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COMPACTNESS IN SPACES OF GROUP-VALUED CONTENTS,
THE VITALI-HAHN-SAKS THEOREM AND NIKODYM'’S
BOUNDEDNESS THEOREM

HANS WEBER

0. Introduction. The starting point of this paper is the following theorem
of W.G. Graves and W. Ruess [11, Theorem 7].

THEOREM. For a locally convex space E and a subset K of the space of
E-valued measures on a g-algebra 2, K is relatively compact in the topology
of pointwise convergence (on each A € 2) if and only if K(A) is relatively
compact for each A € 3 and K is uniformly c-additive.

Graves and Ruess proved this theorem in the setting of Graves theory
[10] of s-bounded measures with values in a locally convex space, the main
idea of which is a topological linearization of the study of such measures,
using as central device the ‘‘universal measure space’’ and its topology.

In this paper the theorem mentioned above is proved completely ele-
mentarily and generalized for group-valued measures. The essential part
of this theorem, namely that the compactness of K implies the uniform
s-boundedness, may be considered as a generalization of the Vitali-Hahn-
Saks theorem (in the g-additive case), for which there are elementary,
transparent proofs (see, €.g., [16, 17]). This part is here proved by a re-
finement of the methods in the proofs for the Vitali-Hahn-Saks theorem.
The proof is carried through in such a way that it yields, without extra
work, the Vitali-Hahn-Saks theorem for s-bounded (finitely additive)
contents, Nikodym’s boundedeness theorem (for contents with values in
a quasi-normed group), Rosenthal’s lemma, and a criterion for uniform
s-boundedness of A.B. d’Andrea de Lucia and P. de Lucia.

The paper is structured as follows. In §2, certain [0, co]-valued func-
tions on a Boolean ring R are studied. As the main result of this section
we get, in Theorem 2.4, a criterion for s-boundedness, from which the
compactness criterion mentioned above and the Vitali-Hahn-Saks theorem
can be easily deduced. It is of interest that no further assumption for R
(like g-completeness) is needed in Theorem 2.4. In §3.1 we obtain, as a
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corollary of Theorem 2.4, a characterization of relatively compact sub-
sets of ca(R, G) in the topology of pointwise convergence, with G being a
topological group and R a g-complete Boolean ring. §3.2 contains an
analogical result for the space sa(R, G) of all G-valued s-bounded contents
on an arbitrary Boolean ring R. The role, which the uniform s-bounded-
ness plays for a compactness criterion in ca(R, G), is taken over for a com-
pactness criterion in sa(R, G) by the notion of quasi-uniform boundedness,
which is here introduced according to the notion of quasi-uniform con-
vergence. §4 contains three criteria for s-boundedness, Theorem 4.2 as the
group-valued version of Theorem 2.4, the result (Corollary 4.3) of A. B.
d’Andrea de Lucia and P. de Lucia as corollary of Theorem 4.2 and the
Vitali-Hahn-Saks theorem (Theorem 4.1) as immediate consequence of
Theorem 3.1.2 as well as of Theorem 4.2. §5 deals with several versions
of Nikodym’s boundedness theorem. Since functions are admitted here
which are not necessarily s-bounded, we do not only obtain a sufficient,
but an equivalent condition to uniform boundedness. A version of Ni-
kodym’s boundedness theorem, with G being quasi-normed, easily follows
from a result of §2. In §6, boundedness in the sense of [17] and in the sense
of [2, p.210], [4] are examined and both characterized by quasi-norms.
This examination together with the version of Nikodym’s boundedness
theorem for quasi-normed groups yields, in §5, a generalization of ver-
sions of Landers and Rogge [17] and Constantinescu [4]; in both papers
the g-additive case is considered. Further, they do not reduce their bound-
edness theorems to the quasi-normed case. §7 briefly discusses generaliza-
tions of results of §2 to §5. In §7.1 we study, how the condition of g-com-
pleteness of R, in the results in which this is assumed, can be weakened.
In §7.2 we briefly go into possibilities of generalization for contents with
values, e.g., in uniform semigroups. Such possibilities can easily be seen
by taking into account that many of our considerations for group-valued
contents are based on results for certain subadditive functionals (cf. §2,
Lemma 5.1 to Theorem 5.3), which can also be used in the semigroup-
valued case.

1. Basic assumptions and notations. Throughout the paper let R be a
Boolean ring (not necessarily with unit) and (G, +) a commutative Haus-
dorff topological group. N (Z, R) denotes the set of all positive integers
(integers, real numbers), /" the set of all subsequences of 1, 2,3, ..., i.e.,
of all strictly increasing functions from N into N and £(N) the power set
of N.

A set K of G-valued or [0, co}-valued functions on R is called uniformly
s-bounded if, for every disjoint sequence (a,),x in R, the sequences
(1(ay))ren converge to 0 uniformly in g € K; K is said to be uniformly
o-additive if, for every disjoint sequence (@) in R such that the supremum
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V2 a; exists in R, (3E, w(a;))ren converges to u(\/s2; a,) uniformly in
4 € K. Each u € K is then s-bounded or g-additive, respectively.

A function y: R — G is called a content if g is additive, i.e., if
wav b) = y(a) + wub), for disjoint a, b € R. A g-additive content is called
a measure. And a(R, G), ca(R, G), sa(R, G) denote the group of all con-
tents, of all measures, of all s-bounded contents on R with values in G.

A function | | on a semigroup (S, +) with zero element 0 is called
a quasi-norm if |x| € [0, o], 0] =0, |x + y| £ |x| + |y| and |x] =
|x + y| + |y|for all x, yeS; the inequalities |x + y| < |x| + |y| and
|x] =]x + y| + |x| together are equivalent to ||x + y| — |x|| = |y|, when
you put oo — oo = 0. A [0, co]-valued function | | on the group G is
obviously a quasi-norm if and only if |0 =0, |— x| = |x] and [x + y| =
|x| + |yl, for all x,y € G. It is well-known that the topology of G is gen-
erated by a family of quasi-norms; G can be embedded in a product of
Hausdorff quasi-normed groups.

Compactness and functional analytic notions are used as in [15]. For
Uc Gweput UV:=Uand UV = U + U (neN).

2, [0, oo]-valued set functions. This section is the foundation for §3.1,
4 and Theorem 5.4.

The lemmata 2.1, 2.2, 2.3 can be shortly described in the following way
if you consider the numbers 7,({k}) or ¢,({k}) appearing in them as co-
efficients of a matrix(p,,;),, ren. By successively crossing out certain rows
and columns, one obtains matrices of the form(p,, ;) With y € I', whose
diagonal elements are also diagonal elements of the original matrix (p,,);
in the first step one achieves that the part of the new matrix above the
diagonal is ““small”’, in the second step that, additionally, the part of the
matrix below the diagonal is “small”” and in the third step that the di-
agonal elements are small. This yields, in Theorem 2.4 and Corollary 2.5,
criteria for uniform s-boundedness of certain functions ¢,,: R — [0, oo].

In view of Theorem 5.4, we here consider set functions, which satisfy a
condition slightly weaker than s-boundedness.

LEMMA 2.1. Let ¢ > 0, and for each n € N, let 9,: Z(N) — [0, ] be a
monotone function such that, for every disjoint sequence (A,) in (N), there
is an l € N with 9,(A)) < e. Then there exists ay € I' such that 3, ., ({r(k):
keN, k > n}) < ¢, forallneN.

ProOOF. (i). For n € N, every infinite subsét M of N contains an infinite
subset 4 with »,(4) £ ¢. There is, namely, a disjoint sequence (A4,) of
infinite subsets of M and so %,(4;) < ¢, for some one 1 € N, by assump-
tion.

