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Deformations of a Holomorphic Map and Its Degeneracy Locus
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Abstract. Let f : X — Y be a surjective holomorphic map of compact complex manifolds and A the de-
generacy locus of f. In this paper we shall discuss relationship between infinitesimal deformations of f and the
corresponding infinitesimal displacements of A in Y. We shall prove that two kinds of Kodaira-Spencer maps are
compatible under certain assumptions. As an application of our main theorem, deformations of quadric bundles shall
be discussed.

1. Introduction

Let f : X — Y be a surjective holomorphic map between compact complex manifolds
X and Y of dimension n and m respectively (n > m). We define the ramification locus R and
the degeneracy locus A of f as follows:

R={xe X | fisnotsmoothatx}, A= f(R).

In this paper we shall discuss relationship between infinitesimal deformations of f and the
corresponding infinitesimal deformations of A.

Let { f : X; — Y };em be a deformation family of the map f (see §2 for precise
definition). We denote by R; and A; the ramification locus and the degeneracy locus of f;
respectively.

E. Horikawa [6] studied deformations of holomorphic maps. Due to [6] we have the map

T:To(M) — Dyxjy = H'(F : Ox — f*Oy) (1)

of Kodaira-Spencer type, where T,(M) denotes the tangent space of the base space M at
0€ Mand F : ©®x — f*Oy is the natural homomorphism induced by f : X — Y (see §2
for precise construction).

On the other hand, K. Kodaira [7] studied displacements of submanifolds of a complex
manifold. Applying arguments of [7] to the family {A;};cy, we have the map

p:T,(M) — H°(A,Nayy), 2)
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which is another type of Kodaira-Spencer map, where N4,y denotes the normal sheaf of A
inY.
Now we ask the following question.

Question. How are the maps t and p related to each other?

In the papers [2], [3], [4] and [5] we discussed this question in case where f : X — Y is
a conic bundle and dim X = 3. In this paper we shall generalize [2, Theorem 2.12] as follows
(see Theorem 1 for precise statement).
(i) Let f : X — Y be a surjective holomorphic map between compact complex
manifolds. We assume that A is a smooth submanifold of Y of codimension one.
We furthermore assume that f|g : R — A is isomorphic.
(i) Due to [6], we have the natural homomorphism

P: Dx;y — H°(X,Sx/v), 3)

where Sx/y = Coker(F : Ox — f*Oy).

(iii) Let R’ be the scheme-theoretic ramification locus of f and j : R — R’ the natural
inclusion map (cf. Definition 1). Then Sx/,y is an Og/-module (cf. Proposition 1).
The map j induces the map

j* HY(X, Sx)y) — H(R, j*Sxv) . 4)
(iv) We shall prove that there exists a natural isomorphism
¥ H(R, j*Sx;v) — H°(A, Najy) )

(cf. Proposition 3).
(v) Moreover we shall prove that

p=voj*oPort, (6)

which shows the compatibility of T and p (cf. Theorem 1).

In §5, §6 and §7 we shall discuss deformations of quadric bundles, especially of conic
bundles, applying Theorem 1 and its corollary (Corollary 1). We shall study local structures
of a quadric bundle in §5. In §6 we shall give a general formula on the direct image sheaf
f+O®x/y for a conic bundle f : X — Y, which is a generalization of [3, Theorem 3.3]
(see Theorem 2 for precise statement). Using these results, we shall finally discuss a kind
of rigidity of a conic bundle; we shall prove that certain conic bundles admit no non-trivial
small deformation families fixing the discriminant loci, which is a generalization of [3, Corol-
lary 3.14] to higher-dimensional cases (see Corollary 4 for precise statement). In §7 we shall
prove a technical lemma (Lemma 12) which is needed to prove Theorem?.
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2. Preliminaries

First we shall briefly recall the deformation theory of holomorphic maps due to
E. Horikawa [6] in order to fix our notation.

Let Y be a compact complex manifold of dimension 7. By a family of holomorphic maps
into Y, we mean a quadruplet (X, @, p, M) of complex manifolds X, M and holomorphic
maps @ : X — Y x M, p : X — M with the following properties:

(i) p is smooth and proper.

(i) go® = p,whereq : Y x M — M denotes the second projection.

Putting X; = p_l(t) and f; = @|x, fort € M, we denote the family (X, @, p, M) by
{fi : Xt > Y}em. Leto e M, X = X, and f = f,. Then the family {f; : X; — Y}iem is
called a deformation family of f : X — Y.

From now on, dim X shall be supposed to be n unless otherwise mentioned.

Let F : ®x — f*®y be the natural homomorphism induced by f. We put Ox;y =
Ker(f), Sx;y = Coker(F) and Dx,y = HYF : Ox > f*®y). Then we have an exact
sequence

0 — H'(X,Ox,y) — Dx;y - H°(X,Sx;y) = H*(X,Ox)y). @)

Horikawa showed that the infinitesimal deformations of f are classified by Dx,;y. He
also defined a kind of Kodaira-Spencer map 7 : T,(M) — Dx/y.

Let U4 = {U;} be a finite Stein open covering of X. For a sheaf 7 on X, we denote the
group of the g-cochains and the g-cocycles with coefficients in F by C? (U, F) and Z9(U, F)
respectively. We denote the g-th coboundary map by 8 : C4(U, F) — C¢T1(U, F). Then we
have

_{(t,0) e C°U, f*Oy) x Z' U, Ox) |8(x) = F(0)}
B {(F(9).8(9) g€ COU,0Ox))}

The map t is determined as follows. Shrinking M, if necessary, we assume the following.

Dxy (8)

(i) M is an open subset of C* with coordinates r = (1, ..., #%) and o = (0, ..., 0).
(ii)) X is covered by a finite number of Stein coordinate open sets {{f;}. Each U is
covered by a system of coordinates (z;, #) such that p(z;, t) = t, where (z;,t) =
(Zl-l, ...,Z?,tl, o).
(i) @ U;) C Vi x M, where V; is an Stein open subset of Y covered by a system of

coordinates w; = (wl.l, coowih).

(iv) @ isgivenby w; = @f(zi,t) forl=1,...,m.

(V) (zi, 1) € U; coincides with (z;,7) € U; if and only if zf = ¢fj(z}, . z’}, t) for
l=1,...,n.

