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Abstract: We study many-term relations for multiple Dedekind sums including the case

generalized by means of Dirichlet characters. We mainly use the method due to Carlitz. The main

results contain the original reciprocity formula for Dedekind sums and its generalized formulas

due to Apostol, Snyder and Carlitz.
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1. Introduction. For any rational number

x, we denote by ½x� the greatest integer not exceed-

ing x and put

ððxÞÞ ¼ x� ½x� �
1

2
if x is not an integer

0 otherwise.

(

For integers h and k with k > 0, the classical

Dedekind sum sðh; kÞ is defined by

sðh; kÞ ¼
X

�mod k

�

k

� �� �
h�

k

� �� �
:

If h; k > 0 with ðh; kÞ ¼ 1, the original reciprocity

formula for Dedekind sums is expressed by

12hkfsðh; kÞ þ sðk; hÞg ¼ h2 � 3hkþ k2 þ 1:ð1Þ

Generalizations of this formula have been studied

extensively. For any integer m � 0, let BmðXÞ be

the mth Bernoulli polynomial and put ~BBmðxÞ ¼
Bmðx� ½x�Þ. In [1], Apostol defined the higher order

Dedekind sums by

smðh; kÞ ¼
X

rmod k

~BB1
r

k

� �
~BBm

hr

k

� �

and he generalized the formula (1) as

ðmþ 1Þfhkmsmðh; kÞ þ khmsmðk; hÞgð2Þ

¼
Xmþ1

j¼0

mþ 1

j

� �
BjBmþ1�jh

jkmþ1�j þmBmþ1

¼ ðhBþ kBÞmþ1 þmBmþ1ðsymbolicallyÞ;

where Bm is the mth Bernoulli number. In [3],

Carlitz gave another proof of (2) by making use of

certain polynomial identities.

Generalizations of (2) by means of Dirichlet

characters are studied in Nagasaka [8] and Snyder

[10]. Especially, an explicit generalization of (2) is

stated in [10] as follows:

Let � be a primitive Dirichlet character with

conductor f� and define

~BBm;�ðxÞ ¼ fm�1
�

X
jmod f�

�ðxþ jÞ ~BBm

xþ j

f�

� �
ð3Þ

for any x 2 Q with denominator relatively prime to

f� and

sm;�ðh; kÞ ¼
X

rmod k

~BB1
r

k

� �
~BBm;�

hr

k

� �
:

Then, we have

ðmþ 1Þfhkm�ðkÞsm;�ðh; kÞ þ khm�ðhÞsm;�ðk; hÞgð4Þ
¼ fm�1

�

X
0�i;j�f��1

�ðhiþ kjÞ

� h ~BB
i

f�

� �
þ k ~BB

j

f�

� �� �mþ1

þmBmþ1;�;

where Bm;� is the generalized mth Bernoulli num-

ber.

Other generalizations of (1) and (2) are studied

in [4] and [5], where Carlitz defined multiple

Dedekind sums and derived many-term relations.

In this paper, we first give a definition of

multiple Dedekind sums, which is essentially a

natural generalization of that in [4] but somewhat

different from that in [5]. We also extend the

definition by means of Dirichlet characters. Then,

extending the method in [4] and [5], we derive
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formulas including (2), (4) and Theorem 1 of [4] as

special cases.

Throughout the paper, we denote by Q, Z and

N, the rational number field, the ring of integers of

Q and the set of positive integers, respectively, as

usual.

2. Definition of multiple Dedekind

sums. As in Introduction, let Bm and BmðXÞ be

the mth Bernoulli number and polynomial, respec-

tively, defined by

t

et � 1
¼
X1
m¼0

Bm

tm

m!
and

tetX

et � 1
¼
X1
m¼0

BmðXÞ
tm

m!
:

We put ~BBmðxÞ ¼ Bmðx� ½x�Þ for any x 2 Q.

Let a1; � � � ; an 2 Z and set A ¼ ða1; � � � ; anÞ. For
any k;m 2 N, we define multiple Dedekind sums

s
ðnÞ
m ðA; kÞ ¼ s

ðnÞ
m ða1; � � � ; an; kÞ by

sðnÞm ðA; kÞ ¼
X

r1;���;rn mod k

Yn
i¼1

~BB1
ri

k

� � !

