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Abstract. It is well known that 2-interval exchange transformation is isomorphic to the odometer transforma-
tion on some symbolic space and isomorphism is given by Ostrowski representation formula. The purpose of this
paper is to extend these results to the case of 3-interval exchange transformation.

1. Introduction

For each irrational number &, 0 < o < 1, let us introduce 2-interval exchange transfor-
mation R, of Iy = (—«, 1] by

Ry () x+a if —a<x<l-—-«a,
X) =
“ x—1 ifl-a<x<l.

For the transformation Ry, it is a well-known fact that there exist a symbolic space £2,, a
symbolic dynamics Od called odometer transformation and the isomorphic map @ : 2, — Iy
which connects Od and R, as explained in Theorem 1 below.

The symbolic space §2, and the odometer transformation Od can be obtained by the
following procedure. First, let us introduce the continued fraction transformation 7" : [0, 1) —
[0, 1) by

1
T'(a)=——a(a),
o
where a(a) = Lé], and put g = «, oy = T(y—1), and a, = a(o,—1). Using the sequence

of digits (ay, az, ...) continued fraction expansion of «, we secondly obtain the following
expansion of 8 € (—«, 1] called Ostrowski type expansion ([3], [2], [6]):

o0
B=Y (D" aas - -ay_iby.
N=1
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where digits (b1, b, . . .) satisfy
b, <a,, ifb,=a,thenb,_1 =0,

which is obtained by the skew product algorithm of continued fraction transformation. (See
[21,[3] for detail). Using digits (b1, b2, . ..), let us define a symbolic space §2, by

2y ={b=C(--baby)| b, <ay, ifb, =a, then b,_1 =0} .

Finally by using a partial order < on £2, introduced below, the odometer transformation Od
is defined as follows: forb = (---b, ---b1),b = (---b}, - - - b)) € 24, we say that b < b’ if
there exists ng such that

by =by,, if n>no and by, <by, .
Then, define
Od(b) = min{b’|b < b, b’ € £2,}.

Then we have the following symbolic odometer representation of the 2-interval exchange
transformation R, .

THEOREM 1. The following diagram commutes:

QQ&QO(

¢l s l"’
Iy — Iy

o

where ®(b) = Y " 5_ (=DV laa; - ay_1by.

The purpose of the paper is to study the symbolic odometer representation of a 3-interval
exchange transformation R, g which is shown in Figure 1. The precise definition is given in
Section 2.

To study the odometer representation of a 3-interval exchange transformation, we need
to introduce some algorithm for induction, related to a 3-interval exchange transformation,

Il I3 12
1
P i e —— i —
=\ . /= : :
0

FIGURE 1. Figure of the 3-interval exchange transformation Ry g.
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instead of the continued fraction algorithm related to the 2-interval exchange transformation
Ry. By virtue of NIR-algorithm (see [4]), we obtain the symbolic space £2, g and the Os-
trowski type expansion of x € Iy g are obtained in Section 5 and 6. And using the expansion
and symbolic space we arrive at the main theorem in Section 6.

2. Three interval exchange transformations and their induced transformations

Let us introduce the following 3-interval exchange transformation (See Figure 1). For
real numbers o, B (0 < o < B), let us consider the interval Iy g = [Xq,8, X, g + @ + 1 + B]
and partition {/;| i =1, 2,3} of I g given by I} = [xu,g, Xa.p + @], I3 = (Xo,8 + &, X, g +
a+ 1), = [xqp+a+1,xq48+a+ 1+ B]and let us define the 3-interval exchange
transformation Ry, g by

x+1+8 xel,
Rup(¥) :=3x+p—a xel3, 1)
x—(1+a) xeb,

where the endpoint x4, g of I, g is given explicitly later (the equation (6) in Section 3).
Now let us consider the induced transformation Ré]/)s of Ryp induced on [V :=
[Xw,8, Xa,8 + B] which is the image of I by Ry g. If ﬁ+a ¢ N, then Réll)s is a 3-interval

exchange transformation again. We name the middle interval f3(1) and shorter (longer) of the

FIGURE 2. Construction the induced transformation when m| =2, ¢ = —1.
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IE)=JIWH Iél) _ JZQB
0 - jo8 . \'
=)=
| | [
| | I

FIGURE 3. Construction the induced transformation when m; =2, ¢ = 1.

other two intervals /. f])(fz(])), respectively, (see Figure 2 and 3), and whose length are denoted
by

Al A7 Ao 70 N
V) =60, 1501 =B 1Y =44

These are concretely given as follows.