(vi) w; € V; coincides with w; € V; if and only if w! = wilj(w},...,w;’.’) forl =

1,...,m.
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Let U; = U; N X and U denote the covering {U;} of X. Let T,,(M) denote the tangent

space of M at o € M, that is to say, T,,(M) is the complex vector space of dimension k whose
elements are tangent vectors of M at o € M of the following form:

k
ad a
5_2613_11’

where ¢; € Cfor 1 <[ < k. For any element /9t € T,(M), we put

" ! )
T = L — e (U, f*oy), 9
’Eaf,zoawf- Ui, f*Oy) ©)
" 3¢ 9
— J ..
=) — 5 €T Wij 0x). (10)
=1 t=0 L

Then t = {1;} € CO(M, f*Oy)and o = {oij} € Zl(Z/{, Oyx) represents an element of
Dy ,y, which we define to be 7(3/3dt). Thus we can define the map

t:T,(M) —> Dxy (11)

Let P : f*®y — Sx,y be the natural homomorphism. For an element of Dy,y, we
take a representative (t, o) € CO(U, f*Oy) x Z' (U, Ox) witht = {r;} and 0 = {0ij}. Then
the collection { P(t;)} patches together to an element of H 0(X ,Sx/v). In this way, we can
define the map

P: Dx;y — H°X,Sx/v), (12)

which is nothing but the homomorphism appearing in (7), where we use the same symbol P
as above.

Next we shall briefly recall infinitesimal displacements of a divisor on a complex mani-
fold.

Let Y be a compact complex manifold of dimension m and {V;} a Stein open covering
of Y. Assume that each V; is a sufficiently small open set with a system of coordinates
w; = (wl.l, ..., w"). Let A be a smooth divisor on ¥ defined locally by w!" = 0 and Z the
defining ideal sheaf of A in Y. Then we have I'(V;, Z) = w{* I" (V;, Oy).

Now we define the homomorphism ¢; : I'(A N V;,Z/I?) — I'(ANV;,O4) by
¢i (w!" mod 72) = 1. Then we have

ANV, Najyy) =T'(ANYV;,04)-&. (13)
Let {A;};cpm be a family of displacements of A = A, defined by

Wl =ei(w}, ..., w0 (14)
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on V;, where si(wl.l, e, wf"_l, 0) = 0. For any element /9t € T,(M), we put
d 38,‘
oil—)= (=
"\ or ot

Then the collection {p;(d/9t)} patches together to an element p(d/dt) of HO(A, Nayy). In
this way we can define a map

mod I) g (15)
t=0

p:T,(M)— HY(A, Najy), (16)

which is the Kodaira-Spencer map with respect to infinitesimal displacements of a smooth
divisor.

3. Basic lemmas and propositions

Let X and Y be compact complex manifolds of dimension n and m respectively (n > m).
Let f : X — Y be asurjective holomorphic map and { f; : X; — Y};epm a deformation family

of f = fo.

We denote by R and A the ramification locus and the degeneracy locus of f respectively:

R ={xeX| fisnotsmoothatx}, A= f(R).

Let us furthermore denote by J;(z;,t) = J; (zl.l, R zl’.’, t1, ..., ;) the Jacobian matrix
of filu;:
P!
Ji(zi, 1) = 7 . A7)
0z; I<l<m,1<g<n
We denote by DY), R D§"> the minor determinants of J;(z;, 0) of degree m, where s =

(Z) =n!l/(m!(n —m)!).

DEFINITION 1. We denote by R’ the complex subspace of X defined locally by the
ideal (DY), R D‘gi)) on U;. We call R’ the scheme-theoretic ramification locus of f.

It is easy to see the definition of R’ above does not depend on the choice of local co-
ordinates. Let us note that R’ is not necessarily reduced and that R;ed = R, since R N U;
is the locus at which the rank of J;(z;, 0) is less than m. We have the natural inclusion map
Jj: R — R'.If R is reduced itself, then j is an isomorphism.

We also use the following notation. We denoteby ¢ : A — Y and h : R* — X the natural
inclusion maps. We put g = f oh : R* — Y. Then the map g factors through ¢’ : R’ — A,
thatis tosay,g =tog’. Weputg” =g oj: R — A.

From now on, we assume that the degeneracy locus A of f is a smooth submanifold of
Y of codimension one and that ¢” : R — A is isomorphic. Then, after suitable change of
coordinates, we may assume the following:
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(1) ANYV;isdefined by w!* = 0 oneach V;;

1

(i) RN U, is defined by 7" = Z?H_l =..- =7z =0oneach U;.
1 -1 +1 1 -1
We put z; = (z;,....2; ),z = @', ....2), w, = (w;,...,w ") and
@ = (@, ..., ®" ). Weshall write z; = (z),...,2") = (. 2)), wi = (w}, ..., w") =

(Wi, wm), &N, ) = QUL A < <m), & = ()., ") =
(@], @), Ji(zi, 1) = Ji(z}, 2], 1), and so on. Since g” is isomorphic, we may furthermore
assume the following:

(i) @/(z},0,0) =2z fori=1,....m—1.

Under the assumptions and the notation above, we have the following lemmas.

o
LEMMA 1. We have GZ; (z;,0,0) =0for1 <qg<m-—1.

1

PROOF. Since f(R) = A, we have @!"(z;, 0, 0) = 0. Then we have

X .02 HOIELO.0)
Bz? v 82?

0

forl <g<m-—1. O

!
LEMMA 2. We have 8qu (z;,O, 0)=dyforl <l <m-—1landl <q <m—1,where

l
814 denotes Kronecker’s symbol.

PROOF. It is straightforward from the assumption (iii) above. O
bor
LEMMA 3. We have = (z;,0,0) =0form < q <n.
Z;

1

PROOF. From Lemma 1 and Lemma 2, we can write J; (zl’., 0, 0) in the following form:

E, _ *
M¢Q®=(%1IJ,

where E,,_; denotes the unit matrix. Since the rank of J; (zl’., 0, 0) is less than m, we have
a = 0, that is to say, (8@[”/84])(2;, 0,0) =0form <q <n. O

Now we have the following propositions on Sy y.
PROPOSITION 1. The sheaf Sx,y is an Og-module.