(ii). Put 4g== N and /,= 0. For all n € N, you can choose, by induc-
tion, /, € N and, because of (i), infinite sets 4, with {/,} U 4, = {/ € 4,:
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I >1, ,}and 5, (4,) £ e. Theny = (/,),en € I, and, for n € N, we have
{lk:k > n} < An;hence 7]r(n)({r(k):k > n}) _S_ﬂr(n)(An) é &

LEMMA 2.2. Assume that
(1) ()N and ¢ satisfy the assumption of (2.1);
(ii) 9,(A4) = 9 (A\(k}D) + 5.({k}), for any A = N andn, k € N; and
(iii) limglim, ,({k}) = 0 (i.e., the double limit lim, .lim, .7,({k})
exists and is equal to 0).
Then, for every § > ¢, there exists a 7 € I" such that 7,.,({r(k): keN,
k # n}) £ 6, forallneN.

PROOF. Put p, = lim,»,({k}). Since lim,p, = 0, there is an a € [" with
Y21 Pay < 0 — €. By (2.1), a has a subsequence 8 with 7., ({8(k):
k > n}) £ ¢. Since lim, Y ,cr g ({k}) = Xier Pr <0 — ¢, for every
finite subset F of B(N), you can choose for n€ N, by induction,
I, € B(N) with [, > [,_4,lp = 0 and Y72} 7, ({i}) <6 — ¢. Then y =
(1,),=n is a subsequence of f. If ne N, choose m e N with f(m) = y(n);
then 9, ({7(k): k # n}) < 9 ({7k): k > n}) + T 9, ({7(R))) =
Nem({BU): 1 > m}) + (0 — ¢) = 0.

Lemma 2.2 may be considered as a generalization of Rosenthal’s lemma
(see [5, p.18]). For, if (u,) is a uniformly bounded sequence of real-valued
contents on a ring & of subsets of N containing all finite subsets of N,
define s-bounded functions j, on 2(N) by Z,(M) = sup {|u,(A)| : A€ 2,
A = M}, then the assumptions of Lemma 2.2 are satisfied for any
e > 0 and a suitable subsequence (7,) of (z,). In connection with Rosen-
thal’s lemma, cf. also Corollaries 3.2.6, 3.2.7 and Proposition 3.2.1 (1) =

05).

LEMMA 2.3. Assume that

(i) # is a ring of subsets of N with {k} € R, for allk e N, ¢ > 0;

(i1) For each neN, ¢,: # — [0, o] is a function such that |p,(A) —
on (kDI = 0 (A\(k}), for ke Ae R; and, for every disjoint sequence
(Ay) in R, there is an | € N with ¢,(A,) S ¢;

(iii) lim, lim, ¢, ({k}) = 0; and

(iv) inf {q;,,,(A): meAdc M, Ae R} < e, for any infinite set M = N.

Then lim sup ¢,({n}) < 2e.

ProoF. If lim sup ¢,({n}) > 2 ¢, then you can choose a real number
0 > e and a € [" such that ¢, ({a(n)}) > 24, for all n € N. Define 7,(4)
=sup {p,(B): A > Be R} for A = N, neN. By (2.2), « has a sub-
sequence 7 with ,.,({r(k): k # n}) £ d (n€ N). y(N) contains, by (iv),
a subset 4 €% such that ¢,(4) < 9, for some me 4. Now we get
Pm({m}) £ Pu(A) + Pu(A\{m}) = 6 + 9,(y(N)\{m}) = 20, a contradic-
tion to ¢, ({m}) > 2.
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THEOREM 2.4, Let ¢,: R — [0, 0] be s-bounded functions with |¢,(b) —
du(@)| £ ¢ (b\a) for a,be R, a £ b and ne N. Then the following two
statements are equivalent:

(1) For every disjoint sequence (a,) in R and every a € I', inf {4y (\/rca
Au) € A © N, \/peu o exists in R} = 0and « has a subsequence
@ such that lim,, lim,, $gn (agy) = 0; and

(2) {¢: n € N} is uniformly s-bounded.

PROOF. (1) = (2). If {¢),,: n € N} is not uniformly s-bounded, then there
is a disjoint sequence (a,) in R, ¢ > 0 and a € " with ¢, (aam) = 3 €.
Choose a subsequence § of a with lim, lim, ¢g»(@gp) = 0 and apply
(2.3) to the functions ¢,: # — [0, o], where #Z = {4 = N: \/4c4 agp
exists in R} and ¢,(4) = ¢pon(\Vica apw) (A€ #, n € N). Lemma 2.3
yields lim sup ¢, (@) = lim sup ¢,({n}) < 2 ¢, a contradiction.

(2) = (1). Put ¢(a) = sup, ¢,(a), for a € R. ¢ is s-bounded by (2). If
(a,) is a disjoint sequence in R and a € I, then inf {¢, (\Vrea Gamn):
neAd c N, \/iea dau eXists in R} < inf, ¢(a,,,) = 0. Since [0, oo] is se-
quentially compact, « has a subsequence 8 such that the following double
limit exists and lim,, lim,, ¢ (@g) = limy, P(ap) = 0.

A function ¢: R — [0, oo] is called g-subadditive if ¢(\/,en ap) =
2ren ¢(ay), whenever (a,) is a disjoint sequence such that the supremum
Vren a, exists in R.

COROLLARY 2.5. Let R be g-complete and ¢,,: R — [0, o] be s-bounded
Sfunctions with |p,(a) — ¢(b)] £ ¢.(b\a), for a, be R,a < bandneN.

Then we have:

(a) If every subsequence of (¢,,) has a o-subadditive, s-bounded cluster point
with respect to the topology of pointwise convergence, then {¢,: n€ N} is
uniformly s-bounded,

(®) If : R = [0, o0] is s-bounded and (¢,(a)) converges to ¢ (a), for all
a € R, then {¢,: n € N} is uniformly s-bounded.

ProOOF. We check that, in both cases (a) and (b), the condition (1) of
2.4 is fulfilled. Let (a,) be a disjoint sequence in Rand a € [

(a). Choose an s-bounded cluster point ¢ of (¢, ) and a subsequence
B of a such that (¢g.,(ax)).en converges to ¢(a,), for all k € N. Then
limylim,, e (@) = limy, (ag) = 0. Now let be ¢ > 0, 3 a subsequence
of B with X221 d(azw) = ¢, a = \/2; azw. v a subsequence of § such
that (¢, (@) is convergent, and ¢, a g-subadditive cluster point of (¢, ).
Then ¢y(a,) = ¢(a,) for k € N, 50 inf {Pg(VVica dap): n€A c N} <
lim, ¢ (@ = ¢o(a) £ 252 Po(aza) S €.

(b). limlim,fy i (anm) = lim, ¢dlagy) = 0, since ¢ is s-bounded.
Let ¢ > 0 and B be an infinite subset of a(N) with ¢(\/,ep a;) < € (cf. (i)
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in the proof of (2.1)). Then inf {$n(\Vieca dap): # € A = N} <
inf,=p on(\VizB @) = ¢(Visp @) = €.

For an application of Theorem 2.4 and Corollary 2.5 to group-valued
contents we will put ¢, = |g,(-)| when | |is a quasi-norm on G and
4n € a(R, G).

3. Compactness in spaces of contents. In this section, 7, denotes the pro-
duct topology on GR, i.e., the topology of pointwise convergence. The
topology on subsets of GX induced by 7, is also denoted by z,. For K < G~,
let K denote the topological closure of K in (G®, ,).

