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ORBIFOLD SPECTRAL THEORY

CARLA FARSI

ABSTRACT. In this paper we study Sobolev spaces for
smooth closed orientable Riemannian orbifolds. In particu-
lar we prove the Sobolev embedding theorem, the Rellich-
Kondrakov theorem and Poincare’s inequalities. From these
theorems we derive properties of the spectrum of the Lapla-
cian. In particular, Weil’s asymptotic formula and estimates
from below of the eigenvalues of the Laplacian are proved in
analogy with the manifold case.

0. Introduction. In this paper we study spectral theory for closed
orientable orbifolds. (In the literature orbifolds are also called V-
manifolds.) Orbifold Hilbert Sobolev spaces H? were first introduced
by Chiang in [5]. Other orbifold Sobolev spaces are also considered
in [12]. After defining general Sobolev spaces for closed orientable
orbifolds, we establish Sobolev embedding theorems and the Rellich-
Kondrakov theorem. By using these theorems we prove, in analogy
with the manifold case, Weil’s asymptotic formula for the eigenvalues
of the orbifold Laplacian. We also prove Poincare’s inequalities. Our
presentation of this material follows closely [9], [1], which deal with
the manifold case. By proving more refined Sobolev inequalities we
also obtain estimates from below of the eigenvalues of the Laplacian,
generalizing the results of [4] to the orbifold case.

This paper is the starting point of an ongoing project aiming at
generalizing several well-known results of spectral theory for manifolds
to orbifolds.

We will now recall a few basic definitions used throughout the paper
[10], [5], [7]. Unless otherwise specified, all our orbifolds are assumed
to be both smooth and Riemannian.

A closed orientable orbifold, M, can be covered by a finite number
of charts (Qy, ¢1)i=1,... v, where Q; = Ql/Gl with €; homeomorphic to
R"™ and G a finite subgroup of SO(n). The local lifts of the changes
of charts are assumed to be smooth.
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216 C. FARSI

A partition of unity {m; }1=1,... » subordinate to the cover {{;}i=1, .. .~
and to the shrinkage {Vi};=1,.. ~ of {}i=1,.. n is constructed in
analogy with the manifold case by using a family of Gj-invariant
functions f; on ), such that i = 1 on V, and iy = 0 outside Q.
This defines functions p; on M with y; = 1 on V; and p; = 0 outside
;. Moreover

N
7’]121\'77[, 121,...,N, anzl.
23:1”]' j=1

By choosing a Gj-invariant metric gﬁj on € and using a standard
partition of unity construction, one gets a metric g on M in analogy
with the manifold case.

Now, given any function u € C*° (M), one can define the integral of
u over M by

N
1
wdv(z) = —/ m(2)a(z)det ((2)) di,
A4<>M;mﬂﬁm>u (@,(®)
where ~ means lift to €.

1. Sobolev spaces for orbifolds. The Sobolev spaces H? were
introduced by Chiang in [5]. More in general, one can define the
Sobolev spaces Hj, as follows.

Definition 1.1. Let M be an orbifold. Define the space C} (M) by

Cr(M) = {uEC‘X’(M) | sup / |V ulP dv(z) <oo}.
§=0,m kS M
The Sobolev space H}, (M) is the completion of C} (M) with respect to

the norm
k

|w@—z<ﬂvwwmﬁ%

Jj=0

Remark 1.2. (a) If M is compact, then C} (M) = C*°(M) for all k
and p > 1, and H} (M) does not depend on the metric.
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(b) HY (M) is a closed subspace of LP(M).

Proposition 1.3. (a) H?(M) is a Hilbert space when equipped with
the norm ||| (equivalent to ||.|| g») defined by

k
lulle = (|3 / Viuf? do(z).
j=07M

The scalar product {,) associated to the given norm is defined by

k
(u,v) = Z/M<Vju, Viv) dv(z).

(b) If p> 1, HY (M) is reflezive.

2. Sobolev embedding theorems. We will establish Sobolev em-
bedding theorems for orbifolds, generalizing existing Sobolev embed-
ding theorems for manifolds. Propositions 2.1 and 2.2 will deal with
particular cases of the main theorem. This generalizes Chiang’s results
in [5] for HZ. For Sobolev inequalities of Gallot type, see [12].

