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UNIVERSAL CONNECTIONS: THE LOCAL PROBLEM

ROGER SCHLAFLY

It is well known that the canonical connection on the
Stiefel bundle over the Grassman manifold is universal in a
certain range of dimensions. We give some local results
specifying necessary and sufficient conditions for the connec-
tion to be universal for particular dimensions.

I* Introduction* In this paper we consider connections on a
principal (r-bundle over a manifold M of dimension m, where G is
O(n), U(n), or Sp(%). The universal examples are the bundles

O(N)IO(N - n) > O(N)/O(n) x O(N - n)

U(N)/U(N - n) > U(N)/U(n) x U(N - n)

Sp(ΛΓ)/Sp(iV - n) > Sp(iSΓ)/Sp(w) x Sp(iV - n)

with their canonical connections. (See § 2 for the definitions.) These
are the Stiefel and Grassman manifolds for R, C, and H. It is a
theorem of Narasimhan and Ramanan that the canonical connection
is universal in the sense that any connection on a principal G-bundle
over Mm is induced by a map into the appropriate Grassman mani-
fold N is sufficiently large. According to [2], [4], and §8, it suffices
to take

N ^ 2n(m + l)(2mn2 + 1) or —[(n + mf + Ί{n + m) + 10]

for O(n)9

N ^ n(m + l)(2mn2 + 1)
for U(n)9 and

N ^ n(m + l)(4mn2 + 2mn + 1)
for Sp(^).

These inequalities are not sharp. The situation is analogous to
the problem of finding isometric imbeddings of Riemannian manifold
into Euclidean space. In that case, global results are available, but
they are not sharp with respect to dimension. The only sharp results
date back to L. Schlafli [3] who found the least dimensional Euclidean
space for the local isometric imbeddability of a real-analytic Riemannian
manifold. This was made more rigorous by M. Janet, C. Burstin,
and E. Cartan. (See [5] for an account of this theorem.)

The principal result of this paper is to show how E. Cartan?s
theory of differential systems can be used to get local existence
theorems for connection preserving maps into the appropriate Grass-
manian. These results are sharp with respect to dimension.
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I would like to thank my advisor, I. M. Singer, for suggesting
this problem to me. I am also grateful to S. S. Chern for explaining
differential systems. Finally, I am indebted to Uncle Ludwig for
inspiration.

2* Definition of the universal connection* Let F be Ry C,
or H. The Stiefel manifold S is the set of N-hγ-N matrices P over
F such that P*P = 1. F o r P e S , let

Wp = im PP*

so PP* is the projection from FN onto Wp. The map P\^WP gives
a fibration of S over the Grassman manifold

{W £ FN: "FT is a subspace of dimension n} .

It is a principal bundle with the obvious action of U(n, F) (i.e., O(n),
U(n), or Sp(w)). It ^ a s a canonical connection defined as follows:
the horizontal space at P is homF(Wp, Wp) where TPS is identified
with the subspace of N-bγ-N matrices A such that A + A* — 0.

The connection one-form is given by

ψ(A) = P*AP , AeTpS .

The curvature is

Φ(A, B) - -P*[A, B]P + [P*AP, P*BP]

Let o be the point

"1

A, B e TPS .

O

o o

in S. The horizontal vectors at o can be indentified with (N — n)-
tuples of vectors in F* as follows: (alf , aN_n)eFn x x F*uis
identified with

0 ax aN^n

-αf

The curvature form is

where

O

= ^i Λ ί>i V_Λ Λ
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a Λ b = α&* — ί>*α , a,beFn

so α Λ b is an n-by-n matrix.

3» Cartan's method* Suppose we have a real-analytic connec-
tion on a principal t/(w, i^)-bundle over Rm. With respect to a
moving frame, the connection is given by a skew-hermitian matrix
a) = (α>o ) of one-forms on Rm. The curvature is

Q = (fl̂ .) = dω + ωA(o .