3.1. Compactness in (ca(R, G), t,).

STATEMENT 3.1.1. For K = M < GR®, K is relatively compact in (M, t,)
if and only if K = M and K(a) = {(a): u € K} is relatively compact in
G, for every a € R.

This immediately follows from Tychonoff’s theorem.

In Theorem 3.1.4 we will show that the inclusion K < M can here be
replaced by the uniform s-boundedness of K, if M = ca(R, G) and R is
o-complete.

THEOREM 3.1.2. Let R be g-complete and K < sa(R, G) such that every
infinite subset of K has a g-additive cluster point with respect to t,. Then
K is uniformly s-bounded.

ProoF. We have to show that, for every sequence (y,) of pairwise dif-
ferent contents from K and every continuous quasi-norm | | on G, the
functions ¢, = |u,( - )| (n € N) are uniformly s-bounded. But this is a
direct consequence of Corollary 2.5 (a). (Observe that ca(R, G) < sa(R, G)
if R is g-complete.)

COROLLARY 3.1.3. If Ris g-complete and K a relatively countably compact
subset of (ca(R, G), t,), then K is uniformly s-bounded.

THEOREM 3.1.4. Let R be g-complete and K < ca(R, G). Then the following
statements are equivalent:

(1) K is relatively compact in (ca(R, G), 7,);

(2) K is uniformly s-bounded, and K(a) is relatively compact in G, for all
a€R;

(3) K is uniformly c-additive, and K(a) is relatively compact in G, for all
a€ R; and

(4) K is relatively countably compact, and K(a) is relatively compact in
G, for allae R.

If every relatively countably compact subset of G is relatively compact,
then a further equivalent statement is

(5) K is relatively countably compact in (ca(R, G), t,).
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Note that relative countable compactness and relative compactness
in G are equivalent if G is metrizable or complete or if G is a locally
convex linear space quasi-complete with respect to its Mackey topology,
see [15, p. 39 (3) and p. 316, (1)].

PrOOF OF THEOREM 3.1.4. (1) = (4) is obvious and (4) = (2) holds by
Corollary 3.1.3.

(2) = (3). It is well-known that a uniformly s-bounded subset K of
ca(R, G) is uniformly g-additive; if (a,) is a sequence in R decreasing to 0,
then (u(ay)) is Cauchy convergent uniformly in g € K (cf. [S, p. 9]). Since
(u(a,)) converges to O for every p € K, it follows that (u(a,)) converges to
0 uniformly in g€ K.

(3) = (1). Since K is uniformly g-additive, we have K < ca(R, G), so
(1) follows from statement 3.1.1.

(4) <> (5) obviously holds if G satisfies the given additional assumption.

3.2. Compactness in (sa(R, G), t,). Let g, denote the Dirac measure on
2(N) located at {n}; then {0,: n € N} is a relatively compact subset of
sa(2?(N), R) with respect to the topology of pointwise convergence, but
not uniformly s-bounded. In connection with compactness in (sa(R, G),
7p), the notion of s-boundedness is not of interest, but rather the notion
of ‘“‘quasi-uniform s-boundedness’, which is based on the following
definition.

DEerINITION. Let S be a uniform space, K a set of S-valued sequences and
I(f) e S, for fe K. We say that (f(k)),=n converges to /(f) quasi-uniformly
in fe K, if lim, f(k) =I(f), for all fe K, and if, for every entourage N
of S and every kjy€ N, there exists a finite number of indices kq, .. .,
k, = ko such that, for each fe K, at least one of the pairs (f(ky), I(f)),

. (flk,), I(f)) belongs to N [8, p. 268-269 and 22, p. 72-74]).

Here, above all, we are interested in the case that, for all o € I,
the sequences (A(k)).=n converge quasi-uniformly in 2 € Koa = {foa:
f€ K}, too. That corresponds to the notion of “almost uniform con-
vergence” in the sense of Fichtenholz, Kantorovitch and Sirvint [22, p.73]
for which we shall give some other equivalent formulations.

With the same notion as above, put I(foa) = I(f),for fe K,anda € I'.
Then the following statements are equivalent:

(1) For every a € I', (h(k)) converges to I(h) quasi-uniformly in he
Koa;

(2) For any infinite subset M of N and every entourage N of S, there
exists a finite subset F of M such that, for each f € K, at least one of the
pairs (f(k), i(f)), k € F, belongs to N;

(3) For every o € [, every sequence (h,) in K o ¢ and every entourage
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N of S, there exists a y € [' with {(h,,, (7(k)), I(h;())): k,n€ N; k # n}
N; and

(4) For every a € I', every sequence (#,) in Ko «, and every uniformly
continuous quasi-metric, p for S (i.e,, a map p: S x § — [0, oo] with
o(x, x) =0, o(y, x) = o(x, y) £ p(x, 2) + p(z, y)), there exists a y € [
with limglim,o(h, ) (7(K)), I(hyn)) = 0.

If {I(f): fe K} and K(k) for k € N are relatively sequentially compact
in S, a further equivalent statement is

(5) For every a € [" and every sequence (4,) in K o a, there exists a y €
I' with limJim,h, ., (7(k)) = limlimh, ., (r(k)).

We omit the proof in this generality. The statements (1) to (4) above
correspond to the statements (1) to (4) of Proposition 3.2.1, the equiva-
lence of which will be proved.

DEFINITION. We call a subset K of a(R, G) quasi-uniformly s-bounded,
if, for every disjoint sequence (a,).=n in R, the sequences (u(a,))r=n con-
verge to 0 quasi-uniformly in g€ K.

Of course, uniform s-boundedness implies quasi-uniform s-bounded-
ness, and every quasi-uniformly s-bounded subset of a(R, G) is contained
in sa(R, G).

PROPOSITION 3.2.1. For K < a(R, G), the following statements are equiv-
alent:

(1) K is quasi-uniformly s-bounded,;

(2) For every disjoint sequence (a,) in R and every 0-neighbourhood U
in G, there is an n € N such that, for each u € K, at least one of the elements
way), ..., ula,) belongs to U;

(3) For every disjoint sequence (a,) in R, every continuous quasi-norm
|| on G and every sequence (u,) in K, there is a y € I' such that lim, lim,
|ty om(@yan)l = 0

(4) For every disjoint sequence (a,) in R, every 0-neighbourhood U in
G and every sequence (u,) in K, there is a y € I' such that {y,.»(a,u):
k,neN; k # n} < U; and

(5) For every disjoint sequence (a;) in R, every O-neighbourhood U in G
and every sequence (u,) in K, there is a v € I' such that {f, ., (\/rea @yu):
neN, A « N\{n}, \/,ea @y exists in R} « U.

ProOF. (1) < (2) and (5) = (4) are obvious.

(4) = (2). If (2) does not hold, then there exists a disjoint sequence
(a,) in R, a 0-neighbourhood U in G and, for each n € N, a content y, € K
such that u,(a,) ¢ U (k < n). This contradicts (4).

(1) = (3). Let (ay), | |, (1, be given as stated in (3). Then there is a
r €' such that the double limit / = limylim,|u,(,(a, )| exists, since
[0, o] is sequentially compact. Assume that / > ¢ > 0. Then you can
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choose a ky € N with lim,, |,y (a,)| > e, for all k 2 k,. By (1), there is
an integer k; > kg such that for each y € K, |u(a, )| < ¢ for at least one
k with kg £ k £ k;. On the other hand, since lim, |y, (a,)l > e,
for k = ko, there is an m € N such that |g, (g, )| > ¢, for ky = k =
k1, a contradiction,

(3) = (5). Observe first that the condition (3) for K = {¢} means exactly
that 4 is s-bounded; hence every p€ K is s-bounded. Let (a,), U, (u,)
be given as stated in (5) and | | a continuous quasi-norm on G with
{xe G: |x| £ 1} € U. Define 5,: 2(N) - [0, ] by 7,(4) = sup
{lts (\VeBap)|: B < A, \/1ep a, eXists in R} (4 = N, n e N). By assump-
tion, lim,, lim,, 94, (@xm) = 0, for some a € I'. The application of Lemma
2.2 to the s-bounded functions 7,(,, n €N, yields a y € I' such that
Pron({r(k): k # n}) = 1, for all neN; hence 1,y (\/sea @, ) € U, for
all ne N and 4 < N\{n} for which \/,c4 a,(, exists in R.

