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Abstract

If a force is applied to a particle undergoing Brownian motion, the
resulting motion has a state function which satisfies a diffusion or Schré-
dinger-type equation. We consider a process in which Brownian motion
is replaced by a process which has Brownian transitions at all times
other than random times at which the transitions have an additional
“impulsive” displacement. Using a Feynman-Kac formulation based on
generalized Riemann integration, we examine the resulting equation of
motion.

1 Introduction.

As an introduction, we give a broad outline of the underlying ideas and
methodology of the paper.
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1.1 Some Underlying Ideas.

When some system parameter has a discontinuity, the term “impulse” or
“jump” can be a vivid way of describing this characteristic of the system.

Sometimes the state of a system can be described by a differential equation.
For instance, a diffusion can be described by a parabolic partial differential
equation satisfied by some function of displacement and time.

The purpose of this paper is to examine the relationship between discon-
tinuities in the state function which characterizes the diffusion, and impulsive
changes in the underlying diffusion itself. We use a Feynman-Kac formulation
to show the connection between these two classes of discontinuities.

Our method of analysis is based on the generalized Riemann approach
of Henstock. In effect, our Feynman-Kac formulation of the problem is a
generalized Riemann (or Henstock) integral.

The generalized Riemann integral is an adaptation of the standard Rie-
mann integral such that Riemann sums can be used to give results for which
Lebesgue methods are usually required. The general idea of this is as follows.
We have some domain which is partitioned by means of a finite collection {7}
of disjoint sets, which we can think of as “intervals”, with || denoting the
measure of an interval I. By “shrinking” the partitions, we can estimate the
Riemann integral of a function f(x) of values x in the domain by forming the
Riemann sums Y, f(x)|I].

In the standard Riemann integral, in any term f(x)|I| of the Riemann sum,
the only restriction on the choice of the evaluation point z is that it should
belong to the corresponding partitioning interval I. The generalized Riemann
adaptation is to make the selection of each interval I in the partition depend
on the choice of each corresponding evaluation point x in Y f(z)|I|. What
difference does this make? It means that we can form the Riemann sums in a
way which is sensitive to, or responsive to, the local behavior of the integrand.
For instance, if f is highly oscillatory in a particular neighborhood, taking
very large positive and negative values there, we can force the local terms of
the Riemann sum to correspond to the local behavior of f. So in a scenario
where f has a positive value at x and a negative value at the nearby point
z’, the partitioning intervals I, I’ can be chosen so that the Riemann sum

A f @)+ f(2")|I']+. . . captures the variation of f; so that, in this scenario,
we produce in the Riemann sum a cancellation effect from the neighboring =z,
x'.

In this way it is found that we can define an integral of f which is equal
to the Lebesgue integral of f whenever the latter exists. We call this the
generalized Riemann integral (also known as Henstock integral or Henstock-
Kurzweil integral).
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Instead of using the Lebesgue measure |I|, we can use arbitrary interval
functions u(I), and the resulting definition of an integral / f(x)p(I) by Rie-

mann sums remains valid. More generally, instead of integrating a product
f(@)p(I), we can integrate functions h(x, I) by taking Riemann sum estimates
> h(x,I) over z-dependent partitions {I} of the domain of integration.

The discussion above can be read in a way which assumes that the domain
of integration is a bounded real interval [a,b], so that each of the partition-
ing intervals I is itself a bounded real interval. But the points made in the
discussion remain valid if the domain of integration is a more general, multi-
dimensional space, such as R”, in which some of the partitioning intervals are
not bounded or compact.

The scenario we tackle in this paper requires us to consider displacements
x4 at various times ¢ in some time interval (7/,7), and also to consider the
possibility that, at arbitrary times 7/ < t; < --- < t,,_1 < 7, the displacements
zy; satisfy uy; < ay; < wjfor 1 < j <n—1;orz; € Cl(I;) (closure of [),
where we write I; = [u;,v;) and x; = x4, for each j.

Writing

T = (Te)e(r,7y and [ ={v:x;€l;, 1<j<n-—1}

we are led to consider Riemann sums such as Y f(x)u(I). The corresponding
integrals are / f(@)u(I). The domain of integration is the set {}, where each

x is a mapping of the form
z: (7',7) =R, with o, =z(t)eR for 7' <t<T.

We denote this domain by R(T/’T), which can be viewed as a Cartesian prod-
uct of R by itself uncountably many times. The partitioning intervals I are
cylindrical subsets of R,

The framework of generalized Riemann integration outlined above can be
adapted to this scenario, and this is explained in more detail in [8].

Treating the elements x as sample paths in some version of the Brownian
motion, we develop a Feynman-Kac representation

wer)= [ s,

with £ := z(7), of the solutions u({, 7) of a partial differential equation

ou 10%u

5—53?24?‘/(5)”:0,
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where V is a potential function.
With the aid of this theoretical framework, we can relate discontinuities in
u(€,7) to “impulses” in the sample paths x.

1.2 Outline of the Theory.
To begin, we define the different kinds of cylindrical intervals
I=Py (I} x - xI_y)
which are used to partition the domain of integration R(7). Given
N={t,...,tp,} C (7',7), with7' =tg<t; <- - <tp_1<t,=

Py is the projection function which maps R("7) to the n-dimensional product
space RY or R”.
In general, if we want to define an integral / f@)p(I), we must show

(/7
how the approximating Riemann sums »_ f (1:)5([ ) are constructed, and that
is done in [8].
We are especially interested in volume functions (or measures) p on the sets
I which are related to the Brownian motion function in which each difference
x(t;) — x(tj—1) is normally distributed with mean zero and variance ¢; —t;_1,
giving

1 iy 12

/ / U g d (1)
Y1 ... AYnp—-1
no Jr. W(ta‘ —tj-1) !

1]1

as the joint probability that the motion takes a value x; in I; at time ¢;, for
1 <j <n-—1. (There is a technical, notational reason for having 1,...,n—1,
rather than 1,...,n, as the range of j). The finite-dimensional expression
on the right hand side of (1) is used to give meaning to the function on the
left which has an infinite-dimensional domain. The essential simplicity of
the expression on the right helps to simplify the analysis, in comparison with
other formulations of the theory which introduce measurable sets at this point,
instead of the simpler cylindrical intervals I. Because if the integrand f(z)
takes the value 1 for all x, then / f(@)u(I) is approximated by Riemann
(')
sums Y u(I) whose value, in everRy case, turns out to be

1 wi—yj—D?

/+Oo /+OO 2 R
dyldy ,—15
W(tj —tj-1) "
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where {t1,...,tm_1} is the maximal of the sets of times {--- ,t;,---} which
appear, as Varlable sets, in each of the terms p(I) of the Rlemann sum.

The latter integral can be evaluated by iterated integration, and this is
demonstrated in [8]. Alternatively, with zo = x(t9) = (') and z,, = z(t,) =
x(7), basic probability theory tells us that this integral gives the probability
density function of a normal random variable z(7) — z(7') with mean zero and
variance 7 — 7', so the value of the integral is

_ @(n)—z(")?
e 2(r—7")

Some of these ideas occur in the analysis of Brownian motion, but are often
expressed somewhat differently.

1.3 Impulsive Processes with Drift.

When the underlying Brownian process undergoes impulsive changes of amounts
Ji at specified times 75, then we get a process

z={zn}={z(t):te (v',7)}, where z(t )+ Z Jk.

T <t

From this we are led to consider a measure

R 1)?

D= [ ) M e
dyy ... dyn-1,
noJr 2ty —tj1) !

=1 j=1

where z; = y; + Jj, if t; is one of the instants 73, and z; = y; otherwise.

Our purpose is to investigate systems in which the impulsive process is sub-
ject to some external force which produces a further manifestation of drifting
motion in the process, represented by a potential function V' which, at any
time ¢, depends on the displacement x(t). The study of systems of this kind
leads to examination of the function

f(x) = exp ZV )t —tj-1)

= exp ZV x(t;) ZJ (t; —tj—1)

7 <t



112 E. M. BoNnoTTO, M. FEDERSON AND P. MULDOWNEY

defined for z € R(T"7). (Indeed, f depends also on the choice of the set
{t1,...,tn} which, like z, is a variable in successive terms of a Riemann sum.
Suitable notation for this dependence is presented in a later section.)

The state function u(€,7) describing the evolution of this system, with
& = z(7), is often obtained as a solution to an appropriate parabolic diffusion
equation, and sometimes this has a Feynman-Kac representation

uer)= [ .

We investigate each of these methods of determining u(¢, 7) and, by examin-
ing Riemann sum estimates of u, we show how discontinuities in u are related
to impulsive phenomena in the underlying process z. The latter can be re-
garded as initial conditions or boundary conditions for the constitutive partial
differential equation.

