PACIFIC JOURNAL OF MATHEMATICS
Vol 70, No 1, 1977

THE THEORY OF ALMOST PERIODIC FUNCTIONS
IN CONSTRUCTIVE MATHEMATICS

JAMES BrRoM

In this paper we develop a constructive theory of continuous
almost periodic functions. We expose those aspects of the
standard theory that are not constructive and give constructive
substitutes. For example, it is not true in constructive
mathematics that each trigonometric polynomial is almost
periodic. A trigonometric polynomial is almost periodic if and
only if its exponents are rationally discrete. We obtain a
constructive proof of Bohr’s fundamental theorem that leads to a
computational method for uniform approximations to continu-
ous almost periodic functions by trigonometric polynomials.

In the following it is desirable that the reader is familiar with the
principles of constructive mathematics which are presented in [2].

Introduction. The notion of an almost periodic function was
introduced by the mathematician Harald Bohr [4] in 1924. The notion is
a generalization of purely periodic functions.

Much of the standard theory of almost periodic functions is not valid
constructively. That is, in many cases the numbers that are asserted to
exist are not computable. Nevertheless, Bohr’s basic definitions form
the basis for the development of a constructive theory.

DEerFINITIONS. A continuous function f: R— C is almost periodic if
there is L: R"— R" such that in every interval of length L (e) there is an
e-translation number t; that is, a number t such that

[f(x+1)—f(x)|<e (x €ER)

We call L a modulus of almost periodicity for f.

Almost periodic functions occur frequently. For example, note
that f(x)=sin V2x +sinx, a sum of two purely periodic functions, is
almost periodic.

In the classical theory of almost periodic functions, they are bounded
and uniformly continuous; the uniform limit of a sequence of almost
periodic functions is itself almost periodic; and the class of almost
periodic functions is linear and closed under the operations of multiplica-
tion, conjugation, translation and the operation of taking the
modulus. Some of these properties fail constructively. Others are
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valid from the constructive point of view but by reasons different from
those given in the classical theory.

In the constructive theory, we assert that a continuous almost
periodic function f is bounded. But boundedness is not enough in
constructive mathematics to claim that the supremum of f, denoted by
[fl., exists. Nevertheless, it follows from almost periodicity that we can
compute || f|l.; in fact,

I£1- = lim {xi[‘ffnl lf(X)l}~

A proof of this appears in [6]. The classical argument that an almost
periodic function f is uniformly continuous in the sense that there is
w: R"— R such that [f(x)— f(y)| <€ whenever x,y ER and [x —y|<
w(e) is valid constructively. Also, the classical arguments which show
that a uniform limit of a sequence of almost periodic functions is almost
periodic and that the class of almost periodic functions is closed under
conjugation, translation, and the operation of taking the modulus are
valid constructively. However, unlike the classical theory, the moduli of
almost periodicity of two almost periodic functions is not always enough
to construct either the modulus of almost periodicity for their sum of the
modulus of almost periodicity for their product. In fact, a constructive
proof of either the closure under addition or closure under multiplication
properties would entail a constructive proof of the statement that « is
either equal to zero or different from zero whenever « is a non-negative
real number. (To see this note that e is almost periodic if and only if
a=0or a#0. For a proof see either [5] or [6]. For a =0, consider
e which is the product of the almost periodic functions e¢'“*** and
e . If the closure under multiplication property were valid, then we
would be able to conclude that either « =0 or @ >0. If the closure
under addition property is valid and if @ = 0 then e'""** —e™ is almost
periodic; that is, e™(e™ —1) is almost periodic. But then [e™ —1]| is
almost periodic and [[e™ —1[.>0 implies « >0 and [e* —1|.<1
implies a =0.)

Since it is not true in constructive mathematics that, in general, a
sum of almost periodic functions is almost periodic; it is an interesting
question to ask when a trigonometric polynomial is almost periodic.