� ~BBm

a1r1 þ � � � þ anrn

k

� �
:

Let � be a primitive Dirichlet character

with conductor f� and Bm;� the generalized mth

Bernoulli number defined byXf��1

j¼0

�ðjÞtejt

ef�t � 1
¼
X1
m¼0

Bm;�

tm

m!
:

For any x 2 Q with denominator relatively prime to

f�, let ~BBm;�ðxÞ be as (3). We define multiple

Dedekind sums attached to � by

sðnÞm;�ðA; kÞ ¼
X

r1;���;rn mod k

Yn
i¼1

~BB1
ri

k

� � !

� ~BBm;�
a1r1 þ � � � þ anrn

k

� �
:

3. Expressions by Euler numbers. As in

[7], we define the modified Euler numbers EmðuÞ
belonging to a parameter u by

u

ez � u
¼

E�1ðuÞ
z

þ
X1
m¼0

EmðuÞ
zm

m!
:ð5Þ

Note that E�1ðuÞ 6¼ 0 only if u ¼ 1 and that we have

E�1ð1Þ ¼ 1 and mEm�1ð1Þ ¼ Bm for all m 2 N. It is

known that for any a 2 Z; k;m 2 N and for any kth

root of unity �, we have

mEm�1ð�Þ ¼ km�1
Xk�1

j¼0

~BBm

j

k

� �
��j:ð6Þ

and

km ~BBm

a

k

� �
¼ m

X
�k¼1

Em�1ð�Þ�a

(Section 6 of [2]). Hence direct calculation shows

that

kmsðnÞm ðA; kÞ ¼ m
X
�k¼1

Yn
i¼1

E0ð��aiÞ
 !

Em�1ð�Þ;ð7Þ

which is equivalent to (3.2) of [4] if m ¼ 1. (We note

here that (3.2) of [4] is to be corrected by replacing

1=kn by 1=k in the right-hand side, so that

Theorem 1 of [4] also to be corrected by removing

kn�2
n .)

Let Em;�ðuÞ be the numbers (a modification of

the generalized Euler numbers in [11]) defined byXf��1

j¼0

�ðjÞuf��jejz

ef�z � uf�
¼

E�1;�ðuÞ
z

þ
X1
m¼0

Em;�ðuÞ
zm

m!
:

Note that E�1;�ðuÞ 6¼ 0 only if u is a primitive f�th

root of unity. Note also that mEm�1;�ð1Þ ¼ Bm;� for

all m 2 N. Let �� be an arbitrary primitive f�th

root of unity and put �ð�; ��Þ ¼
Pf��1

j¼0 �ðjÞ�j�, the
Gauss sum attached to � and ��. ThenXf��1

j¼0

�ðjÞuf��jejz

ef�z � uf�
¼

�ð�; ��Þ
f�

Xf��1

j¼0

��1ðjÞ
�j�u

ez � �j�u
;

so that

Em;�ðuÞ ¼
�ð�; ��Þ

f�

Xf��1

j¼0

��1ðjÞEmð�j�uÞ:ð8Þ

Hence, if ðk; f�Þ ¼ 1, we deduce

�ðkÞkm ~BBm;�

a

k

� �
¼ m

X
�k¼1

Em�1;�ð�Þ�a

((3.8) of [6]) and as a generalization of (7) we obtain

�ðkÞkmsðnÞm;�ðA; kÞð9Þ

¼ m
X
�k¼1

Yn
i¼1

E0ð��aiÞ
 !

Em�1;�ð�Þ:

4. Identities of rational functions. In this

section, making use of the method in [4] and [5], we

deduce some identities of rational functions con-

cerning multiple Dedekind sums.