Our investigation is restricted to impulses J which are functions of the
displacement x(t), at random times. In the concluding section of the paper,
we illustrate the theory by explicit evaluation of u when each of the impulse
functions is a constant.

2 The Henstock Integral in Function Space.

In this section we present the basic definitions and notation of the theory
of Henstock Integral in Function Spaces. We also include some fundamental
results which are necessary for understanding the basis of the theory.

Let R denote the set of real numbers and let R denote the set of positive
real numbers. Let I be a real interval of the form:

(=00, v), [u,v) or [u,400). (2)

A partition of R is a finite collection of disjoint intervals I whose union is R.
We say that I is attached to = (or associated with x) if

Tr = —00, T = u or v, T = 400,

respectively.

Let R denote the union of the domain of integration R with the set of
associated points = of the intervals I of R, so that R = R U {—o0, +00}.

In generalized Riemann integration, the convention is that the domain of
integration is the space which is partitioned by intervals. A point z is not
always an element of the associated interval I to which it is attached. Thus
the set of associated points x may constitute a set which differs from the
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domain of integration. In our case, the domain of integration is R and the set
of associated points is R.

Let § : R — R, be a positive function defined for = € R. If I is attached
to z, we say that (x, I) is 0-fine if

v < — v—u<d(z), or u> s (3)

1
i(x)’
respectively.

In this version of the integral, the attached or associated points z of an
interval I are its vertices. In another version (see [9]), they are chosen from
the union of I with the vertices: that is, the closure of I in the open-interval
topology. These two versions are equivalent whenever the integrator (measure
or interval function) is finitely additive, because if z is an interior point of
[u, v), then f(z)m([u, v)) = f(a)m([u, 2)) + f(@)m([z, v)), see [9]. In yet
another version (see [7]), an equivalent of the Lebesgue integral is produced if
the associated or attached intervals of a point x are the intervals I satisfying
IC (x—0(x), x+4d(x)). In this case, the attached points of an interval may be
outside the closure of I in the open-interval topology. In all cases, the domain
of integration is the space which is partitioned by the intervals.

If N = {t1,....,tn} is a finite set, with R;, = R and Rtj =R, let z =
(z(t1), ..., x(tn)) denote any element of

[[®,:t;e N} ="

Denote z(t;) by z;, 1 < j < n. For each t; € N, let I; = I(t;) denote
an interval of form (2). Then I = I} x ... x I, is an interval of [[{Ry, : ¢; €
N} = RN, A pair (z, I) is associated, or attached, in RY if each (x;, I;)
is associated in R, 1 < j < n, that is, x is a vertex of I in R, Given a

function 6 : R — Ry, an associated pair (z, I) of the domain RV is J-fine
if each (z;, I;) satisfies one of the inequalities in (3), depending on the kind
of interval I; (see (2)). A finite collection £ = {(x;, I;)} of associated pairs
(zj, I;), where each (z;, I;) is associated in RY, is a division of RY if the
intervals I; are disjoint with union R", and the division is J-fine if each of the
pairs (z;, I;), 1 < j < n, is -fine. A proof of the existence of such a J-fine
division is given in [9], Theorem 4.1.

Let B denote any infinite set, and let F(B) denote the family of finite
subsets of B. In what follows, we consider the product space [],. 5z Ry with
R; = R for each t € B, that is, the set of all functions on B to R. We prefer to
use, for this product, the notation R? which is usual in the theory of stochastic
processes.
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Let £ = xp denote any element of RB. With
N =N ={t1,...,tn} € F(B),
let 2(N) = z(Np) denote a point (1, ...,x,) = (x(t1), ..., x(tn)) of R". Con-
sider the projection
Py :RE S RN Py(z) = (2(t1), ..., z(tn)),
and similarly we define the projection Py : RB — RN. Then, to each interval
I x ... x I, of RN there corresponds a cylindrical interval I[N] := Py'(I; x

... x I,), which is a subset of RZ. It is often convenient to denote I x ... X I,
by I(t1) X ... x I(t,) or I(N), so I[N] = I(N) x RE\N Similarly,

Py(xp)=z(N) € EN, for v =ap€R .
Given z € R” and I[N] C RB, we say that (z, I[N]) is associated in RZ,

if (z(N), I(N)) is an associated pair in RY. Our domain of integration is R
. .. =B
and the set of associated points is R .

Definition 2.1. A finite collection & = {(z, I[N]): = € R” and N € F(B)}
of associated pairs is said to be a division of RE, if the intervals I[N] are
disjoint and have union RE.

Divisions of cylindrical intervals in R® are defined similarly.

We now address the question of a gauge for RE, that is, a rule which
determines which associated point-interval pairs (z, I[N]) are admissible, as
elements of a division, in forming a Riemann sum approximation of an integral
in the infinite dimensional space RZ. To do this, we define mappings Lz on the

—B
sets of associated points R™ of the domain of integration RZ, and mappings
—B . . .
0 on R~ x F(B), which give us an effective class of gauges. Let

Lp:R° 5 F(B), Lp(z)e F(B);

55 :R° x F(B) >Ry,  0<dp(z, N) < +oo.
A choice of L and dp gives us a representative member of this class of gauges:
VB := (L, 0B). (4)
We say that an associated point-interval pair (z, I[N]) is yp-fine if
N D Lg(z), and (x(N), I(N)) is ép-fine in RY.
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Definition 2.2. A division & = {(x, I[N]) : z € R” and N e F(B)} of
the domain of integration is yg-fine, or is a yg-division, if each of the pairs
(x, I[N]) is yp-fine. In this case, we denote € by &, .

The space R? admits a yg-division. This result is stated next and a proof
of it can be found in [8], Theorem 1.

Theorem 2.1. For any infinite set B and for any given gauge g, there exists
a vB-fine division of RE.

The generalized Riemann integral of a function h of an associated pair
(x, I[N]) is defined as follows (see [14]).
Definition 2.3. The function h is generalized Riemann integrable over RE,

with integral o = h, if, given € > 0, there exists a gauge vp such that
RB

> h(@ IN)-a|<e

(z, I[N])EEy
for every yp-division £, of RE.

Sometimes we integrate functions h(I[N]) which do not depend on the
associated point x of the variable I[N]. In generalized Riemann integra-
tion, this must be handled carefully. We should think of the integrand as
h(z,I[N]) = h(I[N]) for every x associated with I[N]. Thus, even though the
variable = does not appear explicitly in the integrand, the terms ) h(I[N])
of the Riemann sum still depend on the z’s of the division {(x, I[N])} which
determines the Riemann sum.

Definition 2.4. Two functions hy(x, I[N]) and ho(z, I[N]) are variationally
equivalent in RP if, given € > 0, there ewists yp such that, for all divisions

&

B>

> Jha(x, IIN]) = hao(x, I[N])] < e.
(2, I[N)EEy

If hy is integrable in X C RZ and if ho is variationally equivalent to hq,
then hs is integrable in X and / hi = / ha (see [14], Proposition 18, page
X X
32 for a proof). This result is important because sometimes, when we want to

establish a property of [ hq, it is easier to demonstrate it first for an integral
X

/ ho, where ho is “equivalent”, in the variational sense, to h;.
X
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3 Additional definitions.

The following result is a version of the Tonelli theorem for generalized Riemann
integrals and it will be useful in the main results. See [22], Theorem 6.6.5, for
a proof of it.

Theorem 3.1. Let J be an interval in @n, with J = H x K, where H and K
belong to R’ and R"™, n=1+m. Let f be a function defined on R". If

i) f is measurable on J;

ii) there is a function g such that |f| < g on J and either

Ay = /H </Kg(x, y)dy) dr < oo
Ay = /K (/H g(x, y)dw) dy < 0.

Then, f is generalized Riemann integrable (or Henstock-Kurzweil inte-

grable) on J and
1= ] (] s i)

The next result can be found in [22], Corollary 6.6.7.

or

Corollary 3.1. If f is measurable and non-negative, then

//Jf=/H</Kf(a:, y)dy) dﬂc:/K(/Hf(x, y)da:) dy,

provided that at least one of the three integrals exists and is finite.

The following result corresponds to Lebesgue’s dominated convergence the-
orem. A proof of it can be found in [14], Proposition 33.

