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Introduction.

Let N be a positive integer, and let

ro(N)={<‘c’. Z)eSLz(Z)

Let Xy(N) be the modular curve which corresponds to I'o(N). For each positive divisor
N’ of N with (N’, N/N')=1 (in which case we write N'|N), Wy =W’ denotes the
corresponding Atkin—Lehner involution on Xy(V). (W is the identity.) It is known that
the Wy. generate an elementary 2-abelian group, which we denote by W(N). The group
W(N) is of order 2°™ where w(N) is the number of distinct prime divisors of M.
Furthermore, these involutions are all defined over Q: W(N)< Auto(Xo(NV)).

Let W’ be a subgroup of W(N). Then the hyperellipticity of the quotient curve
Xo(N)/W' has been determined for two extreme cases (i.e., for W' ={1} or W(N)).

CEO(mOdN)}.

THEOREM 1 ([12]). There are nineteen values of N for which Xo(N) is hyperelliptic,
i.e., Xo(N) is hyperelliptic if and only if

N=22, 23, 26, 28-31, 33, 35, 37, 39-41, 46-48, 50, 59, 71 .

THEOREM 2 ([8] [6]). Put XF(N)=Xo(N)/W(N). There are 64 values of N for which
XE(N) is hyperelliptic.
(1) X&(N)isof genus two if and only if N is in the following list (57 values in total):
67, 73, 85, 88, 93, 103, 104, 106, 107, 112,
115, 116, 117, 121, 122, 125, 129, 133, 134, 135,
146, 147, 153, 154, 158, 161, 165, 166, 167, 168,
170, 177, 180, 184, 186, 191, 198, 204, 205, 206,
209, 213, 215, 221, 230, 255, 266, 276, 284, 285,
286, 287, 299, 330, 357, 380, 390.
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(i1) XF(N) is hyperelliptic with genus >3 if and only if
N=136, 171, 176, 207, 252, 279, 315.

ReMARK 1. Defining equations of hyperelliptic modular curves Xy(N) are given
in [4] [11] [15], and those of hyperelliptic modular curves X§(N) are given in [11]

[5] [6].

Now the purpose of this article is to determine all hyperelliptic curves X(N)/W’
for proper subgroups W’ of W(N) for all N. As the results for genus two case are
known [5], we restrict ourselves to the case where the genus is greater than two. Note
that if there is a proper subgroup W’ of W(N) such that X (N)/W’ is a hyperelliptic
curve of genus >3, then the integer N must satisfy the following conditions:

(i) N is not a power of a prime number;

(ii) Xo(N)is of genus >5;

(iii)) XZ(N) is subhyperelliptic, by which we mean that it is either rational, elliptic
or hyperelliptic. (Hence in particular N<390.)

Moreover, since there is a model of X,(N), and hence of X (N)/W’, over Q having
good reduction at all pf N ([10]), it follows from Ogg’s observation [12] [13] that

PROPOSITION 1. For a positive integer N, put Yy(N):=NT]] v (1+1/9), where the
product is over prime divisors of N. Let p be a prime number such that p} N. If one has

1

p—1 . ,
Sem=r 15 YWV)+2 hs>2(p*+1),

then Xo(N)/W' is non-hyperelliptic for any subgroup W' of W(N) such that
[W(N): W) =2". Here h is the largest divisor of 24 with h*|N, and s=s,s5 is defined as
follows. Write h=h,hy with h,|8 and hs|3. Then

{3/4 if 2|h2|N,

1 otherwise ;

2=
5 _{2/3 if h32=9||N,
3 1 otherwise .

As an application, we see by setting p=2 or 3 or 5 that X,(N)/W’ is non-hyper-
elliptic for all proper subgroups W’ of W(N) for

N=112, 117, 135, 136, 146, 147, 153, 158, 159, 166,
171, 176, 177, 184, 188, 205, 206, 207, 209, 213,
215, 220, 221, 252, 255, 266, 279, 284, 285, 286,
287, 299, 315, 357, 380.

Taking a glance at this, we have the following list of N for which the hyperellipticity
of quotients of Xy(N) must be tested.
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TABLE 1
N
42 46 51 52 55 56 57 58 60 62
63 65 66 68 69 70 72 74 75 76
77 78 80 82 84 85 86 87 88 90
91 92 93 94 95 96 98 99 100 102

104 105 106 108 110 111 114 115 116 118
119 120 122 123 124 126 129 130 132 133
134 138 140 141 142 143 145 150 154 155
156 161 165 168 170 174 180 182 186 190
195 198 204 210 222 230 231 238 276 330
390

We will determine the hyperellipticity of X(N)/W’ for these N by using various
methods which generalize those given in [8, App. C] and [6]. In particular, we will be
able to determine the hyperellipticity of X'= X(N)/W’ without calculating an equation
related to X (cf. [8] [6]; especially [8, Prop. 2]).

1. The genus of the quotient X,(N)/W".

Let X be the quotient curve of X,(N) by a subgroup W’ of W(N):
X=X,(N)/W".

Since X corresponds to the Fuchsian group I'’ generated by I'o(V) and the elements of
W, the space of holomorphic 1-forms on X can be canonically identified with the space
S,(I'") of cuspforms of weight 2 on I''. Obviously, we have

S;(M)=S,(N)"' ={feS,(N) | flw=f (Ywe W)},

where S,(N)=S,(Io(N)). In particular, the genus of X is equal to the dimension of
S,(N)¥'. As one can find the data of the so-called W-splitting of S,(N) for N <300 [2,
Table 5], the dimension of S,(N)¥ is easily computed for N <300. Similar data for
larger N can be computed by using trace formulas of Hecke operators (or by Remark
2 below). Since for N>301 only N=330 and 390 remain to be tested, it is sufficient
for our purpose to give the data for these two values of N (Table 2). (Remark. The
third column of Table 2 gives the dimensions of direct summands S,(N)** %) of S,(N),
ordered lexicographically; see [2, Table 5].)

