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Abstract:

In this paper, we consider the Royden compactifications relative to p-Dirichlet

integrals of infinite graphs and noncompact Riemannian manifolds, and study the behavior of
rough isometries in the compactifications, proving bijective correspondence of the spaces of

p-harmonic functions with finite p-energy.
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1. Introduction. Let M be a connected
Riemannian manifold. The Riemannian distance
and the Riemannian measure will be denoted by djs
and pyy, respectively. The Dirichlet space L'*(M)
of exponent p, 1 <p<oo, is the class of all
functions f € L} (M) whose distributional gradi-
ents V f belong to LP(M), and it is provided with a
semi-norm D})/p, where

DN = [ VSl f eI
Let us denote by Ly”(M)(resp. HL'?(M)) the space
of functions f in L'?(M) to which a sequence of
Lipschitz continuous functions f,, of compact sup-
ports converge almost everywhere in such a way
that D,(f, — f) — 0 as n — oo (resp. the space of
p-harmonic functions in L'*(M), that is, functions
h € L'»(M) satisfying [, |[Vh["*(Vh,Vg)dur = 0
for all g € Ly?(M)). In the case where 1 € Ly (M),
M is called p-parabolic; otherwise it is called
p-hyperbolic. In the latter case, the Royden
decomposition says that a function f & L'?(M) is
uniquely expressed as follows: f = h + g, where h €
HL'"(M) and g € Ly*(M). The Royden p-algebra
AP(M) consists of all functions of BL'*(M) N C(M)
with multiplication and addition defined pointwise
on M, where BL'?(M) stands for L (M) N L>(M)
and this convention will be kept in this paper.
Given the norm || f|| = || fll .~ + D, (f)"/?, A?(M) is a
commutative Banach algebra with unit element 1
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and separates points in M. The maximal ideal space
R,(M) of AP(M) is referred to as the Royden p-
compactification, which can also be characterized as
the compact Hausdorff space containing M as its
open and dense subspace such that every function of
AP(M) is continuously extended to R,(M) and
AP (M), viewed as a subspace of C(R,(M)) by this
continuous extension, is dense in C(R,(M)) with
respect to its supremum norm. We call the boun-
dary of M in R,(M) the Royden p-boundary of M,
which will be denoted by oR,(M). For f e A,(M),
we denote by f the continuous extension of f to
R,(M) and by tr(f) the restriction of f to OR,(M).
We distinguish the following important part of
the Royden p-boundary: A,(M) = {z € OR,(M) |
tr(f)(xz) =0, Vf € A, (M)NLy*(M)}. The set
A,(M) is called the p-harmonic boundary of M.
It is known that A,(M) is empty if and only if
M is p-parabolic, and in the case where M is
p-hyperbolic, we have the following duality:
A,(M) (LY (M) = {f € A,(M) | tr(f)(w) =0, ¥a €
A,(M)}. Moreover the maximum principle says
that for all h € BHL'Y(M), ming tr(h) < h <
maxa (ar) tr(h), and for hy, hy € BHL'Y (M), hy = hy
if tr(hy) = tr(h2). (See e.g., [14,16,17] for the facts
mentioned above.) In this paper, unless otherwise is
stated, connected Riemannian manifolds M are
assumed to be complete and noncompact, and
further to satisfy the following conditions:

(PI): M supports a weak locally (1,p)-Poincaré
inequality (1 < p < +00) with a constant C, > 0,
that is, for all points x € M, all r € (0,1] and all
functions f € LP(M),

loc
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][ |f - fB(z,r)|d:U/]W <
B(z,r)

1/p
Cpr (][ |Vf|pd,u]\,[> s
B(x,2r)

where, if u is a measurable function on M and B is a
bounded measurable subset of M, then we set

1
up i = ———— U d/AM 22][ u dllfMa
MM(B)/B B

and B(z,r) stands for the metric ball of M around a
point x with radius r.