Theorem 3.2. Suppose h;(z, N, I) is integrable in RB, j = 1,2,3,..., and
for each associated pair (x, I[N]), the sequence {hj(x, I, N)};j>1 converges to
a value h(x, N, I). Suppose, if € > 0 is given, there exists a gauge vy such
that, whenever (z, I|N]) is y1-fine, there exists jo = jo(x, I[N]) > 0 such that
7 > jo tmplies

|h(z, N, I) — hj(z, N, I)| < ego(z, N, I),



A RANDOM IMPULSIVE EQUATION OF SCHRODINGER TYPE 117

where go is a positive function, integrable in RE. Suppose there exist functions
g1(x, N, I) and go(z, N, I), integrable in RB, and a gauge vo satisfying

gi(xz, N, I) < hj(z, N, I) < go(x, N, I)

for each j and each yo-fine (x, I[N]). Then h is generalized Riemann integrable
in RE and
lim hj(z, N, I) = h(z, N, I).

j—+oo JrB RB

4 The Main Results.

We divide this section into two parts. The first part is concerned with the
properties of the volume function of a process with random impulses and with
the integrability of this volume function. In the second part, we present an
impulsive partial differential equation of Schrédinger type and we show that its
solution can be represented by an integral with respect to the volume function
of an underlying impulsive process. This is the Feynman-Kac representation.

4.1 The Volume Function of a Random Impulsive Process.

Let {z:}+>0 be a Brownian motion. Suppose at time t;_; > 0, the displace-
ment is x;_1 = x(tj—1). For the later time t;, the increment z; — z;_; is
normally distributed, with mean zero and variance t; — ¢;_1. Therefore, the
probability that z; = x(t;) € [u;, v;[ (u; < v;) is

1 (v — i 1)?
Ly —z0)” )dyj.

1 /”i <
- exp | —
\/27T(tj —tjfl) uj 2 tj —tj,1

Thus, given z(tg) = & (to > 0 and &' € R), the joint probability that z; €
L.,y € I, where I; = [u;, v;[, 1 <j <mn,is

/u”1 [:}n f[ op <7% th:tj:l )dyl...dyn. (5)

2
o G "
. 27T(fj - tjfl)
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In the sequel, we shall present a version for the expressions (5) and (6),
when the underlying Brownian process undergoes impulsive changes at some
moments of time.

We start by giving some notations in order to define the impulsive process.
Let {w; : i = 1,2,...} be a series of random variables with w; € (0, T),
0 < T < 400, where w; is independent of w; when 7 # j for all ¢,5 =1,2,....
Let J; :R—R,i=1,2,..., be a collection of continuous functions. Let 7/, 7
be real numbers such that 0 < 7 < 7. Now, let

J
/
T, =T + g Wi,
i=1

j=1,2,.... We also assume that for any bounded interval [a, b] C R the set
{7i}i>1 N [a, ] is finite.

Given = € RET/’T), suppose 7/ < T; < ... < T, < T < Tpy1. Consider the
function z € R(">7) such that

2(t) = z(t), for 7 <t<m,

2ty =a(t)+ Y Ji(a(r), T <t<mi, j=12..p-1,

2(t) = z(t) + Z Ji(x(ry), T <t<T.

Figure 1 illustrates the behavior of the impulsive process z(t), 7 < t < T,
when € C((7/, 7)), where C((7, 7)) denotes the set of those z which are
continuous at each t in (77, 7).

A x(t)

LA

a b c d

Figure 1: Process z € R(T7),
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Given the interval (7', 7) C R let N = {t1,....,t,—1} C (7', 7), where
7' =ty and 7 = t,.. We define N, by

N, =NU{r,...,7,} whenever 7,...,7, € (7,7) with 7, <7 < Tpi1.

Note that N, = N if 4 > 7. If {m,72,..., 7} C (7, 7), p > 1, we enu-
merate N, = {t1,t2,...,tp_1}, where 7/ = to, 7 = t,, and {7, 72, ..., Tp} =
{tiy iy, vty } with i; € {1,2,...,n — 1} for 1 < j < p. Let N = N(N,,) =
{1,2,..,n} and J = J(N,) = {i1,42, ..., 0p}.

We now define a volume function for the impulsive process. First, corre-
sponding to w(y, N) in the Brownian motion, that is

1 (yi—yi-1)?
exp( P ——

w(y, N) = :
jl;Il 27T(tj - tj_1)

(see [14], chapter 3, for more details), we define gz(y, N,,) for the impulsive
process by

(i—yi-1)* (yj*(yj—rt]j(yj)))g)

1 1
H exp <_§ ti—tj_1 ) H exp (—5 s —
g VEG=ED g VG =i

which is equal to

1 (yi—yi-1)?

H eXP( 2t —t;1 )Hexp<
jeng VIl —tm) ey 2m(t; — tj-1)

Note that if 71 > 7 then gz(y, N,) = w(y, N).

Let I(t;) = I; = [u;, v;) C Rand AI; = v; —uj, 1 < j <n—1. Recall
that I(N) = 11 X ... X Infl.

A volume function for the impulsive process is then given by

_ 1) +yi—yi-1)®
2 ti—tj—1

(7)

Qz(I[N,]) = Qz(I[Ny]; 7', 7, €', €) = / 9z(y, No)dy(No),

I(Ny)

where £, £ eRand 0 < 7/ < 7.
Let

1 () 4y —yi-1)?
2 ti—t; 1

+ooexp( )
Z = JjGC(}KR):/ dy; =1,for j=1,2,...

— 00 27T(tj 7tj_1)
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where C(R, R) = {g : R — R : g is continuous}. In particular, if J; are
constant functions for all j = 1,2,..., then clearly Z # 0.

If J; € 2, j =1,2,..., then Qz(I[N,]) is the probability distribution
function for the impulsive process which gives the probability that x; € I; for
1<j<n-—1.

If (x,1) is an associated pair, where I = I[N,], let

Gz(w, I[N.]) = Gz(z, I[No]; 7, 7, &, §) = Qz(I[N.]). (®)

Now we shall prove that Gz(z, I[N,]) is generalized Riemann integrable in
R(™>7). In order to do that, we need to prove an auxiliary result. So, let us
start by introducing some auxiliary functions.
J
Suppose that 7/ < 7 < ... < T, < T < Tpy1, Where 7; = 7/ + Zwi,
i=1
j=1,2,... as defined before. Then, we define ¢1, ¢ : R x (7', 7) — R and
Q; :RxRx (7', 7)x (7', 7) — R, j=1,2,..,p—1, by

_¢\2
b1 (Y, tk)zlexp< 1(3/’65)),

2m(ty, — 7') 2 -7
for k € {1,2,...,i; — 1},

s )2
¢2(yip7tip) — 1 1(6%!'))

- exp[ -
2m (T —t;,) p< 2 T,

and

1 1 (ys, 1_yi')2>
Di(Yi s Yiiir—15tiistii—1) = exp | —o - 7 )
J(ylj Yttt 2 27T(tij+1*1_tij) p( 2 ti,1—

i=12...,p—1.

Analogously, define ¢1(Jx(yx), tx), for k € J, replacing yr by Ji(yx) + vk
in the expression of ¢1(yx, tx), and define ®;(y;,,Ji;,, (i, 1), ti; ti;,,) Te-
placing yi;,,—1 by Ji, ., (i, 1) +¥i,,, and t;, ., 1 by t;,,, in the expression of

(Dj (le yYijp1—1s ti_j ; t’ij-%—l*l)? for JE {17 2,..,p— 1}
We can prove the next lemma by completing the square in the exponential.

Lemma 4.1. Ifa, b, u, v € R, with a > 0 and b > 0, then the function

h(a) = \/Ee—a(u—af\/?e—b(oe—v)2
™ m
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is Riemann integrable and

N L N SR

Proposition 4.1 in the sequel says that, for y = (y1,...,yn_1) € R*71, the
function gz (y, N,) defined by equation (7) is generalized Riemann integrable
with respect to y in R?~1,

Proposition 4.1. Let N, = {t1,t2,....,tn_1} C (7', T) be given with 7" = tg
and T = t,. Let gz be the function defined in (7), where y(v') = y(to) = &

and y(7) = y(t,) =€ (€', € R). Then, gz is generalized Riemann integrable
with respect to y in R" ™1 and

1 L(E=¢)?
Ny)dydys...dy, 1 = ——— —_——
/Rnfl R 2r(r —7') P ( 2 7—1
whenever 7 > 7. Also

“+o0

/R . 9z(y, No)dyrdys...dy, 1 =/ &1 (Jiy (Wir) tin )2 (yiy » iy ) dyi,

— 00

whenever 7/ < 11 < T < T2, and

/ 1 9z(y, No)dydys...dy,—1 =
o

400 400 p—1
/ / Jiy (Yir)s tiy) H(I) szaJ1J+1(sz+1) tzJatle) X

j=1

P
X¢2(Yi, ti,) H dyi,
j=1
whenever 7/ < 11 < ... < Tp < T < Tpt1, D > 2.
PROOF. If 71 > 7 the result is proved in [14] (see Proposition 36). Let us

prove the case when J = {i1,...,ip}, p > 2. Indeed, let Z = {1, 72, ..., Tp} =
{tis, iy, st} C (77, 1) with i5 € {1,2,...,n =1} for 1 <j <p, p>2. Let