Let a1; � � � ; an 2 N be relatively prime in pairs

and set A ¼ ða1; � � � ; anÞ and Ai ¼ ða1; � � � ; ai�1;
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aiþ1; � � � ; anÞ for i ¼ 1; � � � ; n. We put

GðX;AÞ ¼
Yn
i¼1

Xai � 1

X � 1
:

and

F ðX;AÞ ¼
Xn
i¼1

1

ai

X
�i

0 1

Gð�i;AiÞ
�i

X � �i
ð10Þ

¼
Xn
i¼1

1

ai

X
�i

0 ð�i � 1Þn�1Y
j 6¼i

ð�aji � 1Þ
�i

X � �i
;

where the symbol
P0

�i
means to take sum over all

the aith root of unity distinct from 1. Then as

shown in [4], we have

F ðX;AÞ ¼ 1

ðX � 1ÞGðX;AÞ
� 1

a1 � � � anðX � 1Þ
ð11Þ

¼
ðX � 1Þn�1

Yn
i¼1

ðXai � 1Þ
�

1

a1 � � � anðX � 1Þ

((2.5) of [4]). Now we have

1

ðX � 1Þn�1ðX � �Þ

¼ �
Xn�1

l¼1

1

ð�� 1Þl
1

ðX � 1Þn�l
þ

1

ð�� 1Þn�1

1

X � �
:

Hence we see from (10) that

F ðX;AÞ
ðX � 1Þn�1

¼ �
Xn�1

l¼1

Xn
i¼1

1

ai

X
�i

0 1

Gð�i;AiÞ
�i

ð�i � 1Þl

 !
1

ðX � 1Þn�l

þ
Xn
i¼1

1

ai

X
�i

0 1Y
j 6¼i

ð�aji � 1Þ
�i

X � �i
:

Note that

F ðl�1ÞðX;AÞ

¼ �ðl� 1Þ!
Xn
i¼1

1

ai

X
�i

0 1

Gð�i;AiÞ
�i

ð�i �XÞl

for any l 2 N and

E0ð��aj
i Þ ¼

1

�
aj
i � 1

:

It follows that

F ðX;AÞ
ðX � 1Þn�1

¼
Xn�1

l¼1

F ðl�1Þð1;AÞ
ðl� 1Þ!

1

ðX � 1Þn�l
ð12Þ

þ
X 1

ai

X
�i

0 Y
j 6¼i

E0ð��aj
i Þ

 !
�i

X � �i
:

We put

HðX;AÞ ¼
Xn
i¼1

1

ai

X
�i

0 Y
j 6¼i

E0ð��aj
i Þ

 !
�i

X � �i
:ð13Þ

As in Section 4 of [4], let Z
ðnÞ
m ðAÞ be the number

defined by

F ð1þ t;AÞ ¼ tn�1

Yn
i¼1

ðð1þ tÞai � 1Þ
�

1

a1 � � � ant

¼
X1
m¼1

ZðnÞ
m ðAÞ

tm�1

m!
:

Then, we have

F ðm�1Þð1;AÞ ¼
Z

ðnÞ
m ðAÞ
m

:

(For more precise description of Z
ðnÞ
m ðAÞ, see [4].)

Hence we see from (11), (12) and (13) that

Hð1þ t;AÞ ¼
1Yn

i¼1

ðð1þ tÞai � 1Þ
�

1

a1 � � � antn
ð14Þ

�
Xn�1

l¼1

Z
ðnÞ
l ðAÞ
l!

1

tn�l

¼
X1
m¼n

ZðnÞ
m ðAÞ

tm�n

m!
:ð15Þ

5. Formulas for s
ðnÞ
m ðA;kÞ. Replacing X

by ez in (13), we see from (5) that

Hðez;AÞ

¼
X1
m¼1

Xn
i¼1

1

ai

X
�i

0 Y
j 6¼i

E0ð��aj
i Þ

 !
Em�1ð�iÞ

zm�1

ðm� 1Þ! :

Then from (7) we have

Hðez;AÞ ¼
X1
m¼1

Xn
i¼1

�
am�1
i sðn�1Þ

m ðAi; aiÞð16Þ

� 1

ai
�
1

2

� �n�1

Bm

�
zm�1

m!
:

Comparing the constant terms of (15) and (16), we

obtain
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Xn
i¼1

s
ðn�1Þ
1 ðAi; aiÞ ¼ �

1

2

� �nXn
i¼1

1

ai
þ

Z
ðnÞ
n

n!
;

which is equivalent to Theorem 1 of [4].