PROOF. Let p be a point of R. We discuss locally around p. Let U; be a small neigh-
bourhood of p with a system z; of coordinates satisfying the conditions (i) to (iii) above. We
may assume that p is defined by zl-l =...=z;=0.
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Let us put A = Oy ,. Then we have A = C{zl-l, ..., 2/}, where C{zl-l, .., 27} de-
notes the convergent power series ring. We also have O, , = @221 A -9/ E)z;’) = A"
and f*@y, = @/_, A - (B/E)wll.) = A™. Via these isomorphisms, the homomorphism

F : Ox,, = [*Oy,, is determined by multiplying the matrix J; (z;, z/', 0) € M (m, n; A):

®1 @1
F:| @ | = Ji@.2,0 |,
@n ®n
where @1, ..., ¢, € A. Let us write J; (z}, z/, 0) as follows:
J/ J//
st 0= (1 1)

where J' = J'(z}. 2/, 0) € M(m—1,m~1; A),J" € M(m—1,n—m+1; A),c € A" ! and
d € A"+ Since J'(z},0,0) = E;—1 by Lemma 2, we have J'(z}, z/,0) € GL(m—1, A).
Then Proposition 1 follows from Lemma 4 below. O

/ "

LEMMA 4. Let B = (bjj) = (i td

1;A),B" e Mm —1l,n—m+1;A),c € A" Yandd € A" "t Let T : A" — A™
be the map defined by multiplying B. Let D1, ..., Dy be the minor determinants of B of
degree m, where s = (::l), and I the ideal of A generated by {D1, ..., Ds}. Assume that
B’ € GL(m — 1, A). Then Coker(Tg) is an A/I-module.

) € M(m,n; A), where B ¢ M(m — 1, m —

PROOF. The module Coker(7g) and the ideal I do not vary after replacing B by BP,
_ B/—l B

where P € GL(n, A). Taking (E”g‘ J
n—m+1

) as the matrix P, we may assume that

B” = O. Then the ideal I is generated by {b,,; |m < [ < n}. In fact, non-zero minors of B
are the form

B 0

=detB -b
e b € ml

with m <[ < n. Note that det B is a unit of A.
Now let ¢ = (i;) be any element of A™. Then, for each / with m <[ < n, there exists
an element ¢ € A" satisfying Bo = b,y In fact, if we put
n Y1
. = B/_ .
Nm—1 wm—l
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and
bmimi if 1<i<m-—1;
vi = Kﬁm—Z'}lebmjnj, if i =13
0, otherwise ,

then ¢ = (p;) satisfies B¢ = b,;. Therefore we have b,y € Im(Tp), whence each
element of 7 is an annihilator of Coker(75). Thus Lemma 4 is proved. |

PROPOSITION 2. (1) The sheaf j*Sx,y is an invertible O g-module.

(2) We have a natural surjective homomorphism P : ¢"*(@y @ O4) — J*Sx)v.
Let p € R. We take suitably as before a small open neighbourhood U; of p and
coordinates (z;) and (w;) on U; and f(U;) respectively. Then, taking a suitable
local generator v; of j*Sx;y on RN U;, we have

F'(RNUi, j*Sxy) = T(RNU;, Og) - v;

and
=z ]
P | —— = O Vi,
;ﬁo 8wl’. PmVi

where o € T(RNU;,Op),l =1,...,m.

PROOF. Pulling back the exact sequence Ox — f*@y — Sx;y — 0by h o j and
noting that j*h* f*@y = ¢"*(Oy ® O,), we have the exact sequence:

FhOx S g0y ® 04) B j*Sxy — 0. (18)

Let p be a point of R. We furthermore put A = Og ,. Then we have j*1*Ox , =
P A-(0/3z]) = A" and ¢""(Oy ® On) = PjL, A - (3/0w!) = A™. Via these isomor-
phisms, the homomorphism F above is determined by multiplying the matrix J; (z;,0,0). By

Lemma 1, Lemma 2 and Lemma 3, we have

E _ J//
J,-(z;,o,O):( ’:’01 t0>,

where J” € M(m — 1,n —m + 1; A). Then we have
m—1 9
Im(F):{ <p1—)<p1€1§,l=1,...,m—1}
; Bwf

and Coker(F) = A, which implies the assertion (1). Putting v; = P(3/d wi"), we can check
the assertion (2).
Thus Proposition 2 is proved. O
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4. Compatibility of Kodaira-Spencer maps

In this section we shall discuss compatibility of the maps 7 and p.

First we shall construct a natural isomorphism v : g7 j*SX/y — Nayy. In [2] we
proved that there exists such an isomorphismif f : X — Y is a conic bundle with dim X = 3
and A is smooth. Here we shall generalize arguments in [2].

Under the same assumptions as before, we shall first construct two homomorphisms
A:Oy®0s — g/ j*Sxy and u : Oy ® Op — Nayy as follows.

Applying g/ to P : ¢"*(By ® Oa) — j*Sx/y and noting that ¢” is isomorphic by
assumption, we have the homomorphism

A:OyR0p — g:j*SX/Y. (19)

Let p € Rand p’ = f(p) € A. Under the same notation as before, we can describe A locally
around p’ as follows:

m
K:Zw%mew, (20)
=1 i
where ¢ € F'(ANV;,00),1=1,...,m.

On the other hand, we have the standard homomorphism u : @y ® Oa — Na,y, which
we can describe locally around p’ as follows. Since A N V; is defined by w!" = 0, we have
Tly; = (w!"), where Z denotes the defining ideal of A in Y. We define a homomorphism
G riany;, I/Iz) — I'(ANYV;,O,) in the same way as in §2, that is to say, we define ¢;
by &; (w{* mod 72) = 1. Then we have

F'(ANVi,Najy) =T'(ANV;,04) - (21)
(cf. (13)). The homomorphism p is described as follows:
29
W sz—, = Omli (22)
=1 ow;

where o € '(ANV;,00),l=1,...,m.

PROPOSITION 3. (1) The homomorphisms A and p are both surjective.

(2) We have Ker()) = Ker(u).

(3) There exists an isomorphism  : g j*Sx;y — Nayy that satisfies @ = ¥ o A.
Moreover, V¥ is locally determined by ¥ (v;) = ;.

PROOF. Straightforward from the local descriptions of A and . O
The isomorphism 1 above induces the isomorphism

v HOR, j*Sx/v) — H°(A, Najy), (23)
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where we use the same symbol i as above.
Then we have the following theorem.

THEOREM 1. Let f : X — Y be a surjective holomorphic map between compact
complex manifolds. Let R, R’ and A denote the ramification locus, the scheme-theoretic
ramification locus and the degeneracy locus of f, respectively. Assume that A is a smooth
submanifold of Y of codimension one and that ¢ = f|g : R — A is an isomorphism. Let
{ft : Xt = Y}iem be a deformation family of f : X — Y with X, = X and f, = f. Let
7 : To(M) — Dx/y denote the Kodaira-Spencer map due to E. Horikawa. Let A, denote

the degeneracy locus of f; and p : T,(M) — HY(A, Nayy) the Kodaira-Spencer map of the
Sfamily {A;}rem of displacements of A. Then we have

p=voj*oPort,

where Vr is the isomorphism above, j : R — R’ the natural inclusion map, and P : Dx;y —
HO(X, Sx,y) the map of (12).