N ={1,2,. — 141,41+ 1, .ip — Lydp,ip + 1,...,n — 1,n}.
Define
1 1 (y; Zl/jl)z) ‘
(Yi,yj-1) = ————exp | —=—2— |, eN\JT,
1/1] (y] Yj 1) 27T(tj — tjfl) b < 9 tj — tjfl J \
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and
1 1 (J5(y;) +yj yj—1)2> .
Wiy Yjo1) =~ exp [ — = . jed.
©i (s> y5-1) =) p< 5 —— J

By Lemma 4.1, we obtain

+oo “+o0
/ Y1(Y1, Yo)-- Vi —1(Yir—1,5 Yiy—2)dyr...dy;, 2 =

— 00 — 00

1 l(yh 1 5)2
T =) )~ i =15 tii—1), 9
e R e R

—+oo —+oo
/ Vi1 (Y415 Yiy) o Vis -1 ig 0 —15 Yijpr—2)AYiy41--QYis y —2 =

— 00 — 00

1 1 (yij+1—1 - yi7)2>
= exXp | —5 - =®; Yi;» Yi 7t 7t 1),
2m(ti,p -1 — ti;) ( 2 i1t it ZJ+(1 ))
10

7=1,2,..,p—1, and also

g Ly oe

+oo “+o0
/ Vi1 Wip+15 Vi) Vn(Uns Yn—1)aYi,41---dYn—1 =

_ 1 ]_(f yzp) _ 4 -
= m exp < 27‘—t> = ¢2(y1p,t1p). (11)

Thus, taking t;, ¢ := t,—1, £ € N, from equations (9), (10) and (11), we have

+00 +oo i1—2 p—1
/ / 7(y, N, dej dezJJrl dszH 2 de1p+J =
Jj=1 Jj=1
(12)

=¢1 (yh 1l — 1 H@l] Yij» ylj—l)(pj(yij7yi3+1—17tijatij+1—1) X

X @i, Yiys Yip—1)02(Yiy» ti,)-

Using Lemma 4.1, we have

+oo
/ ¢ (yn 1,1 11— 1)9011(3/117 Yi — 1)dyl1 1= qbl( Zl(yll) t; 1) (13)

—00
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and

“+o0
/ (bj(yij’yij+1_1’tij7tij+1_1)(pij+1 (yij+1v yij+1—1)dyij+1—1 = (14)

— 00

= (I)j(yija Jij+1(yi_7‘+1)’tij7ti_7’+1)7 j = 17 D= 1.
Then, from (12), (13) and (14), it follows that

“+o0 “+oo
/ / gr(y, No) [ dy; =

JEN\T
p—1
- ¢1( i1 (yll 1 H @ y’L],J7+1(y’L]+1) 2]7t1]+1) ¢2(yip7tip)' (15)
j=1
Define the functions f, F': RP — R by
p—1
f(yi17"'7yip) = H (bj(yijaJiJwrl (yij+1)7tij7tij+1) ¢2(yip>tip)
j=1

and
F(yiumvyip) d)l( 11(%1) 11)f(yi1a"'ayip)'

f(yi17"'7yip)
2 (t;, — 7')

Thus F is a continuous function, |F(y;,, ..., ¥, )| < and

+oo too f(yllv . 7y1p 1
L dyi, = —
By the Tonelli theorem (Theorem 3.1), the function F' is generalized Riemann

integrable in RP and

+o0 —+o0
F(yiu"'ayip)dyil'“dyip :/ F(yiu"'ayip)dy’il"'dyip

— 00

RP

is finite. Hence, from (15),

“+ o0 “+o00
/ / (Y, No)dyrdys...dyn—1 =

+o00o +oo
:/ F(yila"'ay’ip)dyil"'dyip < 0.
—0o0

—00
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Using Corollary 3.1, gz(y, IV,,) is generalized Riemann integrable with respect
to y in R*~! and

/ 9z(y, No)dyy...dyn—1 =
Rn—1

+oo “+o0
:/ / 9z (y, No)dyirdys...dy,—1 =

400 400 p—1
= / / ¢1(Ji1 (yi1)7ti1> H (I)j(yijv‘]ij+1 (yij+1),tijatij+1) X

j=1

p
X2(Yi, s ti,) H dy;,,

j=1

which completes the proof. O

The next result says that Gz(z, I[N,]) given by (8) is generalized Riemann
integrable in the function space R(7>7).

Theorem 4.1. The generalized Riemann integral

/ Gz(z, I[N,])
R, ™)

exists.

PROOF. If 7y > 7 the result is proved in [14] (see Proposition 36). Suppose
J = {i1,...,ip}, p > 1. Then, consider a division & = {(z, I[N,])} of R(">7),
with each N,, chosen so that Z = {7,...,7,} C N, € F((7/, 7)), p > 1. Then
the Riemann sum of Gz is given by

> Gz IINJ) = Y QzU[Nu]).

(z, I[Ny,])EE (z, I[NL]))EE

Let M, = U{N,, : (z, I|N,]) € £} and enumerate M, as {t1, ..., tm—1}, where
T =ty, T =tm and tg < t] < ... < tym_1 < ty. Each term Qz(I[N,]) of the
Riemann sum can be rewritten as Qz(/[M,]) by inserting additional y;’s in
the expression of g7, 7 € N'\ J, and integrating from —oo to +oco on the extra
y;’s. Then the Riemann sum becomes

> Qr(I[My]).

(z, I[MW])Eg
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with M, a fixed set of dimensions. So we are now dealing, in effect, with
some Riemann sum estimate of an integral in m — 1 dimensions. Then each
term of the Riemann sum is an integral over I[M,] C R™~1 and, by the finite
additivity of these integrals in R™ !,

“+oo “+o0
> @)= [ [ et Modyedy (10

(z, I[M,])EE

By Proposition 4.1, the integral (16) exists and we can rewrite

> QzI[M))
(=, I[My])€E
as
+oo
/ d)l(‘]il (yil)’ti1)¢2<yi1vti1)dyi1 (17)
if p=1, and

+o00 +oo p—1
/ ¢1(Ji1 (y'h);til) H (I)j<yijaJij+1 (yij+1)7tij7tij+l) X

— 0 — j=1

p
X¢2(Yi,, ti,) H dyi, (18)

Jj=1

if p > 2. Let 81 be the integral in (17) and S5 be the integral in (18). Thus,
given ¢ > 0, for any gauge 7 chosen so that L(z) D Z, we have that for every
(x, I[Ny]) € &, T C L(z) C N, implies

> Gr(a INJ) - B <e if p=1
(va[Nw])Eg'y

and

Y Gz IINJ) —Ba| <e if p>2.
(2, I[NL])EE,

Therefore, / Gz(x, I[N,]) =p1if p=1or / Gz(z, I[N]) = B2 if
R ™) RG> ™)
p > 2 and the proof is complete. O
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n—1
Let us show that the expressions gz (x, Ny) H AI; and Gz(z, I[N,]) are
j=1
variationally equivalent in R 7). This result is a consequence of the next
proposition.
If (x, T) is an associated pair, where I = I[N,], define the auxiliary function
4z(, I[N,)) by

n—1
qz(z, I[Ny)) = gz(x, N,,) H Al

j=1
Proposition 4.2. Let k(z(N,)) = k(z(t1),...,2(tn—1)) be a real-valued func-
tion which depends on (x(t1),...,x(tn—1)). If k is jointly continuous in x;,
1 < j < n — 1, then the expressions k(xz(N,))qr(z, I[N,]) and
/ k(y(N,))gz(y, No)dy(N,,) are variationally equivalent in R7), pro-

I(Ny)

vided at least one the two integrals exists.

PROOF. Let € > 0 be given. Let us consider the case when 7 € (7/, 7). A
proof for the case when 71 > 7 can be found in [14], Proposition 37. Since J;,

. . . . —=(7'\7)
j =1,2,..., are continuous functions, given z € R , we can choose L(z)

and 6(z, N,,) such that, if N, D L(z) DI = {m,...,7p}, then (I(Ny), z(N,))
is 0—fine, and if y € I(N,,), then

[k(e(N))gz (e, No) = ky(N))gz(y, No)| < v/t = )gz(e, Vo)
and

1
91(y7 Nw) > 591(1:7 Nw)

Thus,

K(e(No))az(z, I[N]) - / k(y(N))gz(y, No)dy(N.)

