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ON A COHOMOLOGY THEORY BASED ON
HYPERFINITE SUMS OF MICROSIMPLEXES

RADE T. ZIVALJEVIC

In this note we investigate a cohomology theory H* (X, G), defined
by M. C. McCord, which is dual to a homology theory based on
hyperfinite chains of miscrosimplexes. We prove that if X is a locally
contractible, paracompact space then H*(X,G) = Hf (X,Hom(*Z, G))
where HY is the Cech theory. Nonstandard analysis, particularly the
Saturation Principle, is used in this proof in essential way to construct a
fine resolution of the constant sheaf X X Hom(*Z, Z). This gives a
partial answer to a question of McCord. Subsequently, we prove a
proposition from which it is deduced that Hom(*Z, Z) = {0} i.e.
H*(X,Z)= {0} if X is paracompact and locally contractible. At the
end we briefly discuss a related cohomology theory which is obtained by
application of the internal (rather than external) Hom(:, G) functor.

Introduction. As it is well known, nonstandard or infinitesimal analy-
sis of Abraham Robinson was developed in an attempt to justify usage of
infinitesimals and infinite numbers in calculus and other areas of mathe-
matics. In the case of a general topological space (X, 7), a related notion
is notion of the monad of x € X, more precisely

monad(x) =N{*V|Ver, xeV}.

Informally, the monad of x is the set of all y €*X which are infinitely
close to x. This leads to a precise definition of a microsimplex. A
(n + 1)-tuple s = (ay,...,a,) € (*X)"*! is a microsimplex if there exists
x € X such that {a,,...,a,} C monad(x).

Motivated by Vietoris homology and Alexander-Spanier cohomology,
where the notion of a small simplex is used only in an informal sense,
M. C. McCord in [7] defined a conceptually clear and technically easy
homology theory based on hyperfinite chains of microsimplexes. The
proofs are given in such a way that one automatically gets an associated
cohomology theory by composing the chain complex functor with (exter-
nal) functor Hom(-, G).

At the end of his paper McCord raised three natural questions. The
first two were about the relationship of his and Cech homology theory,
whereas in the third a similar question is asked for his cohomology theory.
The first two questions were answered by S. Garavaglia in [4]. He proved
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that McCord’s theory is naturally isomorphic to Cech theory in the
category of compact pairs. In the course of proof he obtained also the
following remarkable result. Cech theory is exact if and only if the
coefficient group is algebrically compact.

The main result of this paper is a partial answer to the third question
of McCord. It turns out that McCord’s cohomology with coefficients in G
is naturally isomorphic to Alexander-Spanier (or Cech) theory with coeffi-
cients in Hom(*X, G) in the category of paracompact, locally contractible
spaces! In the sequal we prove that Hom(*Z, Z) = {0} which means that
McCord’s cohomology with coefficients in Z is trivial. At the end we
briefly discuss a cohomology theory based on the application of internal
(rather than external) Hom(-, G) functor where G is an internal group.

The reader is supposed to be acquainted with basic facts and methods
of nonstandard analysis. Short introduction which covers all essential
definitions and facts can be found in papers of Cutland [2] and Loeb [6]
whereas more detailed and comprehensive introductions are Robinson [9],
Davis [3] and Stroyan-Luxemburg [11]. Also, we assume some basic
knowledge of the theory of sheaves. The main sources of information are
Godement [S] and Bredon [1]. More precisely, all we need is a conse-
quence of the Fundemantal Theorem in Godement [5] p. 178. Nonstan-
dard analysis is used in an essential way (particularly the Saturation
Principle) to construct a fine resolution of the constant sheaf X X
Hom(*Z, G). So, we assume that the nonstandard model is polysaturated.

1. The relationship between McCord’s and Cech cohomology.

DerINITION 1.1. Let (X, 7) be a Hausdorff topological space. For
x € X, the monad of x is the set m(x) =N{*O|x € O and O € 7}. Let
us denote by st(-) the standard part map, i.e. the function st:ns(*X) - X
where ns(*X) = {z €*X|(3x € X)z € m(x)} and st(z) is the unique
x € X, called the standard part of z, such that z € m(x). A point
z € ns(*X) is called near-standard while the set ns(*X) is called the set of
near-standard points in *X. Two near-standard points are infinitely close
if they belong to the same monad.