THEOREM. Suppose ¢, ¢a, -, ¢, €EC  such that |¢|>0
(k =1,2,---,n). Then the trigonometric polynomial P(x) defined by

P(x)= 2 cre ™ (x ER)

is almost periodic if and only if A\, Ay, -+ -, A, are rationally discrete.
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DEFINITION. A, Ay, - -+, A, € R are rationally discrete if 2;_, jA, =0
or 2i_, A # 0 whenever j,, ,, - - -, j, are integers.

An elegant proof of this theorem that employs a constructive variant
of a theorem originally due to Kronecker appears in [6, pp.
359-361]. For a different constructive proof that is based on Fejér
kernels, see [5, pp. 5-14].

The notion of the mean value of a function plays a key role in the
development of the classical theory of almost periodic
functions. Constructively, we can compute the mean value of an almost
periodic function f. (See [1, pp. 12-14].) If we denote the mean value
by M, {f(¢)}, then we have

MO =tim 3 [ foa=tim 3 | fo

The fundamental result in Bohr’s work is that each almost periodic
function, like each purely periodic function, can be represented by its
Fourier series

f(x)N z Ckel/\kx’
k=1

2

where M, {|f(x)} =Zi./|c Using the notion of mean value, a
classical mathematician could define the inner product space of almost
periodic functions such that |f|*= M,{ f(x)[’}. Then Bohr’s result
could be interpreted to say that the series converges to f in the mean;
that is, in the || ||-sense.

Once Bohr established his fundamental theorem, he was able to
show that any continuous almost periodic function is the limit of a
uniformly convergent sequence of trigonometric polynomials. This is
the main result of his second paper. In view of the fact that the converse
of this result was also true, the classical theory contained a characteriza-
tion of almost periodic functions.

Constructively, we do not assert that all trigonometric polynomials
are almost periodic. So we cannot assert that the class of functions that
can be uniformly approximated by trigonometric polynomials is the same
as the class of almost periodic functions. However, it is the purpose of
this paper to show that Bohr’s fundamental result has a constructive
version and-that, not only is his second result valid, the second result
follows from the first. Once this is established, we can conclude that the
class of almost periodic functions is a proper subset of the uniform
closure of the trigonometric polynomials.

REMARK. A constructively weaker notion than almost periodicity,
call it weak almost periodicity, is desired in order to describe all those
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functions that are uniform limits of sequences of trigonometric
polynomials. It is an unsolved problem to determine what the notion of
weak almost periodicity should be.

1. Fundamental theorem of almost periodic
functions. Bohr’s nonconstructive methods for establishing the fun-
damental result of the theory are based on reducing the problem to a
problem of purely periodic functions. (See [4].) Weyl [8] in 1927 and
Rellich [7] in 1935 based their proofs on properties of compact Hermitian
operators. These methods, although shorter and less complicated than
Bohr’s, lost the elementary flavor of Bohr’'s methods. Nevertheless, a
constructive version of the functional analysis approach is possible.

REMARK. I have been unsuccessful in any attempt to compute the
trigonometric series directly from the properties of purely periodic
functions.

We wish to construct coefficients c¢,, ¢, ¢5, -+ and frequencies
A, As, As, - -+ for which we can write
(1.1) f~> ce™  (xER)
k=1

where the series converges to f in the mean sense.

The method by which we shall establish 1.1 is based on the idea that
the exponentials in the expansion of f should correspond to eigenvectors
of the convolution operator g — f * g [1, pp. 67-74], where

f*g(x)EM{f(x—t)g(t)}-

So we begin by constructing an inner product space H, say, such that the
following properties are valid:

(i) H contains f and its translates.

(i) H is closed under the convolution operation .

(iii) (g h)=M,{g(t)h(¢)} for all g, h € H.

(iv) Uniform limits of sequences of almost periodic functions in H
are in H.