>>

~(1
I o=1l-m@B-a) =",
&1 =minfo, B —a — A} = |f1(1)|,

,31 =max{a, f — o —):1}= |f2(1)|,

where m| = Lﬂ%J and define
1 if 41 =o,
g = N
-1 if f1=«.

In Section 4, as we need another notation of these intervals, here we prepare the notations
JeP = f(l), J,.O‘"S = fi(]), i 1,2,3. For convenience, we set ):0 =g = 1. If

)A\] # 0, that is equivalent to

P ¢ N, and &) # ,31, then we can repeat this process

to construct the induced transformation Réz/)g of Rél/)g on [® := Rél)/)g(iz(])). In general,
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let us assume that the 3-interval exchange transformation Rg‘/;l) on I*=D has been given,
then we obtain the 3-interval exchange transformation Rg‘/)g which is induced from Rgf/gl) on
i® .= Rgfgl)(fz(k_l)). Intervals associated with R(()[k/)S are denoted by {fi(k)| i=1,23}and

their length |fl(k)| = Q, |f2(k)| = A, |f3(k)| = hg are given by

Ak = Ag—1 — mg(Br—1 — Qr—1),

ax = min{ag—1, Pr—1 — Qk—1 — Ak}, 2)
Br = max{@x—1, -1 — Ax—1 — Ak},
where my = | —2=L— | and put
Br—1—0k—1

1 if & =ap—1,
€k = e 5 N
—1 if B = g1 .

Moreover, we see that [ l(k) and fz(k) are closed intervals and f;k) is an open interval for all k.
Then, we have the following formulae.

&

PROPOSITION 1. Define matrices A[m] as

1 0 0 0 1 0
Am =11 1 1 , A m] = 1 1 1 s
[l] 0 m m+1 [*‘} m 0 m+1
then
Q1 a
Pe-1| = A[mk] Br | - 3)
Ak—1 e ] | Ak

PROOF. By the equation (2) we know that

&k = min{Gy_1, (mg + D(Bro1 — Gk—1) — A1},

Bre = max{Gy_1, mx + D(Bro1 — Gx—1) — Ai—1},

then the the formulae (2) can be written as follows: if g = 1 then

ax 1 0 0 Qp_1 Qp—1
B|=|-+md T+m —1)| B =A[‘] B |

~ PN mp
Ak mg —my 1 Ak—1 1 Ak—1
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and if g = —1 then
ak —(14+mp) 1+me =1\ [o-1 Q-1
Pr| = 1 0 0 || A |=A4p, 1|
Ak mg —my 1 Ae—1 [71] Ak—1
Therefore, we obtain the conclusion. O

If Ay # 0and @y # ,ék for any k € N, we obtain an infinite sequence

ml m2 PR mk PR
81 82 ... 8k ... :
We call it the digits of («, B) from the induction of 3-interval exchange transformation Ry g.

PROPOSITION 2. Let us assume that a,8 (0 < o < B) produce the digits

<’Zl o ’Zk B '>, that is, let us assume that ix # 0, & # Py for all k € N. Then
T
we have

(1) &, Buydn = Oasn — oo

(2) For infinitely many k € N, my # 0.

(3) Forinfinitely many k € N, g, = —1.

PROOF. From the definition {&n},{ﬁn},{in} are positive and not increasing. Suppose

that there exists C > 0 such that oy + ):k > C for all k € N. Then by the equation (3) we
know that

Bk = k41 +5»k+1 + 3k+1 >C+ 3k+1 >nC + 3k+n .

Thus we have ,3/( > nC for any n € N. This contradicts the fact that (> ,ék) is bounded.
Therefore we have & + Ak N\ 0, and then &; \, 0 and Ak N 0.
Suppose that ¢; = 1 for all k > kg. Then @, = &ky+1 = - - - = &. On the other hand

ﬁko-}-n = ﬂko-‘rn—l - &k()-‘rn - )\'k()-i-n
< ﬂko-‘rn—l - &k()-‘rn = ,Bk()-l—n—l - &k()
< Brotn—2 — 20k, < -+ < Pry — NGk, < B — ndy, ,

for all n > kg. This contradicts ,3n > 0. Therefore statement (3) holds.
Suppose that my = 0 for all k > ko. Then from the definition we get )A»k = )A»k,l —
mk(,ék —ay) = )A»k,l, this contradicts the fact that ik ¢ 0. Therefore the statement (2) holds.
Suppose that there exists ko € N and C > 0 such that ,3k > C > 0 for all k > ko.
Then we see that there exists k; € N such that Bk >C > ap + )A\k for all k > k; and then
)A»k < ,3k — @. This means that my = 0 for all k > k;. We get the desired contradiction to the
statement (2). Therefore, we have ,ék ¢ 0 and the the statement (1) holds. O
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3. Renormalization of induced transformation and NIR-algorithm