I(Nw)
= |k(z(No))gz(e, Nw)]l;[lAIj* / o MOV, Ny, | =

= <

/ k(x(No))gz(z, No) — k(y(No))az(y, No)] dy(V.)
I(Nw)

€
< 5 V2m(t, — T/)/ 9z(y, No)dy(No,).
I(Ny)
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Now, we can choose a gauge v such that for each division &,,

>

k(e(No))gz(z, IIN]) — / k(y(N))gz(y, No)dy(N,)| <
(z, I[N,])EES

I(Nw)

€
<sVERE - Y [ gl Nody(N) =
(@, I[N ]ee, * T(Ne)

B %\/m 9z(y, No)dy(N.,) < e.

Rn— 1
Therefore,

[ et ) = [ L)zl Nod(N.),
R(-.7) R JI(N)

which completes the proof. O
As a direct consequence of Proposition 4.2, we have the next corollary.

Corollary 4.1. The expressions qz(x, I[N,]) and Gz(zx, I[N,]) are varia-
tionally equivalent in R(™>7).

From now up to the end of this section, we are going to consider that
J

(', ) C R contains at least one point of the sequence {7;};>1, 7, = T’+Z wi,

i=1
j=1,2,.... When 7y > 7 the reader can find the next results in [14] chapter
3.

Let 7/ < Ty < 7and Dy = {z € RT"7) . z is discontinuous at T1}. We
intend to prove that Gz(x, I[N,]) exists and equals zero, because this

D
result will be useful in the next section. We need to show some auxiliary
results in order to prove this.

Let M = {T1,...,T,n} C (7, 7) be fixed and suppose a functional h satisfies
h(z) = h(z(M)) for all 2 € RC>7). Then h is called a cylinder functional.
Note that h depends only on the values taken by x at Ti,...,T;,, and we can
treat it as a function of 2(M) € R™ or as a function of # € R(7). Thus,
consider the particular case when M = {T1,T»} and h(x) = h(x(M)). Let
H7(I[N,]) be given by

Hz(I[N,)) = /I(N )h(x(M))gI(m, N,)dzy...dxp_1.
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If 7, < Ty < Ty < Ty for some k € {0,1,2,...,p} and 79 = 7/, define

( 1(zy, + Ji, (2o, )—1 ijl)z)

£\ T —
H (2, M) = h(z(0M) | [] e x
j=1 2m(rj = 7j-1)
1 (27, — @r,)? 1 (xg, — o )?
Xexp( 2 Th—m P\ o
27(Ty — 71) om(Ty — T})
Th+1 — 13
% X

21 (i1 — T2)

(_1(937',- + Ji; (2r;) _x7j1)2> (_1(557 _xﬂ-p)2>
p ©Xp exp - P
y H 2 Tj — Tj—1 2 T-1,

j=k+2

2n (15 — Tj-1) 2r(T —7p)

and, if Ty = 7, and 71 < T < 7x41 for some k € {1,2,...,p}, define

(_1 (r, + Ty (r,) x))

2 T]’—’Tj,1

k exp

Ha(z, M) = h(z(M)) | T]

Jj=1

X

27T(Tj — Tj_l)

exp ( 1 (zp, — :Erk)Q) exp ( (s + Jigpy (Try) — xT2)2>

o 2 Ty —Ty Tr41 — 1o «
27T(T2 —Tk) 27T(Tk+1 —T2>
( 1(zr, + Ji, (27;) — l‘-,—j])2> ( 1(z; — pr)2)
p exp|—= exp [ —=— 2~
y H 2 Tj — Tj-1 2 T—1p
j=k+2 2m(7j — 7j-1) 27 (T — 7p)

The next theorem states conditions on Hy(z, M) or Ha(x, M) so that the
function Hz(I[N,]) is generalized Riemann integrable in R(""7).

Theorem 4.2. Suppose h, considered as a function of x(M) = (x(T1), x(T3))
€ R2, is almost everywhere continuous and positive.
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1. If 1, < Ty < Ty < Tggq for some k € {0,1,...,p}, p > 1, and Hy(z, M)
is generalized Riemann integrable in RPY2 with respect to the variables
Tryyeos oy TTY, BTy, Topyys oo Try, then Hr(I[Ny]) is generalized Rie-
mann integrable in R(T,’T), and

/ Hz(I[N)) = Hy(x, M)dx,, ...dx,, dor dep,da,, , ...do.,.
RG )

Rp+2

2. If Th =71 and Ty < Ty < Tpq1 for some k € {1,2,...,p}, p > 1, and
Ho(z, M) is generalized Riemann integrable in RPT1 with respect to the
variables Ty, ..., Tr,, TTy, Trypypyseos Tr,, then Hz(I[N,]) is generalized
Riemann integrable in R and

/ H7z(I[N,]) = Hy(x, M)dx;,...devr, der,de,, , ...d2x,,
R )

Rp+1

PROOF. Let us prove item 1. Let & = {(z, I[N,])} be a division of R(">7)
with each N, satisfying Z C N, € F((7/, 7))}. We recall that

Hz(I[Ny)) = /I(N )h(x(M))gI(:c, Ny)dzy...dx, 1.

Let O = U{N,, : (z, I[N,]) € £} and enumerate O as {t1,...,t,—1}, where
=tg, T =t and tg < t; < ... < t,_1 < tr. As in the proof of Theorem

4.1, each term Hz(I[N,]) of the Riemann sum can be rewritten as Hz(I[O)).

Then, by the finite additivity of these integrals, the Riemann sum becomes

> H (N = Y HI[0]) =

(2, I[No])e€ (z, I[O]) €€
= Z / M))gz(z, O)dz1...dTr_1.
(z, IO])€E

But

/ h(z(M))gz(z, O)dzy...de,—1 =
(z, 1[0])eg 7 1(O)

+oo +oo
/ / M))gz(z, O)dzy...dx,—1 =

= / Hl(x,M)dxﬁ...mekdeld:ETzd:er+l...d:lcTP,
— 00

—00
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where the last equality follows from Lemma 4.1.
Let 8 be the value of

“+o0 —+oo
/ Hy(x, M)dx,...dxv, der der,de,,  ode, .

— 00 —00

Given e > 0, we can choose a gauge v, with Z C L(z) C N,,, such that

> Hz(I[NJ) - B| <e

(z, I[Nw])egw

for every division £,. Therefore / Hz(I[N,]) = 8.
R, 7)
Analogously, we prove item 2. O

Let 7/ < T) < 7 and let D; = {x € RT"7) : zis discontinuous at 71 }. Let
7' < Ty <71, Ty # T, and let

Xt = {m e R lim sup |x(Ty) — z(Ty)* > 1},

To—T

1 1
- <lim sup |z(Ty) —z(Ty)* < } )
J To—Ty J—1

X9 = {x eRT
r +oo
j=2,3,... Let D" = | J X7. Then, Dy = | J D".
j=1 r=1
In the next lines, we prove that Gz(x, I[N,]) is generalized Riemann in-
tegrable in D" with integral zero. Then we conclude that this function is
generalized Riemann integrable in D; with integral zero.

Lemma 4.2. Forr=1,2,3,..., Gz(x, I[N,]) exists and equals zero.

Dr
PRrROOF. At first, suppose T1 ¢ {m,....,7}, p > 1. We can suppose, without
loss of generality, that 7, < T1 < Ty < Tp41 for some k € {0,1,2,...,p — 1},
10 :=7". If 7, <T1 <T5 < 7 the case is handled analogously. Note that

_l(wTQ _$T1)2) dl’T _
1

! /+Oo(x xr)%e (
_ - X
2Ty —Th) oo 2P T T,

LA [ BT T (9
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2(15 = T;
:Mﬁ:Tz_leu'é_Tl'-
Jr 2

Then,

k exp

(_; (s, + Ji, (27,) — ij_l)z)

/+0° /+O° |£L’T2 - le‘Q H Tj — Tj—1 «
B =y T C——

Jj=2
1 (xT1 - ka)Z 1 (xTz - le)Q
% P ( 2 Tl — Tk P 2 T2 — Tl y
27T(T1—Tk) 27T(T2—T1)
exp —1 (kaH + ']ik+1 (x7k+1) - sz)Z
2 Tr+1 — 1o
x X

27T(Tk+1 — TQ)
( 1 (Jyy(@r) +@r, - >>
exp —5

11 - .

