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1. Introduction.

Let $M$ be a complex manifold of dimension $n(n\geq 2)$ and $\mathscr{F}$ a holomorphic foliation
on $M$ of codimension $q(q\geq 1)$ . We denote the normal bundle of $\mathscr{F}$ by $v(\mathscr{F})$ , and its
dual by $v(\mathscr{F})^{*}$ . Then we can define the obstruction $P_{\mathcal{F}}\in H^{1}(M, v(\mathscr{F})^{*}\otimes End(v(\mathscr{F})))$ to
the existence of holomorphic projective connection $\pi=\{p_{\alpha}\}$ of $v(\mathscr{F})$ . As is well-known,
there always exists a $C^{\infty}$ affine connection $a=\{a_{\alpha}\}$ of $v(\mathscr{F})$ , by which we can define the
Chem forms $\{c_{k}(a)\}_{k=1}^{q}$ of $v(\mathscr{F})$ . Similarly there always exists a $C^{\infty}$ (normal reduced)
projective connection $\pi=\{p_{\alpha}\}$ of $v(\mathscr{F})$ , and this defines a kind of $C^{\infty}$ characteristic
forms $\{P_{k}(\pi)\}_{k=1}^{q}$ of $v(\mathscr{F})$ , which we call projective Weyl forms.

In this paper, we shall show that, for any $C^{\infty}$ normal reduced projective connection
$\pi=\{p_{\alpha}\}$ of $v(\mathscr{F})$ , the projective Weyl forms are d-closed, and that there exists a $C^{\infty}$

affine connection $a=\{a_{\alpha}\}$ of $v(\mathscr{F})$ which satisfies the following formulae;

$\sum_{k=0}^{q}c_{k}(a)t^{k}=\frac{(1+\alpha t)^{q+1}}{1+(\alpha-\beta)t}\sum_{k=0}^{q}P_{k}(\pi)(\frac{t}{1+\alpha t})^{k}$ ,

$\sum_{k=0}^{q}P_{k}(\pi)t^{k}=(1-\alpha t)^{q}(1-\beta t)\sum_{k=0}^{q}c_{k}(a)(\frac{t}{1-\alpha t})^{k}$ ,

where $c_{k}(a)$ is the k-th Chem form defined by the affine connection $a$ , and both $\alpha$ and
$\beta$ are d-closed 2-forms which represent the de Rham cohomology class $[\frac{1}{q+1}c_{1}(a)]$

(Theorem).
As a corollary to this theorem, in the cohomology class level, we get the formulae;

$\sum_{k=0}^{q}[c_{k}(a)]t^{k}=(1+[\alpha]t)^{q+1}\sum_{k=0}^{q}[P_{k}(\pi)](\frac{t}{1+[\alpha]t})^{k}$

$\sum_{k=0}^{q}[P_{k}(\pi)]t^{k}=(1-[\alpha]t)^{q+1}\sum_{k=0}^{q}[c_{k}(a)](\frac{t}{1-[\alpha]t})^{k}$
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These are generalizations of the results in [K1] to the case of holomorphic foliation
on complex manifolds.

2. Projective connections of a holomorphic foliation.

Let $M$ be a complex manifold of dimension $n(n\geq 2)$ . Let $\Gamma$ be the pseudogrou]
which is defined by the local biholomorphic maps of $C^{q}$ and $\Gamma_{o}$ the pseudogroup define $($

by the local biholomorphic maps of $C^{q}$ which fix the origin $0\in C^{q}$ . We denote by $j_{x}^{r}(f$

the r-jet at $x$ of a mapping $f$ defined near the point $x$ . In the following, we conside
only 1 or 2-jets, i.e., $r\leq 2$ . Put

$P^{r}(q)=\{j_{x}^{r}(f):f\in\Gamma, x\in C^{q}\}$ , $G^{r}(q)=\{j_{0}^{r}(f);f\in\Gamma_{o}\}$ .

Then $G^{r}(q)$ is a complex Lie group with multiplication defined by the composition ofjets

$j_{0}^{r}(f)\cdot j_{0}^{r}(g)=j_{0}^{r}(f\circ g)$ .

DEFINITION 2.1. By a holomorphic foliation $\mathscr{F}$ of codimension $q(q\geq 1)$ on $M,$ $w$

shall mean a maximal system of 3-tuples $\{(U_{\alpha}, x_{\alpha}, \varphi_{\alpha\beta})\}$ such that
1. $\{U_{\alpha}\}$ is an open covering of $M$,

2. $x_{\alpha}$ : $U_{\alpha}\rightarrow C^{q}$ is of maximal rank everywhere,
3. there is an element $\varphi_{\alpha\beta}\in\Gamma$ such that $x_{\alpha}=\varphi_{\alpha\beta}(x_{\beta})$ on $U_{\alpha}\cap U_{\beta}$ .

In what follows, $x_{\alpha}$ is called a local projection. The set

$P^{r}(\mathscr{F})=$ { $j_{x}^{r}(f_{\alpha}):f_{\alpha}$ is a local projection with $f_{\alpha}(x)=0,$ $x\in U_{\alpha}$ }
forms a principal fibre bundle over $M$ with the structure group $G^{r}(q)$, where $\pi:P^{r}(\mathscr{F})-$

$M,$ $\pi(j_{x}^{r}(f_{\alpha}))=x$, is the projection.
We shall describe our foliation in terms of local coordinates. Take an open coverin

$\mathcal{U}=\{U_{\alpha}\}$ of $M$ such that on each $U_{\alpha}$ , there is a system of local coordinates $z_{\alpha}$ such $a$ }

$z_{\alpha}=(x_{\alpha}, y_{\alpha})=(x_{\alpha}^{1}, \cdots, x_{\alpha}^{q}, y_{\alpha}^{q+1}, \cdots, y_{\alpha}^{n})$

so that, for any leaf $L$ , an arcwise connected component of $U_{\alpha}\cap L$ is given $b$

$x_{\alpha}^{1}=c_{1},$
$\cdots,$ $x_{\alpha}^{q}=c_{q}$ for some constants $c_{1},$ $\cdots,$ $c_{q}\in C$ . Let $\varphi_{\alpha\beta}=(\varphi_{\alpha\beta}^{j}, \varphi_{\alpha\beta}^{\lambda}),$ $1\leq j\leq g$

$q+1\leq\lambda\leq n$ , be a system of coordinate transformations on $U_{\alpha}\cap U_{\beta}$ . More explicit13
we write

$x_{\alpha}^{j}=\varphi_{\alpha\beta}^{j}(x_{\beta}^{1}, \cdots, x_{\rho^{q}})$ ,

$y_{\alpha}^{\lambda}=\varphi_{\alpha\beta}^{\lambda}(x_{\beta}^{1}, \cdots, x_{\rho^{q}’ \mathcal{Y}_{\beta}^{q+1}}, \cdots, y_{\rho^{n}})$ .

The transition function $T_{\alpha\beta}$ of the tangent bundle of $M$ is given by
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(1) $T_{\alpha\beta_{k}}^{j}=\left\{\begin{array}{l}\frac{\partial\varphi_{\alpha\beta}^{j}}{\partial x_{\beta}^{k}}\\\frac{\partial\varphi_{\alpha\beta}^{j}}{\partial y_{\beta}^{k}}\end{array}\right.$ $(1\leq k\leq q)(q+1\leq k\leq n)$

.

We put

$v_{\alpha\beta_{k}^{j}}=\frac{\partial x_{\alpha}^{j}}{\partial x_{\beta}^{k}}$ , $\tau_{\alpha\beta_{\mu}}^{\lambda}=\frac{\partial y_{\alpha}^{\lambda}}{\partial y_{\beta}^{\mu}}$ , $\tau_{\alpha\beta_{k}}^{1^{\lambda}}=\frac{\partial y_{\alpha}^{\lambda}}{\partial x_{\beta}^{k}}$

$(_{q}:_{1\leq\lambda,\mu\leq n}\leq j,k\leq q)$ .

Then

$T_{\alpha\beta}=\left(\begin{array}{ll}v_{\alpha\beta} & 0\\\tau_{\alpha\beta}^{1} & \tau_{\alpha\beta}\end{array}\right)$ .

The foliation $\mathscr{F}$ gives the exact sequence
$0\rightarrow\Theta_{\mathcal{F}}\rightarrow\Theta_{M}\rightarrow v(\mathscr{F})\rightarrow 0$

and its dual
$0\rightarrow v(\mathscr{F})^{*}\rightarrow\Omega_{M}^{1}\rightarrow\Omega_{\ovalbox{\tt\small REJECT}}^{1}\rightarrow 0$ ,

where we denote by $\Theta_{\mathcal{F}}$ the sheaf of germs of holomorphic vector fields tangential to
the leaves of $\mathscr{F},$ $\Omega_{\mathcal{F}}^{1}$ the dual of $\Theta_{\mathcal{F}},$ $v(\mathscr{F})$ the sheaf of germs of holomorphic normal
vectors to the leaves, and $v(\mathscr{F})^{*}$ the dual of $v(\mathscr{F})$ . By the definition of $T_{\alpha\beta}$ , it is clear that

(2) $T_{\alpha\beta}T_{\beta\gamma}=T_{\alpha\gamma}$ .

The principal bundle $P^{1}(\mathscr{F})$ is a $G^{1}(q)$-bundle associated with $v(\mathscr{F})$ . We define also

$v_{\alpha\beta_{jk}}^{i}=\frac{\partial^{2}x_{\alpha}^{i}}{\partial x_{\beta}^{j}\partial x_{\beta}^{k}}$ .

An $elementj_{x}^{2}(f)\in G^{2}(q)$ is described by the pair
$j_{x}^{2}(f)=((f_{j}^{i}), (f_{jk}^{i}))$ .