RemARK. If two continuous functions g and h are jointly almost
periodic; that is, if there is L: R'— R" such that in every interval of
length L (€) there is an e-translation number ¢ that works for both g and
h; then their sum, product, and convolution product are almost
periodic. Classically, any finite collection of almost periodic functions is
jointly almost periodic; in which case, H can be taken to be the entire
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class of almost periodic functions. Unfortunately, in constructive
mathematics, it is not true that a finite collection of almost periodic
functions is jointly almost periodic. (If @ = 0 then joint almost periodic-
ity of ¢'™*** and e ™ would imply that e“ is almost periodic; that is,
either « =0 or a#0.) So the situation in constructive mathematics is
that we must be very careful in our construction of H if we are to have
an inner product space with the above properties.

It is shown in [5, pp. 71-76] that the construction of H is achieved
without much trouble once it is recognized that translates of an almost
periodic f are jointly almost periodic, so that linear combinations of
translates of f are almost periodic; and that a convolution product
between two such linear combinations is the uniform limit of a sequence
of linear combinations of translates of f.

In order to take advantage of the constructive spectral properties of
a compact, Hermitian operator we reduce the problem, as in the classical
theory, to the case the convolution operator g — f * g is Hermitian by
noting that f=f +if,, where fi(x)=(f(x)—f(—x))/2 and f,(x)=
(f(x)— f(—x))/2i, and that the convolution operators g— f *g,
g—f.*g, § = f,*g are Hermitian (since f,(x) = fi(—x), k =1,2).

REMARK. In order that f,, f, are in H we construct H such that it is
closed under the operation of taking the involution, denoted by #.
(See [5, pp. 71-76].)

DEFINITION.  The involution of a function g is g* where g*(x)=
g(—x) for each x ER.

Now that we can assume the convolution operator is Hermitian,
what about compactness?

The convolution operator A: H — H, defined by the equation

Ah=fh, (hE€H)

is compact in classical mathematics: In Wey!’s proof [8] the existence of
the trigonometric expansion of f follows from the spectral theory of
compact, Hermitian operators. A crucial step is showing that the finite
dimensional A -invariant spaces in the spectral decomposition are in-
variant under all translation operators. Consequently, by means of a
classical theorem concerning families of unitary operators on finite
dimensional spaces, it is established that each of the A -invariant, finite
dimensional spaces has a Dbasis consisting of exponential
functions. Then it is easy to show that these exponentials are precisely
the exponentials in the expansion of f.

The constructive arguments proceed along the same lines in spite of
the fact that the classical theory of the spectral properties of compact
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operators does not have a computational flavor and the fact that the
theorem on unitary transformations of a finite dimensional space is
non-constructive.

We shall analyze the spectral properties of the convolution operator
from the point of view that this operator is approximately finite dimen-
sional; that is, it is the limit in the operator norm sense of a sequence of
finite dimenisonal operators.

DEFINITION.  An operator T on a Banach space X is finite dimen-
sional if it has the form

Tx = 2 (x, Uo)xi,
k=1

where n is a positive integer; U,, U,, - - -, U, are bounded linear function-
als on X with values (x,U,) for each x€X (k=1,2,---,n); and
X1, X5, * **, X, are linearly'independent vectors in X.

DEerFINITION.  We say vectors x;, X,, - *+, X, are linearly independent
in the Banach space (X, | [) if there is a positive number M such that

l S Xy
k=1

for all a, a5, -, a, in C.