2m(Tj — Tj-1)

i=h+2
( 1(z, — mTp)2>
exp | —=— 2~
2 - Ty, — T
« T—"Tp dgcﬁ...d:z:.,.kd:ledl’DdekH,,,dep = M
2n(r = 75) N e

Let ¢ be the last integral. Let h(x(M)) = (x7, — x7,)? in the expression
of Hy(xz, M). Then, by Theorem 4.2, item 1., we have

/ Hz(I[N]) =
R/, 7)
Lo tdolan) 5o

+o00o +o00o k exp (_

— o 2 2 T —Tj

- |xT2 ‘rT1| X
—o0 —o0 i=1

2n(Tj — Tj—1)

exp (-1%—%)2) exp (JW)

X 2 Tl — Tk 2 TQ — Tl
27T(T1—Tk) 27’1’(T2—T1)
exp (-1 @iy + Sy (Try) = zTZ)Z)
2 Tr+1 — 1o
X X

27T(Tk.+1 — Tg)
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< 1(zr + Ji(2r) — wle)Z)
P exXp )

T —Ti 1
X H A X
j=k+2 2m(1j — Tj-1)
( 1 (z, pr)2>
exp | —=
2 _
X T T dxs,..dvs drr drr,de,, .. do,
2 (T — 7p)
co— T
- 27(11 — T/)’

where the last inequality follows from the Tonelli theorem (Theorem 3.1).
Given € > 0 and j € N, we can choose T and a division &, such that

s Y H(IN) =

T @ No)ee,

(;) Z / (xTz - mTl)ng(l', O)dxl...dxr,1 2
1(0)

(z, 1(0)) €€y

2 Z X(Xj7l‘)/ (ITQ *IT1)2gI($, O)dzLudIr—l >
(, I[O)) €, [©o)

1 )
= Z X(Xj7x)/ 92(33, O)dml...dl‘T_l =
J (z, I[O]) €&, 1(0)
1 ,
== Y XX, 2)Gz(x, 1]0)).
I (x, 11O]) e,

The symbol O after the first equality (*) denotes O = U{N,, : (z, I[N,]) €
&y}, Since € > 0 is arbitrary,

/, X(X7,2)Gz(z, I[N,]) =0
R, ™)

for every j = 1,2, .... Then, by the finite additivity of the integral,

/ , X(DT"T)GI(Iv I[Nw]) =0.
R ™)
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If 1y € {m,...,7p}, then T = 73 for some k € {1,2,...,p}. Considering
Ty < Ty < 741 (denote in this case 7 := 7p41), since

1 e 2 ( 1 (vp, — 27,)?
— Ty, — T exXxp\—=w——"—"7—
\/27T(T2—Tk) /—oo | 2 k| 2 Tg—Tk

then

) dl'Tk = |T2 —T1|,

1 (@7, + Jij (2r;) — x7j1)2>
-1

€exX
/+oo /+°° Jon, —an | o, 2 H P ( 2 TP T %
\/ 7'1 —T 27T(Tj _ijl)

exp (1($T2 — m‘fk)z) exp <1 (Jinis (Zrig) + Ty = 3;T2)2>

% 2 Tg — Tk 2 Tk+1 — T2 %
2m(Toy — 1) 27 (71 — To)
( 1(xr, + Ji, (27,) — :Ele)Q) < 1(z; — 9ch)2>
p €Xp|—35 exp| —————
% H 2 T; — Tj—1 2 T-1p o
el 2n (5 — Tj-1) 2n(T —7p)
Ty — T
Xdxr,...dxs drr,drs, .. dr,, = M
27(m1 — 7)
Thus,
T, — T,
/ H7(I[N,)]) < M7
R ™) 2r(m — 7')
where
/ H7(I[N,]) = Hy(x, M)dx,,...de., dep,dey, ...de,,
R("7) Rp+1
with h(z(M)) = (v, — 27,)? in the expression of Hy(z, M).
The rest of the proof follows by analogous argument. O
Theorem 4.3. The integral Gz(z, I[N,)) exists and equals zero.
Dy
+oo
PrROOF. We have D; = U D" and D" C D"*t!. For each associated pair
r=1

(x, I[N,]), define
fe(z, I[N,]) = x(D*,2)Gz(x, IIN,]), k=1,2,3...



134 E. M. BoNnoTTO, M. FEDERSON AND P. MULDOWNEY

Given z € D;, there exists a positive integer kg such that x € DF for k > k.
Thus, x(D¥,z) = x(D1,z) for k > ko. Consequently, for each associated pair
(x, I[N,]), we have

Jula, IINL]) 25 folw, TINL),
where fo(x, I[N,]) = x(D1,2)Gz(z, I|N,]). Note that
[fo(@, I[N.])| < Gz(z, I[No]) and |fi(z, I[N])| < Gz(z, I[N.]),
k=1,2,3,...
Given € > 0, there exists k1 > 0 such that
[fo(@, I[Nu]) = fu(z, I[Nu])| < €Gz(z, I[N.]),

for k > k1 and all associated pairs (z, IJNUJ}). By Theorem 4.1, Gz(z, I[N,])
is generalized Riemann integrable in R("> 7). By Theorem 3.2, f; is generalized
Riemann integrable in R ™) and

// fo(z, I[N,]) = lim frla, TING)).
R, 1)

k—+oco Jr(+/, ™)

Using Lemma 4.2, we obtain

/ , x(D1,x)Gz(z, I[N,]) =0
R(-. ™)

and the proof is complete. O

4.2 An equation of Schrédinger type random with impulses.

We start by defining the solution of an impulsive partial differential equation.
The idea of this definition is inspired by [13].

Suppose 0 = 79 < 71 < T2 < ... < T, < T are given numbers and 7 €
10, +o0[. Define

A=Rx [0, 7],
Fk:{(¢7t)5¢€th€(TkaTk+1)}, OSk’Sp—l,
Tp={(,t): YRt € [m, Thp1)}, 0<k<p—1,

Let K(A, R) be the class of all functions u : A — R such that
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i) the functions u|r,, k = 0,1, ..., p, are continuous.

ii) for each k, k =1, ..., p, the limit lim u(y, t) =u(y, 7, ), ¥ €R,
v, t)=(, 7 )
exists.

iii) for each k, k =1, ..., p, the limit lim ulv, t) = u(y, 7,1), ¥ € R,

()=, )
exists.

iv) for each k, k =1, ..., p, we have u(v, 1) = u(v, T,j), ¥ € R.
We consider the equation of Schrédinger type in T’

0 t Lo t)y+V t)=0 19
au(% ) — 5@“(% )+ V(u(y, t) =0, (19)

subject to the impulse condition
U(’l/), Tk) - ’U,(’l)[}, Tk;_) = ]1(1/’7 Tk U(d’» Tk))? (20)

where k =1,2,...,p, and V : R = R and I : R® — R are functions taking real
values and I is not identically zero.

Definition 4.1. The function u : A — R is called a solution of the problem
(19) — (20) 4f:
i) u e K(A, R);
ii) the derivatives uy (1, t) and wyy (Y, t) exist, for (i, t) € T;
iii) w satisfies (19) in T and (20) at each 1, k =1,2,...,p.

From now up to the end of this section we are going to consider that given
J

0 <7 <7, {mp}p>1 N (7', 7) # 0, where 7; = T’—i—Zwi,j =12,...,
i=1

and {w; : ¢ = 1,2,...} is a sequence of random variables with w; €]0, T7,
0 < T < 400, where w; is independent of w; when ¢ # j for all 4,5 =1,2,.. ..
When {7,},>1 N (7, 7) = 0 the main result of this section, namely Theorem
4.7, is found in [14], Proposition 57.

Let Uz : R — R be a continuous function.

Given s € (7/,7) and ¢ € R, let N be the set {t1,....,tr—1}, where
to =17" and t, = s (r = r(s) € N). From now, we denote N simply by N().
Then define

vz (N, I0); ¢, ) = / g2y, N®))emUzCrem-06=m) gy (V)
I(N®)
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and
r(s)—1

CII(% N(S)a I(S)) = gI(xv N(S)) H AI]v
7j=1

where I(*) = [[N®)].
Let Wr(z, N®, I ¢ s) = gz(z, N®, [®)e Vzlore-0ls=m)  If
Wz, N, I$):¢, ) is generalized Riemann integrable in R(" %) define

¢ag$:/ Wiz, N, 19;¢, s).
R(7/,s)

The proof given in [14], shows that the expressions Wz (z, N®), I(5): ¢, s),
vr(N®) | 16); ¢ s) and e~ Vz@r -0 G 1 (2, I[N®)]) are variationally equiv-
alent in R("- %) Therefore we have the following result.