Proposition 2.1. Let M be a closed orientable orbifold of dimension
n. Suppose that the embedding H} (M) C L™ "=V (M) is continuous.
Then, for any real numbers p,q with 1 < g <n and 1/p=1/q— 1/n,
the embedding HY (M) C LP(M) is continuous.

Proof. Let p and ¢ be as above, and let A € R be such that

||UHLn/(n71) < AHU'HHll for all u € Hll(M)

For u € C®(M), let ¢ = |u[P(®»=1/" By continuity and Holder’s
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inequality we have (where we set p’ = [p(n—1)/n]—1), ¢ = (¢/(¢—1)),
(lullzo)? @D = 0l Lo < Alld]l 2

— A /M<|v¢| + 16]) dv(z)

- M/ \u|p’|vu\dv(x)+A/ P+ du(z)
n M M

< W(/Mw’q/ dv(m))I/Q/</M|Vu|qdv(x))l/q
4 A(/M s dv(m)) W(/M Juf? dv(az)) v

Since I (p(nn— 1) 1) J
()
() eh)
(o))

we have that

n—1)/n [ Ap(n —1 1
e <l {2 (] (gupraots))
—|—A< |u|? dv(z > }
<

Since p(n — 1)/n — p/(¢’) = 1, it follows that |ul|L» (Ap(n —
1)/n)|[ul| gra for all u € C>°(M). As C>(M) is dense in H{ (M), we are
done. O

Proposition 2.2. Let M be a closed orientable orbifold of dimension
n. Suppose that the embedding H{°(M) C LPo(M) is valid for any
Po,q0 € R such that 1 < g9 < n and 1/pg = 1/qo — 1/n > 0. Then
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for any real member p,q, such that 1 < g < n and integers m,k such
that 0 < m < k satisfying 1/p =1/q — (k — m)/n > 0, the embedding
H} (M) C HY (M) is continuous.

Proof. Let r € N. Then
VIVl < [V, Yy e OF(M).

(Proof as in [1, p. 36].) Suppose first that £k — m = 1, so that
1/p = 1/¢ — 1/n. In this case the embedding H{(M) C LP(M) is
continuous by hypothesis so A € R exists such that, for all ¢ € H{ (M):

[@llzr < A(IVgllLa + [[4l]0)-
For ¢ = |[V"¢|, ¥ € C*°(M), we get

1) IVYlle < A(IVIV YL + IV La)
<AV llza + IVl ze).-

Now apply (1) for r =k —1,k—2,...,0, to find

IVl e < A(IV*¥ e + IV* 9] o)
IV* 20l e < AV 9ll2a + [IVF 72| 20)

[Pl < AUV llLa + |9l La)-

Hence,

(2) ||¢HH£7 < 2AH¢||H]3 for all k.

1

Now suppose that kK —m = 2 so that 1/p = 1/q — 2/n. Define p; by
1/p1 = 1/p+ 1/n. Notice that 1/p = 1/p1 —1/n =1/q — 2/n so that
1/p1 = 1/q—1/n and hence, by (2), the embedding H{ (M) C H}' (M)
is continuous for all k. Now observe that 1/p = 1/p; — 1/n so that by
(2) the embedding H}" (M) C H}_,(M) is continuous for all k. It
follows that the embedding H{(M) C Hy_,(M) is continuous for all
k. By repeating the above construction sufficiently many times, the
theorem follows. O
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Theorem 2.3 (Sobolev inequality or Sobolev embedding theorem).
For any real numbers p,q such that 1 < g < n and integers m, k such
that 0 < m < k satisfying 1/p = 1/q — (k — m)/n > 0, the embedding
H}(M) C HP (M) is continuous.

Proof. Because of Proposition 2.1 and Proposition 2.2, we only need
to show that the embedding H}(M) c L™=V (M) is continuous.