éMkE:I{ak]

To see that the convolution operator A is approximately finite
dimenisonal, suppose € >0 is given. We use the fact that |[g||=1
implies f * g € C(f)

14 4
C(f) = the uniform closure of {2 aT.f:pEL, Z | | = 1},
k=1 k=1

where T, is a translation operator; that is, T,f(x)=f(x +{) (x ER). It
is not hard to show that C(f) is totally bounded with respect to the
uniform norm | |. [5, p. 77). Hence, consider an e-approximation
81,8 " & to C(f). Itisshown in [5, p. 98] that either there is a linear
independent subset of {g,, &5, - *, gn}, call it {h,, by, - - -, h,}, such that the
distance from each g to span (hj, h,,---, h,) is small; that is, d(g,
span(hy, hy, -+, h,)) <€, j=1,2,---,m; or |gll<e for each jj=
1,2,---,m. In the latter case, the null operator is within 2e¢ of A. In
the former case, the finite dimensional operator P ° A, where P is the
projection onto span(hy, h,,---, h,), is within 2e¢ of A because if
lg|=1 we have || Ag — g || = € for some j and since ||g — h'||<e for
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some h Espan(h,, h,,---, h,) we have that [[PoAg—Ag|=
|h—Agll<2e.

The constructive spectral properties of approximately finite dimen-
sional operators are described in [5, pp. 16-49]. Applying these results
to A we can construct a sequence of subsets of the complex plane,
{o.}7-1, and a strictly decreasing sequence of positive numbers, {p,}r-;,
such that p, — 0 and such that the following conditions are satisfied:

(i) For each positive integer n either o, is empty or o, is the
closure of some subset {u,, u., - - -, u, } of approximate eigenvalues of A.

(i) o0.C{z €C:p,..<|z|<p,} for edch positive integer n.

(i) If {#0 and the distance from ¢ to each nonempty o, is
positive, then (A — {I)™' exists.

REMARK. We do not claim that in case o, is the closure of
{1, oy -+, g} that the u,’s are necessarily distinct or isolated from one
another, since in constructive mathematics it is not true that two complex
numbers are either distinct or equal.

REMARK. In general, we do not claim that the spectral points of an
approximately finite dimensional operator are bona fide eigenvalues; that
is, spectral points for which we can construct an eigenvector. However,
an isolated spectral point of an approximately finite dimensional operator
is a bona fide eigenvalue.

REMARK. This construction of the spectrum does not lead to a
decision on whether or not zero is a spectral point.  This is not surprising
since if such a decision were always possible, then we could prove: « € R
implies &« =0 or a#0. (To see this, consider the finite dimensional
operator given by the matrix

(6 1)
0 1)

Its determinant is «. If the matrix is invertible then « # 0; otherwise,
a =0.) Note that because the sets o, near zero may or may not be
empty, the spectrum is generally fuzzy near zero but quite clear away
from zero. For a discussion of the spectral properties of approximately
finite dimensional operators, see [5, pp. 16-49].

At this point, we construct finite dimensional, A -invariant subspaces
by applying the functional calculus techniques developed for approxi-
mately finite dimensional operators in (5, pp. 50-66]. For each positive
integer n, we get a projection operator P, such that E, ={P,h: h € H}
is a finite dimensional, A -invariant subspace and such that the spectrum
of the restriction of A to E,, is o, in case o, is not empty. (P, =0if o,
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is empty.) Furthermore,
(1.2) A= AcP,.
n=1

The proof of (1.2) follows from the constructive properties of the
distribution of the spectral points of A and the fact that A is
Hermitian. For example,

|4 (1= p) n|=pualin

n=1

since the spectrum of A restricted to (I —27., P, )H is a subset of
{z €C:|z| < pn:1} because of condition (ii) of the spectral properties
of A.

We have now arrived at the most crucial stage of the construction of
the trigonometric series for . We will show that each E, (o, not
empty) has a basis of exponential functions and the collection of these
exponentials are the exponentials in the expansion of f.  First we need a
lemma.

LEMMA. The spaces E,, (n € Z") are invariant under all translation
operators T,({ € R).

The classical proof of this lemma fails to be valid from the
constructive point of view because it ultimately relies on the assumption
that the spectral points of the convolution operator A are isolated from
one another.