(VD): A locally volume doubling condition with a
constant C, > 0 holds on M, that is, for all z € M
and all v € (0,1],

v (B(z, 2r)) < Copnr(B(z, 7).

(Va): There exists a constant vy > 0 such that for all
xeM,

1

— < puu(B(z,1)) < vp.

Vo
It is known that a p-harmonic function h on M is
Holder continuous and in fact the following esti-
mate holds;

(1) [hlz) = h(y)] <

1/p
Chrdy(z,y)" <][ |Vh|deM>
B(,10)

for all z, y € B(z,1), where a € (0,1) and C} > 0 are
constants depending only on p, C, and C, (cf. [2]).
Now a main result of this paper is stated in the
following

Theorem 1. Let M and N be connected
noncompact complete Riemannian manifolds. Sup-
pose that conditions (PI), (VD) and (Va) hold for M
and N and that there exists a map ®: M — N
satisfying the following condition:
(RI): There exist constantsa > 1 andb > 0 such that

édM(x,y) —b<dy(®(z),®(y)) < ady(x,y) +b

forallx, y € M; for some € > 0, the e-neighborhood
of the image ®(M) covers N. Then there is a
bijective map n: BHL**(N) — BHL (M) such
that

[Vol. 83(A),

1

C
for all h € BHL**(N), where C >0 is a constant
depending only on the given p, C,, C,, a and b;
moreover in the case where p =2, n is a linear
isomorphism.

Following [7], we say that a map ® of a metric
space (X,dx) to another one (Y,dy) is a rough
isometry if it satisfies condition (RI) as in Theorem
1 and (X, dx) is roughly isometric to (Y, dy) if there
exists a rough isometry between them: being
roughly isometric is an equivalent relation.

Now a connected noncompact complete Rie-
mannian manifold M under consideration will be
assumed to satisfy, in addition to conditions (PI),
(VD) and (Va), the following
(Vb): for some constants s > 0, Cy > 0, it holds that

par(B) > Cyr®par(B,)

whenever B, is an arbitrary ball of radius 1 and
B=DB(z,r),z€ B,, r<1.

Notice that the volume doubling condition
(VD) always implies (Vb) for some exponent
s < log, Cy; moreover it is known that if p > s, then

2) [f(@) = fy)l <

1/p
Codr(,y)' " <][ |Vf|pd,uM>
B(2,10)

for all fe L,?(M), all x, y € B(z,1) and z € M,
where C is a positive constant depending only on p,
C,, Cy, and Cj, (cf. [4; Theorem 5.1]). This estimate
(2) is crucial for proving the following

Theorem 2. Let M and N be connected
noncompact complete Riemannian manifolds satis-
fying conditions (PI), (VD), (Va) and (VD). Suppose
that M and N are roughly isometric. Then forp > s,
where s is as in (Vb), a rough isometry ® : M — N
induces a homeomorphism tr(®) between the
Royden p-boundaries OR,(M) and OR,(N) which
sends A,(M) onto Ay(N).

Theorem 1 (resp. Theorem 2) follows from
Theorems 3 and 7 (resp. Theorems 3 and 8) in the
next two sections.

We remark that a connected noncompact
complete Riemannian manifold of dimension n such
that the Ricci curvature is bounded from below and
the injectivity radius is positive, for example, a
noncompact co-compact Riemannian regular cover,

Dp(h) < Dy(n(h)) < CD,(h)
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satisfies conditions (PI), (VD), (Va) and (Vb) (; in
this case, we can take p=1in (PI) and s=n in
(VD).