Firstly, for p =n/(n — 1) and u € C*°(M) (we use the same notation
as in the introduction in the formulas below)

N
> mu
= e

N N 1/p
< el =32 (o a)
=1 =1 l

as y; = 0 on §f. Since mu is supported on €); and M is compact, we
have

lull Lo (ary =

C
[mu|? dv(z) < —/ |ulPdet géj(a}) dz  for some C > 0.
o IGil Ja,
Moreover, the inequality ad;; < gﬁj < bé;; for all 1,4, holds because
M is compact. Hence,

b’I’L
[ tma dota) < T [ il .
(o} |Gl| o))

By [1, p. 39], we know that for 1 < ¢ < n, 1/p = 1/¢ — 1/n and
ve H](R™):
”UHLP(R”) < k(n7Q)vaHHf(R")-

Therefore, since Q ~ R" and q=1,

Cb"k(n, s .
mal? do(a) < ROD [5G0 di
Q ‘Gl‘ Q
Cb"k(n, 5 5 5 ~ B
= S [ (vl + |V dz
|G a,
D(||Vaullzrary + [uV il L1 (ar))

D([|Vullprary + Bllul v ary)

IAIA
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for some B, D > 0. It follows that the embedding H{ (M) C LP(M),
p=(n/(n—1)) is continuous. o

Theorem 2.4 (Rellich-Kondrakov). Let M be a closed orientable
orbifold. Then for any integers 7 > 0, m > 0 and any real numbers
g > 1 and p such that 1 < p < ng(n — mq), the embedding of
HY, (M) into H7(M) is compact, i.e., bounded subsets of HJ,, (M)
are precompact in Hf(M) In particular, foranyl<g<mnandp>1
such that 1/p > 1/q — 1/n, the embedding of H}(M) into LP(M) is
compact.

Proof. We will do the proof for m =1, j = 0. Let {fmn}men be a
bounded sequence in H{(M). Consider the functions (notation as in
the introduction and in the proof of Theorem 2.3), bl (Z) = (7i1fm ) (%),
defined on ; ~ D™, where D" is the unit disk. The set A; of
these functions is bounded in Hj(D™). Since A, is precompact [1,
p. 55], a subsequence which is Cauchy in L?(D™) exists. By repeating
this operation, we may select a subsequence {fy./}men such that
{Mfm }men is Cauchy in L”(QZ) for every I. But {mfm/ }men is
also Cauchy in LP(M) for every I. Therefore, { fn/ }men is Cauchy in
LP(M) as

[ 1w = felr oo /

< ;/M ‘m(fm’ - fn’)|p d’U(l‘).

m’ _fn |pdv( )

Hence the embedding H{(M) C LP(M) is compact. Since, by
the Sobolev embedding theorem, the embedding Hj (M) C H{(M)
is continuous for 1/¢ = 1/r — (k — 1)/n, and the composition of a
continuous embedding with a continuous and compact one yields a
compact embedding, we have that the embedding H] (M) C LP(M) is
compact for 1 > 1/p > 1/r — 1/n > 0. To prove the general case,
one applies a similar argument, using the fact that the embedding
H? (D") C Hf(D”) is compact for m,q,j,p as in the statement

Jj+m
of the theorem (cf. [9, p. 25]). O
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3. Properties of eigenvalues.

Theorem 3.1. Let M be a closed orientable orbifold. The eigen-
values of the Laplacian are nonnegative and form a discrete set. The

eigenfunctions, corresponding to the eigenvalue Ao = 0, are the constant

functions and ker (A—XI) is finite-dimensional for all X € R. The first

nonzero eigenvalue A1 is equal to p, defined by = inf{||[Vel2. | ¢ €
€

A} where A= {p € HY(M) such that ||¢||> =1 and [,, ¢ dv(z) = 0}.

Proof. For the first two statements, see [5, Theorem 2.5]. To prove
that A1 = p, let {¢;}ien be a sequence in A such that |V, |3, — p
for i — +oo. By Rellich-Kondrakov’s theorem (Theorem 2.4), a
subsequence {y;}jen of {¢;}ien exists such that ¢; — ¢ strongly
in L?(M), ie., limj_ 1 |l¢; — ¢ollrz = 0. Hence ||¢; — ¢ollrr — 0
as j — +oo since M is closed, and then g satisfies ||po||z = 1 and
[ podv(z) = 0. Since H(M) is reflexive, a subsequence, which we still

call {¢x }ren, of {dr }ren exists, such that ¢ — bo weakly in HE(M).
Hence ¢, — ¢¢ strongly. Also,

leollmz <, tim infllex]|
and
ol < tim_IVipelZ =
— 400

so the minimum is attained.