We want to find a map

/ : iT > I7(JV, F)/U(N - n, F)

such that in a neighbor hood of o e iί
m
,

α) = / V •
The graph of / will be a submanif old of Rm x £7(i\Γ, F)/U(N - n, F)
containing (0, o), having dimension m, and transverse to U(N,
F)/U(N -n,F). The one-forms

πϊωiά — πtωi5 , 1 <; i, i ^ n

vanish on this submanifold, where πx and π2 are the obvious projec-
tions. Furthermore, our given connection may be obtained from the
universal connection if and only if we can find a submanifold with
these properties.

Let ^ be the ideal of difFerential forms generated by

πfωi5 - πϊψiS , 1 S ί, j ^ n

and

π?Ωts - πfΦiS , l £ i , j £ n .

LEMMA 3.1. (a) ^F is closed under the exterior derivative.
(b) If the forms πfωiS — π?ψi3 vanish on a submanifold, then

all of ^ does.

Proof, (a) We have, by definition,

ΩiS = dωiά + Σ ^ Λ cokj

SO
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= πf(ΩtJ - Σ α > α Λ ω w ) - rc

= π * ^ - πfΦ^ - Σ πί<wifc Λ

~ Σ W^ifc - πϊψa) Λ π2*
k

Also, the Bianchi identities are

dΩiό + Σ % Λ i 2 f c i - Ωik Aωkj - 0
k

dΦa + Σ f ik A Φkj - Φik A ψkj = 0 ,
k

SO

d{πfΩiά - πiΦti)

= 7Γ? Σ Ωik Λ o)kj — ωik A Ωkj

k

— ft* Σ Φik Λ ψkj — ψik Λ Φkj

— Σi (n*Ωik — 7tξΦth) A π?(0kj + Σ κ*Φtk Λ Wβ>*i — κ*ψki)
k k

— Σ ^*fi>i* Λ (π*Ωki — π£Φkj) — Σ (κ*ωίk — π*ψik) Λ ^2*^

It follows easily that d^ c J 8 ;
(b) Let / be the inclusion map of a submanifold. If

f*(πfωi£ - π * ^ ) = 0 , 1 £ i, j £ n ,
then

/•W^y - πiΩu) = f*d(πrωtj - π*ψid)

= d\f*(iuΐωti - π;ψid)]

- 0 . •

Thus ^ is a differential system and our problem is equivalent
to finding an integral submanifold for ^ The Cartan-Kahler theo-
rem gives a sufficient condition for such a submanifold to exist (see
[1] or [5] for modern treatment). For the rest of this paper we
assume that all connections are real-analytic.

Let el9 -",em be the standard basis for Rm. It is not hard to
show that for N sufficiently large, every

A e Λ\Rm) (x) u(n, F)

is of the form

(3.2) A = J Σ iΓte Λ e3) (g) (αί Λ a))

for some a* eFn. Let iV^ be the least such integer N.
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We now discuss the problem of finding the least N such that
every connection on a U(nf i^-bundle over Rm is obtained from a map

/: Rm > U(N, F)/U(N - n, F) .

A necessary condition is that N ^ Nmn because if A is the value of
f*Φ at some point, then A satisfies equation (3.2) where (α}, , a?~n)
corresponds to the horizontal part of /*(>*). Conversely, at least in
the generic case, the Cartan-Kahler theorem may be used to show
that we may actually take N — Nmn. In the following four sections,
this procedure is worked out for specific examples.

4* O(w>Bundles over R2.

THEOREM 4.1. Every O(n)-bundle over R2 is locally obtained from
a map

f: R2 > O(N)/O(N - n)

if and only if N ^ (βn — l)/2.

Proof. Suppose n is 2k or 2fc + 1, and N — n + k so N ^
(3n — l)/2. We are going to apply the Cartan-Kahler theorem, so
the reader is referred to [1] or [5] for the relevant definitions.

Each point is a regular integral element, as its polar space always
has dimension two.