Proposition 4.3. The following equalities hold
¢z<<,s>==/£</ r(NO IO 6, 5) = /g(, e et G (2, TINW))

whenever any of the integrals exist.

Note that, here, the domain of integration is R("">%) rather than R(T/’T),
and the elements 2, N and I®) are taken in R(7).
We shall show that ¢z (s, s) satisfies the equation of Schrédinger type in T’

Shu(s, 8) = 5 ampulss 8) + Ur(e)uls, ) = 0, (21)

subject to the impulse condition

u(&k, k) — uks 7, ) = L&k T, u(Eks Th)), (22)
J
where 7; = 7’ +Zwi, j=12,.. {w;:1=1,2,...} is a sequence of random
i=1

variables with w; €10, T'[, 0 < T' < 400, w; is independent of w; when 7 # j for
all i?j = 1727 ct x(Tk) = gk 6 R7 k: = 1727 "'7p’ p Z 17 and H(Ek:? Tk7 u(gk, Tk))
is some function which is not identically zero taking values in R.

In the next result, we establish the integrability of the function
Wz(z, NGO, IG); ¢ s).
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Proposition 4.4. Let 7' < s < 7 and z(s) = . Then Wz(z, N®), I(); ¢ s)
is generalized Riemann integrable in R(T-%) and

/ Wz(z, N(S)7 I(S)§§7 s) = e~ Uz(6)(s=7") &
R/, s)

i g (i )=z )2
r(s)+1 exXp (—é(xﬁ' i (i) =i; ) >

tij _tij—l

+oo +oo
X d.’ﬂl d.%lr R
[OO /;OO ]El 27T(tZ] _tijfl) ' 7

where t;, = to = 7/, 7(s) = max{j: j€{1,2,....,p} and t;; <s}, p=>1,
and t =s.

Tr(s)+1

PrROOF. Since Uz is continuous, given € > 0, Theorem 4.3 says that for x €
R(""%) continuous at s, we can choose L(z) such that

N® = {t,. t, 1} DL(z) DT

implies
‘e—Uzm_l)(s—H) — e Uz()(s=7") <
(¢, s)
where
it (i )=, 2
+o0 too [ T(s)+1 €Xp (_%(IJ tfj(ftjijjkl) )
o(s, s) z/ dzi,...dz; .
— 00 — 00

By Proposition 4.1, 0 < ¢(s, s) < 400, for every s € (7, 7) and ¢ € R. By
Theorem 4.1, we have

/ Gz(@, TIN®)]) = (s, s).
R(T/, 8)

Then, we can choose a gauge v such that, for every division &,

3 [ermTfl)(sfr')GI(x’ IIN®]) = e UzO6-) Gy, 1[N<5>])} <
(@ I[N@])ee,

Sy X Gl N < Sl ).

wls: 8) (z,I[N()])e&, (5: 5)

Hence, we have the result. O
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Now, we give a result which establishes conditions for the continuity of the
function ¢z at intervals with no impulse action.

Proposition 4.5. Let s € (7', 7) \ {71,...,7p} (p > 1) and ¢ € R. Given
€ > 0, there exists 6 > 0 such that, if |s1 — s| < § and |1 — ¢| < 0, then

|pz(s1, 51) — ¢z(s, 8)| < e.

PrOOF. Let s € (7, 7)\ {m1,...,7p}, p > 1. We can suppose, without loss of
generality, that 7, < s < 741, for some k € {0,1,....,p}, where 79 = tg = 7/
and 7,41 = 7 (in this case 7,41 = 7 is not an impulsive point). Then, there
exits & > 0 such that |s — 0, s + §[C (7%, Tk+1). By Proposition 4.4, we have

or(¥, B) = e~ Uz(W)(B=7")

xi. +Ji (xi.)—xi. 2
k+1exp(§( RELICY 1))

/+OO /+O<> H t,v,]. _tij_l
X dil'z ...dil'i,’,
—00 —00 j=1 QW(tij - tij—l) ' '

for every f €]s — 4, s + 0 and every ¢ € R, where t;, = 7, t;,,, = f,
z(r") = ¢, x(B) = ¢ and J(x;,,) = 0. Given f €]s — 4, s +d[, § # s,

consider the following expressions

kz(s, s) = e Uz«

i T (@)~ ,)?
k €xp (_%(1j+tfv(xtji). %1)) exp (_%(Frz‘kf)

J Jj—1 s—t;
<| 11 :

j=1 27T(tij _tijfl) 2T S_tik)

and
kz(¥, B) = e~ UzW(B=7")

. . . — . 2
kK exp (; (@i +Ji; (@i;)—i; ) > exp (_l (d)—m.k)z)

tij=ti;_a
<11

j=1

27T(tij — ti]._l) 27’1’ ﬁ — tzk)

Since Uz is continuous, we have kz(¢, 8) — kz(s, s) as ¥ — ¢ and 8 — s.
Note that xz(s, s) > 0. Then, given € > 0, there exists 6; > 0, with §; < ¢,
such that

‘H:I(q/}a ﬁ) - K:I(ga 3)‘ < EKI(ga S)a
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whenever 0 < |f—s| < §; and 0 < |1 —¢| < d;. By the dominated convergence
theorem (Theorem 3.2, see also [9], Theorem 9.2), we have

¢I(1/}a B) - ¢I(§7 S)
as ¥ — ¢ and 8 — s. Therefore the result is proved. O
Theorem 4.4 below says the lateral limits of the function ¢7 at the moments
{m1, .., Tp},p > 1, exist.
Theorem 4.4. Let (1) =& € R, k=1,2,....,p, p > 1. Then, the limits

lim  ¢z(c,s) and lim ¢z(s, s)

(s, )= (Er, ) (s,8)=>(k, 7y )
exist fork=1,2,....,p, p > 1.

PROOF. Let 7, where k € {1,2,...} and 7/ < 7, < 7. Let § > 0 be arbitrarily
small. By Proposition 4.4, we have

d7(c, i + 8) = e~ Uz m+s=1")

1(%1 +Ji; (mz) Tij_ 1) >

+o0 +oo k: exp < t1 —ti; 4
AR |
27T(t‘. — tij—l)

]

X dz;, ...dx;, .

Now, note that

i 2
k exp( 1y +Jt (i;) 1%71) ) exp (_l((*gk)2>

2
<
j1;[1 271'(@']. — tij71) A\ 2mé
1 (z: +J (Tz )— Tij_ 1)2 1( )2
1 e A e eXP 5 k)
<(————) |11 |
2’/T(ti1 tio) =2 2’/T(tlj 1] 1
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Define « as being the righthand side of the inequality above. Then, the
+oo +oo
integral / / adx;, ...dx;, exists and it is equal to
—0o0 — 00

1 _ 1
Verlt, —tg) V2l 7))

Then,
( 5) erz(c)(T;ﬁ»(;f'r')
S Tk +0) L —F
¢z , 2m(my — 7/)
Hence the limit lim o1(s, s) exists.

(s, 8)= (ks i)
Now, we note that

¢I(§, Tk — 5) = e*UI(C)(ka(S,T/)X

zi. +Ji (i )—xi. 2
k1exp<—§( )y 1)>

/+oo /+oo H tij —tij71
X X
— 00 — 00 j=1 27T(tij - ti‘jfl)

1_(s—éx—1)?
exXp <_§ (T:—Si‘rk,l))

\/27T(Tk -0 —Tp_1)

dﬁCil ...dxik71 .

Analogously, we have

erI(g)(kaéf‘r')

Sy Tk — 5 § lf k = 17
¢z(s, T — 6) G E— —
and
erI(g)(katsf‘r')
dz(, e —0) L ——ex—if k=2,3,..,p,p>2.
2m(m — 7')
Thus, the limit lim ¢z(s, s) also exists. O

(s, 89)= (k> 7, )

As a consequence of Proposition 4.4 and Theorem 4.4, we have the following
result.

Theorem 4.5. Let 7, k € {1,2,...}, such that 7/ < 7, < 7 and z(1) = &.
The function ¢z satisfies the condition given by (22) where 1(&k, T, ¢z (&k, T))
= ¢7(&ks k) — ¢7(&k, T, ) and Pz is given by Proposition 4.4.
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Now, let us denote Wz (xz, N I(); ¢ s) by wz(s, s), where
Wiz, N&, T 6, 5) = gz, N©), 1)) Vrlon(=r)

and
r—1

qr(z, N, 1¢)) = g7(x, NO) [T AL

Jj=1

By differentiation, for s # 7;, j =1,2,..., we get

o6 8) _ i a onts, ) - b nle )+ 4 (S0 ) s, o
Ds = Z\Lr—1)WIz(S, S 20s 7%)&11 S, S o \s—t, wzls, 8),
Owr(s,s) _ (c—m,)
ag - 5 — tiT CL)I(C, 5)
and , )
0wz(s, s) 1 ¢ —x;,
052 o s—t;, wr(s, s) + s—t;, w(s, 5),
Thus,
1 2
Qwr(, ) 10w ) L 1y o (e, 5) = 0. (23)

Os 2 0g?