TABLE 2. The W-splitting of S,(N)

N p|N the W-splitting of S,(N)
330 |2,3,5, 11| 2,6,4,4,4,5,4,4,5,4,3,5,3,4,2,6
390 |2,3,5 13} 2,8,5,5,6,4,4,5,4,6,5,4,6,3,7,3
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ExAMPLE 1.
are as follows.
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Let N=42. From [2, Table 5], we see that the genera of the X(42)/W”

w’ genus

{1}
W2
Wsd
<Wid
(We»
Wia
W2
Waz

NN =N WD WWm

w’ genus

<W23 W3>
<W2’ W7>
<W39 W7>
<Wza W21>
<W3, W14>
Wi, We»
<W6, W14>
w(42)

OO =t O e e

REMARK 2. There is a formula for the number v(N')=v(N’; N) of fixed points
of Wy. on Xy(N). It is given by

WN') = (

where h(—d) is the class number of primitive quadratic forms of discriminant —d, (

I1 cl(p))h(—w)

p|N|N’

D) W~ N’
+{<p“rv;wc(p))( N')

0

RIS
RIS

[T (P31 +p55Y
+< pliN4
0

if 4<N'=3(mod4),
otherwise
if N'=2,
otherwise
if N'=3,
otherwise
if N'=4,

otherwise ,

is the Kronecker symbol and the functions c;(p) are defined as follows:

*

)
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1+(__) if p#2 and N'=3(mod4),
Ci(P)z{

1+< —4N> if p#2 and N'#3(mod4),

(1 if N'=1(mod4)and 2|N,
if N'=1(mod4) and 4|N,
if N'=3(mod4) and 2|N,

c(2)=< —N’
' 3+( N) if N'=3(mod4) and 4|N,

3<1+< _N'>> if N'=3(mod4) and 8|N,
\

02(2)=1+< "ZN ) if N'=3(mod4).

One can use this formula to compute the genus of Xy(N)/W".

Let X=Xo(N)/W’ be the quotient curve of X,(N) by a proper subgroup W’ of
W(N). Then each non-trivial element w of W(N)/W’ induces an involution on X:

degree 2

Xo(N) X X/K{w) —— X§(N) .

First we determine all (X, w) such that X/{w) are of genus zero, i.e., all hyperelliptic
curves X whose hyperelliptic involution is of Atkin—Lehner type. If the genus of X/{w) is
zero, then so is that of X¥(N). Since N=119 is the largest value of N for which Xg(V)
is of genus 0, we see from [2, Table 5] that there are 32 hyperelliptic curves X such
that their hyperelliptic involutions are of Atkin—Lehner type.

THEOREM 3. There are 32 pairs of (N, W’) for which Xo(N)/W' is a hyperelliptic
curve of genus g>3 such that the hyperelliptic involution v=v(N, W’) comes from an
Atkin—Lehner involution. More precisely, Xo(N)/W' is a hyperelliptic curve of g=>3
having an Atkin—Lehner involution as its hyperelliptic involution if and only if (N, W’) is
in the following list.
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N=TI]p"’ w’ g| v N=[]p"’ w’ g| v
46=2-23 Wy 3 (W, 78=2-3-13 Wis, We) | 3 | W,
51=3-17 (W3 3 | W, 87=3-29 U 5 | W,
55=5-11 {Ws» 3 | W, 92=22.23 Wy 5 | Wy,
56=23-7 (W 3| W, 92=22.23 {Wyy> 4 |\ W,
60=22-3-5 Wy 3 | W5 94=2-47 Uy, 6 W,
60=22:3-5 <Wi> 4 | W, 94=2-47 <Wos> 4 | W,
60=22-3-5 {Weo» 3|\ W, 95=5-19 {Ws) S Wi
62=2-31 U 4 | W5, 95=5-19 <Wie» 3| W,
66=2-3-11 {We> 4 (W, 105=3-5-7 W5, Ws> | 3 | W,
66=2-3-11 {Weey 3| Ws 105=3-5-7 Wi, Wi | 3| W
69=3-23 U 4 \W,, 105=3-5-7 W, Wis> | 3| W,
70=2-5-7 <Wio> 4 (W, 110=2-5-11 Wy Ws> | 4 | W,
70=2-5-7 Wi 3 Wi 110=2-5-11 KWL Wi ! 3 | Ws
78=2-3-13 <We> 6 | W, 110=2-5-11 KWs, Wyp | 3| W,
78=2-3-13 {Wye» 3| W 119=7-17 <Wo> 6 W,
78=2-3-13 KWy, Wiy | 3 [Wis 119=7-17 {Wi> 4 | W,

Next assume that the genus of XF(N) is non-zero (i.e., XF(N) is either elliptic
or hyperelliptic). Then any of Atkin-Lehner involutions on X=Xy (N)/W’ is non-
hyperelliptic, hence has at most four fixed points whenever X is hyperelliptic ([12, Prop.
1]). Therefore if Wy. induces a non-trivial action on X and has more than four fixed
points, then X is non-hyperelliptic. We omit the list of (N, W’) for which the curve
Xo(N)/W’ turns out to be non-hyperelliptic in this way, since it would be of fairly large
size. The reader may recover the list immediately from [2, Table 5] and Table 2 above.
Note also that one may save the time by observing that if there is a covering X —» Y
between algebraic curves X and Y, and if Y is non-subhyperelliptic, then so is X. On
the other hand, if there is a covering X — Y and if the genus of X (resp. Y) is three
(resp. two), then X is necessarily hyperelliptic ([7, Prop. 2]). Thus we see that the five
curves Xo(85)/<Wgsp, Xo(165)/KWyy, Wis), Xo(114)/<KW5, Wio), Xo(130)/KW,, Wis)
and X (195)/{Ws, W,4) are hyperelliptic (see [7]).