Choose aίf , ak9 blf , bk in Rn such that

Ω(el9 e2) = ax A bx + + ak Λ bk .

That we can do this follows from the normal form theorem for skew-
symmetric bilinear forms. Furthermore, we can arrange aίf -—,ak

to be linearly independent.
Let Yί9 Y2 e T0O(n + k)/O(k) be the vectors with vertical parts

Q>(fii)f ω(e2) (resp.) and horizontal parts (al9 , ak), (bl9 , bk) (resp.).
The polar space for (eu Yx) is

e(el9 ΓJ - {(X, Γ): ω(X) - f{Y\ Ω(el9 X) = Φ(Yl9 Y)} .

It is not hard to see that this has constant dimension k + 2 +
k{k — l)/2, so (eί9 Fx) is a regular integral element.

Thus we can now apply the Cartan-Kahler theorem to get an
integral submanifold tangent to (el9 Yλ) and (β2, Y"2). The existence
of / follows. Π

5. SU(2) and U(2) bundles over R.

LEMMA 5.1. Suppose Meu(2) has eigenvalues \i9 X2i with λx ^
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λ2. Then there exist a,beC2 such that a Φ 0 and

(5.2) M=aΛb

if and only if λx ^ 0 ^ λ2.

Proof. Suppose that (5.2) holds for some α, b e C2. We can as-
sume that |α | = 1. Choose ue 17(2) such that

U.
Define a, β, 7, δ e R by

/α +
.„ , = ub .

7 +

Then

uMu* = w(α Λ &)w*

= (i)ΛU
= ll)Λί ii

0 - α - i/3

has eigenvalues λ^ and λ2ί, so

(5.3) λ* = - δ -

It follows that λx ^ 0 ^ λ2.
Convesely, if λx ^ 0 ^ λ2 then we can find a, β, δ e R such that

(5.3) holds. Therefore

\u*
la + i$

for some u e 17(2), and hence

Ό\ /α + i/8\

1/ \ ^ /

Now suppose we have a connection α> on a ?7(2)-bundle over R2,
with curvature i2. Let λii, λ2ΐ (λx ^ λ2) be the eigenvalues of -Oî , e2).
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THEOREM 5.4* On a neighborhood V of OeR2 the connection is
obtained from a map

f:V > £7(4)/£7(2) x £7(2).

In order for there to exist a neighborhood V of oeR2 such that the
given connection is obtained from a map

g:V > £7(3)/ £7(2) x £7(1)

it is necessary and sufficient that there exist a neighborhood of oeR2

such that λi ^ 0 :g λ2.

Proof. Suppose
/λiΐ 0

U Ω ( e » β*)U = [ 0 X,
If we let

/1\ /Ό
a = u I , c = u

h - 1 Λ • J - - 1 Λ

2 ' ' 2

then α and c are linearly independent and

Let YΊ, Γ 2 e To £7(4)/£7(2) be the vectors with vertical parts ft)(^), α>(e2)
(resp.) and horizontal parts (α, c), (6, d) (resp.) Then, as in the proof
of Theorem 4.1,

(0, o) < (elf ΓJ < {(elf ΓO, (β2, Γ2)}

is a chain of ordinary integral elements satisfying the hypothesis of
the Cartan-Kahler theorem. Hence an appropriate integral submani-
fold exists.

The second part of Theorem 5.4 follows similarly, given Lemma
5.1. •

COROLLARY 5.5. Every connection on a SU(2)-bundle over R2

comes locally from a map

g:R2 > £7(3)/ £7(2) x £7(1).

Connections on U(l)-bundles over R2 come locally from a map

h:R2 > £7(2)/£7(1) x £7(1) .