As in Norlund [9], we define the Bernoulli

number of higher order B
ðnÞ
m ðAÞ ¼ B

ðnÞ
m ða1; � � � ; anÞ

by

a1 � � � anznYn
i¼1

ðeaiz � 1Þ
¼
X1
m¼0

BðnÞ
m ðAÞ

zm

m!
:ð17Þ

We put B
ðnÞ
m ¼ B

ðnÞ
m ð1; � � � ; 1Þ. Then

BðnÞ
m ða1; � � � ; anÞ

¼
X

�1;���;�n�0
�1þ���þ�n¼m

m!

�1! � � � �n!
a�11 � � � a�nn B�1 � � �B�n

¼ ða1Bþ � � � þ anBÞm:
From (14) and (17), we see that

Hðez;AÞ ¼ 1

a1 � � � an

X1
m¼0

ðBðnÞ
m ðAÞ �BðnÞ

m Þ z
m�n

m!
ð18Þ

�
Xn�1

l¼1

Z
ðnÞ
l ðAÞ
l!

X1
m¼0

Bðn�lÞ
m

zm�nþl

m!
:

Comparing the coefficients of (16) and (18), we

obtain the following

Theorem 1. Let a1; � � � ; an 2 N be relatively

prime in pairs and set A ¼ ða1; � � � ; anÞ and Ai ¼
ða1; � � � ; ai�1; aiþ1; � � � ; anÞ. Then for any n;m 2 N

with n � 2, we haveXn
i¼1

am�1
i sðn�1Þ

m ðAi; aiÞ ¼ �
1

2

� �n�1

Bm

Xn
i¼1

1

ai

þ
m!

a1 � � � anðmþ n� 1Þ! ðB
ðnÞ
mþn�1ðAÞ �B

ðnÞ
mþn�1Þ

�
Xn�1

l¼1

Z
ðnÞ
l ðAÞ
l!

m!B
ðn�lÞ
mþn�1�l

ðmþ n� 1� lÞ! :

Remark. For n ¼ 2, it is easy to verify that

Z
ð2Þ
1 ða1; a2Þ ¼ �

1

2

1

a1
þ

1

a2

� �
þ

1

a1a2

and

1

mþ 1
B

ð2Þ
mþ1 ¼ �Bm �

m

mþ 1
Bmþ1;

so that Theorem 1 reduces to Apostol’s result (2).

6. Formulas for s
ðnÞ
m;�ðA;kÞ. Let � be a

non-trivial primitive Dirichlet character with con-

ductor f� and �� an arbitrary primitive f�th root

of unity. We assume that ða1 � � � an; f�Þ ¼ 1. We

define the numbers B
ðnÞ
m;�ðAÞ ¼ B

ðnÞ
m;�ða1; � � � ; anÞ by

�ð�; ��Þ
f�

Xf��1

j¼0

��1ðjÞ
a1 � � � anznYn

i¼1

ð��jai
� eaiz � 1Þ

ð19Þ

¼
X1
m¼0

BðnÞ
m;�ðAÞ

zm

m!
:

Note that the left-hand side of (19) is independent

of the choice of ��. We put B
ðnÞ
m;� ¼ B

ðnÞ
m;�ð1; � � � ; 1Þ.

Then we have B
ð1Þ
m;� ¼ Bm;�.

Let us deduce an expression of B
ðnÞ
m;�ðAÞ in

terms of the Bernoulli numbers. From (5), the left-

hand side of (19) equals

�ð�; ��Þ
f�

Xf��1

j¼0

��1ðjÞ
Yn
i¼1

X1
�i¼0

E�ið�jai� Þ
ðaizÞ�iþ1

�i!

¼ �ð�; ��Þ
f�

Xf��1

j¼0

��1ðjÞ
X1
m¼0

X
�1;���;�n�0

�1þ���þ�n¼m

m!

�1! � � � �n!