Here $(f_{j}^{i})$ is a $q\times q$ non-singular matrix, and $f_{jk}^{i}=f_{kj}^{i}$ . The multiplication in $G^{2}(q)$ is
given explicitly by

$j_{x}^{2}(f)\cdot j_{x}^{2}(g)=((f_{j}^{i}g_{k}^{j}), (f_{kl}^{i}g_{1}^{k}g_{s}^{l}+f_{k}^{j}g_{rs}^{k}))$ .
The transition function $v_{\alpha\beta}$ of the normal bundle $v(\mathscr{F})$ defines an element

$j_{x_{\beta}}^{2}(v_{\alpha\beta})=((v_{\alpha\beta_{j}}^{i}), (v_{\alpha\beta_{jk}}^{i}))$

for every $x\in U_{\alpha}\cap U_{\beta}$ with respect to the system of local coordinates $x_{\beta}$ . The principal
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bundle $P^{2}(\mathscr{F})$ is the union

$\bigcup_{\alpha}(U_{\alpha}\times G^{2}(q))$ ,

where

$(x_{\alpha}, \xi_{\alpha})=(x_{\alpha}, (\xi_{\alpha_{j}}^{i}, \xi_{\alpha_{jk}}^{i}))\in U_{a}\times G^{2}(q)$

and

$(x_{\beta}, \xi_{\beta})=(x_{\beta}, (\xi_{\rho_{j}}^{i}, \xi_{\rho_{jk}}^{i}))\in U_{\beta}\times G^{2}(q)$

are identified if and only if

$x_{\alpha}=x_{\beta}$ , $\xi_{\alpha}=j_{x\rho}^{2}(v_{\alpha\beta})\cdot\xi_{\beta}$ .
The second equality is written more explicitly as

$\xi_{\alpha_{j^{=v_{\alpha\rho_{k}}\xi_{\rho_{j}}}}}^{iik}$ , $\xi_{\alpha_{jk}}^{iirs}=v_{\alpha\beta_{rs}}\xi_{\rho_{j}}\xi_{\beta_{j}}+v_{\alpha\rho_{r}^{i}}\xi_{\beta_{jk}}^{r}$ .

Motivated by Kobayashi-Nagano [KN, sections 5, 6], we define the subgroup $H^{2}(g$

of $G^{2}(q)$ by

$H^{2}(q)=$ { $((f_{j}^{i}),$ $(f_{jk}^{i}))\in G^{2}(q):f_{jk}^{i}=f_{j}^{i}\sigma_{k}+f_{k}^{l}\sigma_{j}$ for some $\sigma_{j}$ }.

For each transition function $v_{\alpha\beta}$ of the normal bundle $\mathscr{F}$ , we define the following $sectio$

$p_{\alpha\beta}\in\Gamma(U_{\alpha}\cap U_{\beta}, v(\mathscr{F})^{*}\otimes End(v(\mathscr{F})))$ by

(3) $p_{\alpha\beta}=a_{\alpha\beta}-dx_{\rho^{i}}\otimes\sigma_{\alpha\beta}\otimes\frac{\partial}{\partial x_{\beta}^{l}}-\sigma_{\alpha\beta}\otimes dx_{\beta}^{i}\otimes\frac{\partial}{\partial x_{\beta}^{l}}$ ,

where

$a_{\alpha\beta}=v_{\alpha\beta_{m}}^{-1^{i}}v_{\alpha\rho_{jl}^{m}}dx_{\beta}^{j}\otimes dx_{\beta}^{l}\otimes\frac{\partial}{\partial x_{\beta}^{l}}$ ,

(4)

$\sigma_{\alpha\beta}=\frac{1}{q+1}d$ log det $v_{\alpha\beta}$ .

Here $\partial/\partial x_{\alpha}^{i}\in\Theta_{M}$ and its image by the natural projection $\Theta_{M}\rightarrow v(\mathscr{F})$ are indicated $b$

the same symbol, and $i,$ $j,$ $k$ run over all $1\leq i,j,$ $k\leq q$ . By an easy calculation, we $ha($

PROPOSITION 2.1. The set $\{a_{\alpha\beta}\}$ and $\{\sigma_{\alpha\beta}\}$ define cohomology classes such as
1. $\{a_{\alpha\beta}\}\in H^{1}(M, v(\mathscr{F})^{*}\otimes End(v(\mathscr{F})))$ ,

2. $\{\sigma_{\alpha\beta}\}\in H^{1}(M, v(\swarrow 0^{*})$ .

The cohomology class defined by the set $\{a_{\alpha\beta}\}$ , which we denote by $a_{\mathcal{F}}$ , is well-define
by the foliation $\mathscr{F}$ . The following is well-known.

PROPOSITION 2.2. The structure group of the principal bundle $P^{2}(\mathscr{F})$ reduces $t$
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$G^{1}(q)$ if and only if $a_{F}=0$ .

If $a_{\mathcal{F}}=0$ , then there is a O-cochain $a=\{a_{\alpha}\}\in C^{0}(\mathcal{U}, v(\mathscr{F})^{*}\otimes End(v(\mathscr{F})))$ such that
$\delta\{a_{\alpha}\}=\{a_{\alpha\beta}\}$ , which is called a holomorphic affine connection of $v(\mathscr{F})$ . The cohomology
class $a_{\mathcal{F}}=\{a_{\alpha\beta}\}\in H^{1}(M, v(\mathscr{F})^{*}\otimes End(v(\mathscr{F})))$ is the obstruction to the existence of
holomorphic affine connection of $v(\mathscr{F})$ . If $(\varphi_{\alpha\beta}^{j})_{1\leq j\leq q}$ is an affine transformation,
then the obstruction $a_{\mathcal{F}}=\{a_{\alpha\beta}\}$ vanishes.

Similarly, by Proposition 2.1, we see that the set $\{p_{\alpha\beta}\}$ also defines an element of
$H^{1}(M, v(\mathscr{F})^{*}\otimes End(v(\mathscr{F})))$ . This cohomology class, which we denote by $P_{g}$ , is well-
defined by the foliation $\mathscr{F}$ . We can show the following.

PROPOSITION 2.3. The structure group of the principal bundle $P^{2}(\mathscr{F})$ reduces to
$H^{2}(q)lf$ and only $\iota fP_{\mathcal{F}}=0$ .

PROOF. Suppose that the structure group of $P^{2}(\mathscr{F})$ reduces to $H^{2}(q)$ . We can
assume that there are some functions $\{\sigma_{\alpha\beta_{j}}\}$ defined on $U_{\alpha}\cap U_{\beta}$ such that

$v_{\alpha\beta_{jk}}^{i}=v_{\alpha\rho_{j}^{i}}\sigma_{\alpha\rho_{k}}+v_{\alpha\beta_{k}}^{i}\sigma_{\alpha\beta_{j}}$ .

This equation determines $\sigma_{\alpha\beta_{j}}$, and we have the holomorphic functions

$\sigma_{\alpha\beta_{j}}=\frac{1}{q+1}(v_{a\beta}^{-1})_{i}^{l}v_{\alpha\beta_{lk}}^{i}$ .

Then

$p_{\alpha\beta}=v_{\alpha\beta_{m}}^{-1^{im}}(v_{\alpha\beta_{j}}\sigma_{\alpha\beta_{l}}+v_{\alpha\beta_{l}}^{m}\sigma_{\alpha\beta_{j}})dx_{\beta^{j}}\otimes dx_{\beta}^{l}\otimes\frac{\partial}{\partial x_{\beta}^{i}}-dx_{\beta}^{i}\otimes\sigma_{\alpha\beta}\otimes\frac{\partial}{\partial x_{\beta}^{i}}-\sigma_{\alpha\beta}\otimes dx_{\beta}^{i}\otimes\frac{\partial}{\partial x_{\beta}^{i}}$

$=dx_{\beta}^{i}\otimes\sigma_{\alpha\beta}\otimes\frac{\partial}{\partial x_{\beta}^{i}}+\sigma_{\alpha\beta}\otimes dx_{\beta}^{i}\otimes\frac{\partial}{\partial x_{\beta}^{i}}-dx_{\beta}^{i}\otimes\sigma_{\alpha\beta}\otimes\frac{\partial}{\partial x_{\beta^{i}}}-\sigma_{\alpha\beta}\otimes dx_{\beta}^{i}\otimes\frac{\partial}{\partial x_{\rho^{i}}}=0$ .

Conversely, suppose that $P_{\ovalbox{\tt\small REJECT}}=0$ . Then there exists a O-cochain $\pi=\{p_{\alpha}\}$ ,

$p_{\alpha}=p_{\alpha_{jk}}^{i}dx_{\alpha}^{j}\otimes dx_{\alpha}^{k}\otimes\frac{\partial}{\partial x_{\alpha}^{i}}$

in $C^{0}(\mathcal{U}, v(\mathscr{F})^{*}\otimes End(v(\mathscr{F})))$ , such that

(5) $p_{\alpha\beta}=p_{\beta}-p_{\alpha}$ .

Then, by (3),

$v_{\alpha\beta_{jk}}^{i}=-p_{\alpha_{rs}^{\mathcal{V}_{\alpha\beta_{j}}\mathcal{V}_{\alpha\beta_{k}}+v_{\alpha\beta_{r}}p_{\beta_{jk}}+v_{\alpha\beta_{j}}\sigma_{\alpha\beta_{k}}+\sigma_{\alpha\beta_{j}}v_{\alpha\rho_{k}^{i}}}}^{irsiri}$ .

Hence
$((\delta_{j}^{i}), (-p_{\alpha_{jk}}^{i}))^{-1}\cdot((v_{\alpha\beta_{j}}^{i}), (v_{\alpha\rho_{jk}^{i}}))\cdot((\delta_{j}^{i}), (-p_{\beta_{jk}}^{i}))$

$=((v_{\alpha\beta_{j}}^{i}), (v_{\alpha\beta_{m}}^{imilm}p_{\rho_{jk}}+p_{\alpha_{lm}}v_{\alpha\beta_{j}}v_{\alpha\beta_{k}}))=((v_{\alpha\beta_{j}}^{i}), (v_{\alpha\beta_{j}}^{i}\sigma_{\alpha\beta_{k}}+v_{\alpha\beta_{k}}^{i}\sigma_{\alpha\beta_{j}}))$ .
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This shows that the structure group of $P^{2}(\mathscr{F})$ reduces to $H^{2}(q)$ . $[$

DEFINITION 2.2. The O-cochain $\pi=\{p_{\alpha}\}\in C^{0}(\mathcal{U}, v(\mathscr{F})^{*}\otimes End(v(\mathscr{F})))$ satisfying $(5^{\backslash }’$

is called a holomorphic projective connection of $v(\mathscr{F})$ . The cohomology class $P_{F}$ is callec
the obstruction to the existence of the holomorphic projective connection of $v(\mathscr{F})$ .

