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Abstract:

We study many-term relations for multiple Dedekind sums including the case

generalized by means of Dirichlet characters. We mainly use the method due to Carlitz. The main
results contain the original reciprocity formula for Dedekind sums and its generalized formulas

due to Apostol, Snyder and Carlitz.
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1. Introduction. For any rational number
x, we denote by [z] the greatest integer not exceed-
ing x and put

1
<<x>>={x‘m‘2

0 otherwise.

if z is not an integer

For integers h and k with k> 0, the classical
Dedekind sum s(h, k) is defined by

0= 3 (E))

If h,k >0 with (h,k) =1, the original reciprocity
formula for Dedekind sums is expressed by

(1)  12hk{s(h,k) + s(k,h)} = h* — 3hk + k* + 1.

Generalizations of this formula have been studied
extensively. For any integer m > 0, let B,,(X) be
the mth Bernoulli polynomial and put B,,(z) =
B,,(x — [z]). In [1], Apostol defined the higher order
Dedekind sums by

sl = 3 B(7)Ba ()

rmod k

and he generalized the formula (1) as

2) (m+ 1) {hk" s (h, k) + kR™ s, (K, 1)}

m+1 m+1 ‘ ‘

S (") B i
=0

= (hB+ /{:B)m+1 + mBy, 1 (symbolically),

where B, is the mth Bernoulli number. In [3],
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Carlitz gave another proof of (2) by making use of
certain polynomial identities.

Generalizations of (2) by means of Dirichlet
characters are studied in Nagasaka [8] and Snyder
[10]. Especially, an explicit generalization of (2) is
stated in [10] as follows:

Let x be a primitive Dirichlet character with
conductor f, and define

(3) Bux(@) =f"" > W”)B’”(Hj)

jmod fy f X

for any z € Q with denominator relatively prime to
fy and

sux(h k)= > By (g) Buny (%)

rmod k

Then, we have
(4) (m+ DERE" x(F)sm.x (h, k) + kR x(h) s x (K, h)}
=£70 D0 x(hitkj)

0<ij<f—1

hBi szj " B
An(g) +B( 1)} B

where B, is the generalized mth Bernoulli num-
ber.

Other generalizations of (1) and (2) are studied
in [4] and [5], where Carlitz defined multiple
Dedekind sums and derived many-term relations.

In this paper, we first give a definition of
multiple Dedekind sums, which is essentially a
natural generalization of that in [4] but somewhat
different from that in [5]. We also extend the
definition by means of Dirichlet characters. Then,
extending the method in [4] and [5], we derive
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formulas including (2), (4) and Theorem 1 of [4] as
special cases.

Throughout the paper, we denote by Q, Z and
N, the rational number field, the ring of integers of
Q and the set of positive integers, respectively, as
usual.

2. Definition of multiple Dedekind
sums. As in Introduction, let B,, and B,,(X) be
the mth Bernoulli number and polynomial, respec-
tively7 defined by

Z B d tetX io: B (X) m
- m——y all = m e
-1 = m! et —1 = m!
We put B,,(x) = B,,(z — [z]) for any = € Q.

Let ay,--+,a, € Z and set A = (ay,---,a,). For

any k,m € N, we define multiple Dedekind sums
(")(A k) = s (a1, -+, an; k) by

suns 2 (H00)
r1,rp mod b \i=1

~ air anT
XBm< 17+ k+ 7171)'

Let x be a primitive Dirichlet character
with conductor f, and B,,, the generalized mth
Bernoulli numbcr defined by

me

m=

= ejt

Forany z € Q with denominator relatively prime to
fys let By, (z) be as (3). We define multiple
Dedekind sums attached to x by

(1)

Sm, x(A k) Z

~ airy + -+ apr
XBnLX( 171 p n n)

3. Expressions by Euler numbers. As in
[7], we define the modified Euler numbers E,,(u)
belonging to a parameter u by

(5) . )43 B

z _
€ u m=0

m

Note that E_;(u) # 0 only if u = 1 and that we have
E_1(1)=1and mE,,_1(1) = By, for all m € N. It is
known that for any a € Z, k,m € N and for any kth
root of unity &, we have