PROOF. Letp € Rand p’ = f(p) € A. We discuss locally around p’. We take open
neighbourhoods U; and V; of p and p’, respectively, and coordinates (z;) and (w;) as before.

Let R; be the ramification locus of f;. Suppose that the family { R,NU;};c s is determined
by the equations

Z?:)’]?(Z;,[) form<gq<n, (24)
where 77 (z}, 0) = 0. Let us put
n!(zj, 1) = ", 0, .0, ). (25)
Suppose that the family {A; N V;};¢ps is determined by the equation
w!" =g (w}, 1) (26)
with &; (w;}, 0) = 0.
Since we have f;(R;) = A;, we obtain
D25, n] (z;, 1), 1) = &i(P} (2}, n} (2}, 1), 1), 1) . (27)

Let 9/9¢ be any element of T,,(M). Putting t = 0 after applying d/9¢ to the equality (27)
above, we have

“ a¢l’” / aT’lq / a¢l’” /
> @ 0,00 S0+ S 0,0)
q=m i
i PP AL (2, 02, 1), 1) de;
i i NS i\ B i lo !
=Y L(@](z.0,0),0) - @2, 0,0),0).
- awf( (2. 0.0.0) ot o T 5y (#i:0.0.0
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By Lemma 3 we have

0"
aq(z,.,o,O):o for m <qg <n. 29)
¢

Since &; (w;, 0) = 0, we also have

38i

]
w;

(®/(z},0,0),00=0 forl<l<m-—1, (30)

whence we obtain:
opm

! 0g;
5 (@,0.0)= a—t’(qb,-’(z;,o, 0),0). (31)

On the other hand, ¥ o j* o P(3/dt) and p(9/dt) are calculated locally as follows. Let
us put

20! 3 .
r,-=Za—t'7-weF<Ui,f Or). (32)
=1 t=0 i
Then, by Proposition 2, we have
" I
J o P(ri) = o (z;,0,0) - vi, (33)
whence, by Proposition 3, we obtain
i d oo
woj*op<5> vy 5 (Wi 0.0)-¢i. (34)
while we have
0 ag;
— = —(w;,0) & . 35
p<3t)vi at(w, ) - &i (35)

Noting that ®/(z}, 0, 0) = z/, we have

d d
- 9 _ 9
veol OP(Z)I) " p(a;)
by (31) above.

Thus Theorem 1 is proved. O

(36)

Vi

COROLLARY 1. Assume furthermore that R’ is reduced, that is to say, j : R — R’ is
an isomorphism. Then we have an exact sequence

Yoj*oP
0— H'(X,0x/y) — Dx/y L HOa, Nayy)
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with p = v o j* o P o t. In particular, if furthermore HI(X, Ox;y) = 0, then there does not
exist non-trivial small deformation of f : X — Y with the same degeneracy locus A.

PROOF. Straightforward from the assumption and the exact sequence (7). O

EXAMPLE 1. Let f : X — Y be a double cover branching along a smooth divisor
Aof Y. Then ¢” : R — A is an isomorphism and R’ is reduced. In fact, choosing local
coordinates (z;) and (w;) around p € R and f(p) € A suitably, we may assume that f is
locally defined by (u)l.l, owlh) = (zl.l, . z:."_l, (z;")z). Then both R and R’ are defined
by the ideal (z}") locally around p.

EXAMPLE 2. Let f : X — Y be a quadric bundle (see §5 for the definition). Assume
that dim Y = 2 and that f is ordinary, that is to say, every singular fibre has only one singular
point. Then ¢” : R — A is an isomorphism. Moreover, we can prove that R’ is reduced (cf.
Corollary 2 in §5).

EXAMPLE 3. Letdim X =3 anddimY = 2. If f is locally defined by

w! =2l

1
w? = ()2 - ()3,

then R’ is locally defined by the ideal (z2, (z})?), while R is defined by (z?, z}), whence j is
not isomorphic.

5. Local descriptions of quadric bundles

In the rest of this paper, we shall discuss deformations of quadric bundles. In [2], [3], [4]
and [5] we discussed deformations of a conic bundle f : X — Y with dim X = 3. Here we
shall generalize some of the results in [2] and [3] to higher-dimensional cases.

Let us explain more precisely. In §4 we have proved Corollary 1, which claims a kind of
rigidity of a holomorphic map. We recall Corollary 1 here, since it shall play a central role in
our later discussions.

Let f : X — Y be a surjective holomorphic map of compact complex manifolds. We
use the same notation as before. Let A, R, R’ denote the degeneracy locus, the ramification
locus and the scheme-theoretic ramification locus respectively. Assume that the following
four conditions (a), (b), (¢) and (d) are satisfied:

(a) The degeneracy locus A of f is a smooth submanifold of ¥ of codimension one;

(b) The scheme-theoretic ramification locus R’ of f is reduced and the natural inclu-

sion map j : R — R’ is an isomorphism;

(¢) Themap ¢” = f|g : R — A is an isomorphism;

(d) The cohomology group H'(X, ®x/y) vanishes: H' (X, Ox,y) = 0.

Then Corollary 1 claims that there does not exist non-trivial small deformationof f : X — Y
with the same degeneracy locus A.
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From now on, we shall restrict ourselves to discussing deformations of quadric bundles
(see Definition 2 below for precise definition).

In this section we shall discuss local structure of an ordinary quadric bundle (cf. Proposi-
tion 5) and prove that the conditions (a), (b) and (c) above are satisfied for an ordinary quadric
bundle (cf. Corollary 2). (See Definition 3 for the definition of ordinary quadric bundles.)

In §6 and §7 we shall discuss the condition (d) in case where f : X — Y is a conic
bundle, that is to say, in case where f : X — Y is a quadric bundle of relative dimension one.

Let us begin with the definition of a quadric bundle.

DEFINITION 2. A surjective holomorphic map f : X — Y between compact complex
manifolds is called a quadric bundle if every fibre of f is isomorphic to a quadric hypersurface
of constant dimension d. In case whered = 1, f : X — Y is called a conic bundle.

We have the following proposition due to A. Beauville.

PROPOSITION 4 ([1, Proposition 1.2, Lemma 1.5.2]). Assume thatdimY = 2.

(1) The map f is flat.

(2) There exist a locally free sheaf £ on Y of rank d + 2, an invertible sheaf M on 'Y
and a section q € HO®Y, $2(&) @ M) such that X is identified with the zero locus
of q in Py (E).

(3) The degeneracy locus A of f is a normal crossing divisor of Y.

(4) For a smooth point y of A, the fibre f~'(y) has exactly one singular point. For a
singular point y of A, the singular locus of f~'(y) is isomorphic to P'.