6* 0(2) and 0(3)-bundles over J?3* Let ft) be a connection on
an O(2)-bundle over R\ with curvature Ω.
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THEOREM 6.1. Suppose Ωo Φ 0. Then there exists a neighborhood
V of 0 such that ω is induced by a map

f:V >O(3)/O(2)

Proof. Let

where we have chosen our basis eu e2, e3 for R? so that an Φ 0. Let

α2 =

α 3 •=

Then we have
β i) = α i Λ α y .

Let F< e Γ0O(3)/O(l) have vertical part ω(et) and horizontal part α̂ .
Since ax and α2 are linearly independent, we have a chain of ordinary
integral elements:

(0, 0) < (el9 Yx) < {(eίf Yd, (e2, Y2)}

< {(βlf Yd, (e2, Yd, fe, Yd}

Thus the Cartan-Kahler theorem applies. Π

Define T: R* -> o(3) by

( x\ I 0 « -i/\

») = ( - « 0

^/ \ 1/ —a? 0/

so
a Λ b = T(a x b) , a,beRB

where α x 6 is the usual cross product on iί3.

LEMMA 6.2. Suppose bu δ2, δ3 6 J?3 are linearly independent. Then
there exist vectors au a2, a3 m U3 such that

(aι x a2 = &3

(6.3) ]a 2 x a3 = 6X

(a8 x a1 = 62
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if and only ifάet (blt b2, b3) > 0. In this case, au α2, a3 must be linearly
independent.

Proof. Suppose (6.3) holds. Let ulf u2, u3 e JB3 be the unique (up
to sign) unit vectors such that ut is perpendicular to δ2 and b31 u2 is
perpendicular to δ3 and bί9 and u3 is perpendicular to 6X and δ2. Then
there exist unique real numbers alf a2, α3, βlf β2, /33 so that

a1 = axut δ t = βxu2 x u3

α2 = a2u2 b2 — β2uz x ux

a3 — a3u3 b3 = ^ i x n2 .

Equation (6.3) now reduces to

a±a2 = /33

These equations imply

- α2

3 ,

which can be solved if and only if βφφz > 0. But this holds if and
only if det (bl9 62, 68) > 0, since

det φl9 b2, δ3) - βfitβJίάet (ul9 u2, u3)]2 . Π

THEOREM 6.4. Suppose that ω is a connection on an O(β)-bundle
over jR3, with curvature Ω, and that

7 - det (T-Ήfe, es), T~ιΩ{e3, eλ), T^Ω{eu e2)) Φ 0 .

Then on a neighborhood V of 0 in R\ ω is induced from a map

f : V > O(5)/O(2).

In order for there to exist a neighborhood W of 0 in Rz such
that ω is induced by a map

g:W

it is necessary and sufficient that y > 0.

Proof. To find g, it is necessary to find vectors alf a2, a3 in JR3

such that

Ω(eif e3) = ttiΛfti , 1 ^ i, i ^ 3
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or equivalently,

T~\Q(eif e3) = a i x a j f 1 ^ i, j ^ 3 .

By Lemma 6.2, this requires that 7 be positive. If 7 is positive,
then al9 α2, az exist, so we can apply Cartan-Kahler as before. The
linear independence of al9 a2, α3 guarantees that the resulting integral
element be ordinary.

If 7 is negative, we need to write the curvature at 0 as

Ω(ei9 βj) = α, Λ ad + 6, Λ bά .

Let

c3 - T-Ώ(el9 e2) ,

so we want to solve

'c1 = CL2 x ct3 + b2 x 63

(6.5) c2 = α3 x aλ + 63 x δx

c3 = α : x α2 + bx x 62

given that det (cίf c2, c8) < 0. Let ί>3 = 0 and let α3 be the unique
(up to sign) unit vector perpendicular to cx and c2. Let al9 a2 be
vectors satisfying

Gl = α2 x α3

By Lemma 6.2, e3 =£ αx x α2, so choose bx and 62 with

(6.6) ί>! x 62 = c3 — &! x <x2 .