The constructive proof begins by showing that A commutes with
each translation operator T,. To see this consider for each x ER

A(Tg)(x) = M{f(x —1)g(t + )}

= M{f(x +{ = 1)g ()}

=[Agl(x +¢)
= T,(Ag)(x).

We claim that E,,, is invariant under all translations in case u # 0 is
an isolated spectral point of A. To see this note that A = ul on E,
because the Hermitian operator A —ul on E,, has spectrum {0}, so
A — ul is bounded by each positive number; that is, A —ul =0 on
E,, Since A —ul is invertible on the orthogonal complement of E,,
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and since (A — uI)(T;h — P, T,h) =0 because AT:h = T,Ah = uTh, it
follows that T,h — P,,T,h =0 whenever h € E,,,; that is, T,h € E,,,
whenever h € E,,.

Now consider any spectral set o, say, and the space E, where o is
the closure of the set of spectral points {u,, s, - - -, no}. We will show
that such spaces E, are invariant under all translations by induction on
qg- We just showed that E, is invariant under all translations in case
q=1. Assume E, is invariant under all translations whenever the
spectral set o is the closure of a set of spectral points {A,,A,,- -+, A, } and
p <gq. To show that this implies E, is invariant under all translations
consider €e >0. Compute a number r such that 0 <r <e and r is in the
metric complement of {0,|u,— w,f,|pi— 3], -, i — mg[}. Then for
each k, 1=k =gq, either |u,—pu,|<r or |u,— ue|>r. Hence, either
|pwi— | <r<eforall k, 1=k = q, or o splits into two smaller spectral
sets. In the latter case we can write o = o, U o, where o, is the closure
of {is ts - *, i} and o, is the closure of {wi.,, Luwss = * *5 My} (Riry * * = Ky, 18
a permutation of w,, u,, -, 1,); Where o,, o, are isolated from one
another. So in the latter case we have the orthogonal decomposition
E,=E,®E, (cf. [5, pp. 56-57]) and we can conclude that E, is
invariant under all translations since, by assumption, each of the E,
(i=1,2) are. In the former case, in which |u,— u, |<e€ for each k,
1=k = g, it can be shown that if { € R then we can compute a positive
number C independent of € such that | T,h — P,T;h || = Ce||h ||, whenever
h €E,. (See [5, p. 81].) Evidently, this inequality is valid in either
case. Since € was arbitrary it follows that T;h € E, whenever h €
E,. This concludes the inductive proof of the lemma.

As shown in [5, p. 106-120], the fact that E,, is invariant under all
translations whenever o, is not empty implies that E,, has an orthonor-
mal basis {hy, h,,---, hx}, say, such that each basis element is an
eigenvector for each translation operator 7,, We will show that this
basis can be replaced by an orthonormal basis consisting of exponential
functions.

We construct the new basis of exponentials by defining for each
integer j, 1=j =N, the function e,\where e, (x)=(T:h,h); that is,
T.h; = e,(x)h;(x ER). Note that each e, satisfies the following proper-
ties for all x,y €R:

(@) elx+y)=ex)e(y).

(ii) e is continuous.

(ili) ¢(0)=1 and |¢(x)|=1.

(Property (ii) follows from the fact that ||T.h — T,h| is exceeded by
|T.h — T,h|., which approaches zero as |x —y| approaches zero,
whenever h is almost periodic.) It is evident from these properties that
we can find real numbers 7,, 15, - - -, ny such that for each j, 1=j =N,
,(x) = explinx} (x ER).
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Now the fact that || T,h; — e™*h, || = 0 for each x € R suggests that h;
is exponential. In fact, it is not hard to show that e; = (e, h;)h,
(G=1,2,---,N). Consequently, since |[(e,h;)|=1 for each j
(G=12,---,N), e, e, -, ey is an orthonormal basis of exponentials for
E,.