DEFINITION 2.1. A simplex, or more precisely a p-simples, p € N, in
a set S is just an ordered (p + 1)-tuple of elements in S. If X is a
topological space then a microsimplex in *X is a simplex in ns(*X) with
all vertices infinitely close to each other. Equivalently, a simplex s =
(ag,...,a,) € (*X)?*!is a microsimplex if there exists x € X such that
a, € m(x)foralli,0 <i<p.
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Let us recall the definition of McCord’s homology groups with
coefficients in Z. Let *Free( X?*!) be the *-free Abelian group generated
by the set (*X)?*! of all p-simplexes in *X. The sequence of groups
{*Free(X?*'), p € N} together with the boundary homomorphism d,:
*Free( X?*!) — *Free( X?) which is defined in the usual way by

0 Z netreat)) = £ £ ) )

i=1

is an acylic chain complex. As usual, by (a,,...,d,,...,a,) we denote the
(p — 1-simplex obtained by deleting vertex a; of the p-simplex
(ay,--->a,). Also, let us emphasize that all sums are formal and that H

and n;, 1 <i < H, are hyperintegers. Microchain complex of X, or
shortly p-complex of X, is

M,(X)

H
= { Y. n,s, €*Free(X?*!)|s, is a microsimplex in *X, 1 < i < H}
i=1
By applying the (external) functor Hom(-, G) we obtain the corresponding
cochain complex M?(X,G) = Hom(M,(X),G). More generally, the last
definition can be extended to pairs of spaces (X, A) where A is a closed
subspace, as follows. If f: X — Y is a continuous map then, by the
nonstandard characterization of continuity, *f sends monads of *X into
monads of *Y, hence it induces a chain map M, (f): M.(X) > M.(Y)
where M, (X) is an abbreviation for the p-complex of X. In particular, if
A C X is a closed subspace of X and i: 4 — X the inclusion map, the
exact sequence 0> M,(A4) > M.(X) > M,(X, A) > 0 where

M. (X, A) M, (X)/M,.(A) splits which enables us to prove the exact-

ness of the dual sequence
0> M*(X,4;G) > M*(X,G) > M*(A4,G) - 0
where

M*(X, 4;G) = Hom(M.(X, 4);G).

Our aim is to characterize the homology groups of the complex
M#*(X, 4; G).

THEOREM 1.1. Let X be a locally contractible, paracompact space and G
a group. If H¥(X,G) denotes the Cech cohomology functor whereas
H*( X, G) is the functor defined above then

H*(X,G) = H¥( X,Hom(*Z,G)).
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Proof. We need the following important result from the Theory of
Sheaves (see Godement [5], p. 178, or Bredon [1]). Let

O—>,97—>,?0—>$1—> —>$n——>

be a fine or more generally a soft resolution of a sheaf F. Then H"( X; %)
= H'(I'(X, #,)) where the left term is the cohomology of X with
coefficients in % while the right term is the nth cohomology group of the
cochain complex

1) 0-T(XZ%)->T(X2)-> - ->T(X,Z)-> -

where I'( X, ) is the grou‘f)fof all (global) sections of a sheaf ¥. Our goal
is to compute H*(X,G) = H*(Hom(M,(X),G)) so, in order to apply
the theorem above we should realize the cochain complex Hom( M,.( X), G)

as a cochain complex ofdtPe form (1). Let 5#, be the presheaf of groups
on X defined by #,(U) = Hom(M,(U),G) and let £, be the associated

sheaf. Let us observe that I'(X,.%,) = 5#,(X) = Hom(M,(X),G). In-
deed, if g € I'(X, Z,) is given then g is represented by a cover # of X
and a compatible family of maps { f, € Hom(M,(U),G)|U € %}. In
order to define f € Hom(M,(X),G) which extends all functions f,,
U € % let us express an element s € M,(X) as a finite sum s = 5; + 5,
+ .-+ +s,, such that for some U, € % s, € M,(U;). To see that the
expression above is possible let us assume that % is a locally finite
covering. Then, by the shrinking lemma for normal spaces, there exists a
closed covering " of X which is a refinement of % such that {int(F)|F
€ X'} is also a covering of X. The family of internal sets {*F | F € X"}
covers all vertices of all microsimplexes in s so (Saturation Principle)
there exists a finite family { F;,..., F, } with the same property. Now, by
repeating essentially the argument of the proof of Excision axiom in [7], it
is easy to split s in the sum s =s, + --- +s,, such that 5, € M,(F)).
Indeed, if s = /L n, - d, where d, = (a{,..., a}) € M,(X), then

s;=2{n;d;|d; € M,(F,)&d, & M,(F,) fork <i}.