(5) Assume furthermore that f is a conic bundle. Let y € A. We take a small open
neighbourhood U of y, local coordinates (u, v) on U, and homogeneous coor-
dinates (Xo : X1 : X2) on the fibre n_l(y) ~ p2 of Py(E) suitably, where
7w : Py(E) — Y denotes the natural projection. If y is a smooth point of A,
then Xy = f~Y(U) is defined by the equation uX% + X% +X2=0inn"YU). If
v is a singular point of A, then Xy is defined by uX% + UX% + X% =0.

Although A. Beauville [1] originally proved Proposition 4 in case where ¥ = P?, we can
apply the same arguments in [1] to the case where dimY = 2. Moreover, the assertions (1)
and (2) of Proposition 4 hold true even if dim Y is greater than two, which is also proved by
the same arguments in [1]. However, some of the assertions (3), (4) and (5) do not hold true
ifdimY > 3.

EXAMPLE 4. Let Z = P2 x P2 and 7 : Z — P? the second projection. Let X be a
subvariety of Z defined by the equation
ToX3 +2T1 XoX1 + T2 X3 + T3X5 =0,

where (Xo : X1 : X2) and (Ty : T1 : T : T3) denote the homogeneous coordinates on P2
and P> respectively. Then X is smooth and f = 7|x : X — P? is a conic bundle. Since the
degeneracy locus A is determined by 73(7Tp 72 — le) = 0, it is not a normal crossing divisor.
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The following definition is also due to Beauville [1].

DEFINITION 3 (cf. [1, Definition 1.3]). A quadric bundle f : X — Y is called an
ordinary quadric bundle if every singular fibre of f has only one singular point.

Proposition 4 (5) implies that, if dimY = 2, then local structure of a conic bundle
f : X — Y around a smooth (resp. singular) point y € Y is unique, which does not hold true
in general if dimY > 3. However, the following proposition shows that, as to an ordinary
quadric bundle, local structure around y € A is unique.

Let f : X — Y be a quadric bundle. Suppose that dimY = m and dimX = m + d.
Then, by Proposition 4 (2), there exist a locally free sheaf £ on Y of rank d + 2, an invertible
sheaf M on Y and a section ¢ € HO(Y, S2(€) ® M) such that X is identified with the zero
locus g in Py (£).

Now let us putr = d+1 for later use. Then we have dim X = m+r—1andrk(€) = r+1,
where rk(£) denotes the rank of £.

PROPOSITION 5. Under the assumptions and the notation above, we furthermore as-
sume that f : X — Y is an ordinary quadric bundle. Let y € A. Let U be such a small open
neighbourhood of y that we have 7N U) 2 P x U, where 7 : Py(E) — Y denotes the
natural projection. Let (w) = (wy, ..., Wy) be local coordinates on U and (Xo : --- : X;)
homogeneous coordinates of fibres of |, -1 ). Then, after shrinking the open set U and

changing coordinates on U, if necessary, we can write the defining equation of X in w =1 (U)
as follows:

WX+ X+ +X2=0.
In particular, the degeneracy locus A is a smooth divisor.

PROOF. Letusput X, = f~Yy)and Xy = f~1(U). Let us denote by x the vector
"Xo,..., X;). Let A= I'(U, Oy). Then the defining equation of Xy is written as follows:

XQ(w)x =0, (37)
where Q(w) = (g (W)o<i<r0<j<r € M(r + 1,7 + 1, A) with g;; (w) = g;i (w) € A.
We may assume that X is defined by X7 + - - - + X2 = 0. Then we have:
1 ifi=j>1,

0 ifi=j=0o0ri#j. (38)

gij (0) = {

From now on, we shall shrink U if necessary. First we have the following claim.

CLAIM 1. By replacing Q(w) by ' P(w) Q(w)P(w) for some P(w) € GL(r + 1, A),
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we may assume that Q(w) is a diagonal matrix of the following form:

qoo(w)

with qoo(0) = 0.

PROOF OF CLAIM 1. For each i with 1 < i < r, there exists a unit b;; (w) of A

that satisfies (b,-i(w))2 = 1/gii(w) and b;; (0) = 1, since g;;(0) = 1. Replacing Q(w) by
' P(w)Q(w) P(w) with the diagonal matrix

1
by (w)
P(w) = . ,
by (w)
we may assume that g;;(w) = 1 for 1 < i < r. Moreover, replacing Q(w) by
'P(w)Q(w)P(w) with
1
1
P(w) = .', £
1
—qro(w) —gri(w) - —grr—1(w) 1

we can sweep out the last row and column of Q(w), that is to say, we obtain new Q(w) with
gri(w) = qgir(w) = 0for0 <i <r —1and g, (w) = 1. After sweeping out rows and
columns successively, we finally obtain a diagonal matrix as in Claim 1. Since Q(0) does not
change under these procedure, goo(0) remains zero.

Thus Claim 1 is proved. O

Let us continue the proof of Proposition 5. By the claim above, we may assume that X
is defined by:

H(Xo, ..., Xr; w) = qoo(w)X5 + X2 +---+ X>=0.
Let p be the point of X definedby (X¢p:---:X,)=(1:0:---:0)and w = 0. Noting that

IH 9
(1,0,...,0:0) = 4%
ow; ow;

©O) fori=1,...,m

and that X is smooth at p, we have (9ggo/0w;)(0) # O for some j with 1 < j < m. Therefore
we can take a new system of coordinates (w’) that satisfies w| = goo(w). Then Xy is defined
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by wl’.X% + X% +- -+ X% = 0. The degeneracy locus A is locally defined by w} = 0, whence
A is smooth.

COROLLARY 2. Let f : X — Y be an ordinary quadric bundle. Then the scheme-
theoretic ramification locus R' of f is reduced and ¢" = f|g : R — A is isomorphic.

PROOF. We can prove it by direct calculation using the local descriptionof f : X — Y
in Proposition 5. We omit details. O

COROLLARY 3. Let f : X — Y be an ordinary quadric bundle with the degener-
acy locus A. Assume that H'(X, Ox;y) = 0. Then there does not exist non-trivial small
deformation of f : X — Y with the same degeneracy locus A.

PROOF. Straightforward from Corollary 1, Proposition 5 and Corollary 2. O

6. Rigidity of certain conic bundles

Let us now discuss when H!(X, Ox/y) vanishes. Let f : X — Y be a holomorphic
map of complex manifolds in general. Suppose that R’ £, @ sy = 0fori > 0. Then we have
HI(X, Oxy) = HI(Y, f«®x/,y) for any integer j, whence we can reduce discussions on
cohomology groups of @,y to those on cohomology groups of fOx,y.

From now on, we restrict ourselves to the case where f : X — Y is a conic bundle.