We remark here that, if $(\varphi_{\alpha\beta^{j}})_{1\leq j\leq q}$ is a projective linear transformation, then $P_{g}$

vanishes. We can also consider $C^{\infty}$ sections ofthe vector bundle $v(\mathscr{F})^{*}\otimes End(v(\mathscr{F}))$ . Let

$\xi_{\alpha}=\xi_{\alpha_{jk}}^{i}dx_{\alpha}^{j}\otimes dx_{\alpha}^{k}\otimes\frac{\partial}{\partial x_{\alpha}^{l}}$

be a $C^{\infty}$ section of $v(\mathscr{F})^{*}\otimes End(v(\mathscr{F}))$ defined on a local coordinate neighborhooc
$(U_{\alpha}, x_{\alpha})$ . In what follows, we write such section as a $q\times q$-matrix $\xi_{\alpha}=(\xi_{\alpha_{k}}^{i})$ , where the
$(i, k)$-component is the $C^{\infty}(1,0)$-form defined by $\xi_{\alpha_{k}}^{i}=\xi_{\alpha_{jk}}^{i}dx_{\alpha}^{j}$ . Using such matriI
notation, the l-cocycle $p_{\alpha\beta}$ of (3) is written as
(6) $p_{\alpha\beta}=a_{\alpha\beta}-\rho_{\alpha\beta}-\sigma_{\alpha\beta}I$ ,

where $I$ is the $q\times q$ identity matrix, and

$a_{\alpha\beta}=v_{\alpha\beta}^{-1}dv_{\alpha\beta}$ ,

$\sigma_{\alpha\beta}=\frac{1}{q+1}d$ log det $v_{\alpha\beta}=\sum_{k=1}^{q}\sigma_{\alpha\beta_{k}}dx_{\beta}^{k}$ ,

(7)
$p_{\alpha\beta}=(\rho_{\alpha\beta_{k}}^{j})$ $(1\leq j, k\leq q)$ ,

$\rho_{\alpha\beta_{k}}^{j}=\sigma_{\alpha\beta_{k}}dx_{\beta^{j}}$

By the matrix notation, holomorphic projective connection $\{p_{\alpha}\}$ of (5) is written as $\iota^{\prime}$

set of $q\times q$-matrix valued holomorphic l-forms satisfying the equation

(8) $p_{\alpha\beta}=p_{\beta}-v_{\alpha\beta}^{-1}p_{\alpha}v_{\alpha\beta}$ .
In the following, we also consider $C^{\infty}$ projective connection. That is, a set { $p_{\alpha}$ ]

of $q\times q$-matrix valued $C^{\infty}(1,0)$-forms satisfying the same equation as (8).

DEFINITION 2.3. A $C^{\infty}$ projective connection $\{p_{\alpha}\}$ is said to be normal if $p_{\alpha_{jk}}^{i}=p_{\alpha_{kj}}^{i}$

and is said to be reduced if $p_{\alpha_{ik}}^{i}=0$ .

PROPOSITION 2.4. For any holomorphicfoliation $\mathscr{F}$ , there always exists a $C^{\infty}$ norma
reduced projective connection of $v(\mathscr{F})$ .

PROOF. It is evident that there exists a $C^{\infty}$ projective connection $\pi=\{p_{\alpha}\}$ . Giver
a $C^{\infty}$ projective connection $\pi=\{p_{\alpha}\}$ , we can modify it to a normal and reduced one $a^{(}$

follows. We put

$p_{\alpha\beta}=(p_{\alpha\beta_{jk}}^{i}dx_{\beta^{j}})$ , $a_{\alpha\beta}=(a_{\alpha\beta_{jk}}^{i}dx_{\beta^{j}})$ , $p_{\alpha\beta}=(\rho_{\alpha\beta_{jk}}^{i}dx_{\rho^{j}})$ , $\sigma_{\alpha\beta}=(\delta_{j}^{i}\sigma_{\alpha\beta_{k}}dx_{\beta}^{j})$ .



CHARACTERISTIC FORMS OF HOLOMORPHIC FOLIATIONS 49

By (6), we have

$p_{\alpha\beta_{jk}}^{i}=v_{\alpha\beta l}^{-1^{i}}\frac{\partial^{2}x_{\alpha}^{l}}{\partial x_{\beta^{j}}x_{\beta}^{k}}\delta_{j}^{i}\sigma_{\alpha\beta_{k}}-\delta_{k}^{i}\sigma_{\alpha\beta_{j}}$ ,

where $l$ is summed over $1\leq l\leq q$ . Hence

(9) $p_{\alpha\rho_{jk}^{i}}=p_{\alpha\rho_{kj}^{i}}$ .

Now we write $p_{\alpha}$ as
$p_{\alpha}=(p_{\alpha_{jk}}^{i}dx_{\alpha}^{j})$ .

On the other hand, we define $q_{\alpha}$ by

$q_{\alpha}=(p_{\alpha_{k_{J}}}^{i}dx_{\alpha}^{j})$ .

The equation (8) is written as
$p_{\alpha\rho_{jk}^{i}}dx_{\beta}^{j}=p_{\beta_{jk}}^{i}dx_{\beta}^{j}-v_{\alpha\beta lp_{\alpha_{rs}}dx_{\alpha}v_{\alpha\beta_{k}}}^{-1^{ilrs}}$ .

Hence we have

$p_{\alpha\beta_{jk}}^{i}=p_{\beta_{jk^{-v_{\alpha\beta_{l}}p_{\alpha_{rs}}v_{\alpha\beta_{jk}}}}}^{i-1^{ilr_{\mathcal{V}_{\alpha\beta}}s}}$ .

Therefore by (9), we have

(10) $p_{\alpha\beta_{jk}}^{i}=p_{\beta_{kj^{-v_{\alpha\beta_{l}}p_{\alpha_{rs}}v_{\alpha\beta_{k}}v_{\alpha\beta_{j}}}}}^{i-1^{ilrs}}$ .

Multiplying (10) by $dx_{\beta}^{j}$, we have

$p_{\alpha\beta_{jk}}^{i}dx_{\beta}^{j}=q_{\rho_{k}^{i}}-v_{\alpha\beta lq_{\alpha_{r}}v_{\alpha\beta_{k}}}^{-1^{ilr}}$ .
Hence, we get

(11) $p_{\alpha\beta}=q_{\beta}-v_{\alpha\beta}^{-1}q_{\alpha}v_{\alpha\beta}$ .
Thus, by (8) and (11), if we replace $p_{\alpha}$ by $\frac{1}{2}(p_{\alpha}+q_{\alpha})$, then $p_{\alpha}$ satisfies $p_{\alpha_{jk}}^{i}=p_{\alpha_{kj}}^{i}$ . That
is, the projective connection $\{p_{\alpha}\}$ can be always replaced with a normal one. In what
follows, we assume that $\{p_{\alpha}\}$ is normal. By taking the traces of the equations (6) and
(8), we have

$\left\{\begin{array}{l}p_{\alpha\beta}=tra_{\alpha\beta}-trp_{\alpha\beta}-tr(\sigma_{\alpha\beta}I)\\=(q+1)\sigma_{\alpha\beta}-\sigma_{\alpha\beta}-q\sigma_{\alpha\beta}=0\\p_{\alpha\beta}=trp_{\beta}-trp_{\alpha}\end{array}\right.$

Hence we have

(12) tr $p_{\alpha}=trp_{\beta}$ .

Put $t_{\alpha}=(trp_{\alpha})I$. Then

$t_{\alpha_{j}}^{i}=\delta_{j}^{i}$ tr $p_{a}=\delta_{j}^{i}p_{\alpha_{km}}^{m}dx_{\alpha}^{k}$



50 YOSHIKATSU KAMOZAWA AND MASAHIDE KATO

Define

$\left\{\begin{array}{l}t_{\alpha}^{\prime}=(t_{\alpha_{j}}^{i}\prime)\\t_{\alpha_{j}}^{i}\prime=\delta_{k}^{i}p_{\alpha_{jm}}^{m}dx_{\alpha}^{k}\end{array}\right.$
$\left\{\begin{array}{l}t_{\alpha}^{\prime\prime}=t_{\alpha}+t_{\alpha}^{\prime}\\t^{\prime\prime}(p_{\alpha})=t_{\alpha}^{\prime\prime}\end{array}\right.$

Then by (12), $t^{\prime\prime}(p_{\alpha})$ satisfies
$t^{\prime\prime}(p_{\alpha})=v_{\beta\alpha}^{-1}t^{\prime\prime}(p_{\beta})v_{\beta\alpha}$ .

Note that $t^{\prime\prime}(p_{\alpha})$ is normal. Since $tr(t^{\prime\prime}(p_{\alpha}))=(q+1)trp_{\alpha}$ , replacing $\{p_{\alpha}\}$ with
$\{p_{\alpha}-\frac{1}{q+1}t^{\prime\prime}(p_{\alpha})\}$ , we obtain a normal reduced projective connection of $v(\mathscr{F})$ . Note $tha$ )

if $\{p_{\alpha}\}$ is holomorphic, then $\{p_{\alpha}-\frac{1}{q+1}t^{\prime\prime}(p_{\alpha})\}$ is also holomorphic. $[$

REMARK 1. It was pointed out by Femanda Pambianco that the method describec
in [K1] and [K2] of replacing a given projective connection with a normal and reducec
one contained a mistake. We can correct the mistake by the same argument as above

REMARK 2. If the projective connection $\pi=\{p_{\alpha}\}$ is reduced, then in the case 01
$q=1,$ $\pi=\{p_{\alpha}\}$ vanishes. Therefore, from now on, we shall consider the cases of $q\geq 2$ .