In Section 2, we study the induced transformation R;I/)S of Ry p on 10 = Ro,p(I2) and

is given explicitly by Figure 2 and 3. Let us recall the length of interval fi(l) is given by

(¢))
Ra,ﬁ

BVI=h=1-m@-w,
V=1 = min{a, p— @ — i1} = minfe, 1 + DB — ) 1],
1371 = p1 = max{e, p — & — A1} = max{e, (m1 + 1)(B — ) — 1}
Now let us consider the renormalization of 3-interval exchange transformation by linear iso-
morphism 61 to keep the length of 6; (13(1)) equals 1. Namely, let us consider the following
map7 : X — X, T(o, B) = (x1, B1), where X := {(«, B)| ¢ < B, «, B > 0} and
a Ai
o=, Bi=+—. “4)
M M

p.e1(@ B) = g}, then

Define cylinder sets D <Z> = {(a,B) € X|mi(a, B)

{D <p) ‘p =0,1,2...,9 = :I:l} is a partition of X and we see that

D m (@ B) e X|at 5 +1 5 m—+2 1
= {(a, o <B<a+—,8> o+ —--7,
1 m+1 m m—+1 m—+1
m—+2 1
m+1]°

1
<,3<a+;,,3<m+1

ot—i_m 1

D(ﬁ)=hmmex
(See Figure 4.) We can see that the restriction of 7 on D (’:) is an one-to-one onto map to

X. Moreover we have the following theorem.
) be the induced transformation of Ry g on 1D, and let Rey g

THEOREM 2. Let Rg_ﬁ
be the 3-interval exchange transformation on Iy, g, = [X«,,8,, Xay,8, + 1 + 1+ B1] given by
is isomorphic to Ry, g, with the isomorphism 01 : JAOR. Iy, .,

the equation (1). Then Rg,/)s
€1

&1

given by
01 (x) = X =z
1 —mi(B—a) M

The proof is obtained by the following Lemma 1 and Corollary 2. The transformation
T is called N-I-R algorithm in the paper [4]. Before giving the proofs of the Lemma 1 and

Corollary 2, we prepare a few notations. Let us consider the set X given by
Xo :={(a, B) € X | T" (e, B) belongs to the interior of X, n =0, 1,2, ...}
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FIGURE 4. Cylinder sets D ('Z) of X.

then for («, ) € Xo we can define 7" («, 8) for any n € N. Take (o, 8) € X and put

(@0, Bo) :== (a, B),
(@k+1, Br+1) = T (o, Bi) (5)

1
Mit+1 = LBk —akJ’

Al =1 —mp 1 (B — ax) ,

and rewrite

. +1 if o < (mgg1 + DB —ax) — 1,
k+1 = .
—1 if o > (mgy1 + D(Br —ax) — 1,

where k = 0, 1,2 .... By Proposition 3, this definition of m is equal to Lf; A J which is

k—Qk

defined in the previous section, so we use the same notation.
PROPOSITION 3. The following relation holds:
Ap =AMy 0y,
Bn 2)\1"')\11,311,

A=Al Ay

PROOF. From the definition (4) and (5) we see that

aj ol
/?1 =Mr|B1],
A 1
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455
and by the Proposition 1 we know
o an
18 =Aml ”.Am,, én )
1 €1 &n An
and from the definition (4) and (5) we know
o Op
Bl=%tdnAr, 1 Aru1 | Ba
! I
Therefore, we have the conclusion of this proposition a
From Theorem 2 we have
COROLLARY 1. Let R(n) be the induced transformation of Ry g on ™ then R(n)
isomorphic to Ry, g, with the isomorphism 6, : 1 [ — Iy, g, given by
el e € £162-- €
6,(x) = 1 2 . nx: 12/\ n
M2 A An
LEMMA 1. Put
(e.¢]
LArdy  Anog
Xa,p = Z p———--- N1, (6)
&1 €2 83 EN
N=1
where
0 ife=1,
Sk =
1 ifep=-1

