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THE AFFINE CLASSIFICATION 
OF CUBIC CURVES 

DAVID A. WEINBERG 

ABSTRACT. The orbits of the action of the affine group 
of R 2 on the real plane cubic curves given by Ax3 + Bx2y + 
Cxy2 + Dy3 -f Ex2 + Fxy + Gy2 + Hx + Iy + J = 0 are 
computed. 

Introduction. Since the pioneering work of Isaac Newton, there 
have been many classifications of cubic curves, based on a variety of 
criteria. The turning point in the approach to the classification problem 
came with the Klein Erlangen Program, which places geometry on 
a group theoretic foundation. Until that time the criteria used can 
best be described as non-group theoretic and were primarily due to 
Newton, Plucker, and Cayley. (See [1, 3, 7, 9].) For classifications 
that fall within the scope of the Klein Erlangen Program see [2, 4, 
6, 11, 12]. The classification in [2] is cased on the Euclidean motion 
group of the plane, while that in [4, 6, 11,] or [12] is based on the 
complex projective group. Recent classifications by equisingularity due 
to C.T.C. Wall combine certain aspects of both major approaches. (See 
[13 and 14].) 

In this paper, a Kleinian approach based on the affine group of R2 

is presented. The purpose of this paper is to compute the orbits of the 
action of the affine group of R2 on the real plane cubic curves and to 
exhibit a complete set of equivalence class representatives. Formulated 
in an algebraic way, the central question of this paper is: (Q) How 
much can the equation Ax3 + Bx2y + Cxy2 + Dy3 + Ex2 + Fxy + Gy2 + 
Hx + Iy + J = 0 be simplified by performing the following two types 
of operations: 
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656 AFFINE CLASSIFICATION 

1. Making substitutions of the form 

x = Aix; + X2y' + A3 

y = \Ax' + A5y' + A6, 

where A1A5 — A2A4 ^ 0, 

2. Multiplying the equation by fi ^ 0. 

In addition to displaying a complete list of orbits, a major goal of 
the Klein Erlangen Program is the computation of invariants. In the 
present context the relevant question is: How can the equivalence class 
of a given cubic curve be determined from the coefficients? To a large 
extent, this question is left unanswered in this paper. However, the 
invariants associated with the terms of degree three are given. 

The main result of this paper is contained in the following 

THEOREM. A complete set of equivalence class representatives for the 
action of the affine group of R on the set of real plane cubic curves is 
given in the following table. 

The invariants are as follows: 

A = 27A2D2 - 1SABCD + 4AC3 

Px = ZAC - B2 

P2 = 3DB - C2 

Qi = 27A2D - 9ABC + 2B3 

Q2 = 27D2A - 9DCB + 2C3 

Different values of the parameters in the table correspond to distinct 
equivalence classes. 

The author wishes to thank Bill Gustafson for several helpful conver
sations and the referee for pointing out reference [2] and for making 
suggestions to help improve the presentation in this paper. 

Calculations. Given the equation 

(1) Ax3 + Bx2y + Cxy2 + Dy3 + Ex2 + Fxy + Gy2 + Hx + Iy + J = 0, 
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1 Equivalence class representatives 

1 x3 + xy2 + x2 + Hx + Iy + J = 0 

— oo < if < oo, 0 < J < oo, —OO < J < oo 

h e 3 + xy2 + 2/ + Hx + J = 0 

— oo < H < oo, —oo < J < oo 

h e 3 + xy2 + a; + J = 0, 0 < J < oo 
x 3 + xy2 + i = o 

1 x3 + ay2 = 0 

\ x3 - xy2 - y2 + Hx + Iy + J = 0, 

— oo < H < oo, —oo < 7 < 0, —oo < J < oo 

a;3 - xy2 - 2/ + # # + J = 0, 

- 1 < # < oo, 0 < J < oo 

x 3 - xy2 + 1 = 0 

| x 3 - xy2 = 0 

#22/ + 2/2-a; + 2/ + t/ = 0, - o o < J < oo 

x2y + y2-x + y + J = 0, - o o < J < oo 

#22/ + 2/2 + 2/ + J = 0, - o o < J < oo 

U 2 2/ + y2 - 1 = 0 

\x2y + 2/2 = 0 

x22/ - x + 2/ + J = 0, 0 < J < oo 

x22/ — x = 0 

x2y — x + 1 = 0 

#22/ + 2/ = 0 

U 2 2/ + 2/ + l = 0 

x22/ = 0 

\x2y - 1 = 0 

x 3 - 2/2 + x + J = 0, - o o < J < oo 

a:3 - 2/2 - a: + J = 0, - o o < J < oo 

x 3 - y2 + i = o 

\ x
3 - 2/2 = 0 

x 3 - 2/2 - 1 = 0 

x 3 - 2/ = 0 

x 3 + x + J = 0, 0 < J < oo 

x 3 — xy = 0 

x 3 - xy + 1 = 0 

x 3 + 1 = 0 

x 3 = 0 

Invariants 

A > 0 

A < 0 

A = 0 

P? + Q2
X+ 

Pi + Qîïo 

A = 0 

Pi = 0, Qi = 0, 

P2 = 0, Q2 = 0 
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Make the substitution 