3. Weyl forms of a holomorphic foliation.

Let $\mathscr{F}$ be a holomorphic foliation of codimension $q(q\geq 2)$ on $M$. From now on
to define Weyl forms, we calculate the Weyl curvature tensor of the normal bundle
$v(\mathscr{F})$ of the holomorphic foliation $\mathscr{F}$ on $M$. Let $\pi=\{p_{\alpha}\}$ be a $C^{\infty}$ normal reducec
projective connection of $v(\mathscr{F})$ . From (6) and (8), we have

$p_{\beta}=a_{\alpha\beta}-\rho_{\alpha\beta}-\sigma_{\alpha\beta}I+v_{\alpha\beta}^{-1}p_{\alpha}v_{\alpha\beta}$

$=v_{\alpha\beta}^{-1}dv_{\alpha\beta}-\rho_{\alpha\beta}-\sigma_{\alpha\beta}I+v_{\alpha\beta}^{-1}p_{\alpha}v_{\alpha\beta}$ .

LEMMA 3.1.

(i) $d\sigma_{\alpha\beta}$ $=0$ ,
(ii) $p_{\alpha}\wedge v_{\alpha\beta}\rho_{\alpha\beta}=0$ ,
(iii) $dv_{\alpha\beta}\wedge\rho_{\alpha\beta}=0$ ,
(iv) $\rho_{\alpha\beta}\wedge\rho_{\alpha\beta}=p_{\alpha\beta}\wedge\sigma_{\alpha\beta}I$ ,

(v) $\sigma_{\alpha\beta}I\wedge\sigma_{\alpha\beta}I=\rho_{\alpha\beta}\wedge\sigma_{\alpha\beta}I+\sigma_{\alpha\beta}I\wedge p_{\alpha\beta}$

$=v_{\alpha\beta}^{-1}dv_{\alpha\beta}\wedge\sigma_{\alpha\beta}I+\sigma_{\alpha\beta}I\wedge v_{\alpha\beta}^{-1}dv_{\alpha\beta}$

$=v_{\alpha\beta}^{-1}p_{\alpha}v_{\alpha\beta}\wedge\sigma_{\alpha\beta}I+\sigma_{\alpha\beta}I\wedge v_{\alpha\beta}^{-1}p_{\alpha}v_{\alpha\beta}=0$ .

PROOF. The equation (i) is obvious. The equations in (v) follow from the fact tha
$\rho_{\alpha\beta},$

$v_{\alpha\beta}^{-1}dv_{\alpha\beta},$ $v_{\alpha\beta}^{-1}p_{\alpha}v_{\alpha\beta}$ are l-forms, and $\sigma_{\alpha\beta}$ is a scalar-valued l-form. By the normalit]
of $\{p_{\alpha}\}$ , the $(i, m)$-component of $p_{\alpha}\wedge v_{\alpha\beta}\rho_{\alpha\beta}$ is
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$p_{\alpha_{j^{\wedge v_{\alpha\beta_{l}}\rho_{\alpha\beta_{m}}=p_{\alpha_{jk}}^{i}dx_{\alpha}^{k}\wedge v_{\alpha\beta_{l}}^{j}\sigma_{\alpha\beta_{m}}dx_{\beta}^{l}}}}^{ijl}$

$=\sigma_{\alpha\beta_{m}}(p_{\alpha_{jk}}^{i}dx_{\alpha}^{k}\wedge dx_{\alpha}^{j})=0$ .

Hence the equation (ii) follows. The $(i, m)$-component of $dv_{\alpha\beta}\wedge\rho_{\alpha\beta}$ is

$dv_{\alpha\beta_{j}}^{i}\wedge p_{\alpha\rho_{m}^{j}}=\frac{\partial^{2}x_{\alpha}^{i}}{\partial x_{\beta}^{l}\partial x_{\beta}^{j}}dx_{\beta}^{l}\wedge\sigma_{\alpha\beta_{m}}dx_{\beta}^{j}$

$=\sigma_{\alpha\beta_{m}}(\frac{\partial^{2}x_{\alpha}^{i}}{\partial x_{\beta}^{l}\partial x_{\beta}^{j}}dx_{\beta}^{l}\wedge dx_{\beta}^{j})=0$ .

Hence we get (iii). The equation (iv) follows immediately from the definition. $\square $

From (2), we have

$\tau_{\alpha\beta}^{1}v_{\beta\gamma}+\tau_{\alpha\beta}\tau_{\beta\gamma}^{1}=\tau_{\alpha\gamma}^{1}$ ,

where $\{\tau_{\alpha\beta}^{1}\}\in H^{1}(M, \mathscr{A}_{\theta 4\prime\iota}(v(\mathscr{F}), \Theta_{F}))$ . Let $\ovalbox{\tt\small REJECT}_{\ell^{\chi}\emptyset/e^{\infty}}(v(\mathscr{F}), \Theta_{\ovalbox{\tt\small REJECT}})$ denote the sheaf of germs
of $C^{\infty}$ homomorphisms $v(\mathscr{F})\rightarrow\Theta_{\mathcal{F}}$ . Since $H^{1}(M, \ovalbox{\tt\small REJECT}_{\theta\emptyset/e^{\infty}}(v(\mathscr{F}), \Theta_{\ovalbox{\tt\small REJECT}}))=0$ , there exists

$\{u_{\alpha}\}\in C^{0}(M, \ovalbox{\tt\small REJECT}_{\theta\emptyset n^{\infty}}(v(\mathscr{F}), \Theta_{\mathcal{F}}))$

such that

(13) $\tau_{\alpha\beta}^{1}=\tau_{\alpha\beta}u_{\beta}-u_{\alpha}v_{\alpha\beta}$ .

From Lemma 3.1 and (6) and (8), we have

(14) $dp_{\beta}+p_{\beta}\wedge p_{\beta}=v_{\alpha\beta}^{-1}(dp_{\alpha}+p_{\alpha}\wedge p_{\alpha})v_{\alpha\beta}-r_{\alpha\beta}$ ,

with

$r_{\alpha\beta}=p_{\alpha\beta}\wedge v_{\alpha\beta}^{-1}dv_{\alpha\beta}+dp_{\alpha\beta}-\rho_{\alpha\beta}\wedge\sigma_{\alpha\beta}I+\rho_{\alpha\beta}\wedge v_{\alpha\beta}^{-1}p_{\alpha}v_{\alpha\beta}$ .

Here $r_{\alpha\beta}$ is a $q\times q$ matrix-valued $(2, 0)$-form. Moreover we can write $r_{\alpha\beta}$ in the following
form,

(15) $r_{\alpha\beta}=(r_{\alpha\beta_{i}}^{h})=(r_{\alpha\beta_{ijk}}^{h}dx_{\beta}^{j}\wedge dx_{\beta}^{k})$ ,

where

$r_{\alpha\beta_{ijk}}^{h}=\delta_{j}^{h}r_{\alpha\beta_{ik}}-\delta_{k}^{h}r_{\alpha\beta_{ij}}$ .

We rewrite (14) as

(16) $dp_{\beta_{ik}}^{h}\wedge dx_{\rho^{k}}+p_{\rho_{lj}^{h}}p_{\beta_{ik}}^{l}dx_{\beta}^{j}\wedge dx_{\rho^{k}}$

$=v_{\alpha\beta_{l}}^{-1^{h}}(dp_{\alpha_{nt}}^{l}\wedge dx_{\alpha}^{t}+p_{\alpha_{ms}}^{l}p_{\alpha_{nt}}^{m}dx_{\alpha}^{s}\wedge dx_{\alpha}^{t})v_{\alpha\beta_{i}}^{n}-r_{\alpha\beta_{ijk}}^{h}dx_{\beta}^{j}\wedge dx_{\beta}^{k}$

Comparing the terms containing $dy_{\beta}^{\lambda}’ s$ in both hand sides of (16), we have
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(17) $\frac{\partial p_{\beta_{ik}}^{h}}{\partial y_{\beta}^{\lambda}}=v_{\alpha\beta_{l}}^{-1^{h}}\frac{\partial p_{\alpha_{nt}}^{l}}{\partial y_{\alpha}^{\mu}}\tau_{\alpha\beta_{\lambda}}^{\mu}v_{\alpha\rho_{k}^{t}}v_{\alpha\rho_{i}^{n}}$ ,

while, comparing the terms containing no $dy_{\beta}^{\lambda}’ s$ in both hand sides of (16), we have

$(\frac{\partial p_{\beta_{ik}}^{h}}{\partial x_{\rho^{J}}}+p_{\rho_{lj}}^{h}p_{\beta_{ik}}^{l})dx_{\beta}^{j}\wedge dx_{\rho^{k}}$

(18)
$=\{v_{\alpha\beta\iota}^{-1^{h}}(\frac{\partial p_{\alpha_{nt}}^{l}}{j\partial x_{\alpha}^{s},\wedge d}v_{\alpha\beta_{j}^{\mathcal{V}_{\alpha\beta_{k}}+\frac{\partial p_{\alpha_{nt}}^{l}}{\partial y_{\alpha}^{\mu}}\tau_{\alpha\beta_{j^{\mathcal{V}_{\alpha\beta_{k}}+)^{n}\}}}}^{1\mu tlmst}}}^{st}\times dx_{\beta}x_{\beta}^{k}p_{\alpha_{ms}}p_{\alpha_{nt}}v_{\alpha\beta_{j}}v_{\alpha\beta_{k}}v_{\alpha\beta_{i}}-r_{\alpha\rho_{ijk}^{h}}$

Now, recall the equation (13), i.e.,

$\tau_{\alpha\rho_{j}^{\mu}}^{1}=\tau_{\alpha\beta_{\lambda}}^{\mu}u_{\beta_{j}}^{\lambda}-u_{\alpha_{r}}^{\mu}v_{\alpha\beta_{j}}^{r}$ ,

then (18) is written as

$(\frac{\partial p_{\rho_{ik}}^{h}}{\partial x_{\beta}^{j}}+p_{\beta_{lj}}^{h}p_{\beta_{ik}}^{l}-v_{\alpha\beta_{l}}^{-1^{h}}\frac{\partial p_{\alpha_{nt}}^{l}}{\partial y_{\alpha}^{\mu}}\tau_{\alpha\beta_{\lambda}^{\mu}}u_{\beta};_{v_{\alpha\beta_{k}}^{t}v_{\alpha\rho_{i}^{n}}})dx_{\rho^{j}}\wedge dx_{\beta}^{k}$