Let f : X — Y be a conic bundle. By applying Proposition 4 (2) for d = 1, we
have a locally free sheaf £ on Y of rank 3, an invertible sheaf M on Y and a section g €
HO(Y, $2(£) ® M) such that X is identified with the zero locus g in Py ().

The central result in this section is the following theorem, which shall be proved later.

THEOREM 2. Let f : X — Y be a conic bundle determined by a locally free sheaf £
on Y of rank three, an invertible sheaf M on Y, and an element g € HO(Y, S*(§) ® M) as
above. Then we have:

(1) Rif*@x/y =0fori > 0;

(2) fiOx)y TE® (detE) '@ ML

Calculating H 1 (X, ®x,y) by Theorem 2, we obtain the following corollary.

COROLLARY 4. Let f: X — Y be a conic bundle determined by a locally free sheaf
E on Y of rank three, an invertible sheaf M on Y, and an element g € H(Y, S*(€) @ M).
Assume that the following three conditions are satisfied:

(1) Y=P"(m=2);

(2) & is a direct sum of invertible sheaves;,

(3) f:X — Y isan ordinary conic bundle.

Then there does not exist non-trivial small deformation of f : X — Y with the same
degeneracy locus A.
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PROOF OF COROLLARY 4. By the assumption and Theorem 2, we have
H' (X, 0 /v) = 0. Then Corollary 4 follows immediately from Corollary 3. O

REMARK 1. (1) In the previous paper [3] we proved Theorem 2 and Corollary 4 in
case where dim X = 3 (cf. [3, Lemma 3.1], [3, Theorem 3.3] and [3, Corollary 3.14]). Here
we generalize them to higher-dimensional cases.

(2) The conclusion of Theorem 2 holds true for any conic bundle f : X — Y, even if

it is not ordinary.

(3) On the other hand, we need the assumption that f is ordinary in Corollary 4, since
the assumption that the degeneracy locus A is smooth is indispensable in Theo-
rem 1.

(4) If A has singularity, there does not exist such an isomorphism ¥ as in (23) in
general (cf. [4]).

(5) In the paper [5] we generalize Corollary 4; if ¥ = P? and if £ is a direct sum
of invertible sheaves, then we have the same conclusion as in Corollary 4 without
assuming that f : X — Y is ordinary. The proof is done by using subtle arguments
on deformations that admit no smoothing of degeneracy loci. In these arguments,
it is essential that Theorem 2 holds true for any conic bundle.

(6) We do not know yet whether the conclusion of Corollary 4 holds true for general
m in case where f : X — Y (= P™) is not ordinary, since arguments of [5]
essentially need the fact that A is normal crossing, which does not hold true if
dimY > 3 (cf. Proposition 4 and Example 4).

PROOF OF THEOREM 2. The rest of this paper is devoted to proving Theorem 2. The
proof is done by almost the same arguments as in [3], except for Lemma 12 below, which
shall be proved later in §7. Although the other arguments are the same as those of [3], we
shall sketch them here for readers’ convenience.

Let f : X — Y be as in Theorem 2. Let us put Z = Py(€). Let 7 : Z — Y denote the
natural projection. First we have: O

LEMMA 5 ([3,Lemma3.1]). R'f.@x;y =0fori > 0.

PROOF. We can easily check that H"(Xy, Ox;y ® C(y)) = 0fori > 0 on each fibre
Xy of foveryeY. Since f is flat and Oy, y is invertible, we are done. O

We have an exact sequence
0— Ox;y - Oz;y 8 Ox — Nx;z = Ox(X).

Taking the direct images by f, we have an exact sequence

0 — fiu®x/y — fu(Oz)y ® Ox) RN HO0x(X).

Denoting the last homomorphism in this sequence by G, we have an isomorphism

f+@xy = Ker(G : fu(Oz)y ® Ox) — fiOx(X)).
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LEMMA 6 ([3,Lemma3.4]). (1) Rim.Oz=0fori > 0.
(2) R'm(Oz/y(=X)) =0 foralli.

PROOF. We have H!(P?, Op2) = Ofori > 0and H' (P?, @p2(—2)) = 0 for all i, from
which Lemma 6 follows. O

LEMMA 7 ([3,Lemma3.5]). (1) The natural homomorphism m.Ozy —
f«(©z,y ® Ox) is isomorphic.
(2) The natural homomorphism w,Oz(X) — f«Ox(X) is surjective and its kernel is
Oy.

PROOF. We have the natural exact sequences 0 — @z,;y(—=X) = Oz;y — Oz;y ®
Ox - 0and 0 - Oz — Oz(X) - Ox(X) — 0. We apply Lemma 6 after taking the
direct images by . O

Via isomorphisms 7,07,y = fu(Oz;y ® Ox) and f,Ox(X) = (7.0z(X))/Oy, we
have a homomorphism

G: mOz)y — (ﬁ*OZ(X))/Oy .

Then the sheaf f. @,y is isomorphic to Ker(G).

Now we discuss G locally on Y. Lety € ¥ and A = Oy,y. Then the ring A is iso-
morphic to the convergent power series ring C{wy, ..., wy,}, where wy, ..., wy,, denote local
coordinates around y. We localize f : X — Y over Spec A. Let Z4 = PIZA = P? x Spec A
and X4 = X xy Spec A. Let (Xo : X1 : X3) be a system of homogeneous coordinates on
P2 and Ui = {X; # 0}. Letus putx; = X;+1/X; and y; = Xi42/Xi (X3 = Xp). Let
Ua.; = U; x Spec A. Localizing the homomorphism G, we discuss

Ga:H' (P, 0p) — HOPL, O(X4)/H'(PA, Op2) .
A A
LEMMA 8 ([3, Lemma 3.6]). We have a standard exact sequence
@3 Q)
0—>0Pi—>OPi(l) —>OP§\—>0.

The homomorphisms appearing in this sequence are described as follows. We denote the natu-
ral basis of T'(Ua i, O(1)®3) by {p;, i, i} and the basis of I' (U4, @Pfx) by {0/0x;,d/9dy;}
fori=0,1,2.
(1)  The homomorphism I'(Ua i, O) — I'(Ua i, O1)®3) is given by
L' po +xo0q0 + yoro (i =0),
l=>yipr+q+xirn (i=1),
and 1+ xop2+ yaq2 +1r2 (i =2), respectively.
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(2)  The homomorphism I'(Uy ;, (9(1)@3) — I'(Ua,, @Pi) is given by

ad el ad
Po > —Xo7— — Yoo —s qot> o —

0

, o> — (=0);

0xg dyo 3xg 0 3520 ( )

Pl —, qi> —Xi— —YI—, Il — @@=1;
8%)1 0x1 ay1 xé

> —, > — Nt —x——y— ((=2).