�
Yn
i¼1

E�ið�jai� Þ
 !

a�1þ1
1 � � � a�nþ1

n zmþn

m!
:

By (6), this equals

�ð�; ��Þ
f�

Xf��1

j¼0

��1ðjÞ
X1
m¼0

X
�1;���;�n�0

�1þ���þ�n¼m

m!

�1! � � � �n!

�
Yn
i¼1

f�i
�

�i þ 1

Xf��1

li¼0

~BB�iþ1
li

f�

� �
��jaili
�

( )

� a�1þ1
1 � � � a�nþ1

n zmþn

m!

¼
�ð�; ��Þ

f�

�
X

0�l1;���;ln�f��1

Xf��1

j¼0

��1ðjÞ��jða1l1þ���þanlnÞ
�

�
X1
m¼0

fm
�

X
�1;���;�n�0

�1þ���þ�n¼m

m!

ð�1 þ 1Þ! � � � ð�n þ 1Þ!

�
Yn
i¼1

a�iþ1
i

~BB�iþ1
li

f�

� � !
zmþn

m!

¼
X

0�l1;���;ln�f��1

�ða1l1 þ � � � þ anlnÞ
X1
m¼n

fm�n
�
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�
X

�1;���;�n�1
�1þ���þ�n¼m

m!

�1! � � � �n!
Yn
i¼1

a�ii
~BB�i

li

f�

� � !
zm

m!
:

Thanks to the existence of �ða1l1 þ � � � þ anlnÞ in

the last part of the above equation, it makes no

difference if we extend the range of �1; � � � ; �n to

�1; � � � ; �n � 0 with �1 þ � � � þ �n ¼ m. Consequently

we obtain

BðnÞ
m;�ðAÞ

¼

fm�n
�

X
0�l1;���;ln�f��1

�ða1l1 þ � � � þ anlnÞ

� a1 ~BB
l1

f�

� �
þ � � � þ an ~BB

ln

f�

� �� �m

if m � n

0 otherwise.

8>>>>>>><
>>>>>>>:

Now we put

H�ðX;AÞ ¼
�ð�; ��Þ

f�

Xf��1

j¼0

��1ðjÞHð��j
� X;AÞ:

Then we see from (5), (8), (9) and (13) that

H�ðez;AÞ ¼
X1
m¼1

Xn
i¼1

�
�ðaiÞam�1

i sðn�1Þ
m;� ðAi; aiÞð20Þ

� 1

ai
�
1

2

� �n�1

Bm;�

�
zm�1

m!
:

On the other hand, from (14) and (19) we deduce

H�ðez;AÞ ¼
1

a1 � � � an

X1
m¼0

ðBðnÞ
m;�ðAÞ �BðnÞ

m;�Þ
zm�n

m!
ð21Þ

�
Xn�1

l¼1

Z
ðnÞ
l ðAÞ
l!

X1
m¼0

Bðn�lÞ
m;�

zm�nþl

m!
:

Comparing the coefficients of (20) and (21), we

obtain the following

Theorem 2. Let a1; � � � ; an 2 N be relatively

prime in pairs and set A ¼ ða1; � � � ; anÞ and Ai ¼
ða1; � � � ; ai�1; aiþ1; � � � ; anÞ. Let � be a non-trivial

primitive Dirichlet character and assume that

ða1 � � � an; f�Þ ¼ 1. Then for any n;m 2 N with

n � 2, we haveXn
i¼1

�ðaiÞam�1
i sðn�1Þ

m;� ðAi; aiÞ ¼ �
1

2

� �n�1

Bm;�

Xn
i¼1

1

ai

þ
m!

a1 � � � anðmþ n� 1Þ! ðB
ðnÞ
mþn�1;�ðAÞ �B

ðnÞ
mþn�1;�Þ

�
Xn�1

l¼1

Z
ðnÞ
l ðAÞ
l!

m!B
ðn�lÞ
mþn�1�l;�

ðmþ n� 1� lÞ!
:

Remark. For n ¼ 2, we have

1

mþ 1
B

ð2Þ
mþ1;� ¼ �Bm;� �

m

mþ 1
Bmþ1;�;

so that Theorem 2 reduces to Snyder’s formula (4).
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