Since this is very small relative to the prob-
ability above, we may put the restriction w, < N3 and n; < N*. Hence we may write
W] = O(N*)M), and

log|W| = O(Nlog N) = O(log(1/t)loglog(1/?)).

Let x;(r, @, x) denote the process defined by (4.3) with S; = @, and p,;(r, @, x, y) its
density. By Theorem 1(a), p;(r, @, x,y) < Ct=4/B ast — 0, and this implies, for given
St € StnyoEfr ... &L that P(x,(r, S, x) € dy|S;, &],... &) /dy = Ot~ 4/F)ast — 0.

' 5n?
Since z"(u) and (/) are independent, by (4.4) and Fubini’s Theorem we have

log(EPt.rlsz,nl E(Il')@ll [PCx(r,S;,x) edy: |y — U'pl‘ll < tl/ﬁ’lst; flr, e ,5,’;])]/‘1)’)

N
< log (z‘d/ﬂ exp(— r%n Z(wn log(1/(tkn))

n=0

(4.10)
+ log(wy!)) + O(log(1/t) log lOg(l/t)))>

N
< —min Y " (wn log(1/(tkn)) + log(w, 1)) + O(log(1/1) loglog(1/1)) .
n=0

For the second term, we have the following lemma, whose proof is given in Appendix.
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LEMMA 4.1. Giveny = x;(r, S, x), St € St,n, and Uy = Ay, (x, El,ns é‘,{l), there
exist k > 0 and Co > 0 such that for every p > k

EPr s g™ p()y — Up >t P S L EDD]
< mCoexpl—(p — k) (log(1/1)*]
ast — 0.
Given§[, ..., &, , wehaveas above E‘B""‘S“'l [P(xe(r, St, x) € dylS;, &1, ..., &) /dy]

= O(t7%/P)ast — 0. We integrate this with respect to (u")®" on {|y—U}, | > t1/F'}. Since
Z(u) and (§]) are independent, we then have by Lemma 4.1

EPtrlsun EWOP [P (r, S, x) € dy : Iy — Up | > 11718, 6], ... 5)1/dy
< mCt~/P exp[—(p — k)(log(1/1))],

ast — 0.
We get
log(E"18tm W™ (P (xy(r, S, x) €dy : |y = Uj | > VP 1S, €1, ... 80 )1/dy)
<—(p- k)(log(l/t))2 + malzl(4 logn; + log C(’) + O(log(1/1))
n <

< —(p — k)(log(1/1))* + O(log(1/1)),

since max, .y4logn; = log N* = O(log(1/t)). Since p > k is arbitrary, this can be
neglected in view of RH.S. of (4.10) and (4.6).
After summing up E""1Stn EWO®' [ with respectton; =0, ... , N4, we get

ﬁl r r t
log(E"Mkewt Sk EWO [Py, (r, S, x) € dy | Si, &, ..., Es)1/dY)

N
(4.11) < —min g(wn log(1/(tkn)) + log(w,"))

+ O(log(1/1t) loglog(1/1)) + O(log(1/1)).

In view of (4.5) and (4.9), we get
4.12)

N
log p;(x,y) < — %n Z(wn log(1/(tks)) + log(w,!)) + O(log(1/t) loglog(1/¢)) .
n=0
Since there is no difference between the trajectories of the deterministic chain A, (x, &, ..
&n,) and U; . obtained by using {a,; n =0, ..., N} under (1.14), we have the assertion.

L)

S. Appendix. Proof of Lemma 4.1. Wefix0 <r < I,and puté(r,-,x) = x +
y (x, -) when - is occupied by the random variables &; .

Choose S; = @ and consider the process s > x;(r, @, x) as the solution of (4.3). Given
(s1, y), the solution for s, > s; with the initial value z at s = s is given by a smooth
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stochastic semiflow ¢;, s,(z). This is proved in [4]. Assuming y = x;(r, S, x), S; € St n,»
we shall estimate |U,, L x¢(r, S, x)|, and show that for p > kand ¢ < 1
E"t 1S EWOSNP(UL — xo(r, Sp, )| > £V |8, 8], ED]
< n1Coexp[—(p — k)(log(1/1))*].
We first recall that Uy, and x;(r, S;, x) can be represented by
U;l = Anl(x,§f7 9§;|) = g(rvgy:l’ ) Os(r,f,:,_p ) Orr: Og(l‘, Sy:l»x)

(a.1)

and

xt(r’ St’ x) = ¢fnl,t Of(r, g""l’ ) O¢tn1—l,’nl O e 05('3 ‘§2r7 ) o ¢t|,t2 Og(r’ ";"1’» ) o ¢0,t| (X) .