2. Graphs and rough isometries. In this
section, we consider a graph G = (V, E) with vertex
set V and edge set E. The set V is assumed to be
countably infinite. For a pair of vertices x, y, we say
that = and y are adjacent if = is joined to y by an
edge of E, that is, {z,y} € F; in this case, we write
x~y. For z eV, we set V, ={yeV|y~uz} and
the cardinality of the set V, is called the degree of =
and denoted by deg(z). In what follows, we assume
that G is locally finite, that is, deg(z) is finite for
any x € V. The measure on the graph is the
counting measure on V and the distance dg(z,y)
between a pair of vertices x,y is the smallest
number of vertices x = xy,x1,T, ..., Tp_1,Tn =Y
needed so that x; ~ x;,1. The graph G is connected
if and only if dg(x,y) is finite for any x,y € V. For a
function f on V, the p-energy of f is defined by

D) = 5 S IV @),

zeV

where [Vf|(2) = (X,ey [f(2) — f@)I)" The p-
Dirichlet space of G, L'*(G), consists of functions
on V with finite p-energy, and the closure
of the subspace of finitely supported functions
in L'(G) will be denoted by Li”(G). A function
f of LY(G) is said to be p-harmonic if
S eev Sgen, VI (@) (f(y) = F(@)(9(y) — 9(x)) = 0
for all ge Ly?(G); p-harmonic functions are
characterized as local minimizers of p-energy. The
space of p-harmonic functions will be denoted by
HLY(G). As in the case of Riemannian manifolds,
we have the Royden decomposition, the Royden
p-algebra, the Royden compactification ®,(G), the
Royden p-boundary OR,(G) and the p-harmonic
boundary A,(G) of G (cf. e.g., [18], Chap. VI); for
a function f € BL'?(G), f (resp. tr(f)) stands for
the continuous extension of f to R,(G) (resp. the
restriction of f to OR,(QG)).

Theorem 3. Let G=(V,E) and G =
(V', E') be two infinite graphs with bounded degrees.
Suppose that G and G' are roughly isometric, that
is, there exists a rough isometry ®:(V,dg) —
(V',dg). Then ® extends to a continuous map ®
of R,(G) to R,(G') whose restriction to OR,(G)
induces a homeomorphism tr(®) between OR,(G)
and OR,(G') such that tr(®)(A,(G)) =A,(G).
Moreover assigning a function h of BHL(G')
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the wunique function n(h) of BHLY(G) whose
trace on AL(G) coincides with tr(h)otr(®) is
bijective, and moreover it holds that for some
constant C > 0,

C'D,(h) < Dy(n(h)) < CD,(h), he BHL“"(G").

Proof. By the definition of a rough isometry
and the assumption of the graphs having bounded
degrees, we first notice that there exists a constant
C5 such that D,(fo®) < CsD,(f) for all fe
L'P(G"), and that fo® € Ly”(G) whenever f ¢
LyP(G"). For a sequence {v;} of V converging to a
point v € OR,(G) and a function f € BL'?(G),
if a subsequence {®(v;)} of {®(v;)} tends to
a point w € OR,(G), then we have tr(f)(w)=
limj_oo f(®(v))) =tr(f o ®)(vs). This shows that
the sequence {®(v;)} converges to a point of
OR,(G"), denoted by ®(vy), and tr(f)(®(va)) =
tr(f o ®)(ve). In  particular, #r(f)(®(ve)) =0
whenever vy, € A,(G) and f € Ly*(G'). Hence we
see that ®(A,(G)) C A,(G'). Evidently the map
® : R,(G) — R,(G’) just obtained is continuous and
the restriction of ® to OR,(G) will be denoted by
tr(®). Let ¥ :V — V' be another rough isometry
such that de (®(v), ¥(v)) < d for some constant d
and all v€ V. Then for any fe€ BL'Y”(G’) and