,2) x = \ix' + X2y' + A3 

y = X4x' + Xby' + A6, 

where A1A5 — A2A4 ^ 0. Combining terms and dropping the primes for 
notational convenience, the transformed equation is 

x3{AX\ + BX2X4 + CAjAi + DX\) 

+ x2y(3A\l A2 + BX\ A5 + 2£AiA2A4 

+ CAlAaCA^As + 3£>A1A5) 

+ xy2(3AXxXl + £ A | A 4 + 2£AiA2A5 

+ CAiAi? + 2CA2A4A5 + 3.DA4A )̂ 

+ y3(AX3
2 + BX2

2X5 + CAlA2 + D\*) 

+ rr2(3AA?A3 + £A?A6 + 2JBA!A3A4 

+ CA|A3 + 2CAiA4A6 + 3 D A ! A 6 

+ EX\ + ^ i A 4 + GXl 

+ xy(6AAiA2A3 + 2£AiA2A6 + 2£A2A3A4 

+ 25AÌA3A5 + 2CA3A4A5 + 2CAÌA5A6 

+ 2CA2A4A6 + 6m4A5A6 + 2£AiA2 

+ FA2A4 + FA1A5 + 2GA4A5) 

(3) + y2(3AX2
2X3 + BX2X6 + 2BX2X3X5 

+ CA§A3 + 2CA2A5A6 + 3DX2X6 

+ EX2 + FA2A5 + GXl) 

+ x{3AXxXl + 2BAiA3A6 + £A^A4 

+ 2CA3A4A6 + CAgAi + 3DA4A^ 

+ 2EA1A3 + FAiA6 + FA3A4 

+ 2GA4A6 + HXX + 7A4) 

+ y(3AX2Xl + 2£A2A3A6 + £A^A5 

+ 2CA3A5A6 + CA^A2 + 3DA5A^ 

+ 2£A2A3 + FA2A6 + FA3A5 

+ 2GA5A6 + #A 2 + 7A5) 

+ (AX3
3 + BXJX6 + CAIA3 + DX3

6 

+ EXl + ^ A e + GX2
6 + if A3 + IXe + J) 

= 0. 
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The crucial observation here is that E,F, G,H,I, J, À3,À6 have no 
effect whatsoever on the terms of degree three. In fact, the terms of 
degree three transform as if there were no other terms around, exactly 
as they would transform under a homogeneous linear change of vari
ables. Therefore, by referring to canonical forms for real homogeneous 
cubic forms in two variables under the action of GL(2, R), we may as
sume that the terms of degree three are in one of the following four 
forms: #3, x2y, x3 - xy2, x3 + xy2. (See [5, 9] or [15].) This is what 
makes the calculation work. Furthermore, the analogous observation 
is true for equations of any degree, i.e., the first step is to determine 
canonical forms for the action of GL(n, R) on the homogeneous forms 
of degree n. 

The next observation is that since we are working with equations, 
we may multiply each side by a nonzero parameter /x. This will help 
simplify the equation. 

Finally, the plan of the calculation is that, given one of the four 
possibilities for terms of degree three, work from left to right in the 
equation, and try to make as many coefficients zero as is possible. The 
next best thing to a zero is a -1-1 or — 1, but we shall see that sometimes 
a coefficient will take on a continuum of values, each value yielding a 
different orbit. 

The calculations in each of the four cases are similar in spirit. 
Therefore it is sufficient to present here only one of the four cases. 
Consider the case in which the terms of degree three can be reduced to 
x3. 

Consider an affine transformation (2) which fixes the terms of degree 
three, in this case x3. Denote the coefficients of the transformed 
equation by primes. Thus, 

A' = l, B' = 0, C = 0, D' = 0. 

By referring to (3) we see that 

1 = JIA?, 0 = 3A?A2, 

0 = 3AiA|, 

. ' . À2 = 0. 

Thus, we must consider an affine transformation (2) with A2 = 0 and 
try to simplify 

x3 + Ex2 + Fxy + Gy2 + Hx + Iy + J = 0. 
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Work from left to right. Let us now show that we can make E' = 
0, F' = 0, G' = - 1 . By referring to (3) we see that 

E' = 0 = 3A?A3 + EX2 + FAxA4 + X\G 

F' = 0 = FAiA5 + 2G,A4A5, 

G' = - 1 = »X2G. 

Suppose G ^ O . At this point we cannot make G' = 0; since ß ^ 0, 
we would have to take A5 = 0. But we already know that A2 = 0, so if 
A5 = 0, then A1A5 — A2A4 = 0. This violates the definition of an affine 
transformation (2). We must return to the case G = 0 separately: 

F' = 0 = A5(FAi + 2CA4). 

Since A5 ^ 0, simply choose A4 = — FAi/2(2, which is okay unless 
G = 0. 