(19)
$=\{\mathcal{V}_{\alpha\beta_{l}}^{-1^{h}}(\frac{\partial p_{\alpha_{nt}}^{l}}{\partial x_{\alpha}^{s}}V_{\alpha\beta_{j}}^{S}v_{\alpha\beta_{k}}^{t}-\frac{\partial p_{\alpha_{nt}}^{l}}{\partial y_{\alpha}^{\mu}}u_{\alpha_{r}}\mu v_{\alpha\beta_{j}}rv_{\alpha\beta_{k}}t+lmst)v_{\alpha\rho_{i}^{n}}-r_{\alpha\beta_{ijk}}^{h}\}$

$\times dx_{\beta^{j}}\wedge dx_{\rho^{k}}$

Using (17), the left hand side of (18) can be written as

$(\frac{\partial p_{\beta_{ik}}^{h}}{\partial x_{\beta}^{j}}+p_{\beta_{lj}}^{h}p_{\beta_{ik}}^{l}-\frac{\partial p_{\rho_{ik}^{h}}}{\partial y_{\rho^{\lambda}}}u_{\beta_{j}}^{\lambda})dx_{\beta}^{j}\wedge dx_{\beta}^{k}$

Put

$p_{\beta_{ijk}}^{h}’=\frac{\partial p_{\rho_{ik}}^{h}}{\partial x_{\rho^{j}}}+p_{\beta_{lj}}^{h}p_{\rho_{ik}^{l}}-\frac{\partial p_{\beta_{ik}}^{h}}{\partial y_{\beta}^{\lambda}}u_{\beta_{j}}^{\lambda}$ ,

and

$p_{\alpha_{ijk}}^{h}\prime\prime=v_{\alpha\beta_{l}}^{-1^{h}}(\frac{\partial p_{\alpha_{nt}}^{l}}{\partial x_{\alpha}^{s}}v_{\alpha\rho_{j}^{S}}v_{\alpha\rho_{k}^{t}}-\frac{\partial p_{\alpha_{\hslash t}}^{l}}{\partial y_{\alpha}^{\mu}}u_{\alpha_{r}}\mu v_{\alpha\beta_{j}}rv_{\alpha\beta_{k}}t+p_{\alpha_{ms}}^{l}p_{\alpha_{nt}}^{m}v_{\alpha\rho_{j}^{s}}v_{\alpha\rho_{k}^{t}})v_{\alpha\rho_{i}^{n}}$ .

Then the equation (19) is written as
(20) $p_{\beta_{ijk}}^{h}’-p_{\beta_{ikj}}^{h}’=p_{\alpha_{ijk}}^{h}\prime\prime-p_{\alpha_{ikj}}^{h}\prime\prime-(r_{\alpha\rho_{ijk}^{h}}-r_{\alpha\rho_{ikj}^{h}})$ .

Put

$\chi_{\beta_{ijk}}^{h}\prime\prime$ .

Recall that the projective connection $\pi=\{p_{\alpha}\}$ is reduced. Contracting $X_{\beta_{ijk}}^{h}$ with respect
to $h$ and $k$ , we have



CHARACTERISTIC FORMS OF HOLOMORPHIC FOLIATIONS 53

$ x_{\beta_{ij}}:=x_{\beta_{ijh}}^{h}\prime\prime$

$=p_{\beta_{lj}}^{h}p_{\beta_{ih}}^{l}-\frac{\partial p_{\beta_{ij}}^{h}}{\partial x_{\beta}^{h}}+\frac{\partial p_{\rho_{ii}^{h}}}{\partial y_{\beta}^{\lambda}}u_{\beta_{h}}^{\lambda}$ .

Similarly, contracting the right hand side of (20) with respect to $h$ and $k$ , we have

$p_{\alpha_{ijh}}^{h}\prime\prime-p_{\alpha_{ihj}}^{h}\prime\prime-2r_{\alpha\beta_{ijh}}^{h}=(p_{\alpha_{mt}}^{l}p_{\alpha_{sl}}^{m}-\frac{\partial p_{\alpha_{st}}^{l}}{\partial x_{\alpha}^{l}}+\frac{\partial p_{\alpha_{st}}^{l}}{\partial y_{\alpha}^{\mu}}u_{\alpha_{l)ts}}^{\mu}v_{\alpha\beta_{j}}v_{\alpha\beta_{i}}-2r_{\alpha\rho_{ijh}^{h}}$

$=X_{\alpha_{st}}v_{\alpha\beta_{j}}^{t}v_{\alpha\beta_{i}}^{s}-2r_{\alpha\beta_{ijh}}^{h}$ .
Hence we get

$r_{\alpha\beta_{ijh}}^{h}=-\frac{1}{2}(X_{\beta_{ij}}-X_{\alpha_{st}}v_{\alpha\beta_{j}}^{ts}v_{\alpha\beta_{i}})$ .
From the equation (15), we have

$r_{\alpha\rho_{ijh}^{h}}=\delta_{j}^{h}r_{\alpha\beta_{ih}}-\delta_{h}^{h}r_{\alpha\beta_{ik}}=(1-q)r_{\alpha\beta_{ij}}$ .

Hence

$r_{\alpha\beta_{ij}}=\frac{1}{2(q-1)}(X_{\beta_{ij}}-X_{\alpha_{st}}v_{\alpha\beta_{j}}^{t}v_{\alpha\beta_{i}}^{s})$ .

Therefore, from (18), we have

$r_{\alpha\rho_{ijk}^{h}}dx_{\beta}^{j}\wedge dx_{\beta}^{k}=2dx_{\beta}^{h}\wedge r_{\alpha\beta_{ij}}dx_{\beta}^{j}$

$=\frac{1}{q-1}dx_{\beta}^{h}\wedge(X_{\beta_{ij}}-X_{\alpha_{st}}v_{\alpha\beta_{j}}^{ts}v_{\alpha\beta_{i}})dx_{\beta^{j}}$

$=\frac{1}{q-1}\delta_{l}^{h}X_{\rho_{ij}}dx_{\beta}^{i}\wedge dx_{\beta}^{j}-v_{\alpha\beta_{k}}^{-1^{h}}(\frac{1}{q-1}\delta_{l}^{k}X_{\alpha_{st}}dx_{\alpha}^{l}\wedge dx_{\alpha}^{t})v_{\alpha\beta_{i}}^{s}$ .

Thus if we put a tensor field $W=\{W_{\alpha}\}$ as

$\left\{\begin{array}{l}W_{\alpha}=dp_{\alpha}+p_{\alpha}\wedge p_{\alpha}+\frac{1}{q-1}X_{\alpha}\\X_{\alpha_{ik}}=-\frac{\partial p_{\alpha_{ik}}^{h}\alpha_{ik}d}{\partial x_{\alpha}^{h}}+p_{\alpha_{lk}}p_{\alpha_{ih}}+\frac{\partial p_{\alpha_{ik}}^{h}}{\partial y_{\alpha}^{\lambda}}u_{\alpha_{h}}^{\lambda}X_{\alpha}=\delta_{j}^{h}X_{X_{\alpha}^{j}\bigwedge_{h}}dx_{\alpha_{l}}^{k}\end{array}\right.$

then we have

(21) $W_{\beta}=v_{\alpha\beta}^{-1}W_{\alpha}v_{\alpha\beta}$ .

DEFINITION 3.1. The tensor field $W=\{W_{\alpha}\}$ defined as above is called theprojective
Weyl curvature tensor of the normal bundle $v(\mathscr{F})$ of the holomorphic foliation $\mathscr{F}$ .
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Now we define a kind of characteristic $2k$-forms, which we call Weyl forms. Let
$t$ be an indeterminate and $A$ be an $n\times n$ matrix. Define polynomials $\varphi_{0},$ $\varphi_{1},$ $\cdots,$ $\varphi_{n}$ by

det $(I-\frac{t}{2\pi i}A)=\sum_{k=0}^{n}\varphi_{k}(A)t^{k}$

By the equation (21), $P_{k}(\pi)=\varphi_{k}(W_{\alpha})$ gives a $2k$-form defined on the whole space $M$.

DEFINITION 3.2. We call $P_{k}(\pi),$ $0\leq k\leq q$, the k-th projective Weyl form of $v(\mathscr{F})$ .
A priori, we do not know whether the $P_{k}(\pi)$ are d-closed or not. In the next section,

we shall give aformula which relates the Chern forms of $v(\mathscr{F})$ with the Weyl forms of
$v(\mathscr{F})$ , which is our main theorem. By this formula we see that all the $P_{k}(\pi)$ are d-closed.

4. Relations between the Chern forms and the Weyl forms.

In this section, to show that the Weyl forms $\{P_{k}(\pi)\}$ are d-closed, we prove the
following theorem, which is the main result of this paper. In what follows, the term
”smooth” means $C^{\infty}$ .

THEOREM. $LetMbeacomplexmanifoldof\dim_{C}M=n(n\geq 2),$ $and\mathscr{F}aholomorphic$

foliation of codimension $q(q\geq 1)$ on M. Let $v(\mathscr{F})$ be a normal bundle of $\mathscr{F}$ , and $\pi=\{p_{\alpha}\}$

any smooth normal reduced projective connection of $v(\mathscr{F})$ . Then there exists a smooth
affine connection $a=\{a_{\alpha}\}$ of $v(\mathscr{F})$ , which satisfies the following equalities;

$\sum_{k=0}^{q}c_{k}(a)t^{k}=\frac{(1+\alpha t)^{q+1}}{1+(\alpha-\beta)t}\sum_{k=0}^{q}P_{k}(\pi)(\frac{t}{1+\alpha t})^{k}$ ,

$\sum_{i=0}^{q}P_{i}(\pi)t^{i}=(1-\alpha t)^{q}(1-\beta t)\sum_{k=0}^{q}c_{k}(a)(\frac{t}{1-\alpha t})^{k}$ ,

where $c_{k}(a)$ is the k-th Chern form associated with the affine connection $a=\{a_{\alpha}\}$ on $v(\mathscr{F})$ ,
$P_{k}(\pi)$ is the k-th Weyl form associated with the projective connection $\pi=\{p_{\alpha}\}$ on $v(\mathscr{F})$ ,
both $\alpha$ and $\beta$ are d-closed 2-forms which represent the de Rham cohomology class
$[\frac{1}{q+1}c_{1}(a)]$ . Here the equality $ c_{1}(a)=\alpha+q\beta$ holds as forms.

