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1. Introduction.

There are some invariants to measure how singular a hypersurface is. The log
canonical threshold is useful for classifying non log canonical pairs. In this paper, we
will study hypersurface singularities in $C^{n}$ . The sigularities are not necessarily isolated.

Let $f$ be a holomorphic function near $0\in C^{n}$ , and let $D=div(f)$ . Then the log
canonical threshold of $f$ at $0$ is defined by

$ c_{0}(C^{n}, f):=\sup${ $c:(C^{n},$ $cD)$ is log canonical near $0$ }.

We frequently write $c_{0}(f)$ instead of $c_{0}(C^{n}, f)$ , if there is no confusion. If $f\neq 0$ ,

then we see that $0<c_{0}(f)\leq 1$ and $c_{0}(f)\in Q$ . The log canonical threshold $c_{0}(f)$ is an
interesting number, because it has some equivalent definitions (See Chapter 8, 9, 10 in
[4] for a detailed explanation):

1. $ c_{0}(f)=\sup$ { $c:|f|^{-c}$ is locally $L^{2}$ near $0$ }
2. $c_{O}(f)=-$ ($the$ largest root of the Bemstein-Sato polynomial of $f$).

Shokurov proposed the following conjecture in [8].

CONJECTURE. Let $\mathcal{T}_{n}=$ { $c_{0}(C^{n},$ $f):f\neq 0$ is holomorphic near $0\in C^{n}$}. For every
$n\in N$ , the set $\mathcal{T}_{n}$ satisfies the ascending chain condition.

Shokurov proved it for the case $n=2$ in the paper. And this was proved for the
case $n=3$ by Alexeev [2].

It is an interesting problem to describe $\mathcal{T}_{n}$ explicitly. By Shokurov’s method, we
can find $\mathcal{T}_{2}$ (Lemma 3.1), but Alexeev’s method is ineffective and gives us little
information about $\mathcal{T}_{3}$ . So the case $n\geq 3$ is unknown. We do not even know the
accumulation points of $\mathcal{T}_{3}$ .

The aim of this paper is to show the following theorem.

THEOREM. Let $f$ be a nonzero holomorphic function near $O\in C^{3}$ . Then
all the list of $\{c_{0}(C^{3}, f)\geq 5/6\}$ are as follows:
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$\frac{5}{6}+\frac{1}{m}$ $(m\geq 6)$ , $\frac{5}{6}+\frac{2}{3m}$ $(m\geq 4)$ , $\frac{5}{6}+\frac{4}{9m+6}(m\geq 2)$ ,

$\frac{19}{20}$ $\frac{15}{16}$ $\frac{12}{13}$ $\frac{25}{28}$ $\frac{15}{17}$ $\frac{5}{6}$

As a consequence, the largest accumulation point of $\mathcal{T}_{3}$ is 5/6.

NOTATION. $lc$ expresses log canonical.
$f\sim g$ means that $f$ is holomorphically equivalent to $g$ .
Numerical equivalence is denoted by $\equiv$ , and the convergent power series ring by

$C\{x_{1}, \cdots, x_{n}\}$ .

ACKNOWLEDGEMENTS. I am very grateful to Prof. J\’anos Koll\’ar for giving me this
problem and for advising me.

2. Preliminaries.

All propositions in this section are in Chapter 8 of [4]. The first proposition im-
plies a lower semicontinuity for the log canonical threshold. The other propositions are
basic techniques to find $c_{0}(f)$ .

PROPOSITION 2. 1. Given nonzero holomorphicfunctionsf, $g$ near $0\in C^{n}$ , let $f_{t}=f+tg$ ,

where $t\in C$ . Pick a point $t_{O}\in C$ . Then

$c_{0}(f_{t_{0}})\leq c_{0}(f_{t})$ for $t$ near $t_{0}$ .

EXAMPLE 2.2. Let $f_{t}=x^{2}+ty^{3}$ . Then $c_{O}(f_{0})\leq c_{0}(f_{t})$ for any $t\in C$ . Indeed,
$c_{O}(f_{0})=1/2$ and $c_{O}(f_{t})=5/6$ for $t\neq 0$ .