The equivalence (1) <> (5) of Proposition 3.2.1 may be interpreted as
follows. K is quasi-uniformly s-bounded if and only if K satisfies the as-
sertion of a group-valued version of Rosenthal’s lemma. So Proposition
3.2.2 (a) and Corollaries 3.2.6 and 3.2.7 are generalization of Rosenthal’s
lemma [S, p. 18].

PROPOSITION 3.2.2. Let K < sa(R, G).

(a) If K is relatively countably compact in (sa(R, G), t,), then K is quasi-
uniformly s-bounded.

(b) If K is quasi-uniformly s-bounded, then also K and therefore K —
sa(R, G).

Proor. (a) If K is not quasi-uniformly s-bounded, then, by Proposition
3.2.1 (1) = (2), there is a disjoint sequence (a,) in R, a sequence (u,)
in K and an open 0-neighbourhood U with y,(a;) ¢ U (k < n). For every
cluster point g of (y,) in (a(R, G), 7,), we have therefore p(a,) ¢ U (k €
N) and so g is not s-bounded. Hence K is not relatively countably com-
pact in (sa(R, G), 7,).

(b) Obviously, K satisfies the condition (2) of Proposition 3.2.1, if K
does so.

THEOREM 3.2.3. For K < sa(R, G), the following statements are equiv-
alent:

(1) K is relatively compact in (sa(R, G), 7,);

(2) K is quasi-uniformly s-bounded, and K(a) is relatively compact in G,
forall ae R; and

(3) K is relatively countably compact, and K(a) is relatively compact in
G, for all a€ R.

If every relatively countably compact subset of G is relatively compact,
then a further equivalent statement is
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(4) K is relatively countably compact.

PRrROOF. (1) = (3) is obvious; (3) < (4), too, if G satisfies the given ad-
ditional assumption. (3) = (2) holds by Proposition 3.2.2 (a). (2) = (1)
follows from Proposition 3.2.2 (b) and Statement 3.1.1.

In the following we examine the connection between quasi-uniform
s-boundedness of K and (total) boundedness of K(R) = {u(a): p€ K,
a€ R}

ExAMPLES 3.2.4. (a) {nd,: n e N} is a quasi-uniformly s-bounded sub-
set of ca(#(N), R), which is not uniformly bounded.

(b) Define y,: 2(N) = I, by p(A) = Xanq,...,m Where y, denotes the
characteristic function of a set M < N with domain N. Then {g,:
ne N} is a closed subset of ca(#(N), /) with respect to the topology of
pointwise convergence; {y,: n € N} is uniformly bounded, but not quasi-
uniformly s-bounded.

PROPOSITION 3.2.5. (cf. Postscript). If 1 € a(R, G) has a relatively count-
ably compact range in G and Nx = {nx:ne N} ¢ u(R), for every x €
G\{0}, then p is s-bounded.

PROOF. Let (a,) be a disjoint sequence in R. We show that 0 is a cluster
point of (u(a;)). By assumption, (u(a,)) has a cluster point x. The next
lemma yields Nx = u(R), hence, by assumption x = 0.

LEMMA. Let p € a(R, G), (a;) be a disjoint sequence in R and x a cluster
point of (u(a;)). Then Nx < p(R).

PROOF. Let be ne N, U and V 0-neighbourhoods in G with V® < U
and (b;) a subsequence of (a,) with xe€ u(b,) + V (k€ N). Then nxe
u\/i=1 b)) + V® < w(R) + U. Since U is an arbitrary 0-neighbour-
hood, we get nx e u(R).

COROLLARY 3.2.6. Let K < a(R, G), K(R) be relatively compact in G
and Nx ¢ K(R), for every x € G\{0}. Then K is a relatively compact subset
of (sa(R, G), t,) and therefore quasi-uniformly s-bounded.

PROOF. Every p€ K is s-bounded by Proposition 3.2.5, since w(R) is
contained in the compact set K(R). Hence K = sa(R, G). Since further,
K(a) is relatively compact for every a € R, we get, by Statement 3.1.1, that
K is relatively compact in (sa(R, G), t,) and therefore quasi-uniformly
s-bounded by Proposition 3.2.2 (a).

COROLLARY 3.2.7. Let E be a Hausdorff topological linear space over
R, K < a(R, E) and K(R) totally bounded. Then K is quasi-uniformly s-
bounded.
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Proor. Apply Corollary 3.2.6 to the completion G of E.

ExAMPLE 3.2.8. Let p, ¢ be prime numbers with ¢ < p and | | =
| 1+ 1 |, where | |,(| |,) denotes the p-adic (g-adic) valuation on Z.
Let % be the algebra of all finite and cofinite subsets of N and p € a(£,
Z) defined by u(N) = 0, u({n}) = p» (n€N). Then (Z, | |) is a totaily
bounded, Hausdorff, quasi-normed group; Nx & (%) for every xe€
Z\{0} and (<) is closed, but 4 is not s-bounded.

We only prove that u(£) is closed in (Z, | |). The image (%) is even
closed in (Z, | |,). If x is a cluster point of x(£) in the completion Z,
of (Z,| |,), the ring of p-adic integers, then x can be written as a in the
Z, convergent series x = a- Y,;2; a,p”, where a € {I, —1} and a, € {0, 1}
for all ne N and a, = | for an infinite number of indices. Since p > 0,
it follows that x ¢ Z, i.e., u(£) has no cluster point is (Z, | |,).

Example 3.2.8 shows that in the assumptions of Proposition 3.2.5 the
relative countable compactness cannot be weakened to total bounded-
ness. Especially, Corollary 3.2.7 doesn’t hold in the group-valued case.
If you consider, in Example 3.2.8, the completion of (Z, | |) as range
space of y, then p(2) is no longer closed, but is relatively compact, and
you see that in the assumptions of Proposition 3.2.5, Nx ¢ u(2) cannot be
replaced by Nx ¢ u(%).

4. The Vitali-Hahn-Saks theorem and further criteria for uniform s-
boundedness. Theorem 3.1.2 contains the Vitali-Hahn-Saks Theorem
4.1 in the special case that (u,) converges pointwise to 0. This special
version of the Vitali-Hahn-Saks theorem yields Theorem 4.1 with the
help of a standard argument.

THEOREM 4.1 (VITALI-HAHN-SAKS). Assume that R is o-complete,
ta€sa(R, G) for neN, and (u,(a)) is a Cauchy sequence for all a€ R.
Then {y,: n € N} is uniformly s-bounded.

PROOF. Assume that {y,: ne€ N} is not uniformly s-bounded. Then
there is a continuous quasi-norm on G, a disjoint sequence (a,) in R,
and a subsequence (v,) of (x,) with |v,(a,)| Z 2. Application of Lemma
2.1 to the function 7, defined by %,(4) = sup,calv(a)| (4 = N, neN)
yields ay € ['such that [y, ,(a, )| = 1, for k > n. Since 4, = v, 1, —
Vi € sa(R, G) and lim, A,(a) = 0 for all a € R, {A,: n € N} is uni-
formly s-bounded, by Theorem 3.1.2, a contradiction to |A,(a,,+1))| 2
V7t @)l = IV (@)l 2 1 (n €N).