Now writing Euler’s equation of our variational problem, o, 3 € C
exist such that, for all ¢ € HZ(M),

/ VYoV do(z) = a/ wopdv(z)+ 6 | du(z).
M M M

By choosing ¢ = 1, we get 8 = 0, and by choosing ¥ = ¢, we get
a=p. So pg € HE(M) and satisfies weakly Ay = ppo.

By regularity [5, Theorem 2.5], o € C°°(M). Thus p is an eigenvalue
of A and g an eigenfunction.

Conversely, let v be an eigenfunction satisfying Ay = Ay, [y dv(z) =
0, then A1 = [ V(|22 (lylIz3 = n. O
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Theorem 3.2 (Weil’s asymptotic formula) (cf. [3, p. 156]). Let
M be a closed orientable orbifold, with eigenvalues of the Laplacian
0=MX <A1 <Xy < ..., each distinct eigenvalue repeated according to
its multiplicity. Then, for

N =1,

A <A

we have
N\ ~ w, VA2 (2m)",

as A tends to +oco. In the latter formula, V' denotes the volume of M
and wy, is the volume of the unit disk in dimension n.

Proof. We wish to estimate

+oo

—A,t
2 e
Jj=1

as the heat kernel H is given by

—+o0

H(I7 Y, t) = Z eiAjtd)j (:E)(bj (y)a

j=1

where ¢; is an eigenfunction of the Laplacian, with eigenvalue A;, of
norm one [5]. Let O = {};=1,.. .~ be an orbifold cover of M and
U = {Ui}i=1,... n a shrinkage of O. By [5], we have that on lifted
orbifold charts @, | = 1,...,N, H(&,§,t) = K(&,7,t) + k(Z,7,t)
where k(Z,7,t) is a bounded Gj-invariant function and K (Z, g, t) is the
heat kernel on ; satisfying the boundary condition K (&,7,t) = 0 for
i or § belonging to the boundary of U; (cf. also [10], [2]). Hence we
can substitute K + k for H in the above formula, and we obtain

+oo

SN
4qrtn/2’

j=1

as t — 0. The Karamata theorem now implies Weil’s theorem [3], [6].
O
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4. Poincare inequalities. We will first prove Poincare’s inequality
for ¢ > 1.

Theorem 4.1 (Poincare inequality for ¢ > 1). Let M be a closed
orientable orbifold, and let 1 < g < n be a real number. Then, for any

u € H{ (M), we have

(/M i — u|qdv(a:))1/q < A(/M Vu|qdv(as))1/q,

for some A >0 and u = (1/V) [,, udv(z).

Proof. We only need to prove that
InfueH/ |Vu|?dv(x) > 0,
M
where

H= {u € H](M) such that |ul? dv(x) = 1 and /

M

wio(e) =0},

M

Let {uk}ren be a sequence of elements of H such that

nEI-ir-loo /M |Vug|? dv(z) = uIél7f1 /M |Vul? dv(z).
By using Rellich-Kondrakov’s theorem and the fact that H{(M) is
reflexive for ¢ > 1, a subsequence {ug }rren of {ugren exists which
converges weakly in Hj(M) and strongly in LI(M) N L'(M). Let
v = limy/ 4 o ugr. The strong convergence in LI(M) N L*(M) implies
v € 'H, while the weak convergence yields

/\Vv|qdv(x)§ lim |Vug |9 dv(z).
M k'—+o00 Jar

Therefore, Inf, ey [, [Vu|? dv(z) > 0 is attained by v. O

Theorem 4.2 (Poincare inequality for ¢ = 1). Let M be a closed
orientable orbifold. Then a positive constant A > 0 exists such that,
for any u € Hi

7

(M)
</M lu — 4l dv(:z:)) < A</M Vul dv(:z:)),
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where &= (1/V) [, udv(z).