PROPOSITION 2.3. Let $f$ be a nonzero holomorphic function near $O\in C^{n}$ . Let
$d=mult_{0}(f)$ . Let $f_{d}$ denote the degree dhomogeneouspart ofthe Taylor series off. Then

(1) $1/d\leq c_{0}(f)\leq n/d$.
(2) $c_{O}(f)=n/d$ iff $(P^{n}, \frac{n}{d}(f_{d}=0))$ is $lc$ .
(3) If $(f_{d}=0)\subset P^{n-1}$ is $lc$ , then $c_{0}(f)=\min\{1, n/d\}$ .

PROPOSITION 2.4. Let $f$ be a holomorphic function near $0\in C^{n}$ . Assign rational
weights $w(x_{i})$ to the variables and let $w(f)$ be the weighted multiplicity off. Let $f_{w}$ denote
the weighted homogeneous leading term of $f$ Then

$c_{0}(f)\leq\frac{\sum w(x_{i})}{w(f)}$ .

If $(f_{w}=0)\subset C^{n}$ is $lc$ outside the origin $0$ , then equality holds.

EXAMPLE 2.5. Let $f=x^{3}+yz^{2}+x^{2}y^{2}+x^{5}z$ . Let $w=(4,2,5)$ . Then $f_{\nu}=x^{3}+$

$yz^{2}+x^{2}y^{2}$ . Since Sing$(f=0)=(x=z=0)$ and $(f_{w}=0)\subset C^{3}$ is $lc$ outside $0\in C^{3}$ , we get



LOG CANONICAL THRESHOLDS 247

$c_{0}(f)=\frac{4+2+5}{12}=\frac{11}{12}$ .

PROPOSITION 2.6. Let $f(x_{1}, \cdots, x_{m}, y_{1}, \cdots, y_{n})=g(x_{1}, \cdots, x_{m})+h(y_{1}, \cdots, y_{n})$ be
a sum of nonzero holomorphic functions near $0\in C^{m},$ $0\in C^{n}$ . Then $c_{0}(C^{m+n}, f)=$

$\min\{1, c_{0}(C^{m}, g)+c_{0}(C^{n}, h)\}$ .

EXAMPLE 2.7. Let $f=\sum x_{i}^{n_{i}}$ ($n_{1}\in N$ for every $i$ ). Then $c_{0}(f)=\min\{1, \sum 1/n_{i}\}$ .

3. Proof of the main theorem.

LEMMA 3.1. Let $f$ be a nonzero holomorphic function near $O\in C^{2}$ . Then $\{c_{0}(f)\}$ is
one of the following forms:

2
1) $(n\in Z_{\geq 2})$

$n$

2) $\frac{m_{1}+m_{2}}{km_{1}m_{2}+n_{1}m_{2}+n_{2}m_{1}}$ ( $-km_{1}<n_{1}-n_{2}<km_{2}$ , gcd $(m_{1},$ $m_{2})=1$ )

where $k,$ $m_{1},$ $m_{2},$ $n,$ $n_{1}$ and $n_{2}$ are all nonnegative integers.
In particular, the set of $\{c_{0}(f)\}$ satisfies the ascending chain condition and the

accummulation points are $1/n(n=2,3, \cdots)$ and $0$ .

PROOF. This result comes from Shokurov’s method in [8]. See also Chapter 16
in [6] for an explanation, and [7] for the proof itself. $\square $

For ease of reference, we state the following result.

LEMMA 3.2. Let $f$ be a nonzero holomorphic function near $0\in C^{n}$ , with $a$ not

necessarily isolated critical point at $0$ . Assign rational weights $w(x_{i})$ to the variables.
Suppose that $f=f_{w}+g$ , where $w(g)>w(f)$ . Let $\{u_{i}\}$ be a basis for $C\{x_{1}, \cdots, x_{n}\}/(\partial f_{w}/$

$\partial x_{1},$ $\cdots,$
$\partial f_{w}/\partial x_{n}$). Then for any $N>w(f)$ , we can write

$ f\sim f_{w}+\sum_{w\langle u_{1})\leq N}a_{i}u_{i}+\varphi$

for some $a_{i}\in C$ andfor some $\varphi$ which satisfies $w(\varphi)>N$.

REMARK. The basis $\{u_{i}\}$ is an infinite set unless the singularity of $(f_{w}=0)$ at $0$ is
isolated.