Instead of Theorem 3.1.2, which is based on Theorem 2.4, it is also
possible to use the following group-valued version of Theorem 2.4in the
proof of Theorem 4.1.
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THEOREM 4.2. A subset K of a(R, G) is uniformly s-bounded if and only if

(1) K is quasi-uniformly s-bounded; and

(i1) For every 0-neighbourhood U in G, every disjoint sequence (a;) in
R, and every sequence (u,,) of different members of K, there is a set A < N
and n € A such that the supremum \/ =4 a, exists in Rand 1,(\/ycaa,)€ U.

Proor. If K is uniformly s-bounded, then (i) holds, and (ii) holds even
for A = {n} if n is large enough. For the proof of the other (non-trivial)
implication we may assume that K = {y,: n € N} and g, # u, (n # m).
We have to prove that, for every continuous quasi-norm | | on G, the
functions ¢, = |u,( - )| (n € N) are uniformly s-bounded. This follows
directly from Theorem 2.4, since the condition (1) of Theorem 2.4 is
fulfilled because of Proposition 3.2.1 (1) = (3).

From Theorem 4.2 we deduce the following result of A.B. d’Andrea de
Lucia and P. de Lucia [3, (1.4)].

COROLLARY 4.3. Let R be o-complete. Then a subset K of sa(R, G) is
uniformly s-bounded if and only if, for every 0-neighbourhood U in G and
every disjoint sequence (a,) in R, there exists an | € N such that the set

{peK: pua) ¢ U} is finite.

PROOF OF THE NON-TRIVIAL IMPLICATION. We check that the conditions
(1) and (ii) of Theorem 4.2 are fulfilled. Let U be a 0-neighbourhood in G
and (a,) a disjoint sequence in R.

(i) Choose /e N and a finite set Ky = K with u(a;) € U, for y e K\K,.
Since K is a finite subset of sa(R, G), there is an integer n = / with
wa,) € U (u € Ky). Hence K is quasi-uniformly s-bounded by Proposition
321 )= ().

(ii). Let (u,) be a sequence of different members from K and (4,) a
sequence of disjoint infinite subsets of N. Put b, = sup {a,: k€ 4,}.
By assumption, there are integers /, me N with wi(b)e U (i Z m).
Choose ne A = A, with n Z m. Then p,(\/,=q a,) € U.

5. The boundedness theorem of Nikodym. We here use Lemma 2.3 to
get various versions of Nikodym’s boundedness theorem. Since we admit
functions which are not necessarily s-bounded, we get in Theorems 5.3,
5.4, and 5.7 not only a sufficient but an equivalent condition to the uni-
form boundedness. We first consider certain [0, oo[-valued functions.

LEMMA 5.1.[1, Lemma 3.1]. Let ¢: R — [0, oo [ be a function such that
() — d(a)l £ ¢ (b\a), for all a, be R with a < b. Then sup ¢(R) < oo
if and only if sup,=x {(a,) < oo for every disjoint sequence (a,) in R.

COROLLARY 5.2. Let U be a set of [0, co[-valued functions on R such
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that |p(b) — d@)| £ $(b\a), for all €U and all a, be R with a £ b.
Then sup U(R) < oo if and only if sup ¥(a) < oo for all ae R and
sup,en ¢x(a,) < o for every sequence (¢b,) in ¥ and every disjoint sequence
(a,) in R.

ProoF. Apply Lemma 5.1 to ¢y, where ¢y(a) = sup ¥(a), for a€ R.

THEOREM 5.3. Let R be o-complete and U a set of [0, oo[-valued func-
tions on R such that |H(b) — (a)| £ ¢(b\a), for all € ¥ and all a, b € R
with a < b. Then the following two statements are equivalent:

(1) (i) sup ¥(a) < oo, for all a€ R, and

(ii) there exists a p € R such that, for every ¢ € U and every disjoint
sequence (a,) in R, there is an | € N with {(a;) < p; and

(2) sup ¥(R) < oo.

PRrOOF. (2) = (1) is obvious. (1) = (2). Assume that sup ¥(R) = co.
Then there is, by Corollary 5.2, a sequence (¢,) in ¥ and a disjoint se-
quence (a,) in R with ¢,(a,) = n?, for all n e N. Choose p for (a,) ac-
cording to (ii), define ¢, by ¢,(4) = (1/n) ¢,(\/reca a;), for A = N and
neN, and apply Lemma 2.3. Observe that assumptions (iii) and (iv) of
Lemma 2.3 are fulfilled, since lim,, ¢, (M) = 0, for all M < N, because of
Theorem 5.3 (1) (i). Lemma 2.3 yields lim sup ¢,({n}) < 2p, a contradic-
tion to p,({n}) = (I/n)¢(a,) Z n (n€N).

If every ¢y € ¥ is s-bounded, then the condition (ii) of Theorem 5.3 (1)
is fulfilled, and this condition implies, by Lemma 5.1, that every ¢ € ¥ is
bounded. On the other hand, in Theorem 5.3 (1) the condition (ii) cannot
be weakened to the boundedness of ¢, for all ¢ € ¥, cf. Example 5.10.
Analogous statements hold for the condition (ii) of Theorem 5.4 (1).

THEOREM 5.4 (NikoDYM’s boundedness theorem for quasi-normed
groups.) Let R be g-complete, | | a quasi-norm on G and K < a(R, G).
Then the following two statements are equivalent:

(1) (i) K(a) is | |-bounded (i.e., sup {|u(a)|: p€} K < ), for every

a € R, and
(ii) there exists a p € R such that, for every u € K and every disjoint
sequence (ay) in R, there is an [ € N with |u(a))| £ p; and

(2) K(R) is | |-bounded.

PROOF. Apply Theorem 5.3 to ¥: = {|u(*)| : n€ K}.

In the case that every u € K is g-additive or s-bounded, Theorem 5.4
was proved, e.g., by Mikusinski [18] or Drewnowski [6], respectively.
Theorem 5.4 also contains the version [17, Theorem 5] of Nikodym’s
theorem of Landers and Rogge, which uses the notion of ‘“bounding
systems”. For, if # = {B,: n€ N} is a bounding system in the sense of
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[17), then |x| = min {n € N  {0}: x € B,} (x€ G, By = {0}) defines a
quasi-norm on G, {x € G: |x| £ 1} is a 0-neighbourhood in G, and a sub-
set M of G is #-bounded in the sense of [17] if and only if M is | |-
bounded; note that any set K <= sa(R, G) satisfies (ii) of Theorem 5.4 (1)
(with p = 1), but a content g € K is not necessarily s-bounded with re-
spect to the | |-topology, which is discrete.

In contrast to | |-boundedness, the boundedness notion of Definition
5.5 only depends on the group-topology.

DEFINITION 5.5. 4 subset M of G is called bounded in G if, for every
0-neighbourhood U in G, there is a finite subset F of G and an integer
neNwith M < F + U™ [2; 11, 4, Exercise 7; p. 210].

REMARK 5.6. In the definition above, the set F can be chosen as a
subset of M.

The following theorem is an immediate consequence of Theorem 5.4 if
you use the characterization (Theorem 6.8 (a)) of boundedness by quasi-
norms. In the case that each u € K is g-additive (hence s-bounded), (1)
(i) <> (3) of Theorem 5.7 was proved by Constantinescu [4, Theorem 1.7]
without using quasi-norms.