every v € V, we have

[f(@(v)) = f(¥(v)] <
1/p
> IV
{weV'|dg (®(v),w)<d}
the right side tends to 0 as v goes to OR,(G). This
implies that tr(f) otr(®) =tr(fo®) =tr(fo¥)=
tr(f) otr(¥) for all f € BL'?(G'), and thus we can
conclude that tr(®) = tr(¥). Now we observe that
if we have a rough isometry ©:G' — G, then
tr(® o ®) = tr(0) o tr(®). In particular, if, in addi-
tion, dg(© o ®(v),v) is bounded from above as v € V
goes to OR,(G), then tr(©)otr(®) coincides
with the identity map of OR,(G). Thus taking
such a rough isometry © : G — G, we see that
tr(®) induces a homeomorphism from OR,(G)
onto OR,(G'). Moreover given a function h €
BHLY(G"), let n(h) be the p-harmonic part of
ho®. Then h is the p-harmonic part of n(h)o O,
since tr(n(h) o ©) = tr(n(h)) o tr(©) = tr(h) o tr(P) o
tr(®©) =tr(h). Therefore we have D,(n(h)) <
D,(ho®) < C3D,(h) and also D,(h) < D,(n(h) o
©) < CyD,(n(h)) for some constant Cy > 0. Thus
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we arrive at the inequality of the theorem. This
completes the proof of Theorem 3. O

3. Discrete approximation of Riemanni-
an manifolds. Let M be a connected noncompact
complete Riemannian manifold satisfying condi-
tions (PI), (VD) and (Va). Fix a positive number &
and take a maximal k-separated subset V of M,
where we mean by a k-separated subset that
dpy(v,w) > k for all pairs of distinct two points
v,w of the subset. Define a graph G = (V,E) as
follows: a point v in V is adjacent to another point
w, that is, {v,w} belongs to the set of edges E if
0 < dp(v,w) < 3k. Then the graph G obtained in
this way is roughly isometric to M. Moreover by
virtue of (VD), we see that G has uniformly
bounded degrees and more precisely the numbers
of points in a metric r-ball Bg (v, 7) of G and also the
intersection of a metric r-ball By/(z,r) of M with V
are bounded by a constant n(r) depending only on
C,, k and r. Given a locally summable function f on
M, we define a function p(f) on V by

1(f)() = fppa), vEV.

Define a sort of “inverse” of u, we choose a partition
of unity {xu},cy associated to V in such a way that
supp xv C By (v,2k) and sup|Vy,| < Cs for some
positive constant C5; depending only on C, and k.
Then given a function f on V, we define a function
v(f) on M by

v(f)(z) = Zf(v)xc(x), z € M.

veV

In what follows, C;’s denote some positive constants
depending only on the given p, C,, C,, vy and k.
Then the following results are due to Kanai [8]
(see also [5]).
Lemma 4. (i) For any f of L'*(M), u(f)
belongs to LY*(G) and satisfies

Dy(p(f)) < CoDy(f);

in addition, u(f) € Ly?(G) whenever f € Ly*(M).
(i1) For every f of L'?(Q), v(f) belongs to
LY*(M) and satisfies

Dp(l’(f)) < C7Dp(f)§

in addition, v(f) € Ly’ (M) whenever f € Ly"(G).
Now we prove the following
Lemma 5. There exists a constant Cg such
that for any f € BL'?(G) and everyv eV,
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1/p

SOV |

weBg(v,8)

[f(v) = n(v(f)(v)] < Cs

in particular one has
tr{(u(v(f))) = tr(f)  on IR,(G).

Proof. Observe first that (xw)p, (40 =0 if
dg(v,w) > 8. Therefore we have

[f(v) = u(v()(v)]

(f(l}) - f(w))(XU’)B‘\[(UAK,)

de (v,w)<8
< Y If() = fw)l
de (v,w)<8
1/p
<n@® (S Vs

de(v,w)<8

This shows that lim, . Supy\ g, [f — #(v(f))] =
0 for any fixed o € V. Thus the proof of Lemma 5
is completed. (Il

Lemma 6. There exists a constant Cy such
that for any h € BHL* (M) and every x € M,

1/p
[h(z) — v(p(h))(@)] < Cy </ |Vh|pd//'M> ;
By(x,8k)
in particular, one has
tr(v(u(h))) =tr(h) on OR,(M).