REMARK 3. We have determined the hyperellipticity of Xy(NV)/W’ for

N =46, 51, 55, 56, 60, 62, 66, 69, 70, 74, 78, 87, 92,
94, 95, 108, 110, 111, 119, 142, 143, 145, 155

in this section.
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2. Modular involutions.

In this section we always assume that 4|N or 9|N. Then X,(N) has modular
involutions of non-Atkin-Lehner type; i.e., those involutions which are not Atkin-
Lehner involutions but come from linear fractional transformations on the complex
upper half plane. In this section, we discuss their action on S,(N). As a consequence,
we will be able to determine the hyperellipticity of Xo(N)/W’ for some (N, W’).

Put Su=<‘(; 1). Then S, is in the normalizer of I'y(N) when N is divisible by 4,
u

and S5 is in the normalizer of I'(N) when N is divisible by 9.
LemMma 1. (i) Let 2%||N with a>2. Then as automorphisms of Xo(N) we have
S22=1 ; Sszv=vaS2 l_fp#z.

(ii) Let 2*|N with «>3 and put V,=S,W,.S,. Then as automorphisms of Xo(N)
we have

V22=1 ; Vsz\;:vaVz .
(iii)) Let 9”N and put V3 =S;W,S52. Then as automorphisms of Xo(N) we have
Vit=1; VW= W W, Vs,

where
8_{0 if p*=0, 1(mod3),
1 otherwise .
Proor. This follows from a direct calculation. []

The following two propositons generalize Propositions 2 and 3 of [6]. Proofs are
similar to those in [6].

PROPOSITION 2. Let N be a positive integer such that 8|N. Let N’ be a positive
divisor of N and let d be a positive divisor of N/N'. Define integers o, B and y by

2N, 2N, 2],
so that N=2°M and N'=2*"FM' for some positive odd integers M, M’ with M'|M. Let
/=Y a,q" be a newform of weight 2 on I (N') such that f\WN2,=Af, and put

gD =fO g fO|WEW = f@ 1 2p=27) f&)

with d'=2F"2Yd, where we write f‘9(t)= f(dr), etc. Then the second column in the
following table gives the common eigenforms for V, and W ,., with eigenvalues A(V,) and

AW ,e).
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a, B,y common eigenform AV, | A(W,a)
x—22p>y=0 g+? — +
@ + N
a—1=p>y=0 g+ D +Ag, 2 — 5 +
g_-Dyig 20 + N
%25, a=p>y=0 g+@—ayg,%9+2¢,4P - +
g-P—a,g 29429 © + -
a=pf=4>y=0 g+(‘”—azg+(2"’+4f(4") _ +
g_(d)_azg_(u) + _
a=f=3>y=0 g+(d)+(1_a2)g+(2d) _ +
g_(d)_(l_'_az)g_(u) + _
B—y>y>0 g+ + +
g-“ - _
B=2y f@ 1 i

PROPOSITION 3. Let N be a positive integer such that 9|N, N’ a positive divisor of
N. Write N=3?M, N'=32"8M’ with M'|M. Let f =) a,q" be a newform of weight 2

on I'o(N’) such that f|W§{2s=Af, and put f,=3 a,x(n)q", where x=(:.i). If =0, then

we further assume that A= + 1. Finally let d be a positive divisor of M/M'. Then the
second column in the following table gives the common eigenforms for V5 and W, with
eigenvalues A(V3) and A(Wy).

B common eigenform AMV3) | A(Wy)
0 f@ + +
| fO-31/C0—yd)/ =350 | - | -
f(d) — 3).f(3d) + X(d) /__ 3fx(d) + —
f(d) + 3lf(3d) — +
2 f(d) _ 9f(9d) _ X(d)\/__3fx(d) N _ —_—
F@D g o _ 3‘2’3 Fe — +
FD_9FOD 4 y(d) \/Tg, 1, 4+ —
Fea + +
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Here we write f¥(t)= f(dr), etc.

REMARK 4. Let the symbols be as in Proposition 3, so in particular f is a newform
of weight 2 on I'y(N'). Suppose =0, so that 9|N'. Then 1= +1 if and only if £, is
also a newform of weight 2 on I'y(N').

Using the abowve two propositions, we find that

THEOREM 4. The quotient curve Xo(N)/W' is a hyperelliptic curve of genus g=>3
with hyperelliptic involution v coming from a non-Atkin—Lehner modular involution, if and
only if the pair (N, W') is in the following list. (As usual, W' is assumed to be proper.)

N=[]p"’ w’ g v
63=32-7 Wy 3 VW,
72=23.32 U 3| VoV3Wy
104=23-13 <Wioay 3 V,Ws
120=2%-3:5 | (W5, W,> | 3 V,Ws
126=2-32-7 | {Wy, W5> | 3 Vs
126=2-32-7 | ( Wy, Wi4> | 3 VW,
168=23-3-7 | (W,,, Wse> | 4 V,Ws

Applying [12, Prop. 1], we also find that the curve X(N)/W” is non-hyperelliptic
for the following (N, W):

N=[]p® w w g |9
88—23-11 (W) S,
90=2-32+5 | (W v,

168=23-3-7 | (W, Wy> | WiV,
168=23-3-7 | (Wy, Wse> |V,
168=2%-3-7 | KWy, Wpo) |V,

(VN N I SNV}
ek ek ek

Here g is the genus of X'=Xy(N)/W’ and § is the genus of X/{w).
REMARK 5. We have determined the hyperellipticity of X,(N)/ W’ for
N=72, 104, 126, 168
in this section. (The curve X,(126)/{ W3 is not hyperelliptic by Propositon 1.)
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3. Some isomorphisms.