THEOREM 5.7. (N1KODYM’s boundedness theorem for topological groups.)
Let R be g-complete and K < a(R, G). Then the following two statements
are equivalent:
(1) (1) K(a) is bounded in G for every a€ R and
(i1) for every 0-neighbourhood U in G, there exists a finite set F <
G and an n € N such that for every p € K and every disjoint sequence
(ay) in R, there is an €N with yla)eF + U™.

(2) K(R) is bounded in G.

PRrROOF. (2) = (1) is obvious. (1) = (2). By Theorem 6.8 (a), we have
to show that, for any real-valued, continuous quasi-norm | | on G,
K(R) is | |-bounded. But this follows immediately from Theorem 5.4
(1) = (2). Observe that the condition (ii) of Theorem 5.4 (1) is fulfilled
with p = max{|x|: x € F} +n, if you choose F and n according to Theorem
5.7 (1) (i) for U = {xeG: | x| £ 1}.

For a discussion of the condition (ii) of Theorem 5.7 (1) we use (b)
of the following proposition, which obviously follows from Corollary 5.2
and Theorem 6.8 (a).

PROPOSITION 5.8. (a) For K < a(R, G), K(R) is bounded in G if and only
if {p(a,): n € N} and K(a) are bounded in G, for every sequence (u,) in
K, every disjoint sequence (a,) in R and every a € R.

(b) For <€ a(R, G), u(R) is bounded in G if and only if {y(a,): n € N}
is bounded in G for every disjoint sequence in R.
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PRrOOF. (a). Apply (5.2) to ¥ = {|u( - )| : # € K} for an arbitrary real-
valued, continuous quasi-norm | | on G and observe Theorem 6.8 (a).
(b). This follows from (a).

Proposition 5.8 was proved by Constantinescu [4, Proposition 1.2]
without using quasi-norms. For further references see [4, Remark on
p. 57].

REMARK 5.9. (a) If K = sa(R, G), then the condition (ii) of Theorem
5.7 (1) is fulfilled.

(b) For K = a(R, G), the condition (ii) of Theorem 5.7 (1) implies that
the range of each y € K is bounded in G.

PrOOF OF (b). Let i € K. For a 0-neighbourhood U in G, choose F and
n according to Theorem 5.7 (1) (ii). Then, for any disjoint sequence (a,)
in R, u(a)) ¢ F + U™ holds at most for finitely many integers /. Hence
{(a,): n e N} is bounded in G. So u(R) is bounded in G by Proposition
5.8 (b).

In contrast to the locally convex case (see Theorem 5.11 (a)), (ii) of
Theorem 5.7 (1) cannot be weakened in general to the condition that the
range of each y € K is bounded in G, as can be seen by the following
example.

ExaMPLE 5.10. Let E be the real linear space of R-valued functions on
[0, oo[, which is generated by the functions y, (0 £ a < b < + ),
endowed with the topology of convergence in measure with respect to the
Lebesgue measure A, which is generated by the F-norm f — | f| =
inf{p > 0: A({xe[0, oof: |f(x)| = p}) < p}. Let u: 2(N) > R be an
unbounded content and g, be defined by g, (A4) = pu(A) + xpo,n(n € N,
A = N).

(a) Then {u,: ne N} c a(2(N), E), sup, |y (A)| < oo, forall 4 = N,
sup{llz,(A)[I: A = N} < oo, for all n€N, but sup {|g,4)|: neN, 4 =
N} = o0.

(b) A4 subset of E is bounded in E (in the sense of Definition 3.5) if
and only if it is | ||-bounded.

PROOF. (a). Observe that || 4,(A4)|| = min {|u(A)|, n} and g is unbounded.

(b). One implication (=) is obvious. Let M be a | |-bounded sub-
set of E, ¢ >0 and U = {fe E: ||f| £ ¢}. Choose me N with 1/m < ¢
and || f|| < m, forall fe M;n = m2 If f€ M, then A(4) £ m, for 4 =
{x € R: [f(x)| = m}. Hence there are disjoint subsets 4, of 4 with y,, €
E, X(4,) £ eand J%, A; = A. f can be written as [ = X4,(f- xa, +
(A/n)f - xrwa)- Since || f yall < e and [[(1/n)f yrual = e, we get M <
U@ So M is bounded in E.
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THEOREM 5.11. Let R be g-complete, E (= G) a Hausdorff locally convex
real linear space and K < ba(R, E) = {y € a(R, E): p(R) is bounded}.

(a) Then K(R) is bounded if and only if K(a) is bounded for every a € R,
(cf. [5, p. 14)).

(b) K is relatively compact in (ba(R, E), t,) if and only if K(a) is rela-
tively compact in E, for every a € R.

(c) If relative countable compactness and relative compactness coincide
in E, then they coincide in (ba(R, E), t,), too.

PROOF. (a). Observe that boundedness with respect to the original to-
pology 7 of E and with respect to the weak topology ¢ = o(E, E') are
equivalent, and that ba(R,(E, 7)) = sa(R, (E, o)). Take K as subset of
sa(R, (E, o)), apply Theorem 5.7 and use statement 6.3.

(b). If K(a) is relatively compact for all a € K, then K(R) is bounded,
by (a). So K(R) is also bounded, and, because of K(R) = K(R), we get
K < ba(R, E). Now the assertion follows from Statement 3.1.1.

(c). This follows from (b).

In connection with Nikodym’s boundedness theorem, Landers and
Rogge [17] call a subset M of G bounded if, for every 0-neighbourhood
U, there is an ne€ N with M < U ™. Theorem 5.7, Proposition 5.8, and
Remark 5.9 remain valid if you replace boundedness in the sense of
Definition 5.5 by boundedness in the sense of [17]; at the same time you
can change condition (ii) of Theorem 5.7 (1) by putting F = {0}. For a
proof, use Theorem 5.7, Proposition 5.8, Remark 5.9, and statement 6.1.
Instead of Theorem 5.7, Proposition 5.8, and Remark 5.9 you can also
use Theorem 5.3, Corollary 5.2, and Theorem 6.8 (b). Note that, in Ex-
ample 5.10, a subset of E is bounded in the sense of [17] if and only if it
is | |l-bounded.

Theorem (5.7), Proposition (5.8), and Remark (5.9) don’t remain valid
if G is a topological linear space and you replace boundedness in the
sense of Definition 5.5 by boundedness in the sense of [15, p.156]. For
Turpin [23] has given an example of a measure on a ¢g-algebra, whose
range is an unbounded subset of a topological linear space (in the sense
of [15, p.156)).

6. Boundedness in topological groups. In this section boundedness in G
(in the sense of Definition 5.5) and boundedness in the sense of [17] are
compared and characterized by quasi-norms.

If M;, M, are subsets of G and bounded in G, then M; U M,, M; +
M,, — M, M, and subsets of M, are bounded in G. Let H be a subgroup
of Gand M < H. If M is bounded in H, then M is bounded in G, but the
opposite is not true in general (see Example 6.9). If H = G, then M is
bounded in Hif and only if M is bounded in G. M is bounded in G if and
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only if every countable subset of M is bounded in G. (The last two state-
ments can easily be proved with Remark 5.6 or follow directly from
Theorem 6.8.) Analogous statements hold true for the boundedness no-
tion of [17].

If M is a totally bounded subset of G, then M is bounded in G, but not
necessarily bounded in the sense of [17]. For, if the topology of G is
discrete, then {0} is the only bounded subset of G in the sense of [17],
whereas the finite subsets of G are exactly the sets which are bounded in
G. As an immediate consequence of Remark 5.6, we get

STATEMENT 6.1. For M < G, the following statements are equivalent:

(1) M is bounded in the sense of [17];

(2) M is bounded in G and {x} is bounded in the sense of [17], for
all xe M; and

(3) M isbounded in Gand M = |2, U™, for every 0-neighbourhood
Uin G.