(1) Casen; = 0. In this case, S; = @ and U,fl = x. The process x;(r, 9, x) is a
martingale, whose quadratic variation [x(r, @, x), x(r, ¥, x)]; is bounded by

2
0
%(x,c)D -f(;ZAl)u(dc) <kt

t r
/ du | {yGu—(r,8,x), )Y u(ds) <t (2 sup
0 -r x,¢

for some k > 0, which is uniform in 0 < r < 1 and x. We have that, for given p > k and
<1,

(a2) P ( sup |xs(r, 0, x) — x| > t”‘g’) < Coexpl—(p — k)(log(1/1))*]
0<s<t,x

with Cy not depending on x, r, and hence the assertion follows for this case.
Indeed, by the upper bound of exponential type [16, Theoreme 13],

1
(a.3) P ( sup |xs(r, @, x) — x| > C) < 2exp [—AC + E(AS)2kt(1 + eprS)]
0<s<t,x
for C > 0, A > 0. We choose C = pSlog(1/¢) and A = (log(1/¢))/S. Then
P ( sup |xs(r,@,x) — x| = pSlog(l/t))
0<s<t,x
< 2exp[—p(log(1/1))* + (log(1/1))*kt + k(log(1/1))*]
< Coexp[—(p — k)(log(1/1))*] as t > 0.
We choose S = (1/p)t!/8. Then
P ( sup |xs(r,d,x) — x| = t'/ﬁ(>

0<s<t,x

4
(ad) sp( sup Ixs(r,(b,x)—xlzt'/ﬁlog(l/t))

0<s<t,x
< Coexp[—(p — k)(log(1/1))™1,

ast — 0. Here 8’ > B and the constant Cy does not depend on x, r.
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(2) Casen; > 1. AssumeS,:{tl,...,t,,,}withtl<---<t,,l.Given§1’,...,§’,§l,

we put
(a.5) Iy = Uy — x:(r, §, %),
and
M = max (sup i‘g’i(r, Z, %), 1> = max (sup I+ 8—y(x, ;)‘ , 1) ,
x.¢ ||9x Xt dx
which exists by the assumption on y. Here || - || denotes the norm of the matrix. In rewriting

(a.5), we have by an elementaly calculation

[n,| < sup gy, (y) =yl + Msuploy, .1, (¥) =
y y
+ M?supldr, 0, () = ¥l + -+ M sup oy (x) — x| .
y x

We assume |I,,| > t'/F'. Then for some j € {1,...,ny},

(2.6) supldr,_,..; () =yl > (1/nyM ™" E
y

Indeed, if for all j, sup, |¢,_,..;(y) — y| < (1/n)M~"11'/#’, then
Un, | < sup |y, .« (y) — yI + M sup |y, .z, (¥) — Yl
y y

+ M2 SUD 161y, 2.0,y (V) = Yl o+ M SUP o1 (6) = x]
y
< (1/n)M™ L (MY e (e VB <V
which is a contradiction. Hence

[P(Ln, | > 1218, &7, ... &0 18]

EFI-' St E(#')®"‘

< EFrlsin [P(there exists j such that sup |¢r;_, r; () — y| > (l/nl)M_”‘t'/ﬂ'>]
y

< an( sup |xs(r, @, x) — x| > (1/n,)M—"lt‘/ﬂ’) .

0<s<t,x

We choose B” = B"(n;) such that 8 < B’ < B and t'/f < tV/F" < (1/npM—"11'/F <
t1/F for t > 0 small. Then by the proof of (a.2)

EFerlsiny pun®n [P(Iy,| > t118s,, &l ... Ep)]
@7) < nll’(SUPOSssr,x |xs(r, 8, x) — x| > r‘/ﬂ”)

< n1Coexp[—(p — k)(log(1/1))?]
as t — 0. This proves (a.1).
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