In this section we give some isomorphisms between certain quotient curves of
Xo(N).

PROPOSITION 4. Assume that 4|N and write N=4M. Let W' be a subgroup of
W(N) generatedby Wy, Wy, - - -, Wy (M| M). Then we have the following isomorphism:

Xo(NY/ W' = Xo@M)[K{ Wi} -
ProOF. See [6, Prop. 7]. O
From this we have

Xo(68)/KWap=Xo(34),  Xo(82)/<Wy41>=X3(164),
XoBA)/K Wy, WD =Xo(42)/[KW,>,  Xo(98)/Wao)=X5(196),
Xo(106)/<Ws3>=X§(212), X (118)/{Wso) = X§(236),
Xo(154) /KW, W,y,>=XF(308), Xo(174)/{ W5, W,e> = XF(348),
Xo(180)/< Wy, Wo)=Xo(90)/<Wso),  Xo(180)/KW,, Ws)=Xo(90)/KWs),
Xo(180)/K Wy, Wyis) = Xo(90)/KWysp,  Xo(198)/KWo, Wy )= X5(396),
Xo(204)/KWa, W1 D= Xo(102)KWs1>,  Xo(R10)/KW3, Ws, W,) = X§(420),
Xo(238)K W, W7D = X3(476),  Xo(27T6)/K Wy, Wa3d=Xo(138)/KWs3) .

According to Lemma 1 (iii), we also have

PROPOSITION 5. Assume that 9|N. Let W’ be a subgroup of W(N) generated by
Wy, = Wy, (N;|N), and let W ={{ W™ Wy 1,5, where

0 if M=1mod3 or if 9|M and M/9=1mod3,
1 otherwise .

8(M)={

Then we have the following isomorphism:
Xo(N)/ W = Xo(N)/W" .
From this we have
Xo(90)/KWig, Wio> = Xo(90)/<W>, Ws) ,
Xo(99)/{ Wao) = Xo(99)/< Wy,

Xo(180)/K{ W3e, W1op = Xo(180)/<Ws, Wie) ,

Xo(198)/<W 1y, Wigd> = Xo(198)/KW;, Woo) .
REMARK 6. We have determined the hyperellipticity of Xy(N)/W’ for

N=68, 82,98, 118
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in this section.

4. Fixed points of Atkin—-Lehner involutions.

In this section, we discuss the fixed points of Atkin—-Lehner involutions. The
important fact is that these involutions are defined over Q, so that we can make use
of Ogg’s observation (see [6, Prop. 6]).

PROPOSITION 6. Let W’ be a (proper) subgroup of W(N) with 2°™~" elements, so
that W(N)/W' is a subgroup of order 2" of AutoX, where X=X (N)/W' is of genus =3.
Take an element Wy. of W(N)\ W'. Assume that there are elements Wy.. and Wy... of
W' such that the numbers of fixed points of Wy, =Wy Wy.. and Wy,=Wy.Wy... are
given by

N, =20 VW(N,)=320Mr,
Assume further that
(i) N,#3(mod4) or (i) N,=3(mod 8) and 2|(N/N,);
(i) 3|A(—4N,).
Then X is not hyperelliptic.

Proor. By assumption (ii) on A(—4N,), we have N, >5. Therefore by Remark 2
we find that

cl'h(_4N2)+CZ'h(_N2) if NZE3(mOd4)

V(N,)= { .
¢y *h(—4N,) otherwise .

But we assume (1') if N, =3(mod 4), hence the coefficient ¢, vanishes. This means that
the set of fixed points of Wy, consists of pairs (E, C) with E defined over a field of
degree dividing 3 - 2™ ™" and divisible by 3. The group W’, which is an elementary
2-group, acts fixed-point-freely on this set. Thus, this set contributes to three conjugate
fixed points of Wy, on X. Now apply [6, Prop. 6]. [

ExaMPLE 2. Let N=58=2-29 and W' =(W,). The genus of X=X,(58)/W" is
three, and W,, has four fixed points on X. The involution W (resp. W,,) has two
(resp. six) fixed points on X(58), contributing to one (resp. three) fixed points of W,
on X. Since h(—4-29)=6, we see from Proposition 6 that X is non-hyperelliptic.

The pairs (N, W’) to which Proposition 6 applies are listed in Table 3.
ReEMARK 7. We have determined the hyperellipticity of X,(N)/W’ for

N=358, 76, 86, 106, 122, 124, 132, 134,
140, 150, 174, 182, 190, 222

in this section.
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TABLE 3. List of (N, W’) to which Prop. 6 can be applied
N=T]p’ w’ N’ N" N" h(—4N,) h(—4N,)
58=2-29 (W) 29 2 1 2 6
58=2-29 {Wsg> 29 58 1 1 6
76=22%-19 (Wiod 4 1 19 * 6
76=22%-19 (Wagd 4 1 76 * 3
86=2-43 Wse 2 1 86 1 3
102=2+3-17 (W, Wi 3 34 17 4 6
102=2-3-17 (Wyq, Wed 3 6 17 1 6
106=2-53 {Wioe) 2 1 106 1 6
114=2-3-19 Wy, W) 3 1 114 1 6
122=2-61 (WissD 2 1 122 1 6
124=22-3] (Wsyd 4 1 31 * 6
130=2-5-13 (W, WesD 13 130 2 2 6
132=22-3-11 (W3, Wi 4 1 44 * 3
132=22-3-11 Wiy, Wiad 4 1 11 * 6
134=2-67 (Whaa) 2 1 134 1 3
140=22-5-7 (Wq, Wied 4 1 140 * 6
140=22-5-7 (Wio, Wag) 4 1 35 * 12
150=2-3-52 (W, Wisd 6 1 75 2 6
150=2-3-52 (W35, WsoD 2 3 150 1 6
170=2-5-17 Wy, Wipd 5 17 34 4 12
170=2-5-17 {Wio» Was) 2 1 85 1 12
174=2-3-29 (W, WD 3 2 87 2 6
182=2-7-13 AW ia Waed 2 26 91 2 12
186=2-3-31 (We, Wes> 2 6 93 1 12
190=2-5-19 (W, Wosd> 5 2 95 2 3
190=2-5-19 {Wie» Wig) 5 38 95 4 3
198=2-32.11 (W, W 9 2 99 2 3
204=22%-3-17 (W5, Wegd 4 1 204 * 6
204=22-3-17 Wz WegD 4 1 51 * 12
210=2-3-5-7 (W, W, W3 35 6 1 8 6
222=2-3-37 (W, Waygd 2 6 111 1 12
230=2-5-23 (Ws, Wi 2 5 230 2 6
330=2-3-5-11 (Ws, Wiy, Wed 110 6 1 8 12
390=2-3-5-13 {We, Wi, Waed 30 1 26 4 12