PROOF. Let $f=f_{w}+g$ , where $w(f)=d_{0}<d_{1}=w(g)$ . Then $g_{w}$ can be expressed as

$g_{w}=\sum_{w\langle u_{i})=d_{1}}a_{i}u_{i}+\sum_{j=1}^{n}v_{j}\frac{\partial f_{w}}{\partial x_{j}}$ .

Note that $w(v_{i})=w(x_{i})+(d_{1}-d_{0})$ for any $i$, and that
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$\psi(x_{1}+v_{1}, \cdots, x_{n}+v_{n})=\psi(x_{1}, \cdots, x_{n})+\sum_{j=1}^{n}v_{j}\frac{\partial\psi}{\partial x_{j}}+r$

for any $\psi\in C\{x_{1}, \cdots, x_{n}\}$ , where $w(r)>w(\psi)+(d_{1}-d_{0})$ . So

$f(x_{1}-v_{1}, \cdots, x_{n}-v_{n})=f(x_{1}, \cdots, x_{n})-\sum_{j=1}^{n}v_{j}\frac{\partial f}{\partial x_{j}}+r$ $(w(r)>d_{1})$

$=f_{w}+g_{w}+h-\sum_{j=1}^{n}v_{j}\frac{\partial f_{w}}{\partial x_{j}}-\sum_{j=1}^{n}v_{j}\frac{\partial g}{\partial x_{j}}+r$ $(g=g_{w}+h)$

$=f_{w}+(\sum_{:}a_{i}u_{i}+\sum_{j=1}^{n}v_{j}\frac{\partial f_{w}}{\partial x_{j}})+h-\sum_{j=1}^{n}v_{j}\frac{\partial f_{w}}{\partial x_{j}}-\sum_{j=1}^{n}v_{j}\frac{\partial g}{\partial x_{j}}+r$

$=f_{w}+\sum_{uwt:)=d_{1}}a_{i}u_{i}+(h-\sum v_{j}\frac{\partial g}{\partial x_{j}}+r)$

$=f_{w}+\sum_{w\langle u_{i})=d_{1}}a_{i}u_{i}+\varphi_{1}$
$(w(\varphi_{1})>d_{1})$ .

We then take the coordinate change. We find that

$f\sim f_{w}+\sum_{w(u_{i})=d_{1}}a_{i}u_{i}+\varphi_{1}$

Next applying the similar process we get

$f\sim f_{w}+\sum_{w(u_{j})\leq d_{2}}a_{i}u_{i}+\varphi_{2}$

where $d_{2}=w(\varphi_{1})>d_{1}$ .

where $d_{3}=w(\varphi_{2})>d_{2}$ .

We repeat this process until we get w$(\varphi_{k})>N$. $\square $

We now start to prove the main theorem.

PROOF OF THE MAIN THEOREM. Let $d=mult_{0}(f)$ . Let $f_{d}$ denote the degree $d$

homogeneous part of the Taylor series of $f$

(1) Case d $=1$ : Then $(f=0)\subset C^{3}$ is smooth, $soc_{O}(f)=1$ .
(2) Case $d=2$ : Then $f_{2}\sim x^{2}+y^{2}+z^{2},$ $x^{2}+y^{2}$ , or $x^{2}$ . If $(f_{2}=0)\subset P^{2}$ is $lc$, then

$c_{0}(f)=1$ , by Proposition 2.3. Otherwise, $f\sim x^{2}+g(y, z)(mult_{0}(g)\geq 3)$ and $c_{0}(C^{3}, f)=$

$\min\{1,1/2+c_{0}(C^{2}, g)\}$ , by Proposition 2.6. Applying Lemma 3.1, we get the following
list of $c_{O}(f)$ between 5/6 and 1:

$\frac{5}{6}+\frac{1}{m}(m\geq 7)$ , $\frac{5}{6}+\frac{2}{3m}(m\geq 5)$ , $\frac{5}{6}+\frac{4}{9m+6}(m\geq 3)$ , $\frac{15}{16’}\frac{19}{20’}\frac{25}{28}$

(3) Case $d=3$ : If $(f_{3}=0)\subset P^{2}$ is $lc$, then $c_{0}(f)=1$ . Otherwise, the curve
$(f_{3}=0)\subset P^{2}$ is one of five cases (a cuspidal cubic, a line tangent to a conic, three lines
through a point (two or three may coincide)). We use the rotating ruler method in
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Newton polyhedra to get an inequality in Proposition 2.4 and we then apply the latter
part of Proposition 2.4. The method basically comes from [3]. Arnol’d researched
isolated hypersurface singularities and their hierarchies. In this paper, singularities
are not necessarily isolated, and we have to classify them further in a part of (3.4) than
in [3].