Then xq g satisfies the relation

Xay, lf €1 = 1 s
01 (xap) =1 00 ,
Xoppy + (1 +1+B1) if e =—
PROOF. Assume that &1 = 1, then

£ 1 I X1 An—1
gl(x“’ﬁ)zﬂxa’ﬂ:81E+E25Nagm Bn-1,
N=2

1 )Lz A.N
=0+1- 8 = =
+ Z N£2 &3 eN :BN 1 = Xay,B-

Assume that £ = —1, then

0 12 AN
el(xaﬁ)—f_l+Z5N <o —BN-1

& & &
N—2 ©283 N
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&1+ i1+ B
= ?"'Xﬂél,ﬁ] =a1+1+:31+x0!1,/31'

From now on the left endpoint x4 g of Iy g is defined by the equation (6).
COROLLARY 2. The map 61(x) = i—]lx is bijective from f(l)(z Ry p(I2)) to Iy, g,

PROOF. By the Lemma 1, the left endpoint x, g of I s mapped to the point x4, g,
or Xq 8, + a1 + 1+ B respectively depending on the parity of €1, and it is the endpoint of

Iy, ,p,- Moreover from the fact that the ratio | Iy, g, |/ |f (| coincides with 1/A] we obtain the
conclusion. O

COROLLARY 3. The origine 0 is the only point included in f(”)for all n, that is,
(@]
ﬂ 1™ =0} .
n=0

PROOF. By Proposition 3, we know Bn = A1A2 - - - Ay B, and we have
o0
Xap =) Snf1e2- - eNPN_1.
N=1

We denote a, = inf i, b, = sup I™ then we can see

(@n—1,ap-1 + ,én) if én—l =1,
(an, by) = ~ R
(bn—1 = Bn, byp—1) if &1 =-1,

where

. 0 if e1ep---ep=1.
Ek = .
1 if g1ep---gp=—1.

We show that the following fomulae satisfy this reccurent equation.

o
an=Y_ Snerer---exBn-1 — Enbh, (M
N=n+1
o0
by = Z Snerer---enBN—1+ (1 —E)Bn.
N=n+1
Consider the case when €162 ---&,-1 = —1 and ¢, = —1. In this case we have §,, = 1 and

€162 -+ - &, = 1, then from the equation (7) we get

00
by_1= Z dneren - 'Sn,én—l + (1 - én),én
N=n
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[o/0]
=881 Enfn1 + Z Sne1er---enPBn-1+ (1 — &) B
N=n+1

o
=Bu1 + Z Snergz - enBN-1 .
N=n+1

On the other hand a,, = Z;)Vo:n-i-l SNELED - -sN,éN_l then a, = b, — Bn_l. We can show
in the other case analoguesly.

Now we will see that a, is negative for all n. In the equation (7), if &, = O then
£162 - -+ &5 = 1, hence the first non-zero term in the alternating series is negative. If &, = 1,
then the first non-zero term in the alternating series is positive but the absolute value of this

term is less than B,. Anyway we get that a,, is negative. Similarly, we can see b, is positive.
With Proposition 2, we get the conclusion. a

Moreover we will get the following fact by Lemma 3:

4" =10} 8)
n=0

EXAMPLE 1. Let (a, B) = (23& — 1, 1), then we get

<a0 ol ): 2T~/5_1 N;ﬁ N;ﬁ 23ﬁ_1
Bo B 1 el 1

and
my my -\ _ (2 0 1
&1 & ---) \-1 1 =1/}
Therefore (¢, B) = (%ﬁ — 1, 1) is a purely periodic point with period 3 of NIR-algorithm 7.
4. Substitutions and Partitions

Now, let us introduce the following substitution U|:m], eef{l,—1}by
&

1 - 12 m times
j ——
m times 1— 3---32,
—
or,1:32—> 3---32, s 0Tl 12— 12,
[ 1 ] m+1times [—1} m-+1times

— —
3—» 3...3 2, 3— 3...3 2.
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In general, let us denote a[ ](]) (") W(”) . W(”), n=2~0,1,2,... where l§”) is

NONGID)

En+1
the length of word o . (-
en+1
Consider the induced transformation R(S(L) g, Of Ra,.p, onto JonPn = Ry s 12(") =

Jf‘”’ﬁ” U J;x”’ﬁ” U J;”’ﬁ", where Jl.a”’ﬁ" i = 1,2, 3 are defined in previous section.

