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G.H. Hardy proved the following theorem"
(A) If {a.) are the Fourier constants of afunction of L (p 1),

then {(.aa)/n} are also the Fourier constants of a function of L.
Recently T. Kawata’> has proved a dual form of (A), that is"

(B) /f {a.} are the Fourier sine constants of a function of
(lo 1), then {a/k) are also the Fourier sine constants of a func-
tion of L. Moreover if (a.) are the Fourier sine constants of a

function of L, then (,.,a/k) are the Fourier sine constants of a func-
tion of L.

In the present note the author considers the case of cosine con-
stants and completes (B) in the following form.

Theorem 1. If {a.} are the Fourier constants of a function L
(p 1), then {, a/k} are also the Fourier constants of a function of
L. Moreover if (a.} are the Fourier constants of afunction of L, then

Fo  a.  un tio L.
The method of proof is analogous to that of Kawata, but is some-

what delicate.
Proof of the case L. It is sufficient to prove the theorem for

pure cosine series wthout constant term, that is f(x)d=O.
Let

(1) f(x) a, cos kx, f() e L,,
k-1

(2) g()
k-1

COS,
then g(x)e L for all r 1 by the Hausdorff-Young theorem.

By Parseval’s relation), we have

(3)

The left-hand side series is summable (C, 1), and further in this
case it converges as f(x) e L,.
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Let of(t)dt=F(x), then F()=0.

1 1Since g(x)=- log
2(1-cos x)

(and lim log 1 (t)dt lim log 1 .z If(t) dx=0,
a-+O x+O 0

he right-hand side of (8) becomes

2 -- k -o
N() sin

cos _ - os
}

r cos n-2 JF() 1=- 2 sinz
cot cosd+ F(x) sind.

Since F()coteL and "F()sinnzd=O(n-), we get the first
d

part of the threm.
Proof of the case L. For every 2 < l/e, e e L. Since L and

L.. are Young’s comNementary classes, (3) is still valid and con-
vergency is assured by the HaMy-Littlewood threm.

+o
(t)dt=0

follows from the ineCuality

And that F()/eL is notHng but the maximal theorem of Hardy-
Littlewood. Thus we comple the prf of the theorem.

Remark. There exist Fourier sine constants of a function L
such as a/k=w. sin- .- (@ is sine series of a function of L.
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As 1 dt
ffi

1 1 1_, cannot
-/ (log/) t (log t) log log n -,k (log k)s
sine constan). Thus our threm is t ble in a n.
In the Fouler instal we get analogous threm by Tithmarsh’s

aren.
[Nt) dt t trafm of f(t)dt whh bergs L.
J# t
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