Proof. Let G(x,y) be Green’s function on M, G : M x M — R
and G(x,y) € Hy"**(M). By definition, G inverts A on the orthogonal
complement of its kernel. Let u € C* (M) be such that [, udv(z) = 0.
We then have, for any z € M,

0= [ AG ) duly).
By Green’s formulas

Ju(z)| < /M IV, G, 9) | Vuy)] dv(y),

and so

| @l < [ 19,66 0Ivum)] o) dow).

To finish the proof, we will show that there is a C' > 0 such that

/ IV,G(z,y)|du(y) < C.
M

The Green function G can be defined in the following way. Let H (z,y, t)
be the fundamental solution of the heat equation. Then [5]

H(z,y,t) Ze Mg (@) i (y),
where {¢;} is an orthonormal base for L?(M) and Ag¢; = \;¢;. Now

+oo
G = / et gt
0

First of all, we will prove that the latter integral converges. Let
O = {Q}1=1,.. n be an orbifold cover of M and U = {U;};=1,.. n
a shrinkage of ©. By [5], we have that on lifted orbifold charts €,
!l =1,...,N, H&,qg,t) = K(%,9,t) + k(Z,y,t) where k(Z,7,t) is
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a bounded Gj-invariant function with bounded derivatives (cf. also
[2] and [10]), and K(&,¢,t) is the heat kernel on € satisfying the
boundary condition K(Z,§,t) = 0 for Z or § belonging to the boundary

of U;. Hence the integral f0+oo e~ dt converges, as fOJrOO e~ 8 dt and
0+OO e~ * dt both converge. An easy computation then shows that
G(¢;) = A;lqu which ends the proof of the integral formula for G.

Therefore, we can locally estimate VG on U; by using the standard
manifold estimates which yield up to a constant arising from the k-
term. Hence,

L C
V5G| < 2

where 7 is the distance of  from .

Hence, for & € U},
| 1vsG@ld,
U

is bounded, and so is [, |V,G(z,y)|dv(x). Now the proof can be
completed by applying compactness. a

A sharper Sobolev-Poincare’s inequality can be obtained by combin-
ing Theorems 2.3 and 4.2.

Corollary 4.3 (Poincare-Sobolev inequality). Let M be a closed
orientable orbifold. Then, for any u € H{, we have

lu =@l gn/-1 < B||Vul|r

for some B > 0 depending only on n.

Proof. By Theorem 2.3,

HU — rl_l/| Ln/(n—1) S AH'LL - l_l’HHll

_A</M |u_a|dv(x)+/M|Vuldv(x)>,

for some A > 0.
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Now, by applying Theorem 4.2, we get

Ln/n-1) < A(A/ + 1)HVUHL1

|u — al
for some A’ > 0. O

5. More Sobolev inequalities. In this section we will present two
additional Sobolev inequalities (Lemmas 5.1 and 5.2). We will then
derive from Lemma 5.1 an estimate from below on the first eigenvalue
of the Laplacian (Proposition 5.3). Our proof parallels the one given
by Li in the manifold case [11].

Lemma 5.1. Let M be a closed orientable orbifold of dimension
n > 3. Then for some D > 0 we have

DI flI72n/n-2 < V£,

for all f € HF(M) such that [,, sgn (OIFIF =2 dv(z) = 0.

Proof. Consider the function g = sgn (f)|f|2(»~1/(»=2)] By hypoth-
esis [, sgn (9)]g|"/ =1 dv(x) = 0. By a variational argument, the last
equality implies

gl /- = algrf{ lg — allgn/on—).

Hence, by Corollary 4.3,

2n(n—1)/(n—2 n
(R o Sy ] R
< B"[|Vy|1:
n—2 I

By Holder’s inequality,

2n(n—1)/(n—2 n2(’I’L—1) n?/(n—2 n
171ty ) < Br = A e IV Il
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. . nz/(n—Z) .
Now, by dividing both sides by || f||} 2, _2), We obtain

2(n—1 "
U

||f‘|22n/(n72) < B" "

Lemma 5.2. Let M be a closed orientable orbifold of dimension
n > 3. Then for some E > 0 depending only on n, we have

EVFIZe > Wl F2n/mm = V- MFI1Za],

for all f € HX(M). (V is the volume of M.)