For simplicity, let us denote ™ instead of I, . Be = [Xay, s Xy, B, +0n + 1+ Brl, and
denote J ™, Ji(n) instead of J%Pn Jl-a"’ﬂ", i = 1,2, 3, respectively (See Figure 5). Using
these notations, let us define the finer partition of {/ l.(")| i = 1,2, 3} as follows:

9
1
I(") . I(’l)

<j> = Ran Bn ( )’
k k—1

where j € {1,2,3}, k=1,2,... ,15’”, n=0,1,2,... and we see
1 = min{N|RY 5 1" C Re,, (12('”) N > 13.

PROPOSITON 4. The set {1(’;) |j = 1.2.3, k = 1.2,...,1"} is a finer partition of
(4)
(17| i =1,2,3), that is,

(n) (n)
1 1

n _ () Q)

= LU= WUy "
1%
(i

j=1,2,3k=1

and intervals in the equation (9) are pairwise disjoint. Moreover [ )> cl (n()n) , j=1,2,3,

and as we see in Figure 5, Il-(n) is decomposed into

(n) _ (n)
M= WZL?)Ji 1@ . (10)
J

k

DEFINITION 1. Forx € Iy g, we call s1s2 - - - the name of x under Ry g, if Rk 1(x) €
I,.

THEOREM 3. Lets = (s1,52---) be the name of 0, then

s = lim o oo 0---00 3).
sl 6] I P ]
€] €2 €n
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PROOF. From the fact {0} € ﬂzozo f3(") which will be proved in Section 6, it follows

k) (k)

that if we know the name of 0 under Rl()lk/)S denoted by s, ’s, " - - -, then the name of 0 under

Rgf/;]) is given by

k—1) (k—1 k) (k
gD D) ORI

=0 my, (sl &)
€k

Therefore, we have

k) (k
S]S2...Sn"':0'|:ml:|o...oo-|:mk (SE )sé))

€k

By the equation (8), 0 € f3(") and sfk) = 3 for all k, we have

n—o00

$182...8¢ -+~ = lim 0’[,,”] 0'--OG|:mn}(3).

€1 &n

5. Ostrowski type numerical expansion

To begin with, we prepare a family of maps {g}x. Let A* = Unzo{l, 2, 3}" be a set of

finite sequences of {1,2,3} and g, : A* — Z|Il(")| + Z|12(")| + Z|I3(")| be a homomorphism
satisfying:

(@) =0,
Q) = Rey g, () —x  xel” ifiefl,2,3}, (11
(D) =1+ By,
=102 =—0+an),
gn(3) = Bn —an,
gn(uv) := g, () + g, (v) forany u,v € A*. (12)

Recall that (g, Bo) = (e, B) and [© = Iy,g. Then, we know that g, (i) gives a translation of

the interval 1"’ 1™ by Ry, 4,

By the equation (9), intervals / ( ;

) and their images by R, g cover /. Hence, for any
1

J
1

x el (J) we know that R;%k*l)(x) el ( > On the other hand, by Proposition 4 and the
k
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Ta g Tag+ a+ B+1

) (6
i
L

6

I«
(1)
I 1
1 ) )

FIGURE 5. the map Fj and the partition {l((;) } of 19 in the case ofmy =2,¢1 =—1.
k

equation (11),if x € I<j>, then R;}S(x) € I( ; ) Cl,o and
1

¢ ‘- <k11>
Ry ) =x — go(W&Z)jl)).

Thus we get by the equation (12) that

—(k—=1 0 0 0
Re P =x—qoW )= goW® ()= — g0 (W)
(A (£ 9
=x—gq(P)).
(¥
where P(';) = W(’;) wm oL W(")j is the prefix word before W(’;) inor,, 1(). Then
O 06 () () )
by Theorem 2, we can define the map F : Iy g — IV as follows (See Figure 5):
—(k=1)
Fi(x)=01(R, g " (x))
e
= x— 0P| ifxer, .
H (1) (¥
k k
Similarly we define maps F,, : 1*~1) — [
b (13)

Fo) = 2 | x = gy (PO | if xe 1<

g (¥ y
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Then we get
F,,I(';_l) - 1}”) , (14)
0
Fn_lli’;) ﬂl(’;f” £0 = j = W(';) . (15)
Do) (4)

Now, let us define the map ¢ from I g to some symbolic space .Qg! p as follows: for

any x € Iy p, we can find the sequence of the intervals I&';) ,n=20,1,2,... satisfying
i)

(")>. From the indices of these intervals, we can define

x el o\’ and x, .= F,(xp—1) € I
0 n

() (k

the map ¢ to the symbolic space by setting

o= )

Then we have the following Ostrowski type numerical representation.