Proof. In view of (1), we see that for any
x € M and every v € V such that x,(z) # 0,

1/p
|h($) - hBJ\1(17,4H)| S Clo </ |vh|pdﬂj\[> .
By (z,8k)
Using this, we obtain

[h(x) = v(u(h)) ()|
Z (h(l‘) - hB(v,4n))Xv($)

veV

>

VeV (@) £0

1/p
< n(QIQ)Clo / |Vh|pd/,LM .
B;\[(m,slﬂ)

This implies that lim, .. supyp gy, . P — v(p(h)| =
0 for any fixed o € M. This completes the proof of
Lemma 6. O

IN

|h(2) = hp(ar)l
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Now given a function h of BHLY?(M), we
denote by o(h) the p-harmonic part of the function
w(h) in the Royden decomposition. Then ¢ induces
a map of BHLY (M) to BHLY(G). In the same
way, for a function h of BHLY(G), p(h) denotes the
p-harmonic part of v(h). Then p defines a map of
BHLY(G) to BHL'"(M).

Theorem 7. Let o: BHL"(M)— BHLY”(G)
and p : BHL'?(G) — BHL' (M) be as above. Then
ogop(h)=h for all h € BHL'""(G) and poo(h)=h
for all h € BHL'Y(M). Moreover there exists a
constant C' depending only on p, C,, C,, vy and K
such that

C7'Dy(h) < Dy(a(h)) < CDy(h)

for allh € BHL" (M), and it holds that ||o(h)|| ;. =
|kl for all h € BHL'Y?(M).

Proof. Given h € BHL" (M), u(h) — o(h) be-
longs to Ly”(G) and v(u(h)) — p(a(h)) is a function
i LL(M), since v(u(h)) — p(o(h)) = v(u(h) —
o(h)) + v(o(h)) — p(a(h)). This, together with
Lemma 5, implies that tr(p(a(h))) = tr(v(u(h))) =
tr(h). Therefore we conclude that p(o(h)) = h.
In the same way, using Lemma 6, we see that
o(p(h)) =h for all he€ BHL'Y”(G). Finally the
inequalities in Theorem 7 follow from Lemma 4.
This completes the proof of the theorem. O

In what follows, we consider the case where a
manifold M under consideration satisfies further
condition (Vb) and p > s, where s is the exponent
in (Vb). Then in view of (2), we see that for any
f € L**(M), the restriction of f to V, ri/(f), belongs
to L'?(G) and for all z € M, we have

|f(@) = v(rv(f))()] <

1/p
Ci (/ |Vf|deM> )
B;\[(I.BK)

where C1; > 0 is a constant depending only on p, s
Cp, Cy, v, Cyy and &; in addition, ry(f) € Lé’p(G) if
fe Lé’p(M). Now applying the same arguments as
in the proof of Theorem 3, we arrive at the following
Theorem 8. Let M and G=(V,E) be as
above and suppose that p > s. Then the inclusion
map ¢ of V into M extends to a continuous map t of
R,(G) to R,(M) whose restriction to OR,(G) induces
a homeomorphism tr(t) between OR,(G)
OR, (M) such that tr(L)(AH(G)) = Ay (M).
Relevantly to Theorem 8, we would like to
show another implication of estimate (2). Let K be

and
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a nonempty closed subset of a Riemmanian mani-
fold M of dimension n. We fix an exponent p > n, so
that any function in L'*(M) may be assumed to be
continuous in M. In fact, estimate (2) holds for
relatively compact open subsets of M, although the
constants there may vary upon the subsets. For a
continuous function v on K, we set A, ={f¢€
L(M) | fix =} and D,(ulK) = inf{D,(f) |f €
A,}. Here we understand D, (u|K) = +oo if A, is
empty. Let L'"(K|M)={ue C(K)|D,(uK)<
+00}. Then we have the following

Proposition 9. Let M be a Riemannian
manifold of dimension n and consider the Dirichlet
space L'P(M) with exponent p>mn. Then the
following assertions hold:

(i) Given a nonempty closed subset K of M and
a function u € LY?(K|M), there exists a unique p-
energy minimizer H, in A, that is p-harmonic
outside of K.