COROLLARY 6.2. Boundedness in G (in the sense of Definition 5.5) and
boundedness in the sense of [17] are equivalent if and only if G = |J32, U™,
for every 0-neighbourhood U in G (i.e., G is chained, [12, Definition 1.1]).

It follows that the boundedness notions of Definition 5.5 and [17] are
equivalent if G is connected, especially, if G is a topological linear space
over R.

STATEMENT 6.3. For subsets of a topological linear space G over R,
boundedness in the sense of [15, p.156] implies boundedness in the sense
of Definition 5.5, but the opposite is not true in general (see Example 6.9).
Both notions are equivalent if G is pseudoconvex (i.e., there exists a
0-neighbourhood base (U,),<4 in G and a family (p,),<4 in ]0, 1] such that
U, is p,-convex for all a € A).

The following is an auxiliary result for linking boundedness in G with
| |-boundedness (for certain quasi-norms | |).

PROPOSITION 6.4. Every real-valued quasi-norm | | defined on a subgroup
H of G has an extension to a real-valued quasi-norm on G.

PRrROOF. In view of Zorn’s lemma we may assume that G = Zx, + H,
for some x,€ G\H. Choose meZ with {neZ: nxoe H} = mZ and
peR with |mxg| < |m|.p. Obviously, ||y|| = inf {|np| + |x|: ne Z,
x€H, y = nxy + x} (y € G) defines a real-valued quasi-norm on G with
Iyl £ |yl, for ye H. We have to show that |y| < ||, for y € H, and
for this that x, ye H, neZ, y = nxg + x imply |y| < |np| + |x|. Be-
cause of nxg =y — x€ H we have n = m - k, for some k € Z, hence,
|yI = |kl + Imxol + |x| < |k| « |m|-p + |x| = |np| + |x|.
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Even if the | |-topology is the topology induced on H by the topology
of G, | | does not necessarily have an extension to a continuous quasi-
norm on G (see Example 6.9 (c)).

PROPOSITION 6.5. For every infinite subset M of G, there exists a real-
valued quasi-norm | | on G such that M is not | |-bounded.

PRrROOF. By Proposition 6.4, we may assume that G is generated by M
and M = {x,: ne N} is countable. G, denotes the subgroup of G gener-
ated by {x;, ..., x,} (n € N), where G, = {0}. Define a quasi-norm
| |:G— [0, o by |x| = min{neN {J {0} : xe G,}. If sup {|x|: x € M}
= oo, the proof is finished. Otherwise G is finitely generated, and on
grounds of the structure theorem for finitely generated abelian groups,
we may assume that G = Z» x F, for some ne€ N and a finite group F.
In this case, ||(ky, ..., k,, x)| = max{|ki], ..., |k,|} (k;€Z, x€F)
defines a suitable quasi-norm on G.

LEMMA 6.6. For neZ, let U, be subsets of G with U,y; + U,y <
U, = —-U,# @.(Notation: f(4d) = X,c427" Uy = X,=4 U,, for any
finite subset 4 of Z; |x| = inf{f(4): A = Z, A is finite, x € U,} for
x € G, where inf @ = + ®.)

Then| |: G — [0, 0] is a quasi-norm with {x€ G: |x] < 27"} =« U, =
{xeG:|x| £ 27}, for ne Z.

The proof is easy and well-known. If U, is a symmetric 0-neighbour-
hood in G and you choose symmetric 0-neighbourhoods U, in G with
U,+U,< U, and U_, = U{f"(neN), then Lemma 6.6 yields.

COROLLARY 6.7. For every symmetric 0-neighbourhood U in G there
exists a continuous quasi-norm | | on G such that {xe G:|x| < 1} =« U
c{xeG:|x| 21}, {xeG: |xl <o} = U2, U™ and a subset of G is
| |-bounded if and only if it is contained in U™, for some n e N.

THEOREM 6.8. (a) A subset of G is bounded in G (in the sense of Defini-
tion 5.5) if and only if it is | |-bounded for every continuous, real-valued
quasi-norm on G. (see Postscript)

(b) A subset of G is bounded in the sense of [17] if and only if it is | |-
bounded for every continuous quasi-norm on G.

PROOF. (a). The implication = is obvious. (<=). Let M be a subset of
G, which is | |-bounded for every continuous, real-valued quasi-norm
on G, and U a symmetric 0-neighbourhood in G. Then H = U2, U™
is an open subgroup of G, so G/H is discrete. We first show that M c
F + H, for some finite set F = G. Otherwise, for the canonical map
n: G — G/H, the range n(M) is infinite, and so, by Proposition 6.5, there
is a real-valued quasi-norm | |on G/H such that sup{|z(x)|: x€ M} =
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0. Hence, | x| = |n(x)| defines a quasi-norm | ||: G —» [0, o] with
sup{llx|| : x € M} = oo, a contradiction. So we have proved that there are
finitely many xi, ..., x,€ Gand My, ..., M, ¢ Hwith M = JkL,(x; +
M;). We show that M, = [J%, M; < U, for some n € N. Assume that
My, ¢ U™, for all ne N. Then, by Corollary 6.7, there is a continuous

real-valued quasi-norm | | on H such that sup{|x|: x € My} = co. By
Proposition 6.4, | | has an extension to a real-valued quasi-norm | |
on G. Then || | is continuous, since | | is continuous and H open, and

sup{||x|l: x € My} = co, a contradiction.

(b). The implication = is obvious. (<«=). This follows directly from
Corollary 6.7. You can also deduce < from (a) and statement 6.1, using
the fact that any quasi-norm | | defined on a subgroup H of G is ex-
tended to a quasi-norm on G by | x| = oo, for x € G\H.

ExAMPLE 6.9. (a) Let #(G) be the group of all functions f: [0, 1[ —» G,
for which there is a decomposition 0 =gy < @; -+-- <a, =1 of [0, 1]
such that f'is constant on [a;, a;,1] ({ = 0, 1, ..., n — 1). Let A denote the
Lebesgue measure on [0, 1]. Then the sets {f€ #(G): A({t€[0, 1]: f(¢) ¢
U}) < ¢}, where ¢ > 0 and U is an arbitrary O-neighbourhood in G,
form a 0-neighbourhood base of an arcwise connected, locally arcwise
connected group topology on & (G). G is a closed subgroup of #(G), if
you identify the constant functions from % (G) with elements of G.

(b) #(G), hence G, is bounded in F(G).

(c) For G = R (with the usual topology), #(R) is bounded in % (R)
(in the sense of Definition 5.5), but not bounded in the sense of [15, p.
156]. R is bounded in % (R), but not bounded in R. The usual absolute
value on R has no extension to a continuous quasi-norm on % (R).

PROOF. (a). This is exactly the statement [14, (7.20)] of Hartman and
Mycielski. The proof of (b) is similar to the proof of Example 5.10 (b).
The last statement of (c) follows from the fact that, for every continuous
quasi-norm || || on #F(R), sup{|fll: fe FR)} < o because of (b).

7. Generalizations.

7.1. Weakening of the o-completeness of R. Consider the following two
properties for R, which are weaker than g-completeness:

(P1) For any disjoint sequence (a,),en in R, there is an infinite subset
A of N such that \/,c4 a, exists in R;

(P2) For any disjoint sequence (@;),<n in R and any infinite subset M
of N there is an infinite subset 4 of M and an element b € R such that
a, £ b, for all ke 4 and a, A b = 0, for all ke N\A4.