PROPOSITON 5. Forx € Iy g and ¢(x) = ( N ]]{1 ]]CO> we have
ok ko

(1) ifx,x" € lypandx # x' then p(x) # p(x')
(2) x can be represented by

o

Ao A AN—1 _
X = PO !JN—I(PUJYN_II)).
Ny €0 €1 N-1 (kN—l>

PROOF. Statement (1) is obtained in Lemma 2 in the next section. From the fact that
x1 = Fi1(x), x, = Fy(x,—1) and (13),

J

(ko)) if x € I(,’(g)

Al
x="xi + go(P
&1 0

Al A2 .
=—1|—x +gl(P(lA) )|+ go(P(O,) y if x etV
o\ (&) (k) (&)
n
A AL AN—1 N—1 AAL A
&0 €1 EN-1 JN-1 &0 €1 &n
N=1 (qu)

Since x;, € Iy, p,, We get |x,| < ap + 1+ B, <1+ 28,, then

A0 Al An
—_— e e . _xn

= hiha - Anlxnl < Ap + 2B
&0 €1 &n
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By Proposition 2, we obtain the conclusion. O

6. Symbolic space and Odometer transformation
Let us introduce a directed graph G = {V, &, iv, tv} shown in Figure 6 as follows:
V=0 (D, @, Boad, € = U { <1]c) 1&';? c Ia”,,g”}, iv, tv: € - V where
n n
kll)

WGDZUMH1WGQ=076M- (16)

kn

See Figure 6.
DEFINITION 2. An infinite sequence @ = < h Iil ]]{O) is called a G-admissible
.. . ko
sequence if
W = v, (17)
N
(i)
. jn—l T jO .
forall N = 1,2,3,.... For a finite sequence u = <k X ), u is called a G-
a1l - ko

admissible word if (17) holds for N =1,2,...,n — 1.
Define the symbolic space £2¢, 4 by

Qa,ﬁ:{w:(“ /l JO)‘a)isG-admissible}.

ki ko

(mg,e5) = (1, -1) (ma,eq) = (0, 1) (my,e1) = (2,-1)

1— 32 1 —12 1 — 332
ori1=42-12 Oro] =422 Ora1=1K2—12
M 3— 332 H 332 { ]] 3 — 3332

FIGURE 6. Graph G = {V, &, iv, tv} and substitutions of Example 1.
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J1 Jo

Then we see that for any x € Iy g, ¢(x) = < ok
1 ko

) is an element of £2, g, that is,

@(la,p) C 2q,p. In fact, let us assume that x,_; € I&"]B and F,,(x,_1) € I&") then by

. SN\ o
Jn—1 In
kll

kn—1

the equations (14) and (10)

(n) _ (n)
Ijn—l - U 1 i\
WOk =jumt \K
()
k
This shows that the relation W(';) = ju—1 holds.
(k)
Let us define the set !22, s by
205 =0Uap) = {p)| x € Lup} .

Oppositely, let us define the map @ : 24 5 — Iy g by setting

i1 J o~ Ao Al AN—1
o )=y Sy ). (18)
- k1 ko &0 €1 EN—-1 (JN—])
N=1 ky-1
For G-admissible word u = <Iin1 ]io)’ let us define the cylinder set
nel - 0
jn—l jO
A f I foll :
(kn—l ko)o «,p as follows
j/,] j6>
Alu) = A ( n
k;;f] k(’)
. . ./ ./
o o Inl I Iy o
=1{x| k)= n )}
{ K ( knt1 ko K, oo K

For A(u), we call u the word of A(u). From the equations (14), (15) and (16), the cylinder
set is an inverval and is denoted by

. . n
]/_1 _](/) . 1 -1 -1 (N-1)
A(kzl ow)= [ lFl o F; O"'OFN—ll<jé\/_])' (19)
N=1 kN*l

LEMMA 2. The cylinder sets defined by the equation (19) satisfy the following condi-
tions:
(1) Putforn=0,1,2,...