Thus we can solve (6.5).
I claim that we can arrange that
( i ) al9 bl9 b2 are linearly independent;
(ii) if α2 = rax + sbλ + tb2 then s + rt Φ 0.
There is only one line perpendicular to c2 and c3, and there exists

vector v along that line such that c2 = α3 x v. Redefine αx as v + α3,
so e2 = α3 x αx. Since αx 7̂  v, αx is not perpendicular to c3. From
(6.6) and the fact that αx is perpendicular to αx x α2, it follows that
αx is not perpendicular to b1 x b2. We know that bx and δ2 are linearly
independent because bx x b2 Φ 0. If αL were a linear combination of
bx and 62, then αx would be perpendicular to bλ x 62, a contradiction.
Part (i) of the claim follows.

Similarly, we can arrange to have α2, bu b2 linearly independent.
Suppose that
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Then r, s, and t are unique and r Φ 0. Part (ii) of the claim follows
if s + rt Φ 0.

Otherwise, assume that s + rt — 0. Replace bx with 6ί = 6t + εb2

for sufficiently small ε > 0. Then (6.5) is still satisfied, and so is
part (i) of the claim. Then

α2 = rax + sb[ + (ί — ε)δ2

is the unique relation of its type. This completes the proof of part
(ii) of the claim since

s + r(t — ε) = —re Φ 0 .

Define Yt e Γ0O(5)/O(2) to have vertical part cofo) and horizontal
part (aif δj . The existence of / now follows once we show that

is an ordinary integral element. It is, by definition, an integral
element.

As before, the point (0, o) is regular. To show that (elfY±) is
regular,we must show that

{(d, d') eR'ia.x d + b, x d' = 0}

has the least dimension possible, namely three. This happens precisely
when ax and bx are linearly independent. But we know this to be
the case by part (i) of the claim.

Finally, we must show that

{(elf Yλ), (β2, Γ2)}

is regular. This means that if

(6.7a) ax x d + b, x d! = 0

(6.7b) α2 x d + b2 x d' = 0

for some d, dr 6 iJ3, then d — dr = 0.
Suppose that (df d') is a nontrivial solution to (6.7). If dr = 0,

then d would be a multiple of aλ and of α2, implying that αx and α2

are linearly dependent. But then cx and c2 would be linearly dependent,
a contradiction. Thus ώ' Φ 0. Similarly, d ^ 0.

It follows from part (i) of the claim that there exists a unique
line I through the (al9 δj-plane and the (α2, 62)-plane. The general
solution to (6.7a) is

(6.8) d = α A + 7A
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and the general solution to (6.7b) is:

9 ) d = α2α2 + τ2δ2

d* = /32&2 + 72α2 .

Hence c£ and d' are along ί, so for some nonzero δ, d' = δd. From
(6.7),

(αx + δbj) x d = 0

(α2 + δb2) x d = 0 .

Hence for some μeR,

a2 + δ&2 = μ(αx + δbλ) .
This gives

α 2 = μ α x + j^δ&i — δb2 ,

which contradicts part (ii) of the claim. Thus {(elf Yt)f (e2, Y2)} is a
regular integral element and the hypotheses of the Cartan-Kahler
theorem are satisfied. •

7* 0(2)-bundles over JB4* Let Φo be the 2-form on O(3)/O(l)

such that i t Q)ΦO is the curvature of the canonical connection on

the O(2)-bundle

O(3)/O(l) > 0(3)10(2) x 0(1).

Since dim 0(3)/0(l) = 3, ΦOAΦO = 0. Hence if ( Y Q)Ω0

 i s t h e c u r "

vature of the connection on the O(2)-bundle induced by a map

/ : i24 > 0(3)10(2) x 0(1)

then Ω0AΩ0 = 0.

THEOREM 7.1. Suppose we are given a connection a) on an 0(2)-

bundle over iί4 with curvature Ω = ( -. Q)ΩQ. Assume that ΩQ Φ 0.