Proof. First note that, for some k& € R,
[ s = R1F = kP o) <o,
M

(We can assume k > 0, otherwise we are done by Lemma 5.1.) Now,
by Lemma 5.1,

IVAlZ2 = DIf = Ell720/c0-2)

(+) >D [2—<n+2>/<n—2> L2 _ ypan/(n2

) (n—2)/n
L2n/(n—2) - :|

> D27 f2, 0 = VD2,
Set My = {x € M|(f—k)(x) >0} and M_ = {x € M|(f—k)(z) < 0}.
Then

/ 1 — k0D do(z) = / 1 — P/ du(a).
My M
But

/ |f = K22 du(z) < 26*/ Y02 dy(z) — ViR (2,

where a =3 if n = 3,4, and o« = (n — 2)/(n —4) if n > 5. Also

| A=k ) 2 PV e ),
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where 8 = (n —4)/(n—2)ifn:34andﬂ:Oifn>4
Therefore, since fM f = kYD dv(z) = [,, |f— k¥ do(z),

oo / P22 () V7, g2 =D > 9By 2 (n=2)_ / 1£2/02) du(z),
M, M_
which implies

/ /) do(a) + 2 / /2 d(z)
My

> 20V 2/(n=2) Ly g2/ (n=2) = (2°V_ + V+)k2/("_2).

Hence,

IFI1Z5072) > 2-atPy 2/ (=2,

By applying Holder’s inequality, we obtain

||fH2/ n—2) V(n 3)/(n—2) > 9 atfy/ g2/ (n— 2)
ARV > g-asdn-2y -2

Combining this last inequality with (*) ends the proof. u]

Proposition 5.3. Let M be a closed orientable orbifold of dimension
n > 3. Then
y-2/n4

A >
'S -1)2

where A1 is the first nonzero eigenvalue of the Laplacian on L*(M), V
is the volume of M, A is equal to D (of Lemma 5.1) for n > 5, while
A = B~2 (of Corollary 4.3) for n = 3,4.

Proof. Let f € L*(M) satisfy Af = A\ f withf,, f = 0. Suppose
first that n = 3 or 4. Consider the function g = sgn (f)|f|*~!. Clearly

Jarsen (9)|g]/ =Y dv(x) = 0. Therefore, by a variational argument,

gl Lon-ny/m = nf lg = allLn/m—.
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By Corollary 4.3,

-1
2D = gl 2y < B[Vl

= (n—=1)"B"[[ /"L

11

Moreover, by Holder’s inequality and the eigenfunction property of f,
_ -1 2
172Vl < VAL,
Hence,
V72/n372
A >

~ (h-1)2

Now let n > 5, and define the function g = sgn (f)|f|*~2/2. Clearly
Jarsen (9)|g]?/ =2 dv(x) = 0. Hence, by Lemma 5.1,

122 =Dl|gl3 20/ -2 < || Vg7

() Dl f|

Moreover,

IVgll7 Z/M |Vf("72)/2|2_|_/M ‘V‘fl(nf2)/2|27
+ _

where My = {x € M | f(z) > 0} and M_ = {x € M | f(z) < 0}.
Since f("=2)/" = on M, and M_, integration by parts yields

IVg|2. = /M FOA2A(f-D/2) 4 /M |Fl= D2 A (22,
) )

Now

(n—2)(n—4)
2 2

_ (n ; 2) |:_ (”54) f(n—ﬁ)/2|vf|2 + /\1f(n*2)/2 )

A(f(n72)/2) — f(n74)/2Af

f(nfﬁ)/2|vf|2 + (n — 2)
2
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Therefore,

2 = - - n— n—
Vol JODRA(A2) [ || D2 | peD 2
My M_
_ n—2 n—4)
=/ s 2)/2{( ) [_ ( )f( 0/2)g 2
M, 2 2
+ Alfmz)/z]}
_ n—2 n—4 e
+/]V |f|(n 2)/2{( ){_ ( > )|f‘( 6)/2|Vf‘2

2
+alrge2r] |

n—2
Ln—2"

_ (-2
- 2

Aallf]

By substituting into (xx), one obtains

(n—-1)
2

MFIE2 = D52

Finally, by using Holder’s inequality, one gets

Aﬂﬂmw > D. o

6. Eigenvalues estimates. We will first prove a weaker form of a
Sobolev inequality and then use it to give an estimate from below of
the eigenvalues of the Laplacian. In the manifold case such estimates
were proved in [4].