(If the fixed points of Wy, consist of cusps, then we marked

5. Reduction modulo p.

Let p be a prime number and N a positive integer such that N=pM, p} M. The
reduction modulo p of Xy(pM) consists of two copies Z, Z' of Xy(M) in characteristic
p, intersecting transversally at the supersingular points ([3]; see Figure 1). For the
actions of Atkin—Lehner involutions on X,(N) modp, see e.g., [6, §5]. Let W’ be a
subgroup of W(N). If W' is generated by some of Wy with pf N’, then Xo(N)/W’ mod p
is again of the shape in Figure 1 with Z=Z"= X (M)/W'. If W’ contains some Wy. with

6 %
%*

p|N’, then Xy(N)/W’ mod p becomes as in Figure 2:

in the sixth column.)
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5 X XXX
VA z

FIGURE 1. X (pM) modp FIGURE 2

where the normalization of Z” is isomorphic to Xy(M)/W" with W consisting of all
Wy € W such that pf N'. Now assume that X=X,(N)/W’ is hyperelliptic. Assume
further for simplicity that the special fibre # @ F, of the minimal model Z of X at p
is as in Figure 1 or 2. (It is easy to generalize the following argument to the case in
which one needs to blow up the singularities to reach the minimal model; see also
Example 3.) ’

Case 1. Assume that Z ®F, is as in Figure 1 and that |Z ~ Z’|>3. Then the
hyperelliptic involution u of X acts on Z ® F, in such a way that it exchanges Z for
Z' and maps ae Z to ae Z' if « is a supersingular point (to see this, consider the graph
of  ®F,). Therefore v= W u fixes each component of Z ® F; it fixes each F ,-rational
supersingular point and exchanges properly F.-rational supersingular point « for its
conjugate 4.

Case 2. Assume that Z @ F,, is as in Figure 2. Then the hyperelliptic involution
u of X acts on the normalization of & ® F,, so there exists an element u of order 2 of
Autg (Xo(M)/ W) such that

(1) | ua=0o':=Wy.a

for all properly F ,.-rational supersingular points o on Z”, where Wy is a representative
of W'/W" (note that W//W" x~7Z/2Z).

All the supersingular points of X,(N) mod p can be calculated by using the covering
map X,(N)—P; over F,. In fact, Fricke [4] gave an explicit equation of the covering
map Xy(N)— P} over Q for all X,(N) with genus g <1 and for some hyperelliptic X,(N).
We list these coverings in Tables 4 and 5.

ExaMPLE 3. Let N=42=2-3-7. We must check the hyperellipticity of X,(42)/ W’
for W'=<{W,> and {W,) (see Example 1). Take p=7. Then X,(42) mod7 is as in
Figure 1 with Z=2Z"= X,(6). The modular curve X(6) is of genus zero, and its defining
equation is given by

p (x+3)3(x3+9x24+21x+3)*

S J=25 X(x+4)2x +9)

The only supersingular j-invariant in characteristic p=7 is j=123, and the
supersingular points on X,(6) are obtained by solving the equation (2):

?3) (x*+x+4)(x*+4x+5)(x*+6x+6)=0,

namely,
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TABLE 4. The j-invariant j=Fy(P) of Pe Xo(M) (Xo(M)=P?)

M=[]p" P=x, Fy(P)=Fy(x) W-actions
2 64(x +4)3/x? x|Wy=1/x
3 27(x + 1)9x +1)3/x x|Ws=1/x
4=22 64(x> +8x +4)3/(x*(2x + 1)) x|W,=1/(4x)
5 (x2+10x+5)3/x x|W5=125/x
o=23 Faof (). [U0=XCX +9P/27X+4) AW s s
7 (02 + 13x +49)(x 2 + Sx + 1)%/x x| W,=49/x
8§=23 256(x* 4+ 8x3 +20x 2 4 16x + 1)>/(x(x +4)(x + 2)?) x|Wg=8/x
9=37 27(9x* +36x3 +54x2 +28x + 1)3/(x(x? + 3x +3)) x|Wo=3/x
=2 W,=—
10273 Feof09, )= XX +5/(X +2) i Al
Taeats | W e et ik ad
el Foof(), fX)=} X(X +6) AW s
13 (24 5x+ 13)x* + Tx3 +20x 2 + 19x + 1)3/x x|W,y3=13/x
16=2* Fgof(x), f(X)=}%X(X+4) x|Wi6=8/x
—2.132 P
18=2-3 Foof(X), f(X)=1 X(X?*+6X +12) i%ﬁ:jg:gﬁiﬁ;
25=52 CFee f(x). f(X)=X(X*+5X3+15X2+25X +25) X|W,s=5/x

10, =3-3/—1, a,=

—24+/-1, ay=-3+2/—1

and their conjugates. Let (E, C) be a pair representing any one of «; or &; (i=1, 2, 3).
It is easy to check that | Aut(E, C)|=2, so Figure 1 itself is the special fibre at p=7 of

the minimal model of X,(42) (over Z).