Multiple Dedekind sums attached to Dirichlet characters 105

(6) m 1

- g i)

j7=0

and

kmBm( )mZEm 1

k=1

(Section 6 of [2]). Hence direct calculation shows
that

(7) kjmsfg)(A k) =m Z <H EO(C_”'[)> Ep-1(0),
=1 \i=1
which is equivalent to (3.2) of [4] if m = 1. (We note
here that (3.2) of [4] is to be corrected by replacing
1/k* by 1/k in the right-hand side, so that
Theorem 1 of [4] also to be corrected by removing
B2
Let E,, ,(u) be the numbers (a modification of
the generalized Euler numbers in [11]) defined by
=0

fX71 E UL
! X + Z Em X
Note that F_;

(u) # 0 only if w is a primitive f,th
root of unity. Note also that mE,,_1,(1) = B, for
all m € N. Let ¢, be an arbitrary primitive f,th

1 i
PIXG)EL the
Gauss sum attached to x and (. Then

x( j)uvf*”je]
efxz — ufx

root of unity and put 7(x,¢y) =

Foel o i o |
S xGuh e ro) RS L
jz:; efXZ_qu - fx ;X (]) eZ_Ciu7
so that
h-1
®) Fnxle) = TO}CX) > X DER(u).
X =0

Hence, if (k, fy) =1, we deduce

(k)k’”BmX< ) =m Y En1,(C

¢h=1
((3.8) of [6]) and as a generalization of (7) we obtain
9)  x(RK"s) (Ak)

Sm, X

mz<HEU ) (0

=1

4. Identities of rational functions. In this
section, making use of the method in [4] and [5], we
deduce some identities of rational functions con-
cerning multiple Dedekind sums.

Let a1, --,a, € N be relatively prime in pairs

and set A= (ai, - -,a,) and A; = (a1, -, a1,
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Qiy1, -y ay) fori=1,--- n. We put
nooxa ]
G(X;A) = .
(X; A) iI:[lX_l
and
"1 / 1 Ci
10 F(X;A) = — :
_ n lz 41_1)" 1 Ci
i=1 g Hz_)X_Ci
J#i

where the symbol Z means to take sum over all
the a;th root of unlty distinct from 1. Then as
shown in [4], we have

1 1
_ (X_l)n—l B 1
ﬁ(Xav B 1) ap--- an,(X - 1)

i=1

((2.5) of [4]). Now we have

B i 1 1,1 1
- — (Oé—l)l (X_l)nfl (Oé*l)n71 X —a

Hence we see from (10) that

mm

n—1

—1)
1 G 1
Z( m_n)(x e
1

S Ci
+) zc:l;[

i=1

Note that

FU=D(X; A)

1 Gi
—=)! Za_z CL, A) (G — X

=1

for any [ € N and

It follows that
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F(X;4) A FEY(1;4) 1
(12) (X - 1)7171 - o (l _ 1)] (X B 1)n—l
oy (Iee) 1
4i 7 J#i '
We put
(13)  H(X;A) = Z Z (H Ey(C ) XQ o
=1 % "G \ji 5

As in Section 4 of [4], let ZW(A) be the number
defined by

0 tm—l
=Y 2
m=1 :
Then, we have
Z5 (A
F(m71>(1,A) _ ( )
m

(For more precise description of ZS,P(A), see [4].)

Hence we see from (11), (12) and (13) that
1 1
(14) HQA+tA) =— -
“ ag--- ant"r
[T(@+o® -1
i=1
S
= ! t”
o0 tm n
(15) => 0

m=n

5. Formulas for sm)(A k).
by e” in (13), we see from (5) that
H(e* A)

syt z(HEO )<<>(mm_1)
J#i ’

m=1 i=1 % G

Replacing X

Then from (7) we have

H(e? i

m— 1 (n—1)
<a ) (A ;)
m i=1

=1
1 1\"" 1B Zm=1
e\ 2 ") ml

Comparing the constant terms of (15) and (16), we
obtain

3

(16)
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- 1 1z
25l )<Aﬂaz‘>:<‘§ 2t
i—1 di :

i=1

which is equivalent to Theorem 1 of [4].
As in Norlund [9], we define the Bernoulli
number of higher order Bgf)(A) Bg,'f)(al,~~-,an)

by
-a o0 ’”I,
7L (
(17) . Z m m'
H(ea,zz _ 1) 1=0
i=1
We put B = Bg}?)(l, -++,1). Then
B5n>(a17 ’ an)
m! y N
niz0 VI Ve
Vit =m
= (a1B+...+a"B)m
From (14) and (17), we see that
1 o0 m—n
(18)  H(e4) = > (B(4) - BY)-
a1~~-anm ‘ m!
7 1 m—n-+l
A
— m m!
Comparing the coefficients of (16) and (18), we

obtain the following

Theorem 1. Letay,---
prime in pairs and set A =
(a1, i1, @i, s an).
with n > 2, we have