REMARK 3. If the codimension $q$ equals 1, then we cannot define the Weyl
curvature tensor. But as we have seen before, the projective connection $\pi=\{p_{\alpha}\}$ vanishes
for $q=1$ . So the formulae above hold also in the case $q=1$ .

As a corollary, we have

COROLLARY 4.1. In the cohomology level, we have the formulae as follows;

$\sum_{k=0}^{q}[c_{k}(a)]t^{k}=(1+[\alpha]t)^{q+1}\sum_{k=0}^{q}[P_{k}(\pi)](\frac{t}{1+[\alpha]t})^{k}$ ,
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$\sum_{i=0}^{q}[P_{i}(\pi)]t^{i}=(1-[\alpha]t)^{q+1}\sum_{k=0}^{q}[c_{k}(a)](\frac{t}{1-[\alpha]t})^{k}$

where $[\alpha]=\frac{1}{q+1}[c_{1}(a)]$ .

To calculate the Chem forms of $v(\mathscr{F})$ , we construct a smooth affine connection of
$v(\mathscr{F})$ , using the given $C^{\infty}$ normal reduced projective connection.

Now we denote by $K_{p}$ the line bundle represented by the l-cocycle $\{K_{\alpha\beta}\}$ such that

$\left\{\begin{array}{l}K_{\mathcal{F}}=\{K_{\alpha\beta}\}\in H^{1}(M, \mathcal{O}^{*})\\K_{\alpha\beta}=(\det v_{\alpha\beta})^{-1}\end{array}\right.$

Let $\{h_{\alpha}\}$ be a smooth metric of $\{K_{\alpha\beta}\}$ , i.e.,

$h_{\beta}=|K_{\alpha\beta}|^{2}h_{\alpha}$ on $U_{\alpha}\cap U_{\beta}$ .
Then we have

$\log h_{\beta}=\log K_{\alpha\beta}+\log\overline{K}_{\alpha\beta}+\log h_{\alpha}$ ,

$\partial\log h_{\beta}=\partial\log K_{\alpha\beta}+\partial\log h_{\alpha}$ .

We define l-cochains $\{\sigma_{\alpha}\}$ and $\{\rho_{\alpha}\}$ as follows:

DEFINITION 4.1.

$\sigma_{\alpha}=-\frac{1}{q+1}\partial\log h_{\alpha}=\sigma_{\alpha_{j}}dx_{\alpha}^{j}+\sigma_{\alpha_{\lambda}}dy_{\alpha}^{\lambda}$ ,

$\rho_{\alpha}=(\rho_{\alpha_{J}}dx_{\alpha}^{k})$ ,

$p_{\alpha_{j}}=\sigma_{\alpha_{j}}-\sigma_{\alpha_{\lambda}}u_{\alpha}:$ .

PROPOSITION 4.1.
(i) $\sigma_{\alpha\beta}=\sigma_{\beta}-\sigma_{\alpha}$ ,

(ii) $\rho_{\alpha\beta}=\rho_{\beta}-v_{\alpha\beta}^{-1}\rho_{\alpha}v_{\alpha\beta}$ .
PROOF. First we show (i). By Definition 4.1 and (4), we have immediately

$\sigma_{\beta}-\sigma_{\alpha}=-\frac{1}{q+1}(\partial\log h_{\beta}-\partial\log h_{\alpha})=-\frac{1}{q+1}\partial\log K_{\alpha\beta}$

$=-\frac{1}{q+1}\partial\log(\det v_{\alpha\beta})^{-1}=\sigma_{\alpha\beta}$ .

Next we show (ii). From (i) and Definition 4.1, we have by direct calculation,
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$\sigma_{\alpha\beta}=\sigma_{\beta}-\sigma_{\alpha}$ ,

$\sigma_{\alpha\beta_{j}}dx_{\rho^{j}}=\sigma_{\rho_{j}}dx_{\beta}^{j}+\sigma_{\beta_{\lambda}}dy_{\beta}^{\lambda}-\sigma_{\alpha_{l}}dx_{\alpha}^{i}-\sigma_{\alpha_{\mu}}dy_{\alpha}^{\mu}$

$=(\sigma_{\rho_{j}}-\sigma_{\alpha_{i}}v_{\alpha\beta}:-\sigma_{\alpha_{\mu}}\tau_{\alpha\beta_{j}}^{1\mu})dx_{\beta}^{j}+(\sigma_{\beta_{\lambda}}-\sigma_{\alpha_{\mu}}\tau_{\alpha\beta_{\lambda}}^{\mu})dy_{\beta}^{\lambda}$

Hence

$\left\{\begin{array}{l}\sigma_{\alpha\beta_{j}}=\sigma_{\rho_{j}}-\sigma_{\alpha_{i}}v_{\alpha\beta_{j}}^{i}-\sigma_{\alpha_{\mu}}\tau_{\alpha\beta_{j}}^{1\mu}\\\sigma_{\rho_{\lambda}}=\sigma_{\alpha_{\mu}}\tau_{\alpha\rho_{\lambda}^{\mu}}\end{array}\right.$

Therefore, by (13),

$\sigma_{\alpha\beta_{j}}=\sigma_{\beta_{j}}-\sigma_{\alpha_{i}}v_{\alpha\beta_{j}}^{i}-\sigma_{\alpha_{\mu}}(\tau_{\alpha\beta_{\lambda}}^{\mu}u_{\beta}:-u_{\alpha_{l}}^{\mu}v_{\alpha\beta_{j}}^{l})$

$=(\sigma_{\beta_{j}}-\sigma_{\alpha_{\mu}}\tau_{\alpha\rho_{\lambda}^{\mu}}u_{\beta_{j}}^{\lambda})-(\sigma_{\alpha_{i}}v_{\alpha\beta_{j}}^{i}-\sigma_{\alpha_{\mu}}u_{\alpha_{l}}^{\mu}v_{\alpha\beta_{j}}^{l})$

$=(\sigma_{\beta_{j}}-\sigma_{\beta_{\lambda}}u_{\beta_{j}}^{\lambda})-(\sigma_{\alpha_{i}}-\sigma_{\alpha_{\mu}}u_{\alpha_{i}}^{\mu})v_{\alpha\rho_{j}^{t}}$ .

Since $dx_{\beta}^{k}=v_{\alpha\beta_{l}}^{-1^{k}}dx_{\alpha}^{l}$ , we have

$\sigma_{\alpha\beta_{J}}dx_{\beta}^{k}=(\sigma_{\rho_{j}}-\sigma_{\beta_{\lambda}}u_{\rho_{j}^{\lambda}})dx_{\beta}^{k}-(\sigma_{\alpha_{i}}-\sigma_{\alpha_{\mu}}u_{\alpha_{i}}^{\mu})v_{\alpha\rho_{j}^{t}}v_{\alpha\beta_{l}}^{-1^{k}}dx_{\alpha}^{l}$

$=\rho_{\beta_{J}}dx_{\beta}^{k}-v_{\alpha\beta_{l}}^{-1^{k}}(\rho_{\alpha_{l}}dx_{\alpha}^{l})v_{\alpha\beta_{j}}^{i}$ .

Hence we get $\rho_{\alpha\beta}=\rho_{\beta}-v_{\alpha\beta}^{-1}\rho_{\alpha}v_{\alpha\beta}$ . Thus (ii) is proved. $\square $

Now let $\pi=\{p_{\alpha}\}$ be a given smooth normal reduced projective connection of $v(\mathscr{F})$ .
Define a $q\times q$ matrix-valued smooth $(1, 0)$-form $a_{\alpha}$ by

$a_{\alpha}=p_{\alpha}+\rho_{\alpha}+\sigma_{\alpha}I$ .

Then we show that the O-cochain $a=\{a_{\alpha}\}$ is a smooth affine connection of $v(\mathscr{F})$ . From
(6), we can write $a_{\alpha\beta}$ as

$a_{\alpha\beta}=p_{\alpha\beta}+\rho_{\alpha\beta}+\sigma_{\alpha\beta}I$ .
By (8) and Proposition 4.1, we get

$a_{\alpha\beta}=(p_{\beta}-v_{\alpha\beta}^{-1}p_{\alpha}v_{\alpha\beta})+(\rho_{\beta}-v_{\alpha\beta}^{-1}\rho_{\alpha}v_{\alpha\beta})+(\sigma_{\beta}-\sigma_{\alpha})I$

$=(p_{\beta}+p_{\beta}+\sigma_{\beta}I)-v_{\alpha\beta}^{-1}(p_{\alpha}+\rho_{\alpha}+\sigma_{\alpha}I)v_{\alpha\beta}$

$=a_{\beta}-v_{\alpha\beta}^{-1}a_{\alpha}v_{\alpha\beta}$ .

Thus we see that the O-cochain $a=\{a_{\alpha}\}$ is a smooth affine connection of $v(\mathscr{F})$ . The
curvature form $A=\{A_{\alpha}\}$ ,

$A_{\alpha}=da_{\alpha}+a_{\alpha}\wedge a_{\alpha}$ ,

satisfies the equation

$A_{\beta}=v_{\alpha\beta}^{-1}A_{\alpha}v_{\alpha\beta}$ .
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We try to write $A_{\alpha}$ in terms of $p_{\alpha},$ $\rho_{\alpha}$ and $\sigma_{\alpha}I$. By the definition of $\{\sigma_{\alpha}\}$ , we have

$da_{\alpha}=dp_{\alpha}+d\rho_{\alpha}+d\sigma_{\alpha}I=dp_{\alpha}+dp_{\alpha}+5\sigma_{\alpha}I$ ,

$a_{\alpha}\wedge a_{\alpha}=(p_{\alpha}+\rho_{\alpha}+\sigma_{\alpha}I)\wedge(p_{\alpha}+\rho_{\alpha}+\sigma_{\alpha}I)$

$=p_{\alpha}\wedge p_{\alpha}+\rho_{\alpha}\wedge\rho_{\alpha}+p_{\alpha}\wedge\rho_{\alpha}+\rho_{\alpha}\wedge p_{a}$ .
LEMMA 4.1.

$p_{\alpha}\wedge\rho_{\alpha}=dp_{\alpha}\wedge\rho_{\alpha}=p_{\alpha}\wedge dp_{\alpha}=0$ .