To show that e; = (e;, h;)h; for each j, first we note that e; € H since
e;(x)=(T.h,h))=h;*h%(x) and H is closed under convolution and
involution. Now consider any vector ¢ orthogonal to h, We have

(e ©) = Me,(x)¢ ()}

= M{(T:h;, hy)é (x)}

(1.3) = M{M{h;(x + ), (t)} & (x)}

= M{M{Th,(x)§ (x ), ()}
= M{e;(1)(h, @)h, (1)},

since T,h; = ¢;(t)h,. But (h,¢)=0,hence (e, ¢)=0. Weconclude that
(14) € :(eiahj)hi U=1,2,"‘,N)

and that e, e,, - - -, ex is an orthogonal basis for E,,.

We have now reached the final stages of the construction of the
expansion of f. The expansion we are about to give is somewhat less
palatable than Bohr’s.

We can collect all the exponentials produced by the bases of the
spaces E,, E,,, - -+ in a sequence ¢, ., ¢3,* -+, say. But since some of
the o,’s may be empty the following properties are satisfied for any pair
of irntegers j, k:

M lel=0orlel=1.

(i) |l¢;]|=1 implies ¢;,(x)=e™* for some A; ER.

(ii)) (¢, ¢x) =0 whenever j# k.

In order to show that f ~ Zi_, (f, ¢« )¢, recall from 1.2 that

A= AP,
n=1

We can write this last equation in the form

(19) fre=2 (o ro.  (EEH)
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But for each positive integer k, f* ¢, = (f, ¢ )i since ¢, is either the
zero function or an exponential. Thus 1.5 becomes

(1.6) frg=2 (g e)fe)e (8 €H).
Note that the right hand side of 1.6 converges uniformly since

S Ger@ern |=| 1+ (3 @eraw)|

=171 £ . e0e]

11 [ 166 00F ]
Thus we can write

(1.7 £ =10 = 3 ¢ 0) 0, 0)6x 0)

But ¢, (0)=0 if ¢, =0 and ¢,(0)=1 if ¢, is an exponential; hence,
(f, @) (f, @)@ (0) = (f, @ )*.  Since (f, ¢, ) is real for each k, 1.7 becomes

I£1F= 2 16 @0,

This equation together with the fact that

”f—gl (s @x)en

=11~ 2 100

establishes the fundamental result

f=2 oo

where convergence is in the || |-sense.

2. Uniform approximation theorem. The existence of
the trigonometric expansion of a continuous almost periodic function is
the basis of each of the classical proofs for the uniform approximation
theorem, which states that each continuous almost periodic function is
the uniform limit of a sequence of trigonometric polynomials — Bohr’s
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second result. Bohr [4] employed the theory of purely periodic func-
tions of infinitely many variables to obtain a classical proof of this
result. Bochner [3] obtained a nonconstructive proof by extending the
Fejér summation method to the class of continuous almost periodic
functions. From the constructive point of view, we like a method due to
Weyl (cf. [1, pp. 29-31]) which, with a few easy modifications and with the
computation of the trigonometric expansion now established, can be
adopted to furnish a constructive proof.

Approximation Theorem. Suppose f is a continuous almost
periodic function with expansion

£=2 G

Then for each € >0 there is a trigonometric polynomial P(x) of the form

P(x)= i ce™, (x ER)

where the frequencies A, A,, - - -, A, are among those frequencies of f, and
such that

[f(x)— P(x)|<e (x ER).

Given € >0, we begin the construction of P by considering, for each
positive integer m,

@.1) f. Ef-z . @)¢;

By the Parseval equation we have

Miif )P = 3 I el

Given any 1 >0, we can find an m such that

¢ MU ()P} <,

since 272, [(f, ¢;)[’ is a convergent series.
The crucial step in Weyl’s proof is the application of the following
lemma, which is proven in [1, p. 15].
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LEMMA. There exists T, >0 such that

ey | [ et fd Ml + 9P [ <

for all T>T, and s €ER.