Let us define the desired function f € Hom(M,(X),G) by the formula
f(s) = fy(s) + -+ +fy(s,) where U, € % and F,C U, for all i, 1 <
< m. To prove that f is a well-defined homomorphism, it is enough to
note thatif s = s, + --- +s5, = 5] + --- +s/ then both expressions for s
can be refined by a third expression.

Let us prove now that %, is a fine sheaf. Let % be a locally finite
open covering of X and ¢ a closed shrinking of U such that {int(F)|F
€ X"} is still a covering of X. Let ¢ be a function which to any n-simplex
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s =(agy,...,a,) € X"*! assigns, if it exists, a set F € such that
s€ F"'L If Fe X iscontained in U € %, let e,;: &, > %, be defined
by

eo(f)(s) = (') where f & Hom(M,(V),G)

represents a germ in %, s =X n,;s,€ M (V) and s’ is defined by
s’ =X{n,-s;|*¢(s;) = F}. Since s’ is a chain in F C U it is clear that
the support of the endomorphism e, is in U. To see that { e, |U € %} isa
partition of unity, i.e. that {U |e,(f) # 0} is finite and

f=2{es(f)UE 2}

let V' be small enough so that {U|U N V # @} is finite. Hence, if s =
Elin,-s,€ M(V)theset {*¢(s,)|j} C{U€|UNV + @} is finite
and obviously f(s) = X{ e, (f)(s)|U € %}.

Let us prove now that

is an exact sequence of sheaves where #= X X Hom(*Z, G) is a constant
sheaf. Let n # 0 and let V' be a contractible neighborhood of x € X. It is
known (see [7]) that there exists a chain homotopy D,: M, (V) = M, (V)
such that (n > 0) s =09D,(s) + D,_,0(s) for any s€ M (V). If f&
Hom(M,(V'),G) is a cocycle then f= d(g) where g =f°D,_;, hence f
must be a coboundary. Now, let n = 0. The map j: % — %, is defined as
follows. The map X into a one point space induces a homomorphism
My(X) > My({1}) =*Z and j: Hom(*Z, G) -» Hom(M,(X),G) is de-
fined by applying the functor Hom(-, G). Clearly, d o j = 0. Now, let V'
be a path connected open set in X (recall that X is locally contractible,
hence locally path connected) and f € Hom(M(V), G) such that d(f) =
0. Now, if x, y € My(V') are O-simplexes (i.e. they are points in ns(*}"))
then there exists a 1-chain s € M,(V') such that y — x = 9(s), hence
H-y—H:-x=09(H:-s)forany H € *Z. Hence, f(H-ygf—f(H-x) =
f(3(H - 5)) = 0 which means that f = j(g) where g(H) = f(H - x) for
some x € ns(*V).

This completes the proof of the theorem because H"( X, %) is the
Cech (or Alexander-Spanier) cohomology of X with coefficients in
Hom(*Z, G).

COROLLARY 1.1. Let (X, A) be a pair of paracompact, locally contract-
ible spaces such that A is a closed subspace of X. Then

H"(X,A;G) = H}(X, A4; Hom(*Z,G))
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Proof. The proof of this result follows directly from the naturality of
the isomorphism between H"( X, G) and H}( X, Hom(*Z, G)) and the five
lemma applied to the corresponding long exact sequences of the pair
(X, A) for both H" and H.

In light of the Theorem 1.1. it is interesting to determine the group
Hom(*Z, G). Since *N is a model of full arithmetic, in particular a model
of Peano arithmetic, a partial answer is given by the following proposition
which may be of some independent interest.

PROPOSITION 1.1. Let M be a nonstandard model of Peano arithmetic
and W the symmetrization of M i.e. W is the group obtained from the
semigroup M in the same way the group Z is obtained from N. Then

(a) Hom(W, Z) = {0}

(b) Hom(W, Z/nZ) = Z/nZ, n # 0

(c) Hom(W, W) 2 W.