(3.1) Case $f_{3}\sim x^{3}+yz^{2}$ : Let $w_{k}=(2k, 2,3k-1)$ be the weight. If $f_{w_{k}}\sim x^{3}+yz^{2}$ ,
then $f\sim x^{3}+yz^{2}+g(y)+xh(y)+\varphi(w_{k}(g)>6k, w_{k}(h)>4k$ , and $w_{k}(\varphi)$ is large enough). So
$f$ can be expressed as

$ f\sim x^{3}+yz^{2}+ay^{3k+1}+bxy^{2k+1}+cy^{3k+2}+dxy^{2k+2}+ey^{3k+3}+\cdots$

$(3.1.k;1)$ Case $a\neq 0$ : Let $w_{k_{1}}=(6k+2,6,9k)$ . Then $f_{w_{k_{1}}}=x^{3}+yz^{2}+ay^{3k+1}$ .
$(f_{w_{k_{1}}}=0)\subset C^{3}$ has an isolated singularity at $O\in C^{3}$ . By Proposition 2.4,

$c_{0}(f)=\frac{15k+8}{18k+6}=\frac{5}{6}+\frac{1}{6k+2}$ $(k=1,2,3, \cdots)$ .

$(3.1.k;2)$ Case $a=0,$ $b\neq 0$ : Let $w_{k_{2}}=(4k+2,4,6k+1)$ . Then $f_{w_{k_{2}}}=x^{3}+yz^{2}+$

$bxy^{2k+1}$ . $(f_{w_{k_{2}}}=0)\subset C^{3}$ has an isolated singularity at $O\in C^{3}$ . By Proposition 2.4,

$c_{O}(f)=\frac{10k+7}{12k+6}=\frac{5}{6}+\frac{1}{6k+3}$ $(k=1,2,3, \cdots)$ .

$(3.1.k;3)$ Case $a=b=0,$ $c\neq 0$ : Let $w_{k_{3}}=(6k+4,6,9k+3)$ . Then $f_{w_{k_{3}}}=x^{3}+yz^{2}+$

$cy^{3k+2}$ , and $(f_{w_{k_{3}}}=x^{3}+yz^{2}+cy^{3k+2}=0)\subset C^{3}$ has an isolated singularity at $O\in C^{3}$ . By
Proposition 2.4,

$c_{O}(f)=\frac{15k+13}{18k+12}=\frac{5}{6}+\frac{1}{6k+4}$ $(k=1,2,3, \cdots)$ .

$(3.1.k;4)$ Case $a=b=c=0,$ $(d, e)\neq(O, 0)$ : Let $w_{k_{4}}=(2k+2,2,3k+2)$ . Then $f_{w_{k_{4}}}=$

$x^{3}+yz^{2}+dxy^{2k+2}+ey^{3k+3}$ , and $(f_{w_{k_{4}}}=0)\subset C^{3}$ is $lc$ outside $O\in C^{3}$ . By Proposition 2.4,

$c_{0}(f)=\frac{5k+6}{6k+6}=\frac{5}{6}+\frac{1}{6k+6}$ $(k=1,2,3, \cdots)$ .

$(3.1.k;5)$ Case $a=b=c=d=e=0$ : Let $w_{k_{4}}=(2k+2,2,3k+2)$ . Then $f_{w_{k_{4}}}=x^{3}+$

$yz^{2}$ . Since $w_{k_{4}}=w_{k+1}$ , this case is $(3.1.k+1)$ and so we can repeat the process. Hence

$c_{0}(f)=\frac{5}{6}+\frac{1}{6k+i}$ $(i=2,3,4,6, k\in N)$ .

By similar methods, we will get the rest of these cases.
(3.2) Case $f_{3}\sim x^{2}z+yz^{2}$ ;

$c_{0}(f)=\frac{3}{4}+\frac{9}{48k+i}$ $(i=0,4,12,20,24, k\in N)$ .
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In particular, if $5/6<c_{O}(f)<1$ , then

$c_{0}(f)=\frac{15}{16},$ $\frac{12}{13},$ $\frac{9}{10},$ $\frac{15}{17},$ $\frac{7}{8},$ $\frac{6}{7},$ $\frac{27}{32},$ $\frac{21}{25}$ .