& = {A(]J("] /i())‘ (linl lio> is G-admissible} ,
a1l - ko a1l - ko
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then &, is a partition of 1, g, that is,
Jn=1 0 Jo s
Ing=| A4 d 7).
ws = J <knl ko) (disjoint)
If m > n, &y, is a finer partition than &, (See Figure 7).

ko1 -+ ko
2 and its length is given by

2 A (Jn] JO> is an open interval if j,—1 = 3, and is closed if j,—1 = 1 or

. . &n lf jn—l = 15
Jn—=1 =+ JO 5 oo
A = =
‘ <kn] " ko>‘ P 1 =2,
A 0f ju—1=3.
(3)  Let E, be the set of endpoints of intervals in &, and E = |,y Ey. Then for a point
x € E, there exist w € Qg)ﬁ and o' € 2q.p \ .Qg)ﬁ such that ® (w) = (o) = x.

PROOF. By the equation (19), we have

Jnocc Jo Jn=1 - Jo 1l —1 ()
A =A N F, F. o F 0T . 20
<kn k0> <kn—1 kO) Lo (&) v
Therefore A (]" ]O) is a subset of A <]"_1 ]0>. From Proposition 4
k, --- ko ko1 - ko

{—I(j) — (n)} is a partition of /™ then
k

Jn—1 - Jo Jn—1 -+ Jo —1 —1 —1;m
A = A NF F. o FT
<kn—l ko) U (kn—l ko) 1 °fy ool (jn>
Jn
kn
Jno o
=1 la ,
Ua(lr 7 )

Thus the statement (1) holds.

The set Ffl o F; oo F,:l 1 ('; ~D s constructed by the union of several intervals
n—1
(kn—])
which have the same length. If j,_; = 3, then I&';_I) is open, therefore each interval in
n—1
kn—l)

Jn—1
kn—1

Fl’1 ) F{l 0--+0 Fnil] I&"_l)> is open. Similarly if j,—1 = 1 or 2 then they are closed. One
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a1 = Jo

of these intervals is whole included in A <
kn—1 -+ ko

) and the other is disjoint. The it is

Jno0Jo
kn --- ko

) is open or closed. By the definition of / Ej> ,

decided by j,—; that whether A <
k

we have
=1 | _ | ;=D _ (n)
‘I Jn—1 ‘ - ‘Jj”71 ‘ - )\'n‘l./n | ’
(i)
and |F,; ' 1| = A, |I| then

—1 -1 -1 y(n=1) | _ -1 —1 —1 y(n=1)
[Fi o Fy oo F I A [ = 0| Fy o o evo BT |
(kn—l> (kn—l)
-1
= Aha e [ IV 1> |=A1A2---kn_1kn|1;:)|.

Jn—
kn—1

By Proposition 2, statement (2) holds.

. . ./ -/
Suppose that A <]"_1 J O) and A <J§’1 ]9> are two adjoining intervals
koot - ko K oo K

in &,. Then one of j,—1 and jr/lf1 is 3, and the other is 1 or 2. We denote these set A, A’
for simplicity. Without lost of generality, we can assume that j,_; = 3 and sup A = inf A’,
Put x4 = sup A. Then A is an open interval, and A’ is closed. For m > n, we denote the
rightmost subinterval of &,, which is included in A by Ag(m) and the leftmost subinterval of
&, which is included in A by A} (m). Since Ag(m) is open and A} (m) is closed, we can
write that

3 R T M T jo)

A m ZA 9

R (M) (kml R A
j’ j’ j’ ](’)

A/L(m)zA<m—1 nodn-l ) Jns e Jm—1 € {1, 2}.
k;n—l k,; k;z—l k6 n m

By statement (2), the lengths of Ag(m) and A/L (m) goes to 0, then we have

xa= ) Arlm) = [ AL(m)

m>n m>n

where A denote a closure of set A. Thus the words associated with Ag(m) and Al (m) are
mapped x4 as m goes to infinity. |

By this lemma and Proposition 2, the length of each cylinder set shrinks to O as the
length of its word goes to infinity. Therefore for x, x” € Iy g, if x # x’ then x and x’ belong
to different cylinder sets corresponding to sufficiently long words. Then we complete the
proof of Proposition 5.
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- e

<*) = 212 A 332 [ 32} 332 A 22;} 322 { 22 ’

(1;»«) (32*) (}2*) (12*) (21*) (31*) (;1*)
0 ( (3?3) I ) I (??i) \

* T

(iéi‘i')(éiii)(‘;‘iii)(iiii)(‘ié’?i’) i) (ii‘?iXé?i’iIi??i’X}ﬁi][?ﬁi)
0 (1) 211\ Y Y
P e e