1 n—1 L |
Zam ! m Auav) = <_ 2> BM;CZ

sa, € N be relatively
(ala T ,CL”) and Ai =
Then for any n,m € N

m! (n) (n)
B A)—-B
+a1,,.a,”(m+n_1)!( m+n71( ) m+n71)
n— n n—l
_ZiZlU(A) |B( +n>1 l
—~ ' (m+n—-1-0D"

Remark. For n =2, it is easy to verify that
1/1 1 1
2 ay a9 ai1a9

1 (2) m
m+1

ZP (a1, as) =
and

m+l — — Pm mt 1 By,

so that Theorem 1 reduces to Apostol’s result (2).
6. Formulas for sm,X(A k). Let x be a
non-trivial primitive Dirichlet character with con-
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ductor f, and ¢, an arbitrary primitive f,th root
of unity. We assume that (a;---a,,f,) =1. We
define the numbers BE:}X(A) = Bg:}?x(al, <+ ay) by

n

T(X7 <X) %X_l(]) ay - Qpz
fX =0 H(C;ja,eaiz _ 1)

i=1

_E: 7n)( _'

m=

(19)

Note that the left-hand side of (19) is independent
of the choice of Cx We put B,(ff?x = Bﬁ,ﬁ)x(l, 1),
Then we have B my = By

Let us deduce an expression of Bm>X(A) in

terms of the Bernoulli numbers. From (5), the left-
hand side of (19) equals

(X, Cx) E ]a (aiz
nY. ¥ —”“

(X; Cx Z
l... |
fX j= m=0 wvy,vp,>0 Vi Vn:
az/”+1 szrn

vi+-+rp=m
n ) 1/1+1 .
NG ¢
i—1 m:

By (6), this equals

7(X, Cx)
3 Z

)I/L+1

DY Y

|.. |
m=0 vy, >0 b Vn:
vty =m
V,
i Z Al 7)o
Vi
Vi —|— 1 fX
v+l | Vp+1  m+n
ay ayty
m!
B T(X7 Cx)
fx
fxfl

D DI BT

x>

m=0

m!
Z (v + 1) (v, + 1)

vy, vy 20
v+t =m

% ﬁ vitl (li) 27
a; Dy1\ 7
i=1 fx m!

= Z X(alll 4+ 4 anln) i f;nfn

0<ly < fy—1 m=n
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X Z
vy >1
Vi v =m

(e ()

Thanks to the existence of x(ajly + -+ aul,) in
the last part of the above equation, it makes no
difference if we extend the range of vy,---,v, to

vy, -,V > 0 with vy + -+ + v, = m. Consequently
we obtain
B} (A)

f;’%” x(aly + -+ anly)

0=y, ln<fy—1

()

Hm>n
0 otherwise.
Now we put
f—1
TOXGC) N 1 gy i
1, 4) = TSIy a),
I =
Then we see from (5), (8), (9) and (13) that

3

(20) H, (e A) = Z Z(X(al)a’" Lgln— 1 (A a;)
m=1 i=1
1/ 1 ’HB 71
a; 2 XS )
On the other hand, from (14) and (19) we deduce
1 oo Z"I/—n,
(21) Hy (e 4) = ——— > (B (A) = Bi)) —
ay - Qn = ’ ’ m!
n—1 Z<" m—n-+l

l (A) - (nfl)z
> ! H;B"’%X m)

=1

Comparing the coefficients of (20) and (21), we
obtain the following

Theorem 2. Letay,---,a, € N be relatively
prime in pairs and set A= (a1, --,a,) and A; =
(a1, ,ai—1, 041, - ,an). Let x be a mon-trivial

[Vol. 83(A),

primitive Dirichlet character and assume that
(ai---an, fy) =1. Then for any n,m €N with
n > 2, we have

ml 1) 1 n—1 no1

S e s = () B>
m! n n

+ (B, (A) =B, )

aj---ap(m+n—1)!

n— n n—l)
1Zl( )(A) m'B'En+n 1-lx

I (m4+n—-1-0"

=1
Remark. For n =2, we have

1
m+1

m

L - (C)
m+1

m4+ly — B"L,X -

Bm+1,xa

so that Theorem 2 reduces to Snyder’s formula (4).
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