The next result says that Uz(x,_1)wz(s, s) is generalized Riemann inte-
grable. Since Uz is continuous the proof of Proposition 4.6 is analogously to
the proof of Proposition 4.4.

Proposition 4.6. Let 7/ < s < 7, s # 7 for everyj =1,2,....,p and z(s) = .
Then the function Uz(z,—1)wz(s, ) is generalized Riemann integrable and

+oo +oo
/ / Uz(zr—1)wz(s, s)dz;,...dx;. = Uz(s)pz(s, s).

dwz(s, s)  10%wz(s, s)
0s 2 02

By Proposition 4.6, the expression in equation

(23) is generalized Riemann integrable and

oo oo fowr(s, s)  10%wz(s, s)
KW [w < 95 3 o >dxi1‘~~dxir = —Uz(q)9z(s, ).

The problem now is to prove the following equalities

400 +oo o o +o0 +oo
/ / mdxil...dxir = —/ / wz (s, 8)dx;, ...dx;,
—00 —o0 Os Os -0 —o0
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+oo +oo 52 2 oo +ee
/ / 9 WI §7 21...dxir = %/ / w1(§7 S)dmil“'dwiT

and to conclude that
09z 10%¢r
(S 8)— 5755
0s 2 0¢
for (¢, s) € T. Thus, in order to prove the equalities, we introduce some
additional notations below.

Given f(g, s), let

(s, 8) + Uz(s)opz(s, s) =0

Dabcf(§7 5) = éfa(ga 5) - 2Lbcfb6(<’ S)a

where
fa(§7 S) = f(<= 8-‘1-(1) - f(§7 S)

and

foe(s, 8) = f(s+b+c, s)— f(s+b,8)— fls+¢, s)+ f(s, s)

for non-zero real numbers a, b, c. Then the limit

lim Dabcf(§7 )

a,b,c—
exists and equals
of 10%f
g(@ s) — 587&@’ s),

if and only if the partial derivatives

of o°f
s’ g2
exist,. 5 P
In our case, since the derivatives %(g, s) and 02 ( G, §) exist, we have
(9(,01 1 620.21
allyncfg Dapewz(s, s) = g(g, s) =35 2 (s, 8) = =Uz(w,—1)wz(s, 5). (24)

By Proposition 4.6, the limit ll)im o Dgpewz (s, s) is generalized Riemann in-
a,b,c—

tegrable and

+oo +oo
/ / lim  Dgpewz(s, s)dz;,...dx;. = =Uzr(s)dz(s, ). (25)

a,b,c—0
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Thus, if we prove that

+oo +oo
/ / lim Dapewz(s, s)dx;,...dx; =
a,b,c—0

—+oo +oo
= lim DabcwI(ga S)dl‘il...dl‘i“
a,b,c—0 J_ oo
0 o2
then we can conclude that 9z(s, 5) and 9z(s, 5) exist.
Os Og? ,
15] 0
The next theorem shows the existence of the derivatives % and 5-¢21'
S S
Theorem 4.6. Let 7/ < s < 7, s # 7; for every j = 1,2,...,p, p > 1, and
82
x(s) = ¢ € R. Then the partial derivatives %(c, s) and 8¢2 (s, s) exist for

(¢, ) eT.

PROOF. Let € > 0 be given. By equation (24), we can choose p > 0 such that
0<|al<p 0<|8] <pand 0 < |y| < p imply

|Dagywz(s, s) + Uz(xr—1)wz(s, )| < wz(s, s)e.

Given z, N, I, choose «q, By and 7y satisfying 0 < apg < p, 0 < By < p
and 0 < 9 < p such that

sup  [Dapywz(s, s) + Uz(z,—1)wz(s, s)| < wz(s, ).
0<|a|<ag
0<|B|<Bo
0<|v]<v0

Since 0 < |a| < ap, 0 < 8] < Bo, 0 < |7| < 70, we have
—wz(S, 8) < Dapywz(s, s) + Uz(zr-1)wz(s, s) < wz(s, s).

By the dominated convergence test (Theorem 3.2, see also [9], Theorem 9.2),

we have
—+o0 —+o0

hm Daﬁ’ywz(g7 S)dxil"'dwir =

a, B,7—=0 ) _ o

+o00 +00
/ / (@ )wz(s, 8)dzi, ..dri, = —Uz(S)pr(s, s) =

+oo +o0
= / / lim DaﬁwwI(a s)dx;, ...dw;,

a, B,y—
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Then, since

. oo oo 9¢9z(s,s)  18°¢1(s, s)
a,[lal,rfylao ) Dapywz(s, s)dx;, ...dx,;, = 95 2 a2
the result is proved. O

Thus we conclude the following result.

Theorem 4.7. Let 7/ < s < 7 and ¢ € R. The function

b1(c, ) = / Wiz, N©), I9);¢, 5)
R(7/, 9)

satisfies the partial differential equation of Schrédinger type in T

0 1 62
%u(cﬂ S) - 587&’“((’ S) + UI(§)’LL(§, 8) =0,

subject to the impulse condition

(&, i) — ul&h, 7, ) = L&k o5 (ks ),

J
where T; = T’+Zwi,j =1,2,..,{w : 1 = 1,2,...} is a sequence of
i=1

random variables with w; €10, T[, 0 < T < 400, w; is independent of w;
when @ # j for alli,j = 1,2,..., x(1x) = & € R and 1(&, Tk, u(&, 7)) =
¢I(§k; Tk) - ¢I(§k’a Tk_)z k= 1527“'71); p= 1.

4.3 Example.

Now, we illustrate the theory by explicit evaluation of ¢z, when each of the
impulses is a constant and the function Uz(t) = S for every ¢ € R, with
B € R. Consider the continuous functions J; : R = R, j = 1,2,..., given

J
by Ji, (2(75)) = aj, j = 1,2,..., and 7; = T’—&-Zwi, i=12,. ., {w; :i=
i=1
1,2,...} is a sequence of random variables with w; €]0, T[, 0 < T < 400, and
w; is independent of w; when i # j forall4,5 =1,2,.... Let s€ (7', 7),c € R
and N = {t;,.....t,_1}, with to = 7/ and t, = s.
If 74 > 7, then
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is a solution of the partial differential equation of Schrodinger type

9 e )= L2 (e, 9) + Buls, 5) = 0
53U 8 28§2u§,s u(s, §) =

in R x (7, 7).
But if {7,},>1 N (7', 7) # 0 the solution is given as follows.
Consider the following auxiliary function g : R — R given by

(1)) x(t), if 7"<t<rtandt#7; foral j=1,2,..,
o)) = x(t) + Ji;(2(t)), if 7'<t<7Tandt=r7; forany j=1,2,...

ooy —wi, )2
r exp <—§W) exp <_%M>

’ 7 j—1 s—t;
kz(S, §) = e Pls=) S =
jI;[l 27T(tij — tijfl) 271'(8 - ti,,_)

Then, by using Lemma 4.1, we obtain

“+o0 “+o0
/ / wz(g, S)dl‘il...dl‘ir =

_ e—Bls=7") b ( 1(o(s) =& +oaq + ... +aT)2>

exp | —=
2m(s —7')

2 s—17
and by Theorem 4.7, we have

/ o) =&+ > a
e_ﬁ(s_‘r ) 1 tJ'SS

e T PEr=) Rl I B

is a solution of the partial differential equation of Schrédinger type in T’

) 192
gu(C, S) — 537§2U(§’ 8) + BU(C, S) - O’

subject to the impulse condition

u(r, 1) —u(&, ) =
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SR S exp G -¢ +an)’ — exp L& - ¢)
2m(m — ') 2 n-7 2 -1 J|

and 1
(ks ) — w8k, Ty ) = mx
. 2 k=1 \ 2
1(51@—5’—#20@) 1<§k_f/+;ai>
X |exp | =5 p—— R B m— ’

for k =2,3,... such that 7/ < 7, < 7.

5 Some Final Remarks.

The classical Black-Scholes equation, for pricing European call options, is
obtained from a stochastic differential equation using the It6 calculus. The
present paper presents a theory that will be very useful to obtain the Black-
Scholes equation with random jumps by using the Feynman-Kac formulation
based on generalized Riemann integration, [4].

Acknowledgment. The authors wish to thank the referees for their com-
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