PROOF. This follows from the normality of $\{p_{\alpha}\}$ . $\square $

By Lemma 4.1, we can write $A_{\alpha}$ as
$A_{\alpha}=da_{\alpha}+a_{\alpha}\wedge a_{\alpha}=dp_{\alpha}+d\rho_{\alpha}+5\sigma_{\alpha}I+p_{\alpha}\wedge p_{\alpha}+\rho_{\alpha}\wedge\rho_{\alpha}+\rho_{\alpha}\wedge p_{\alpha}$ .

From now on we omit the subscript $\alpha$ for simplicity. Then the Chern forms of $v(\mathscr{F})$

are given by

$\left\{\begin{array}{l}c_{k}(a)=\varphi_{k}(A)\\\sum_{k=0}^{q}\varphi_{k}(A)t^{k}=\det(I_{q}-\frac{t}{2\pi i}A)\end{array}\right.$

Hence

$\sum_{k=0}^{q}c_{k}(a)t^{k}=\sum_{k=0}^{q}\varphi_{k}(A)t^{k}=\det(I_{q}-\frac{t}{2\pi i}A)$

(22)

$=\det(I_{q}-\frac{t}{2\pi i}(dp+d\rho+5\sigma I+p\wedge p+\rho\wedge\rho+\rho\wedge p))$ .

Put

(23) $\lambda=1-\frac{t}{2\pi i}d\sigma=1-\frac{t}{2\pi i}5\sigma$ .

Then by Lemma 4.1, we get

$I_{q}-\frac{t}{2\pi i}A=\lambda(I_{q}-\frac{t}{2\pi i\lambda}(dp+d\rho+p\wedge p+\rho\wedge\rho+p\wedge p))$

$=\lambda(I_{q}-\frac{t}{2\pi i\lambda}(dp+p\wedge p))(I_{q}-\frac{t}{2\pi i\lambda}(\rho\wedge p))(I_{q}-\frac{t}{2\pi i\lambda}(d\rho+p\wedge p))$ .

Hence the equation (22) becomes
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$\sum_{k=0}^{q}c_{k}(a)t^{k}=\det(I_{q}-\frac{t}{2\pi i}A)$

(24) $=\lambda^{q}\det(I_{q}-\frac{t}{2\pi i\lambda}(dp+p\wedge p))\det(I_{q}-\frac{t}{2\pi i\lambda}(\rho\wedge p))$

$\times\det(I_{q}-\frac{t}{2\pi i\lambda}(d\rho+\rho\wedge\rho))$ .

PROPOSITION 4.2.

(25) $\det(I_{q}-\frac{t}{2\pi i\lambda}(dp+p\wedge p))=\det(I_{q}-\frac{t}{2\pi i\lambda}W)$ .

PROOF. To prove the proposition, first we show the next lemma.

LEMMA 4.2.
$p\wedge X=dp\wedge X=0$ where $X=(\delta_{j}^{h}X_{ik}dx^{j}\wedge dx^{k})$ .

PROOF. By the normality of $\{p_{\alpha}\}$ , we have

$(p\wedge X)_{j}^{i}=p_{k}^{i}\wedge X_{j}^{k}=p_{kl}^{i}dx^{l}\wedge\delta_{m}^{k}X_{js}dx^{m}\wedge dx^{s}$

$=X_{js}p_{kl}^{i}dx^{l}\wedge dd\wedge dx^{s}=0$ .
Similarly, we have $dp\wedge X=0$ . $\square $

So we can write the right hand of (25) as

$\det(I_{q}-\frac{t}{2\pi i\lambda}W)=\det(I_{q}-\frac{t}{2\pi i\lambda}(dp+p\wedge p+\frac{1}{2(q-1)}X))$

$=\det\{(I_{q}-\frac{t}{2\pi i\lambda}(dp+p\wedge p))(I_{q}-\frac{t}{2\pi i\lambda}(\frac{1}{2(q-1)}X))\}$

$=\det(I_{q}-\frac{t}{2\pi i\lambda}(dp+p\wedge p))\det(I_{q}-\frac{t}{2\pi i\lambda}(\frac{1}{2(q-1)}X))$ .

LEMMA 4.3.

$\det(I_{q}-\frac{t}{2\pi i\lambda}X)=1$ .

PROOF. In general, we have the formula

$\det(I+tA)=\sum_{s=0}^{q}(\sum_{J_{s}}^{\prime}\det(A_{J_{s}}^{J_{*}}))t^{s}$

where $J_{s}=\{(j_{1}, \cdots,j_{s})|j_{1}<\cdots<j_{s}\}$ . By this formula, we have
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(26) $\det(I_{q}-\frac{t}{2\pi i\lambda}X)=\sum_{s=0}^{q}(\sum_{J_{s}}^{\prime}\det(X_{J_{s}^{s}}^{J}))(-\frac{t}{2\pi i\lambda})^{s}$

Then

$\acute{\sum_{J_{s}}}\det(X_{J_{s}^{s}}^{J})=\acute{\sum_{J_{s}}}\sum_{\sigma\in S_{s}}(sgn\sigma)(X_{\sigma\langle j)_{1}m_{1}}dx^{j_{1}}\wedge dx^{m}’\wedge\cdots\wedge X_{\sigma(j)_{s}m_{s}}dx^{j_{s}}\wedge dx^{m_{s}})$

$=s!\acute{\sum_{J_{s}}}X_{j_{1}m_{1}}dx^{j_{1}}\wedge dx^{m_{1}}\wedge\cdots\wedge X_{j_{s}m_{s}}dx^{j_{s}}\wedge dx^{m_{s}}$

$=\sum_{I_{s}}X_{i_{1}m_{1}}d_{X^{i_{1}}\wedge dx^{m}’\wedge\cdots\wedge X_{i_{s}m_{s}}dx^{i_{s}}\wedge dx^{m_{s}}}$

$<(X_{im}dx^{i}\wedge dx^{m})^{s}$

where $I_{s}=\{(i_{1}, \cdots, i_{s})\}$ . Therefore the equation (26) is written as

$\det(I_{q}-\frac{t}{2\pi i\lambda}X)=\sum_{s=0}^{q}(\sum_{J_{s}}\det(X_{J_{s}^{s}}^{J}))(-\frac{t}{2\pi i\lambda})^{s}$

$=\sum_{s=0}^{q}(X_{im}d_{X^{i}\wedge}dx^{m})^{s}(-\frac{t}{2\pi i\lambda})^{s}$

But, since $\{p_{\alpha}\}$ is normal, we see that

$X_{im}dx^{i}\wedge dx^{m}=(-\frac{\partial p_{im}^{h}}{\partial x^{h}}+p_{lm}^{h}p_{ih}^{l}+\frac{\partial p_{im}^{h}}{\partial y^{\lambda}}u_{h}^{\lambda})dx^{i}\wedge dx^{m}=0$ .

Hence we get

$\sum_{s=0}^{q}(X_{im}dx^{j}\wedge dx^{m})^{s}(-\frac{t}{2\pi i\lambda})^{s}=1$ .

Thus we have proved the lemma. $\square $

Proposition 4.2 follows from Lemmas 4.2 and 4.3. $\square $

PROPOSITION 4.3.

(27) $\det(I_{q}-\frac{t}{2\pi i\lambda}(dp+\rho\wedge p))=(1+\frac{t}{2\pi i\lambda}trd\rho)^{-1}$

PROOF. Analogously to Lemma 4.3, the left hand side of (27) becomes

$\det(I_{q}-\frac{t}{2\pi i\lambda}(d\rho+\rho\wedge\rho))=\sum_{l=0}^{q}(d\rho_{j}^{j}+\rho_{k}^{j}\wedge\rho_{j}^{k})^{l}(-\frac{t}{2\pi i\lambda})^{l}$ .

Now we can easily see that
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$d\rho_{j}^{j}+\rho_{k}^{j}\wedge\rho_{j}^{k}=d\rho_{j}^{j}+\rho_{k}dx^{j}\wedge\rho_{j}dx^{k}$

$=d\rho_{j}^{j}+\rho_{k}p_{j}dx^{j}\wedge dx^{k}=dp_{j}^{j}$ .

Therefore we have

$\det(I_{q}-\frac{t}{2\pi i\lambda}(d\rho+p\wedge\rho))=\sum_{s=0}^{q}(trd\rho)^{s}(-\frac{t}{2\pi i\lambda})^{s}=(1+\frac{t}{2\pi i\lambda}trd\rho)^{-1}$ $[$

PROPOSITION 4.4. The 2-form $-\infty_{2\pi}+\frac{1}{i}trd\rho$ represents the Chem class $c_{1}(K_{\mathcal{F}})$ .
PROOF. By taking the trace of the equation of Proposition 4.1 (ii), we have

$\sigma_{\alpha\beta}=tr\rho_{\alpha\beta}=tr\rho_{\beta}-tr\rho_{\alpha}$ .

Since

$-\frac{1}{2\pi i}d\log K_{\alpha\beta}=-\frac{q+1}{2\pi i}\sigma_{\alpha\beta}$ ,

we have

$-\frac{1}{2\pi i}d\log K_{\alpha\beta}=-\frac{q+1}{2\pi i}tr\rho_{\beta}+\frac{q+1}{2\pi i}tr\rho_{\alpha}$ .

Hence, by de Rham theory, $\{-\infty_{2\pi}+\frac{1}{i}dtr\rho_{\alpha}\}$ is a global 2-form on $M$ which represent
the Chem class $c_{1}(K_{\mathcal{F}})$ . $[$

PROPSOTION 4.5.

$\det(I_{q}-\frac{t}{2\pi i\lambda}(\rho\wedge p))=1$ .

PROOF. Analogously to Lemma 4.3, we can prove the proposition as follows;

$\det(I_{q}-\frac{t}{2\pi i\lambda}(p\wedge p))=\sum_{s=0}^{q}(\rho_{k}dx^{j}\wedge p_{j}^{k})^{s}(-\frac{t}{2\pi i\lambda})^{s}$

$=(\rho_{k}^{j}\wedge p_{j}^{k})^{0}(-\frac{t}{2\pi i\lambda})^{0}=1$ . $[$

Combining Propositions 4.2, 4.3 and 4.5, we have from (24) that

$\sum_{k=0}^{q}c_{k}(a)t^{k}=\lambda^{q}(1+\frac{1}{2\pi i}trd\rho(\frac{t}{\lambda}))^{-1}\det(I_{q}-\frac{t}{2\pi i\lambda}W)$

$=\lambda^{q}(1+\frac{1}{2\pi i}trd\rho(\frac{t}{\lambda}))^{-1}\sum_{i=0}^{q}P_{i}(\pi)(\frac{t}{\lambda})^{i}$ .