D2 o3 q2 oy 2 253 2 oy ( )

PROOF. We omit it, since it is well-known. O

LEMMA 9 ([3, Lemma 3.7]). We have natural isomorphisms
HO(®}, Op) = HO(PZ, O(1)%/HO(P, 0) = M3(A)/(E),

where M3(A) denotes the A-module of the 3 x 3 matrices with coefficients in A and (E) the
A-submodule of M3(A) generated by the unit matrix E.

PROOF. The first isomorphism follows from Lemma 8. Let S (A) denote the A-module
of the homogeneous polynomials of degree one of X, X1 and X, with coefficients in A. We
have natural isomorphisms S;1(A) = HO(P%, O(1)) and HO(P3, 0(1)®* = §;(A)P =
M3(A). We fix the last isomorphism as follows. For (fy, f1, f2) € Si (A)®3 with fi =
Z%:o bijX; (bjj € A), we attach the matrix B = (b;;) € M3(A). Since the image of 1 €
HOPZ, opi) in S1(A)®3 is (Xo, X1, X2) (cf. Lemma 8 (1)), its image in M3(A) is the unit

matrix E. Thus Lemma 9 is proved. O

Suppose that X 4 is defined in Z4 by ¢ € HO(P%, O(2)) and that Q = (gij) € M3(A)
(gij = qji) is the symmetric matrix corresponding to g. Let x = (X0, X1, X2). Then we
have ¢ = 'x Qx.

Next we shall discuss HO(P%, O(X 4)) /H 0P2, 0). Let G(A) denote the A-module of
the symmetric matrices in M3(A).

LEMMA 10 ([3, Lemma 3.8]). We have an isomorphism

HO(P%, O(X2))/H (P4, O) = G(A)/(Q) .

PROOF. The space H 0(Pi, OXa)=H 0(Pi, O(2)) can be identified with the set of
the homogeneous polynomials of degree two of X¢, X1 and X, with coefficients in A, which
can also be identified with G(A). The image of 1 € HO(P2, ©) in HO(P%, O(X 1)) is nothing
but ¢, whose image in G(A) is Q. Thus Lemma 10 is proved. O
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Via isomorphisms in Lemma 9 and Lemma 10, the homomorphism G A 1s equivalent to
the homomorphism

Ga: M3(A)/(E) = G(A)/(Q)
which can be explicitly described as follows.
LEMMA 11 ([3, Lemma 3.9]). For B € M3(A), we have

G (B mod (E)) = BQ + Q'B mod (Q).

PROOF. The proof is done by pursuing homomorphisms appearing in discussions
above. We refer it to [3, Lemma 3.9], since it still holds true in our case. (Note that the
notation used in [3] is a little bit different.) |

Next we shall discuss Ker(é A).
In general, for S € G(A), we define s : M3(A) — G(A) as follows:

ps: Mz(A)—  G(A)
w w 39)
B ~— BS+S'B

Note that, if S is the unit matrix E, then Ker(¢g) is the set of the skew-symmetric matrices in
M3(A) and it is generated by the following three matrices:

0 0 O 0 0 1 0 -1 0
Hy=|0 0 -1)], H =10 00 and Hb=|1 0 O]. (40)
01 0 -1 0 0 0 0 O

We have the following key lemma, which is a generalization of [3, Lemma 3.10].

LEMMA 12 ([3, Lemma 3.10]). If Q € G(A) corresponds to the defining equation of
a nonsingular conic bundle X 4, we have

Ker(pp) = O - Ker(¢k) .
In particular, Ker(pg) is a free A-module generated by { QH; |i =0,1,2}.

In the proof of [3, Lemma 3.10] we used Proposition 4 (5), which does not hold true in
higher-dimensional cases. So we have to prove Lemma 12 in another way that holds true in
general. The proof of Lemma 12 shall be given later in §7.

Let us continue the proof of Theorem 2. Let {V;} be a sufficiently fine open covering of
Y. Let {X(()i), XY), X;i) } be a local basis of £ on V;. Let us put x@D = t(X(()i), Xgi), X;i)).
Suppose that the relation

x® = T,-jx(j) (41)
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is satisfied on V;; with the transition matrix 7T;; = (#;j.x)0<k<2,0</<2-
Let u; be a local basis of M on V;. Suppose that the transition relation

Hi = Aijij (42)

is satisfied on V;;. We can take (X(()i) .4 Y) : Xg)) as the homogeneous coordinates of the

fibre of Z = Py (&) on V;. Suppose that the defining element g € H(Y, S?(£) ® M) of X is
written as

q="x"0ix"p
on V; with a symmetric matrix Q; = (q,ﬁﬁ)).
Then we can take a local basis {e((f), eii), eg) } of fx®x,y on V; as follows. Let H, be

the skew-symmetric matrix as in (40) and A](f) = Q;H, (v=0,1,2). Then { A(i), AY), Ag) }
is a basis of

Ker(M3(I"(V;, Oy)/(E) — G(I"(Vi, Oy)/(Q1)) ,

where M3(I"(V;, Oy)) and G(I"(V;, Oy)) denote the set of the 3 x 3 matrices and the sym-

metric 3 x 3 matrices with coefficients in the ring I" (V;, Oy), respectively. We choose as e](f)
the element of I"(V;, m,0z,y) which corresponds to AD Then {e(()’), ei’), eé’)} is the local
basis of f.®x,y on V;.

Let us now put e) = ! (e(()i), eii), eg)). Then, after rather complicated calculation, we

have the following transition relation.
LEMMA 13. We have ) = A;lDi;lTije(j), where Tjj and );j are as in (41) and
(42), and D;j = det T;;.

PROOF. We refer the proof to arguments from page 30 to page 33 in [3], which still
hold true in our case, since they are independent of dim Y.
Lemma 13 implies that
f[Oxyy ZE® (detE) '@ ML

Thus Theorem 2 is proved. O

7. Proof of Lemma 12

In this section we shall prove Lemma 12. We use the same notation as before.

Suppose that Q € G(A) corresponds to the defining equation of a nonsingular conic
bundle X 4. We shall prove that Ker(pg) = QO - Ker(¢g), where ¢ denote the map in (39) for
S eg(A).

For C € Ker(¢pg), we have

90(QC) = (QO)0+ Q(QC) = Q(C+'C)Q =0,
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whence we have Q - Ker(¢g) C Ker(gg).

Next we prove that, for any B € Ker(¢g), there exists C € Ker(pg) that satisfies
B =0QC.