Then locally the connection is induced by a map

f: R* > 0(3)10(2) x 0(1)

if and only if ΩQAΩQ = 0.

Proof. Necessity of the condition fl0Λβ0 = 0 has already been
shown. We now assume that Ω0AΩQ = 0. Choose coordinates with
Ω0(eίf e2) Φ 0. L e t ai5 = Ω0(eίf e5) and

1\ / 0 \ f-aja12\ (-aja12

0/ \aj \ α 1 8
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Since

0 = Ωo Λ Ωo = (α 1 2α 3 4 + a2Zau — alzau)dv ° 1 ,

it follows that
O(ei9 es) = α, Λ α, .

Let F< € ΓO(3)/O(1) have vertical part ω(et) and horizontal part α,.
Using a12 Φ 0, it is easy to show that

is an ordinary integral element, so we can apply the Cartan-Kahler
theorem to complete the proof, •

THEOREM 7.2. If Ωo Λ ΩO Φ 0 then locally the connection is induced
by a map

/:Λ* >O(4)/O(2) x 0(2).

Proof. Let

/1\

Then

β(A, ^ ) = α* Λ α, + h A bά .

Let Yi have vertical part ωfe) and horizontal part (ai9 6J. We can
thus apply the Cartan-Kahler theorem to the integral element

{{el9 Γ J , (e2, F 2), fe, Γ3), fe, Γ4)}

once we show it is ordinary. The least trivial step is to show that
the matrix

0 1 0 a

α 1 2 0 0 a

α13 -ajaί2 0 au_

has maximal rank. But this is equivalent to

a12au + α u α 2 3 — alzau Φ 0

which is equivalent to the hypothesis

β 0 Λ i 3 0 ^ 0 . •

8* The quaternionic Grassmaniam We only discuss global
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results. In [2], Narasimhan and Ramanan show that the canonical
connection on the cannonical bundle over the real and complex
Grassman manifolds is universal. The following theorem shows that
their argument extends to the quaternionic case.

THEOREM 8.1. / /

N ^ n(m + l)(4mn2 + 2mn + 1)

then every connection on a principal Sτp(n)-bundle over Mm is induced
by some map

f: Mm > Sp(iV)/SpO) x Sp(iV - n) .

Proof. As in [2], a device using partitions of unity reduces the
theorem to the following lemma. •

LEMMA 8.2. Let a be a one-form on Bm = {xeRm: \x\ <; 1} with
values in sp(%). Then ther exist n-by-n quaternionic matrix valued
functions φl9 , ̂ 4ww2+2ww+1 on Bm such that

Σ ΦΐΦi = I

and
Σ Φΐdφ, = a .

Proof. Let {/r} and {/r} be sets of complex n-by-n matrices such
that:

(a) Each fr and fr is positive definite.
(b) Each fr and fr has norm one under the usual operator norm.
(c) {/r} is a basis over R for the real self-adjoint matrices.
(d) {fr} together with {fr} form a basis over R for the complex

n-by-n self-ad joint matrices.
Let gr (resp. gr) be the unique positive square root of fr (resp. fr).
We imbed C into H in the usual way, i.e., C = R + iR and H =
R + iR + jR + kR. a can be written in the form

a = i Σ arsfrdx8 + i Σ arsfrdxs + j Σ KJrdx8 + A? Σ crβ/rda?β

where the functions αrs, αrs, δ r s, crs are real. Let A be a constant
larger than the absolute values of these functions. Let T be the
square root of Amn(2n + 1).

One can check that

j _ __JL_y f 1 y f
n(2n + 1) n(2n + 1)

is a nonnegative self-adjoint matrix over C, so we can let h be its
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nonnegative square root. Let {φt} be the functions:

1 IA 4- arseiτx,o 1 IA - ar8 iTm

yV—2 r ' ~T * 2— '

1 /A + Q>rspiTxsfi

YV 2 "

Ξ£s-»"gn h .

It is easily checked that these functions have the required prop-
er tise. •
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