Lemma 6.1. Let M be a closed orientable orbifold of dimension
n > 3. Then a constant K exists such that

(n+2)/n —4/n
2 2
wrpaw ([ ur) ([ )

for any f € Hy(M) such that [, f dv(z) = 0.
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Proof. By Lemma 5.2, a constant E > 0 exists such that
IVFIZ2 = Bl 172002 — V72" f 11721,
where V is the volume of M. Since [,, f dv(z) = 0, by Theorem 3.1

IVAlIZ2 = MllFlIZe

where \; is the first nonzero eigenvalue of the Laplacian. Moreover, by
Proposition 5.3,
A= MV,

for some M > 0. Therefore, by combining the above inequalities, we
get
IVAIZe 2 Ell 1720 02 = VATV EIZe]

> Bl fI72n /02 = VMV F| 2]

That is,
IVFIZ: > K| fll2n/n-2),

for some K > 0. By Holder’s inequality, with p = (n — 2)/(n + 2) and
qg=—(n—2)/4, we get

I £l L2n/n2) = </ |f‘(2n+4)/(n*2)7(4/(n72))
M

(n+2)/(2n) —(2/n)
2
> ( /M i dv(x)) ( /M |f) o

Theorem 6.2. Let M be a closed orientable orbifold of dimension
n > 2. Let A\ be the k-th nonzero eigenvalue of the Laplacian. Then a
constant o exists such that

> (n—2)/(2n)

k
A > CYKV7

where K s as in Lemma 6.1.

Proof. Let H(z,y,t) be the fundamental solution of the heat equa-
tion. Then [5]

+oo
H(z,y,t) =Y e ai(x)dily),
=0
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where {¢,} is an eigenfunction orthonormal base for L?(M). Since
Ao = 0 with ¢g = V=2 we can define the function G(z,v,t) by

+oo
Gy, t) = Hr,,t) — 5 = 3 e 0r(a)bily).
=1

By [5, Proposition 4.1], H and G converge uniformly together with
their derivatives of all orders for ¢ > 0. H and G are also C'*° functions
in all their arguments. Clearly G satisfies the semigroup property

Glas+0) = [ Glaz )Gt do(z).

Moreover, as [, ¢;(y) dv(y) = 0fori > 1, we have [, G(z,y,t) dv(y) =
0. Also

[ 1601 dew) < [ (Hp0]+ V) doy) < 4o
M M
as [,,|H| < +o0. By the semigroup property,

G'(z,z,t) = y G (z,y,t/2)G(z,y,t/2) dv(y)

- /N 8,6l .G . .1/2) o).
Integration by parts yields
G (e ast) = — / VG (a,y,t/2) du(y).
M

By Lemma 6.1, we obtain

(n+2)/n —4/n
e ) ()
() (e
(n+2)/n
zKQ4/"( / |G<x7y,t/2>2dv<y>) ,
M

for some ) > 0. Now the semigroup property of G implies

—G'(z,2,t)(G(z, 1))~ HD/n > Q=i
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Integrating both sides of the above inequality and using the fact that
G(z,z,t) — o0 as t — 0, we have

(n/2)G~2/™(x, 2, t) > QY Kt.

Hence,

n/2

—n/2
G(z,z,t) < (EQ—‘*/"Kt) — Q2K /22 (g)
n

Integrating both sides with respect to z and using the expansion
formula for G, we have

—+o0
Z e Nt < a(Kt)*”/2V.
i=0

Let t = 1/Ag. Since A\;/A; <1 for i < k, we have

K —n/2 400 k
o) VEE e e ke
k

=1 i=1

which proves the theorem. ]
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