311
FIGURE 7. Cylinder sets in Example 1.

<jn—l j0>:=A<jn—l j0>
kn—1 -+ ko kn—1 -+ ko

LEMMA 3. Forany (o, B) € Xo, wp = ( N ? :f) is G-admissible, wy € 29 and

D (wy) = 0.
PROOF. By P(';) = ¢ for all n € N, it is obvious that @(wy) = 0. Denote
()
3 .. 3 . . L
A | 1 by A,. It is sufficient to show that O belongs the interior of A,. Take
—_—
ntimes

n satisfying m, # 0, then we have A, ; An—1, and A, is the rightmost (leftmost) subin-
terval in A,_ respectively depending on the parity of £,. By Proposition 2, we know that
my # 0 for infinitely many k, then we can take n; < np < --- such that

Ap, = Ry, UA,, UL, (disjoint),

wherex <y < zforVx € R,,,Vy € Ay, ,Vz € Ly, and |R, | > 0,|Ly, | > 0. Then O is not
a boundary point of any Ax. Therefore we get the equation (8), that is, ()7 f3(") ={0}. O

Now, we introduce a partial order < in §24 g as follows. Let w = ( N ]JCI l]€0> Lo =
.. L ko
-/ ./
< Ii} ch(’)) Then we say that w < o' if there exists ng € N such that
. "k
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Jn Jn
= n>ng,
kn k;,
jn() ]y,l /
#* ) and Ky, <k .
(kn()) k;l() " "

. ./
Note that jnO = jléo’ because (]no+1> — (i’}O‘H).

kn0+1 n0+1
Let wy, g = ( ]i: ig) be a maximal element in £2, g under <, that is,

n=2 ka =1 n=0.1,2,...,

and put
o
M=) Od"(wup).
n=0
Then we can define the odometer transformation Od : .(22) g\ M — .Qg) g\ M.
Od(w) = min{ew’ € 24 | o > w).

More concretely, Od(w) is given by the following formula:

A
Od:
(o
oo ky e ko1 Jo
— ky =17,
N Jjn J';Ll j(/) ) Ip
L b+l 1 | if O<p=n-1,
1
n+ n kn<l§~:l),
where j/_, = w® i =wP 0<p<n-—1
Juo1 = v =W O=<p=n-1.
()" 0)

THEOREM 4. The following commutative diagram holds:
Od
Q0,\M —= 0 )\ M

¢lol¢

Iyp ————Inp
Ra,ﬁ
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where @ : 93,/3 \ M — Iy g is given by the equation (18) and it is bijection.

PROOF. First we prove the case when the carry over does not occur. For w =

() e e

T A jo
Od = .
="k
By Proposition 4, if ®(w) € 1 io CIW(O) , then we know that
(ko) Jo
ko
o0
A0 Al AN-1 -1 0
P(0d) — D) = Y == gy (PN + (P )
£ €1 EN-1 IN—-1 Jo
() T )
o
Ap Al AN-1 _
YRR AN (v
Sae e M)
0
= W3\
0
(%)

Since x + go(i) = Ry p(x) forx € I<i>, we get

*

@ (0d(w)) = Ry g (P (w)) .

Next, let us consider the case when the carry over occurs at the first place, that is, ® =

SR Jo (1)
( kl l;g)>vk1 #lkl s

. . .
_ PRI ]n PR ]1 ]O
Od(a))_<”. kn -+ ki+1 1)‘
Then we have
@ (0d(w)) — @ (w)
o
Al A2 AN-1 _ Al
=2 s v D P )
N=2 1 %2 N-1 (kN_1> ! <k0+1)

o
AQ Al AN—1 N—1 0
POl A (P(jNil) )+ go(P( J).O )
N=1 0 Nt (kN—l) <1<.0)>
Jo
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ky

1 0
=g ) —gP? ).
€1 J1 Jo
( ) <1<.°>>

JO

Because go(W((l)c) ) is the translation of / ko under Ry, g, by Theorem 2 and the definition of
(18) (/’0)
a[m] , we get
1) = 61 (go(oT,, 1))
g
and
Ao . 0 0
= g1G) = go(op,, 1) = (P, ) + g (W ).
ol %] (o) (:0)
Therefore
Al 1 0 0
—g WD) = go(P) ) = oW ).
£ 1 J0 j0
(k1> (l.(0)> (1@)
i Jjo
This leads to the conclusion of the theorem in the case the carry over occurs at the first place.
We get the proof for in general cases analogously. a
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