It follows from 2.3 and 2.2 that

2.4) %:LTlf,,,(x+s)lzdx <27

forallseR and T > T,.

Now let L be a modulus of almost periodicity for f. Find a positive
integer N such that T = N(L(e/3)+1)>T,. In each of the intervals
[k(L(e/3)+1),k(L(e/3)+1)+L(e/3)], k=0,1,2,---, N —1; select an
€/3-translation number ¢, say.

Let w be a modulus of uniform continuity for f such that 0<
w(e/3)<1.

We define a function y on a dense subset of [0, T'] such that y(x)=1
on the intervals [#, & + w(€/3)] and xy(x)=0 on the metric complement
(in [0, T]) of their union. (Note that the [, &, + @ (€/3)] do not overlap.)

Because of the Schwarz inequality, we have

2.5) ’erm(x+s))((x)dx ng:lfm(x+s)lzdxfor,\/(x)2dx

for all s €R. Also, note that

N-1

frfm (x +s)x(x)dx = Z f‘kw“m fn(x + s)dx
(2.6) '

N-— w(€/3)
2[ fa(x +8 +5)dx
0

k=0

for all s €R, and that
T
2.7 f x’(x)dx = Nw(e/3).
0
Now it follows from 2.4, 2.5, 2.6 and 2.7 that

(2.8) <V2nTNw(e/3)

N- w(e/3)
Z f fu(x +t +5)dx
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for all s ER. Because T = N(L(e/3)+ 1), the inequality in 2.8 can be
restated in the form

(2.9) N=-1 fw(s/'{) ]1 gL! _L_‘_ 1)
+ 1t +s)d
Nw(€/3) kz(l 0 fm(x k S) x w(€/3)
for all s €R.
Now suppose we had chosen n such that
€w(e/3)
18(L(e/3)+ 1)’
then 2.9 becomes
2 10 N-1 w(€/3)
(2.10) Nw(e/?));,fo fa(x + 8 +s)dx [<€/3
for all s €R.

At this point we want to express f, in terms of exponential
functions. Ignoring the cases ¢; =0(j =1,2,---, m), we can write 2.1 in
the form
2.11) f(x)= 3 e = fu(x),

p=

where e ** are exponentials in the expansion of f and «, = (f(x), e **).
Now it follows from 2.11 that for each k (k =0,1,---,N—1) we
have

1 w(e/3)
No(e/3) fo fu(x + 8 +5s)dx
(2.12)
1 w(e/3)

=Nw—(e/3—)ﬁ) f(x +t +5)— P(s),

where
w(el3)
IAjs iA(x+1)
P.(s)= Nw(e/3)]§: ae L e dx

for s €R. Note that P, (k =0,1,-:-, N —1) is a trigonometric polyno-
mial with exponentials belonging to the expansion of f.

As a consequence of 2.12, we can write the inequality in 2.10 in the
form
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N-1

> fw(sm f(x +t +s)dx —P(s) | <e€/3

1
(2.13) ( N (T3 &

for all s €R, where
N-1
P(s)= ‘(ZO P (s).

Note that P(s) is a trigonometric polynomial with exponentials among
those in the expansion of f.

Now we can use the fact that |f(x + #, + s)— f(& + s)| < €/3 for each
k and for each x such that 0 =x = w(e/3) to write

w(e/3)

(2.14) ’;)7273—)]0 fx+ 6+ s)dx — f(t +5) | <e/3

for each k (k =0,1,---,N—1) and all s €ER.

Next, note that | f(s, +s) — f(s)| < €/3 for all s € R since each , is an
€/3-translation number. This fact together with 2.14 establishes the
inequality

w(e/3)

(2.15) 'T(iﬁ“)f fx+t+s5)—f(s)

for each k (k =0,1,---,N—1) and all s €R.
Finally, we combine inequality 2.15 with 2.13 to get [f(s) — P(s)| <€
for all s €R.

<2€/3
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