(3.3) Case $f_{3}\sim x^{3}+xz^{2}$ ;

$c_{0}(f)=\frac{2}{3}+\frac{2}{6k+i}$

In particular, if $5/6<c_{0}(f)<1$ , then

$(i=2,3,4,6, k\in N)$ .

$c_{0}(f)=\frac{11}{12},$ $\frac{8}{9},$ $\frac{13}{15}$ .

(3.4) Case $f_{3}\sim x^{2}y$ : Since the ideal generated by partial derivatives of $f_{3}$ is
$(xy, x^{2})$ , applying Lemma 3.2, $f$ can be expressed as $ f\sim x^{2}y+g(y, z)+xh(z)+\varphi$ .
where $mult_{O}(\varphi)$ is sufficiently large. Let $w=(3,2,2)$ . Then

$f_{w}\sim x^{2}y+az^{4}+byz^{3}+cy^{2}z^{2}+dy^{3}z+ey^{4}$

If $(f_{w}=0)\subset C^{3}$ is $lc$ outside $0$ , then $c_{0}(f)=7/8$ , by Proposition 2.4. Otherwise, one of
the following five cases occurs.

(3.4.1) Case $f_{w}\sim x^{2}y+z^{4}+z^{3}y$ , or $x^{2}y+z^{3}y$ : Then one of the following three
cases occurs:

$f_{w_{1}}\sim x^{2}y+yz^{3}+ay^{p}(p\geq 5, a\neq 0)$ with respect to $w_{1}=(3p-3,6,2p-2)$ ,

$f_{w_{2}}\sim x^{2}y+yz^{3}+by^{q}z(q\geq 4, b\neq 0)$ with respect to $w_{2}=(3q-3,4,2q-2)$ ,

or $c_{0}(f)\leq 5/6$ .

Applying Proposition 2.4, we get

$c_{O}(f)=\frac{5}{6}+\frac{1}{6p}(p\geq 5)$ , $\frac{5q-1}{6q-2}$ $(q\geq 4)$ , or $c_{0}(f)\leq\frac{5}{6}$ .

By a similar method, we get the rest of the cases.
(3.4.2) Case $f_{w}\sim x^{2}y+z^{4}$ ; Then $c_{0}(f)=17/20$ , 27/32, or $c_{O}(f)\leq 5/6$ .
(3.4.3) Case $f_{w}\sim x^{2}y+z^{2}y^{2}+zy^{3}$ , or $x^{2}y+z^{2}y^{2}$ : Then $c_{0}(f)=6/7$ , 17/20, $0l$

$c_{O}(f)\leq 5/6$ .
(3.4.4) Case $f_{w}\sim x^{2}y+zy^{3}$ : Then $c_{0}(f)=16/19$ , or $c_{0}(f)\leq 5/6$ .
(3.4.5) Case $f_{w}\sim x^{2}y+y^{4}$ , or $x^{2}y$ : Then $c_{0}(f)\leq 5/6$ .
(3.5) Case $f_{3}\sim x^{3}$ : Then $ f\sim x^{3}+xg(y, z)+h(y, z)+\varphi$ , where mult$o(g)\geq 3$

$mult_{O}(h)\geq 4$ and $mult_{O}(\varphi)$ is large enough. Let $w=(4,3,3)$ . Applying Proposition 2.4
we get
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$c_{0}(f)\leq\frac{4+3+3}{12}=\frac{5}{6}$ .

(4) Case $d\geq 4$ : Then $c_{0}(f)\leq 3/4$ , by Proposition 2.3. $\square $

As a consequence of the main theorem, we get the following result.

COROLLARY 3.3. The following conjecture is true for the case $n=3$ .

The largest accumulation point of $\mathcal{T}_{n}$ is max $\mathcal{T}_{n-1}\cap(0,1)$ .

PROOF. We can get max $\mathcal{T}_{2}\cap(0,1)=\frac{5}{6}$ from Lemma 3.1. Combine this with the
main theorem. We obtain this corollary. $\square $
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