(i) W =<{W,). Put X=X,42)/{W,)> and consider X modulo p=7, which is of
the shape in Figure 1 with Z=2Z"= Xy(6)/{W,). Since W,a;=a, and W,a;=q; (i=
2, 3), we see that the special fibre Z @ F, at p=7 of the minimal model Z of X is

as follows:

B,

B,

w, €

B, B

SE

FIGURE 3
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TABLE 5. The j-invariant j= Fy(P) of Pe Xo(M) (Xo(M)%P?)

M=T]Ip" P=(x,y), Fy(P)=Fpy(x,y) W-actions
14=2-7 Xo(14): p2=x%—14x3+19x2—14x +1, (x, MW =(1/x, —y/x?)
X7=((x+1(x?—=9x+1)— y(x — 1))/(2x) x, YW, =(1/x, y/x?)
15=3-5 Xo(15): y2=x*—10x3—13x2+10x+1, (x, V| Wa=(—1/x, y/x?)
xs=(x*—=9x%—9x—1—y(x* —4x—1))/(2x) (x, N|Ws=(—1/x, —y/x?)
24=23.3 Xo(24): y?=x3+11x2+36x+ 36, P|W,,=—P+(0, 6)
Xi2=X P\Wy=P+(-3,0)
30=2-3+5 | Xo(30): y2=x®+6x7+9x°+6x°—4x* (x, Y| Wa=((x+1)/(x—1),
—6x34+9x2—6x+1, —4y/(x—1)%
Xys=(x+2)%(x+1)/x?, (x5, MW =(—1/x, —y/x*)
yis=—(x?=2x—4)y/x* (x, W s=(—1/x, y/x*)
P, ) . 2__ .3 2
32=2 Xo(32): y2=x3+6x2+16x+16, PIWsy= — P20, 4
X16=X
35=5-7 Xo(35): y2=x8—dxT—6x®—4x5—9x* L .
+4x3—6x2+4x+1, (X,Y)|W5—( I/X,Y/X )
X7=(x%=5x%+5x3—5x—1—y(x*=3x—1))/2x) | (x, )|W7=(—1/x, —y/x*
36=22-3% | X,(36): y2=x3+6x2+12x+09, P|W3e=—P+(0, 3)
Xig=X P|Wy=P+(-3,0)

Here f; is the image of a; under the map Xy(6) = X,(6)/<{W,>. The curve X,(6)/<{W,>
is parametrized by

x2—18
x+4

b

X'=x+x|W,=

so we have

ﬁ;:”‘l‘i‘\/ -1, B,=3, ﬂ3=1-

Now assume that X is hyperelliptic, with hyperelliptic involution ». Then u acts on
Z ®F, and v= W,u must fix Z and Z’ with vB, =f,, vB;=p; (i=2, 3). But no elements
of PGL,(F) satisfy this property. Hence X is not hyperelliptic.

(1)) W'=<{W,). Put X=X,(42)/<{W,>. Then the special fibre Z @ F, at p=7 of
the minimal model Z of X is as in Figure 2, with Z"” = X(6). There are three conjugate
pairs of properly F,.-rational supersingular points, that is, the roots of the equation
(3). It can easily be checked that there does not exist an element of order 2 of PGL,(F,)
with the property (1), so we conclude that X is non-hyperelliptic.

Proceeding as in Example 3, we see that the curve Xy(N)/W’ is non-hyperelliptic
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for (N, W’) given in Tables 6 and 7.

REMARK 8. The meaning of symbols given in Table 4 would be clear. Let us
exaplain those given in Table 5. The second column gives the defining equations of
Xo(M) and the covering map Xy(M)— Xy(m):
if Xo(m)=P?!;
if m=15,

Xm € Xo(m)
(x15, ¥15) € Xo(15)

where x,,, y,, are generators of the function field Q(X(m)) of X(m) given in Tables 4 and 5.

Xo(M)G(x,y)H{

TABLE 6

N=T]p’ w p | M |Fig N=[]p® w’ p | M |Fig.
42=2-3-7 (WD 6] 1 99=32-1] Wi 11 92
42=2-3.7 (W5 6|2 102=2-3-17 (We, Wiy |17 6] 2
52=22%-13 Wi 4.2 114=2-3-19 (We, Wigd (19| 6] 2
57=3-19 Wied 3|2 115=5-23 (Ws> 23| 51
63=32:7 (W5 9|2 115=5-23 (W5 23| 512
65=5-13 (Ws> 13| 2 116=22-29 (Wiied 29| 4|2
65=5-13 (Wys> 512 123=3-41 Wy 41| 312
75=3:52 (W3 25] 2 129=3-43 (Wis0> 43| 3|2
77=7-11 (WoD 711 130=2-5+13 (Ws, Waed (1310 2
80=24-5 (Wied 16 | 1 133=7-19 (Wio> 19| 712
84=22-3-7 (Wesd 122 133=7-19 {Wiss) 19 7(2
84=22-3-7 (W, WD 12| 2 138=2-3-23 Wy Wasd 23] 6] 2
84=22.3-7 (Wi Wig) 12 2 141=3-47 Wy 47| 3| 2
85=5-17 (Wsd 501 156=22-3-13 (Wi, W) [ 13]12] 2
85=5-17 (Wi 5|2 156=22-3-13 (Wip Wsp> (13112 2
88=23-11 U 8|1 161=7-23 (Wierd 23| 7|2
88=23-11 (Wegd 8|2 170=2-5-17 Wy Wes> | 1710 2
90=2-.32-5 (W,, Wy 181 1 170=2-5-17 (Ws, Wy 17710 2
90=2-32-5 (W, Ws) 181 2 170=2-5-17 (Wiq Wiy | 17110 2
91=7-13 (Wisd 13| 712 186=2-3-31 (Wi, Wey> |31 6|2
93=3-31 (W3 31 3|1 230=2-5-23 (W, Wisd 23110 2
93=3-31 {Wid 311 312 276=22-3.23 Wiz Wid 23712 2
93=3-31 (Wy3d 31| 3(2