If we change the homogeneous coordinates of P124 by T € GL(3, A), the corresponding
symmetric matrix Q is transformed to Q" = ‘T QT. It is easy to see that there is a one-
to-one correspondence between Ker(pg) and Ker(¢p/) with B € Ker(¢g) corresponding to
'TB'T™ ! e Ker(pg). It is also easy to check that T~ 'Ker(pg) 'T~' = Ker(pg). If we have
Ker(pg) = O - Ker(gpg) for some Q, then we have

Ker(pg) ="T Ker(¢p) T~ ='TQKer(pp)'T™' = Q' Ker(pg) .

Therefore we can change coordinates, if necessary, to prove Lemma 12.
ing to the defining equation of X 4. Let y be the point of Y defined by w = 0. We consider
the following three cases.

CASE 1: X, is smooth.

In this case, we may assume that Q(w) is the unit matrix, after change of coordinates.
Then the assertion is trivial.

CASE 2: X, has two irreducible components intersecting at one point.

In this case, we may assume that

wi

0
O(w) = 1
0

- O O

0
0
by Proposition 5. Then we can check that Ker(¢p) = Q - Ker(¢g) by direct calculation.

CASE 3: X, is a double line.
In this case we may assume that

0 0
Q0)=10 0
0 0

- o O

Since g2 (w) is a unit of A, we can sweep out the last row and column of Q(w) and we may
assume that Q(w) is of the following form:

pw) r(w) O
Qw)=| r(w) g(w) O
0 0 1

where p(w), g(w) and r(w) are elements of A satisfying p(0) = g(0) =r(0) = 0.
Let us put

H(Xo, X1, X2; w) = 'xQ(w)x = p(w) X + q(w) X} + 2r(w)XoX| + X3. (43)
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We now consider the following two cases.
CASE 3 (A): r(w) =0.
In this case we have the following claim.

CLAIM 2. The elements p(w) and q(w) are coprime to each other.

PROOF. Suppose the contrary. Then there exists an element y(w) € A satisfying
y(0) =0, p(w) = y(w)p1(w) and g(w) = y (w)gqi(w) for some elements p;(w) and g1 (w)
of A which are coprime to each other.

Let a and b be complex numbers satisfying (a, b) # (0, 0) and p; (0)a® + q1(0)b*> = 0.
(Note that such numbers exist.) Let P} be the point of X defined by w = 0 and (Xp : X :
X>) =(a:b:0). Then we have (0H/0X;)(a,b,0;0) =0for0 <i <2 and

oH ay

(a,b,0;0) =

3 (0) - (p1(0)a* + q1(0)p*) = 0
w; ow;

for 1 < i < m. Therefore 131 is a singular point of X, which contradicts the assumption that
X is nonsingular.
Claim 2 is thus proved. O

biij(w)=0 fori=0,1,2; (44)
pw)bio(w) + g(w)boi(w) =0; (45)
p(w)bro(w) + bop(w) =03 (46)
qg(w)by1(w) + b12(w) =0. 47)
Since p(w) and g (w) are coprime to each other, the equality (45) implies that there exists an
element a(w) € A satisfying bjp(w) = g(w)a(w) and bo;(w) = —p(w)a(w). Let us put
b(w) = byo(w) and c(w) = by (w). Then we have
0 —pw)a(w) —pw)b(w)
B =\ gw)a(w) 0 —qw)c(w) | =0C,
b(w) c(w) 0

0 —a(w) —b(w)
where C = | a(w) 0 —c(w) | € Ker(pg), whence we have B € Q - Ker(¢g).
b(w) c(w) 0
CASE 3 (B): r(w) #0.
If p(w) divides r(w), then we can reduce to Case 3 (a) after sweeping out the first row
and column of Q(w). We can also reduce to Case 3 (a) if ¢ (w) divides r(w). Thus we may
assume that neither p(w) nor g (w) divides r (w).

CLAM 3. (1) The elements p(w) and r(w) are coprime to each other.
(2) The elements q(w) and r(w) are coprime to each other.
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PROOF. We prove only (1), since (2) can be similarly proved.

Suppose the contrary. Then there exists an element y(w) € A satisfying y(0) = 0,
p(w) = y(w)p1(w) and r(w) = y (w)r; (w) for some elements p;(w) and r1 (w) of A which
are coprime to each other. If p;(0) # O, then p;(w) is a unit of A, whence p(w) divides
r(w), which contradicts the assumption. Hence we have p1(0) = 0.

Let 132 be the point of X defined by w = 0 and (X¢o : X1 : X2) = (1 : 0 : 0). Then we
have (0H/9X;)(1,0,0;0) =0for0 <i <2and

oH ap ap1 ay

o (1,0,0;0) = Bw 0) = V(O)awi ) + dw

0)p1(0) =0

for 1 < i < m. Therefore 152 is a singular point of X, which contradicts the assumption that
X is nonsingular.
Thus Claim 3 is proved. O

p(w)boo(w) + r(w)bor(w) =0; (48)

r(w)bio(w) + g (w)by(w) =0 (49)

by (w) =03 (50)

p(w)bio(w) + r(w)bi1(w) + r(w)boo(w) + g(w)boi(w) =0; (51)

p(w)bro(w) + r(w)bzi(w) + boz(w) =03 (52)

r(w)bo(w) + q(w)bz1(w) + bia(w) =0. (53)

Since p(w) and r (w) are coprime to each other, the equality (48) implies that there exists

an element a(w) € A satisfying bog(w) = r(w)a(w) and bg1(w) = —p(w)a(w). Similarly,

the equality (49) implies that there exists an element a(w) € A satisfying bjg(w) = g(w)a(w)
and by (w) = —r(w)a(w). Then the condition (51) implies that

(g @) = r@)?) @w) - a(w)) = 0.

Noting that the degeneracy locus A of f is determined by p(w)q(w) — r(w)? = 0 and
that general fibres of f are smooth, we have p(w)qg(w) — r(w)? € A\ {0}. Thus we have
a(w) = a(w). Let us put b(w) = byo(w) and c(w) = by1(w). Then we have by (w) =
—p(w)b(w) — r(w)c(w) and b12(w) = —r(w)b(w) — g(w)c(w) by (52) and (53). Thus we
have

B=| qgw)a(w) -—-r(wya(w) —rw)bw)—g(w)c(w)

r(wya(w) —pw)a(w) —pw)b(w)—r(w)c(w)
= QC,
b(w) c(w) 0

0 —a(w) —b(w)
where C = (a(w) 0 —c(w) ) € Ker(¢g), whence we have B € Q - Ker(¢g).
b(w) c(w) 0
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Thus Lemma 12 is proved. U
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