If R is aring of sets and if, in (P1) the supremum \/,c4 @, is replaced
by the union |J =4 a;, you get exactly the property which definies a quasi-
o-ring in the sense of Constantinescu [4, p. 52]. (P1) introduced by Haydon
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[26] is weaker than the property (E) considered by Schachermayer [20,
p. 20]. The property (P2) is chosen in such a way that it is weaker than
(P1) and weaker than the interpolation property considered in [1], [21],
and [9]. Independently, the property (P2) has recently been introduced by
I. Fleischer and T. Traynor in a paper which is in preparation.

All numbered statements of this paper, in which R is assumed to be o-
complete, remain valid, if you assume (P1) instead of the g-completeness;
only the proofs of (2.5), (4.3) and (5.3) require an obvious modification.

The statement Corollary 2.5 (b), Theorem 4.1 of Vatali-Hahn-Saks,
Corollary 4.3 of A.B. d’ Andrea de Lucia and P. de Lucia and Nikodym’s
boundedness theorem (5.11) in the locally convex case remain valid if you
only assume (P2) instead of the g-completeness. Observing the next pro-
position (7.1.1), the proofs can easily be reduced to the case of R satisfying
(P1) (cf. the proof of Theorem 7.1.2).

PRrROPOSITION 7.1.1 (a) If R satisfies the countable chain condition CCC
(i.e., every set of disjoint elements of R is at most countable) and (P2),
then R satisfies (P1).

(b) If N is an ideal in R and R satisfies (P2), then the quotient ring R/N
satisfies (P2).

PROOF. (a) Let (a,),cn be a disjoint sequence in R. By Zorn’s lemma
there is a maximal set D of disjoint elements of R, which are disjoint to
all a, keN. By CCC, D is at most countable and therefore, by (P2),
there is an infinites et 4 < N and b € R such that a, < b for k€ 4 and
a, ANb=dAb=0forkeN\Aand de D. So b is an upper bound of
{a,: k € A}. If c € R is another upper bound of {a,: k € A}, then (b\¢c) A
a, =((b\c) Ad=0, for all keN and de D. Hence b\ ¢ = 0, because
of the maximality of D and b < ¢. Hence b = V .4 a;.

(b) is obvious, cf. the proof of [21, Theorem 2.1].

If you consider only s-bounded functions in the versions (5.3), (5.4),
(5.7) of Nikodym’s bondedness theorem, then the g-completeness can be
replaced by (P2) in the Assumptions. Here we only formulate the result,
which corresponds to (5.4).

THEOREM 7.1.2. Assume that R satisfies (P2), G = (G, +,| |)is a quasi-
normed group, K < sa (R, G) and K (a) is| |-bounded for every a€ R.
Then K(R) is | |-bounded.

We have to reduce the proof to the case of R satisfying (P1). We may
assume that K is countable. Then N = {ae€ R: u(b) =0, for all y € K
and b € R with b < a} is an ideal and R = R/N satisfies CCC, hence
(P1), by Theorem 7.1.2. Now observe that K(R) = R(R), where K =
{4: pe K} and jesa(R, G) is defined by 2(a A N) = pa).
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7.2. Generalization of the range space of the contents.

STATEMENT 7.2.1. Several results of this paper are also true for contents
with values in a commutative Hausdorff uniform semigroup (S, +) with
zero element 0. By [24, (1.1)], the uniformity of S is generated by a family
(or)Ler of [0, 1]-valued quasi-metrics satisfying pr(x + y, x' + )') =
or(x, XY + p(», ¥y) (L e I; x, x', y, ¥y €S). Then |x|;, = py(x, 0) define
quasi-norms on S. (E.g., |x|, £ |x + yl. + |yl. follows from p.(x, 0) =
or(x + 0, x + ) + ou(x + », 0) £ pu(x, x) + 0200, ») + pL(x + »,0).)
Note that, for a quasi-norm | |: S — [0, co] and a content y: R — S,
we have || u(0) | — |(a)l] = lu(b\a)| (@, beR; a £ b, as in the group-
valued case.

All numbered results for G-valued contents of §3 and Theorem 4.2,
Corollary 4.3 remain valid for S-valued contents with the following
modification. In §3.1 you always have to replace ¢-additivity by o-
smoothness (“‘a, | 0 implies u(a;) — 0”), which is equivalent to o-
additivity together with s-boundedness if R satisfies (P1); so replace
ca(R, G), by sca(R, S) = ca(R, S) () sa(R, S) and, in Theorem 3.1.4 (3),
“uniformly ¢-additive’” by ‘‘uniformly g-smooth”.

Theorem 4.1 of Vitali-Hahn-Saks doesn’t remain valid in the semi-
group-valued case without any additional assumption. For, u, = 2%, 0;
are s-bounded measures on 2(N), which converge to the counting meas-
ure, but {g,: n€ N} is not uniformly s-bounded. Orlicz and Urbanski
[19] proved the Vitali-Hahn-Saks theorem for contents with values in a
topological semigroup which satisfies a certain “‘topological cancellation
law”’; as Drewnowski [7] later showed, the topological semigroup con-
sidered can be embedded in a topological group. In the following theorem,
the additional assumption is the s-boundedness of the limit function.

THEOREM. Assume that R satisfies (P2), u, € sa(R, S) for ne N | {0},
and lim, p,(a) = uop(a) for all a € R. Then {y,: n Z 0} is uniformly
s-bounded.

For the proof in the case where R is g-complete, apply Corollary 2.5 (b)
to ¢, = |us( - )| for an arbitrary continuous quasi-norm on S. For the
weakening of the g-completeness, see §7.1.

Evidently, Nikodym’s boundedness theorem (5.4), which uses the
notion of | |-boundedness, is also true in the semigroup-valued case.
On the other hand, the boundedness notion of [2, p. 210] as in Theorem
5.7 cannot be used in Nikodym’s boundedness theorem in the semi-
group-valued case.

ExaMPLE. Choose S = N |J {0, oo} with the usual addition and the
discrete uniformity. Put 4 =0, g = 0y, lyt1 = fty + © 0,y + 1+ 3,
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(nz2) and K = {y, : neN}. Then K = sca((N), S). K(A) =
{0, min A, oo} for every non-empty subset A of N, but K(R) = S.

STATEMENT 7.2.2. Let S be a Hausdorff uniform space, +: S x § = S
a uniform continuous map, 0 € Sand 1 < ¢ < o0. Then the uniformity of
S is generated by a family (p.).=,; of quasi-metrics satisfying p.(x + ,
x4+ y) = q(ou(x, X) + p(y, V). (In general, that is not true for
g=1[24, p. 422].) The functions x|, = p.(x, 0) (x € S) are not necessarily
quasi-norms, but for € sa(R, S) we still have the inequalities |u(b)|, <
(@)l + B\, [1@l: S g(u®), + 1£B\D)lL (@, b€ R, a < b) and
|#(0)], = 0. All other statements of Statement 7.2.1 also hold in the
more general situation of (7.2.2). The constant g appearing here requires
modifications of some proofs, which are near at hand.

Postscript. After Z. Lipeoki had read the first version of this paper, he
called my attention to [25], [26] and the papers [12, 13] of Hejcman and
informed me that Theorem 6.8 (a) was already proved in [12, Theorem 2.5].
He further informed me that results related to Proposition 3.2.5 are con-
tained in the thesis of W. Herer (Warszawa) and the paper of M.P. Kats,
On extension of vector measures (in Russian), Sib. Mat. Zhurn. 13 (1972),
1158-1168.
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