Proof. (a) Let f: W — Z be a homomorphism and i: Z — W the
inclusion map. Let us note that W/Z is divisible by any n € Z/{0}. As a
consequence f(Z) = f(W), otherwise f would induce a homomorphism
from a divisible group W /Z onto a nontrivial cyclic group f(W)/f(Z). If
f(Z) is nontrivial it can be assumed without loss of generality that
f(Z)y=Z and f|Z =1, i.e. we can assume that i Z — W splits the

exact sequence 0 — Ker(f) — Wé Z — 0. In other words W =272 & D

where D = Ker(f) is a divisible l group. Let P be an infinite prime
number in W of the form 5k + 3. The existance of P follows from the fact
that there exist infinitely many primes of the form 5k + 3 (Dirichlet thm.,
see [10]) and the fact that every nonstandard model of Peano arithmetic is
Y. -recursively saturated. In particular the following type

{x is a prime number} U {(3k)x = Sk + 3} U{x > n|n € N}

where n (n € N) are numerals, is realized in any nonstandard model of
Peano arithmetic. It is interesting to note that the Dirichlet Theorem itself
is a theorem of Peano arithmetic. Indeed, G. Takeuti in [12] showed that
the results of classical number theory which are obtained with the aid of
so called elementary complex analysis are actually provable in Peano
arithmetic.

Now, let f(P)=ne€ Z ie. P=n+ (P —n) where P —n € D.
Since P is a prime number and P — n is divisible by any nonzero integer
we see that n = 1 or n = -1. This is a contradiction because in both cases
P — n cannot be divisible by 5.
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(b) It is enough to show that Hom(W, Z/nZ) = Hom(Z, Z/nZ), i.e.
that for any two homomorphisms f, g € Hom(W, Z/nZ)f|Z = g|Z
implies f = g. This is true because & = f — g induces a homomorphism
from a divisible group W /Z into a cyclic group so it must be trivial.

(c) W is imbedded in Hom(W, W) in the obvious way. To show that
this inclusion W c Hom(W, W) is proper let

A = {x € W|x is divisible by any n € Z\{0} }.
A is a nontrivial divisible group so both 4 and W /Z can be thought of as
vector spaces over Q. Any nontrivial Q-linear map from W/Z to A
induces a homomorphism in Hom( W, W) which is zero on Z.

2. Yet another cohomology theory. Instead of applying the standard
external Hom(-, G) functor to the complex M, (X), one may find it more
natural to apply a functor which is based on the 1ntemal Hom,,(-,G)
functor where G is internal group and Hom (4, G) = { fi A->G|fis
an internal homomorphism}. We shall briefly outline this construction. A
different, although similar in spirit, construction was proposed by J. P.
Reveilles [8] but in the context of E. Nelson’s Set Theory.

DEFINITION 2.1. Let A, be the set of all microsimplexes in *X. Let
MP(X, G) = {g A, - G|3f (*X)?*! > G, internal, such that g =
f14,}. Then {Mf(X,G),d} where d(g)(s) = f(ds) is a cochain com-
plex. Let us note that every internal function f: (*X)?*! — G can be
identified with a homomorphism from *Free( X?*!) to G i.e. d(g) is well
defined. More generally, if it A—> X is the inclusion map then

MF(X, 4; G) Ker{ M*(X,G) - M*(A4,G)}. The cohomology groups
of the chain complex M;*( X, 4; G) are denoted by H( X, 4; G). It is not

difficult to check that all axioms of Filenberg and Steenrod for a
cohomology theory are satisfied in this case.

THEOREM 2.1. If X is a paracompact space and G an internal group then
H}(X,G) = H"(X,G) where H"( X, G) is the Alexander-Spanier (or Cech)
cohomology of the space X with coefficients in G.

- Proof. Since it is based on similar ideas as the proof of Theorem 1.1
we shall give only a brief outline of the proof. It is enough to define a fine
resolution.

of the constant sheaf G = X X G such that M;(X,G) = I'(X, F,) for all
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n>0. Let F, be a presheaf defined by F,(U) = { f: *U)P* > G|f
internal} and let %, be the associated sheaf. To prove the desired
isomorphism one has to show that not only every f € M?( X, G) induces a
section in %, but that every section arises in this way. This is proved by
an easy saturation argument by observing that for any compatible family
{fulU € %} of internal functions f,: (*U)?*' —» G, where % is a
locally finite open cover of X, there exists an internal function f:
(*X)?*! - G which extends all functions f,. The proof that (2) is indeed
a fine resolution of the constant sheaf G is similar to the proof of the
corresponding result for Alexander-Spanier cohomology so we omit the
details.
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