Put
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$\alpha=-\frac{1}{2\pi i}d\sigma$ and $\beta=-\frac{1}{2\pi i}$ tr $dp$ .

Then from (23), we have

$\lambda=1+\alpha t$ ,

$\sum_{k=0}^{q}c_{k}(a)t^{k}=\frac{(1+\alpha t)^{q+1}}{1+(\alpha-\beta)t}\sum_{i=0}^{q}P_{i}(\pi)(\frac{t}{1+\alpha t})^{i}$

If we put

$t^{\prime}=\frac{t}{\lambda}=\frac{t}{1+\alpha t}$ ,

we have

$\sum_{i=0}^{q}P_{i}(\pi)t^{\prime i}=(1-\alpha t^{\prime})^{q}(1-\beta t^{\prime})\sum_{k=0}^{q}c_{k}(a)(\frac{t^{\prime}}{1-\alpha t’})^{k}$

Note that, by definition,

$c_{1}(a)=\varphi_{1}(A)=-\frac{1}{2\pi i}$ tr $A=-\frac{1}{2\pi i}tr(da+a\wedge a)$

$=-\frac{1}{2\pi i}tr(da)=-\frac{1}{2\pi i}tr(dp+d\rho+d\sigma I)$ .

Since $\{p\}$ is reduced, $trdp=0$ holds. Hence we have

$-\frac{1}{2\pi i}tr(dp+d\rho+d\sigma I)=-\frac{1}{2\pi i}tr(dp+d\sigma I)=-\frac{1}{2\pi i}(trd\rho+qd\sigma)$ .

Thus we get $ c_{1}(a)=\alpha+q\beta$ . Thus we have proved our Theorem. $\square $

By Theorem, every k-th Weyl form $P_{k}(\pi)$ is expressed as a polynomial of the Chern
forms $\{c_{j}(a)\}_{j=1}^{k}$ . Since it is well-known that the $c_{j}(a)$ are d-closed, we have the
following Corollary.

COROLLARY 4.2. The k-th Weyl form $P_{k}(\pi),$ $0\leq k\leq q$ , are d-closed.

Now we call the de Rham cohomology class $[P_{k}(\pi)]\in H^{2k}(M, C)$ the k-th projective
Weyl class. By the definition of $\alpha$ and $\beta$, we can easily see that $[\alpha]=[\beta]=[\frac{1}{q+1}c_{1}(a)]$ .

COROLLARY 4.3. In the cohomology level, we have

$\sum_{k=0}^{q}[c_{k}(a)]t^{k}=(1+[\alpha]t)^{q+1}\sum_{i=0}^{q}[P_{i}(\pi)](\frac{t}{1+[\alpha]t})^{i}$ ,
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$\sum_{i=0}^{q}[P_{i}(\pi)]t^{i}=(1-[\alpha]t)^{q+1}\sum_{k=0}^{q}[c_{k}(a)](\frac{t}{1-[\alpha]t})^{k}$ ,

where $[\alpha]=\frac{1}{q+1}[c_{1}(a)]$ .
$($

COROLLARY 4.4. Ifa q-codimensional holomorphicfoliation $\mathscr{F}$ on $ M^{n}(n\geq 2)admi\iota$

a holomorphic projective connection, then we have

$P_{k}(\pi)=0$ for $2k>q$ .

Furthermore, if $M$ is compact and ofKahler, then also we have

$P_{k}(\mathscr{F})=[P_{k}(\pi)]=0$ for $k\geq 1$ .
$PR\infty F$ . By the definition of the Weyl forms, if a foliation $\mathscr{F}$ on $M^{n}(n\geq 2)$ admits

holomorphic projective connection, then all k-th projective Weyl forms are holomorphi
$2k$-forms by (25). Therefore if $2k>q$, then the k-th projective Weyl form vanishes
Since a d-closed holomorphic q-form represents a real de Rham cohomology class onl
if it represents a zero class, we see that the q-th projective Weyl class also vanishes. If
further, the manifold is compact and K\"ahler, then we can apply the Hodge theor]
Since the projective Weyl forms are holomorphic, they are harmonic. On the othe
hand, by Corollary 4.2, the projective Weyl classes are real. Therefore they vanish $b$

the Hodge theo$ry$ .

5. Examples.

1. Let $TP^{3}$ denote the tangent vector bundle of the complex projective 3-spac
$P^{3}$ and $Z$ the associated projective bundle. On $Z$, we can consider two fibre bundl
structures. One is the natural projection

$p:Z\rightarrow P^{3}$

with fibers $P^{2}$ , and the other is the projection

$q:Z\rightarrow Gr(4,2)$

to the Grassmannian manifold of all lines in $P^{3}$ with fibers $P^{1}$ . The fibre of $q$ passin
through a point $v\in Z$ corresponds to the line in $P^{3}$ passing theough $p(v)$ with directio
$v$ . It is clear that, on $Z$, there is a holomorphic foliation $\mathscr{F}$ of codimension 3 with
holomorphic projective connection. Every leaf of $\mathscr{F}$ is a fibre of $p$ , which is compact an
biholomorphic to $P^{2}$ .

2. Obviously, eve$ry$ element of $PGL(4, C)$ induces a holomorphic automorphisr
of $Z$ and $Gr(4,2)$ . We fix two skew lines $l$ and 1’ in $P^{3}$ (i.e., lines without intersection
Let [1] be the point in $Gr(4,2)$ defined by the line $l$ and $\{l^{\prime}\}$ the divisor in $Gr(4,2)$ defined $b$
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$\{1^{\prime}\}=$ { $[L]\in Gr(4,2)$ : a line $L\subset P^{3}$ which intersects 1’}.
Fix a system of homogeneous coordinates $[z_{0} ; z_{1} : z_{2} : z_{3}]$ on $P^{3}$ such that the two skew
lines are given by

$l$ : $z_{0}=z_{1}=0$ ,

1’: $z_{2}=z_{3}=0$ .

Let $g\in PGL(4, C)$ be

(28) $g=\left(\begin{array}{llll}1 & 0 & 0 & 0\\0 & 1 & 0 & 0\\0 & 0 & 2 & 0\\0 & 0 & 0 & 2\end{array}\right)$ .

Let

$W=Z-(q^{-1}([l]\cup\{l^{\prime}\}))$ .

Obviously, the infinite cyclic group $\langle g\rangle$ acts on $W$. The action is free and properly
discontinuous. The quotient space $ M=W/\langle g\rangle$ is a compact manifold of dimension 5,
which is a $P^{1}$ -bundle over $Y=(Gr(4,2)-([l]\cup\{l^{\prime}\}))/\langle g\rangle$ . Here $Y$ is biholomorphic to
a non-singular closed hypersurface of a 5-dimensional Hopf manifold. Let’s see more
closely the above argument using coordinates. Define the Pl\"ucker embedding of $Gr(4,2)$

into $P^{5}$ as follows. For a line in $P^{3}$ ,

$\left\{\begin{array}{l}a_{0}z_{0}+a_{1}z_{1}+a_{2}z_{2}+a_{3}z_{3}=0\\b_{0}z_{0}+b_{1}z_{1}+b_{2}z_{2}+b_{3}z_{3}=0\end{array}\right.$

we define the Pl\"ucker coordinates by

$[\left|\begin{array}{ll}a_{0} & a_{1}\\b_{o} & b_{1}\end{array}\right|$ : $\left|\begin{array}{ll}a_{0} & a_{2}\\b_{0} & b_{2}\end{array}\right|$ : $\left|\begin{array}{ll}a_{0} & a_{3}\\b_{o} & b_{3}\end{array}\right|$ : $\left|\begin{array}{ll}a_{1} & a_{2}\\b_{1} & b_{2}\end{array}\right|$ : $\left|\begin{array}{ll}a_{1} & a_{3}\\b_{1} & b_{3}\end{array}\right|$ : $\left|\begin{array}{ll}a_{2} & a_{3}\\b_{2} & b_{3}\end{array}\right|]$ .

Then

$Gr(4,2)=\{[\xi_{0} : \xi_{1} : \xi_{2} : \xi_{3} : \xi_{4} : \xi_{5}]\in P^{5} : \xi_{0}\xi_{5}-\xi_{1}\xi_{4}+\xi_{2}\xi_{3}=0\}$ ,

$[l]=[1:0:0:0:0:0]$ in $P^{5}$ , and $\{l^{\prime}\}$ coincides with the hyperplane section $ Gr(4,2)\cap$

$\{\xi_{0}=0\}$ . Therefore $Gr(4,2)-\{1^{\prime}\}$ is a non-singular quadric in $C^{5}=P^{5}-\{\xi_{0}=0\}$ . The
automorphism (28) induces the following linear transformation $g$ on $C^{5}$ ,

$g=\left(\begin{array}{lllll}2 & 0 & 0 & 0 & 0\\0 & 2 & 0 & 0 & 0\\0 & 0 & 2 & 0 & 0\\0 & 0 & 0 & 2 & 0\\0 & 0 & 0 & 0 & 4\end{array}\right)$ .
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The set $Gr(4,2)-\{l^{\prime}\}$ is g-invariant and the point $[l]$ corresponds to the origin of $C^{5}$

Therefore $Y=(Gr(4,2)-([l]\cup\{l^{\prime}\}))/\langle g\rangle$ is a submanifold of a 5-dimensional Hopi
manifold. By our construction of $M$, we see that there is a holomorphic foliation $\mathscr{F}0_{J}$

codimension 3 with a holomorphic projective connection. Almost all leaves of $\mathscr{F}$ art

non-compact, which are images of the fibers of $p^{-1}(x)-q^{-1}(\{l^{\prime}\}),$ $x\in P^{3}-l$. The leave:
which are images of the fibers of $p^{-1}(x)-q^{-1}([l]\cup\{l^{\prime}\}),$ $x\in l$, are compact anc
biholomorphic to Hopf surfaces.
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