Since Ai 7̂  0, simply choose 

1 F2 

A 3=3 (-*+ïë>-
We have now simplified the equation to 

x3 - y2 + Hx + Iy + J = 0. 

Now consider an affine transformation (2) which preserves the x3 — y2 

part. 

A2 = 0. 

E' = 0 = 3A?A3 + \\ 

F' = 0 = -2A4A5 

G' = - 1 = -ßXl 

Since 0 = 2A4A5 and A5 / 0, we have A4 = 0; since 0 = 3Af A3 and 
Ax ^ 0, we have A3 = 0. Furthermore, A§ = K We will now show that 
we can make I1 = 0, but H' = 0, or 1, or — 1. By referring to (3), 

I' = 0 = A5/ - 2A5A6 = A5(/ - 2A6). 
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Since A5 # 0, choose XQ = 1/2. Now H' = 1 = ßXiH. Since 
ß zfz 0, Ai 7̂  0, we must return to the case H = 0 separately. So 
Ai = l / / i # , but since //Af = 1, we have l//x = 1/{^3H3). Hence 
/i2 = 1/H3. Since A| = l//i = A3, ^ > 0, Ai > 0 (unless we are dealing 
with complex coefficients). Therefore we must have H > 0. If H < 0, 
then we can make JFT = —1. So now we have A2 = 0, A3 = 0,A4 = 
0, A6 = 0, \x = 1, Ai = 1, A5 = +1 . Finally we come to J ' . By referring 
to (3), we see that J' = ßj. Thus, —00 < J' < 00. We now return 
to the case H = 0. Then /i, Ai,As are not yet determined. So we can 
choose /JL = J' I J, and since /i > 0 (unless we have complex coefficients) 
we can choose J' = ±1 or 0. At this point we can summarize by saying 
that if G ^ 0, then we have the canonical forms 

x3 - y2 + x + J = 0, -00 < J < 00 

x3 - y2 - x + J = 0, -00 < J < 00 

x3 - y2 + 1 = 0 

x3 - y2 = 0 

x3 - y2 - 1 = 0. 

We now return to the case G = 0. Then 

E' = /i(3A2A3 + £A? + FA1A4) 

F ; = /iFAiA5. 

Thus, Ff ^ 0 unless F = 0. We will return to the case F = 0 later. 
For the present, we can make F' = —1. For 

E' = Ai(3AiA3 + F A i - A 4 ) , 

by choosing A4 = 3A1A3 + E\\, we can make E' = 0. We have now 
simplified the equation to 

a:3 - xy + Hx + Iy + J = 0 

and have /iA3 = 1, A2 = 0, /ÌA1A5 = 1, A4 = 3A1A3. Now observe that, 
by (3), 

ï = /i(-A3À5 + IA5) 

= ß\5{I - A3). 
By taking A3 = / we can make J' = 0. Then we also have A3 = 0, A4 = 
0. Now 

f r = fi(-AiÀ6 + iïAi) 
= M i ( - A 6 + tf). 
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By taking \Q = H we can make H' = 0. Then we also have XQ = 0. 
Now J' = ßJ. So J' = 0 or 1. We have now reduced to the canonical 
forms 

x3 — xy = 0, 

x3 - xy + 1 = 0. 

We now return to the case F = 0. Then 

E' = //A?(3A3 + £ ) . 

By taking A3 = —E/3, we can make £" = 0. Now we have 

x3 + Hx + Iy + J = 0 

with A2 = 0, A3 = 0, //A3 = 1. Now 

/ ' = ßl\5 

—1 = ßlXs unless 7 = 0. 

We will return to the case 1 = 0. Having made I = —1, we now 
have fiXs = 1. Now H' = ß{X\H — A4). By taking A4 = X\H, we have 
H' = 0. If H = 0, then A4 = 0. For J' = (-A6 + J)/x, by taking A6 = J, 
we have J ' = 0. Thus, the only canonical form here is x3 — y = 0. We 
return to the case 1 = 0. Then 

H' = fiHX1 

1 = fjiHXi unless H = 0. 

We will return to the case H = 0. If H = 1, then 1 = //Ai, but 
since 1 = //A3, A? = 1. Hence |/i| = 1. Since J' = fiJ, the only 
simplification that can be done is 0 < J ; < oc. Thus, we have the 
canonical forms 

x3 + x + J = 0, 0 < J < o o . 

Finally, we return to the case H = 0. J' = \iJr, so we can obtain J' = 0 
or 1. Thus, the canonical forms are 

x3 = 0 

x3 + 1 = 0. 
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To summarize t 

(4) 

his calculation here is the list of real canonical forms: 

x3 - y2 + x + J = 0, -oo < J < oo 

x3-y2-x + J = 0 - o o < J < o o 
x3 - y2 + 1 = 0 

X3 - y2 = 0 

x3 - y2 - 1 = 0 

x3 - y = 0 

a;3 + a; + J = 0, 0 < J < oo 

x3 — xy = 0 

x3 - xy + 1 = 0 

x3 + 1 = 0 

x3 = 0. 
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