(ii) For nonempty closed subsets K,L with
KCL and a function ue L*?(L|M), one has
D, (uix| K) < Dy(ulL).

(iii) For an increasing sequence {K;} of finite
subsets of M whose union is dense in M, one has

LLP(M) = {f € C(M) | Zlgg -Dp(f|Kl

Dy(f) = iliglo Dy (fi, 15).-

K,‘,) < +OO},

Proof. To prove (i), we take a minimizing
sequence {f;} in A,. Then it follows from the
uniform convexity of the semi-norm Dzl)/p and
estimate (2) that {f;} is a Cauchy sequence relative
to Dll)/p and converges to a function f € L'?(M)
uniformly on each compact subset of M. Since
fi =uon K, f also equals u there and hence belongs
to A,. Thus f is a minimizer in A,; the uniqueness
is also implied by the uniform convexity of Dllj/p.
Thus assertion (i) is verified. The second one is
obvious. To prove assertion (iii), we first notice
that lim; ..o Dy(fix,|K:) < Dy(f) by the definition
of D,(f|K). For the opposite direction, we take
a unique minimizer H; in Ay, for each K;, where
fz’ = ﬁKz' Since Dp(Hl) < lim; Dp(fz|Kz) < +00
and H; = H; = f on K; for all j > ¢, in view of (2),
{H;} converges to f uniformly on each compact
subset of M. Hence we obtain D,(f) <
liminf; . D,(H;) <lim; o D,(fi|K;). Thus asser-
tion (iii) is verified. This completes the proof of
Proposition 9. O

We conclude this paper with the following
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Remarks. (i) In the presence of conditions
(PI), (VD), (Va) and (Vb), our results are not
restricted to the case of the p-Dirichlet integrals on
Riemannian manifolds and applicable to the cases
of the p-energy associated to subelliptic operators
on manifolds studied in [2], the p-Dirichlet integrals
on admissible Riemannian polyhedra investigated
in [3], those on Alexandrov spaces taken up in [11],
and so on. (ii) We refer the reader to [1,5,6,12,15,18]
and the references therein for some related results
to ours. In [13], similar claims to Theorems 1 and 2
are found; the proofs, however, have certain gaps in
using Lemmas 3 and 4 there. (iii) We say that a
(locally finite) graph G = (V, E) satisfies a strong
isoperimetric inequality if there exists a constant
C; > 0 such that #(dyA) > CifA for every finite
subset A, where, for a finite subset A, we denote by
#A its cardinality and by 0y A the combinatorial
boundary of A defined as the subset of all vertices in
A which are adjacent to a vertex not in A. Then it is
known that (a) for two rough isometric graphs G,
and G5 of bounded degrees, if G; satisfies a strong
isoperimetric inequality, then so does Gs; (b) a
graph G = (V,E) of bounded degree satisfies a
strong isoperimetric inequality if and only if there is
a constant C'> 0 such that > _, deg(z)|f(z)|" <
CD,(f) for every finitely supported f on V (cf.
[1,9,18] and the references therein for details and
related topics). As a result of this inequality, we see
that if a graph G = (V,E) of bounded degree
satisfies a strong isoperimetric inequality, then
N, (G) = Ap(G) for any p € (1,4+00). Using this,
we can deduce for instance that for a homogeneous
tree T of degree greater than two, any singleton of
A(T) is not a Gy set and further A,(T) has no
isolated points. This is observed in [18], Chap. VI
when p = 2; but the arguments there are valid for
any p € (1,00). On the other hand, it is proved in
[10] that for a graph G = (V, E), OR(G) = As(G)
and Ry(G) is metrizable if G is of bounded effective
resistance, that is, sup, ,y R(z,y) < +oo, where
we put  R(z,y) =sup{|f(z) — f(y)*/Ds(f) | f €
LY (G)} for z,y € V.
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