TABLE 7

N=[1p’ w’ p | M |Fig. N=[]p’ w’ p | M
96=2%-3 (W3 3132]1 165=3-5-11 (Ws, Wy,> | 11]15] 2
96=25+3 (Woe) 3(32(2 180=22%-32.5 (W, Wy 5136 2
105=3-5-7 {Wss> 31351 210=2:3-5-7 | (W,,Ws, W;> | 7[30] 2
120=22%-3-5 (W5, Ws) 50242 210=2:3-5-7 |(W,, Wy, Wisd| 7|30 2
154=2-7-11 Wiy, Wisd 114 2 330=2-3-5-11 KWs, Wy,, Wiodi 1130 2
154=2-7-11 <Wq, Wypd 114 2

(The last column of Tables 6 and 7 indicates the figure of X,(N)/W’ modp.)
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For M =24, 32 and 36, the actions of Atkin-Lehner involutions are given by
the group law on X,(M); explicit action will be written down by using the addition
formula. For example, let M =24. Then

{(x, WWaa=(123x+6+y)/x?, 6(x +4)(x*+18x +36+6y)/x3),
(x, VW3 =(—3(x+4/(x+3), 3y/(x+3)?).

The action of W, on X(32) described in Table S includes an ambiguity; but this
would not affect our arguments.

The data for M =30 are not given in [4]; these can be obtained by calculating the
relations among modular forms (i.e., in the same manner as in [4]).

REMARK 9. We have determined the hyperellipticity of X(N)/W’ for
N= 42, 52, 57, 63, 65, 77, 80, 84, 85, 88, 90, 91,
93, 96, 99,102, 105, 114, 115, 116, 120, 123, 129, 130,
133, 138, 141, 156, 161, 170, 186, 198, 204, 230, 276.

6. Methods using the trace formulas of Hecke operators.

In this section we use the trace formulas of Hecke oprators to conclude that none
of the remaining cases is hyperelliptic. We refer to [9] [16] for explicit trace formulas.
Except for very few cases, the method explained in Section 5 would apply to the
remaining cases. This method, however, would become complicated when N grows
(especially when divisible by three or more distinct primes); sometimes direct use of the
trace formulas would be helpful.

6.1. Rational points over finite fields. Let X be the quotient curve of Xy(N) by
a subgroup W’ of W(N). Then X is defined over Q, and there is a model of X/Q which
has good reduction outside N ([10]). Let p be a prime number with p{ N. Then X has
good reduction at p and the number of rational points of X=X modp over F,. can
be computed by using the trace formula of Hecke operators:

| X(F )| = 14+ p*—tr T(p*)|S,(N)*’
+{p-trT(p“-2)|Sz(N)W’ if a>2,
0 otherwise .

This is a direct deduction from the so-called Eichler-Shimura congruence relation. If X’
is hyperelliptic, then we must have

| X(F)I<2(1+9q),

since X is a double covering of P! over F,. It follows from this observation that X is
non-hyperelliptic for the following (N, W”), as indicated in the third column:
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N=[]p" w’ (9,1 X(F,)) N=I]p’ w (4,1 X(F,)))
75=3-52 (W @, 11) 165=3-5-11 (Ws, W3 (7, 18)
100=22-52 {Wioo) 0, 22) 195=3-5-13 (W, Wes) @, 14)
154=2-7-11 (W, W3 9, 22) 195=3-5-13 | (W5, Wi @,11)
154=2-7-11 (W Wipd (3, 10) 231=3:7-11 (W3, Wapd @,12)
154=2-7+11 | (W4 Wssd @3, 10) 238=2-7-17 | (W Wy10d ©, 24)
165=3-5-11 (W3, Wi 4,13) 238=2:7-17 | {(Wy4 W3sd ©, 28)
165=3-5-11 (W, Wss> @7

6.2. Gap sequences. Let X be an algebraic curve over C of genus g. The

Weierstrass gap sequence Gp at a point P of X is defined by
Gp={neZ | n>0 and (f),, #n(P) for all feC(X)},

where C(X) is the function field of X over C and (f)),, is the polar divisor of f. A point
P on X is called a Weierstrass point if Gp#{1, 2, - - -, g}. If X is hyperelliptic and P is
a Weierstrass point of X, then Gp={1, 3, 5, - - -, 2g — 1}. Now recall that the gap sequence
at P=ioo € X,(N)/W’ can easily be computed by the following formula

Gp={neZ|3feS,(N)" such that f=q"+---}.

(A basis of S,(N)"" is obtained by using trace formulas of Hecke operators.) Thus we
see that X,(N)/ W’ is non-hyperelliptic for the following (N, W), since the point P=ioo
is a Weierstrass point with gap sequence Gp#{1,3, ---,2g—1}.

N=[]p’ w Gp
180=22-32-5 (W, Wsed | {1,2,3,4,7)
210=2-3-5-7 | (Ws, Wy, W) (1,2, 5}
210=2-3-5-7 | Wy, Wio, Wio> | {1,2, 5}
210=2-3-5-7 | (Ws, W, Wy, {1, 2, 4}
330=2-3:5-11 | KW, We, Wio> | {1, 2,3,5}
390=2:3-5-13 | (Ws, We, Woe> | {1,2,3,4, 7}

7. Defining equations of hyperelliptic curves X (N)/W’ with g>3.

In this section, we present the defining equations of all the hyperelliptic curves
Xo(N)/W' (W' #{1}, W(N))with g > 3. One finds in [11] [15] an algorithm for computing
the equations of (hyperelliptic) modular curves (see also [8]).
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N=[]p" w’ f@) dise(f'(2))
46=2-23 W | (2—bz—d)P =224 1) 2P =22 —42+5) 217238
51=3-17 WS | G+ )P =522 4+32—3)z* =223 +322— 62+ 5) 216331710
55=5-11 {Ws> 2(z242z—1)z2=Tz+11)(z3—4z—4) —21652117
56=237 <Wg> (z—D)z—2z%+z+2)z*—4z3—8z+4) 23476
60=223-5 | (W5 | (22—z—1)z2—dz—1)z*—2z3+22242+1) 2283654

(WD (24 z4+1)z*+323 482243z + 1)z* +4z3+ 102> +4z + 1) — 2343357
(Weo> E—D)(z—=3)z2—5z+5)(z*~923+322z2—51z+31) 2203253
62=2-31 D) (Z3+2z2+1)(z3—322+4z—3)(z*—62z3+922—8z+8) —22431°
66=2-3-11| (W (e* =723+ 1122 —82+4)(2®—9z° + 3224 — 5723+ 562> —33z+ 11)| 22'3211°
(Weed | (22=32+3)28 =925 +322% — 5723+ 5622 —33z+11) 2163.113
69=3-23 Wy | @422 4224+ 1023 =322 4224+ 1)z — 623 + 722 + 62— 11) 220323311
70=2-5-7 | (Wyo> | (z4+5z3+1322+162+8) 2215376
X (z8+ 1125+ 5024+ 12723+ 18622 + 1472+ 49)
(WD (2 +z—1) 20 =254+ 723 — 1622 +15z2-5) 2165474
78=2-3-13 (W) (2*+72342022 4262+ 13)(z*+ 723+ 1622+ 182+ 9) 23335139
x(z84+102%+4324 49823+ 12922 + 962 + 32)
(Waed | (2443234224 324 D)(z*+ 323+ 522 4324+ 1) 2163513
KW Wiy | (=3)z2+z+1)N2?+2-3)(z>+27—4) 22335136
Wy WOl (@—1)N22=3z—1)z2—32+3)z— 522 +82—8) 21733134
87=3:29 (W3> | (2P=z2 4224 1)z =522 +62—3) — 024349912
x (28 —4z5 41224 —2223 43222 -282417)
92=2223 WD | (P=22422—1)22—4z2 +42—8) 254237
x(28—5z°+14z%—2523 +2822—20z+8)
) (z—1)(z3—-4z24+7z-5) 224234
x (28 —1125454z% — 15123425222 —238z+101)
94=2-47 W | (4 —623 4922 —8)z5—24—323 4322 4424 1) 2304711
x(z°—=5244923—-522—4z+5)
<Wos> (z3—102* 43923 — 7222 4+ 582 — 11)(z° ~62z* + 1123 —4z2—2z+1) 220474
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N=[]p" w’ f@) disc(f(2))
95=5-19 (Ws> (z—2)z3 =222 +4)z* =323 =322+ z—1)z* =323+ 22+ 5z—-5) | —2%2%5°19°
(Wied (z* =323 —-3z24z—1)z*=323422452-5) 21656194
105=3:5:7 (W3, Wsd| (z—2z +z+1)z>—32z—3)z>—2z%2-4) 216325976
(W3, WD | 2(z?4+z—1)z2+2z—5Nz>+42%+4z—-4) —2163. 51072
(Wa, Wil =2z +z+1)(22 =3z +1)z3—222—4) 2163.5273
110=2-511 | {(W,, Wsd | (22—z—1)z2—z+3Nz>—42z>+52—10)(z>—2z2+4z—4) —22154171°
Wy, WDl —=1)z2+z—1)z2+z+3)z3—2z*—8) 2195%116
(We, Wyd| =222 —z— )22 =24 3N2® — 222 + 42— 4) 21653114
119=7-17 (WD (z*—223 4322422+ 1)z5—32%+523—2z2=2z+1) 228761711
x(z3—=7z%+2123-37224342—-19)
(Wi (z3—=22%4323—622—TNz5+2z%+ 323+ 622+4z+ 1) 22076176
N=[]p" w’ f) disc(f(z))
63=327 Wy (z*+z3 432242+ 1Nz*+523 4+ 1522+ 52+ 1) 21631276
72=2332 {(Wy> 28 —82%430z*—8z2+1 24036
104=2313 Wiosd | 2z—2)z®—4z5+32%+823— 1522+ 10z—4) 222133
120=233-5 (Ws, Woud | (22—z—1)0z2—3z+3Nz2—3z+1)z2—5z+5) —2243.53
126=2-327 {Wq, W5> (22430224 z+ 1)z*+ 523+ 822+ 7z+7) 2283474
(Wo, Wiad | (2*—5234922—5z+1)z*—2z3—32z2—z+1) —2163673
168=233-7 | (Wya Wsed| (G24+z41) %4323+ 722 + 824 4)z* +423+ 1122+ 14z +7) | —22°337%
N=[]p’ w f@@) disc(f(2))
85=5-17 {Wygs» 28 —6274+132°—162z5 42624 —4223 43222 —8z+1 21652173
114=2:3:19 | (W,, Wio> | (22 +z+1)z°—254+62%+723+622—z+1) 21637193
130=2-5-13 | {(W,, Wy3> | z8+627 4252847225 +1462*%+ 20223 + 18422 + 1002 + 25 21655133
165=3-5-11 |[(W,,, W,sd| (24=3234322 =324 1)z* =323+ 722 —3z+1) _ 2163253113
195=3-5-13 | (W, Wio) | 28—627+1725— 2825 +222*+223— 122245 21653133
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