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131. On Brownian Motions in n-Space.
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(Comm. by T. TAKAGI, M.L.A., Nov. 13, 1944.)

1. The one-dimensional Brownian motion {a(t, w)| — o<t <<co,
we 2} is defined as a real-valued temporally homogeneous differential
process with no moving discontinuities and having a Gaussian distri-
bution :V
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where —oo<s<t<<co and —oo<La<<bXZ ., The n-dimensional
Browntan motion (or equivalently, the Browmian motion in n-space
RY) {x(t, 0)={xlt, w), 1=1,...,m}| —c0o<t <o, we 2} is an n-system
of mutually independent one-dimensional Brownian motions «;(f, ») (with
the same normalization). It is known that this definition is indepen-
dent of the choice of coordinate system in R™.

The mathematical theory of Brownian motions was discussed by
N. Wiener? and P. Lévy®, and many important results were obtained.
But, for the most part, their investigations were restricted to the one-
or the two-dimensional case or concerned only with the properties of
Brownian motions in which the dimension number 7 does not play an
important role. The purpose of this paper is to discuss some new
properties of Brownian motions which do not appear in the one- or
the two-dimensional case. Our main results are stated in Theorems 1,
2 and 4.

It is to be noticed that in the Brownian motion in 3-space
almost all paths constitute a nowhere dense set in R® (Theorem 4)
and tend to « as t— c (Theorem 2), while, as may be shown® by
appealing to the theory of harmonic functions, in the two-dimensional
Brownian motion almost all paths describe a curve everywhere dense
in the entire plane and come back to any neighborhood of any given
point infinitely many times (for infinitely large value of ¢). It is known
that in the two-dimensional Brownian motion almost all paths have
infinitely many double points. We have a conjecture that already in
3-space almost all paths have no double points, although thus far we
could prove this only for 5-space (Theorem 1).

2. Lemma 1®. If x(t, ) 18 a one-dimensional Brownian motion
and if —oo<ty<<t;<oo, then

1) Priw|a <ax(t, 0)—a(s, o) <b}=

1) Pr{w|A} denotes the probability (=measure) of the set of all we 2 with the
property A, i.e. the probability of A.

2) N. Wiener, Generalized harmonic analysis, Acta Math., 54 (1932).

8) P. Lévy, Les mouvements browniens plans, Amer. Journ. of Math., 62 (1940).

4) This will be discussed in a forthcoming paper of the author,

5) Cf. P. Lévy, loc. cit. 3).
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(2 Pr{e| max ((t, @) —a(ts, ©)) > 7}
=2Pr{w | x(t, w)—x(ty, w) > 7}=— 1/27;(t1 - S . - Sty du, 7> 0,
and hence
(3) Priw|; max | 2(t, @)—x(t, w)| > 7}
4 *° Z(tl—to)
< .
= 2rlti—to) Le du, 7> 0
Lemma 2.
4) sme—Tdu < le—T, 7>0.
7 7

3. Theorem 1. In the Brownian motion in R™n =5), almost
all paths have no double points.

Proof. It suffices to discuss the case n=>5. Further it is sufficient
to prove that

5) a = Pr{ie | x(s, w)=24t, w), 1=1, ..., 5, for some sel
and teJ}=0

for any two disjoint closed intervals I=(sy, ;) and J=(f, f)) with
sy <<t,. It is easy to see that

(6) a Z Prio| | zds, 0)—zt, 0)| <27, 1=1, ..., 5}
+3331Pr{w| filf-;( | 2i(s, w) —wilsy, @) | > 7}
+ 353 Pr{o | max [, o) —aidlt, @)| > 7}
hence, by (1) and (3),

O o= (gy [ )
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+51/27r(81——_so)_s dut+s VZn(tl—tOYSve

4 v, 20 ( -% 20 |~ -%
< = du,
—“<1/27rd(I,J)) 1/271'S j dut Vv or S ¢ v

where d(I, J)=t,—s;=the distance of I and J, |I|=s,—s,=the length
of I, |J|=t—ty=the length of J, and 7> 0 is an arbitrary positive
number.

Let us now divide I and J into p closed subintervals I and J; of
the lengths | I|/p and |J|/p, respectively: I=\/E- Iy, J=\PJ;. Then

B a3 81300 Pr{iw|ads, w)=ut, ), 1=1, ..., 5, for some se I,
and teJ;}
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where 7, is an arbitrary positive number.

Let us now put 7,=9p"? where ¢ is a fixed real number satis-
fying 2/6 <o <{1/2. Then, by using the inequality (4), it is easy to
see that the right hand side of (8) tends to 0 as p— . This com-
pletes the proof of Theorem 1.

4. Theorem 2. In the Brownian motion in R"(n = 3) almost all
paths tend to © as t— oo, i.e.

9) limyse> 331 | 25t ©) — 20, 0) = oo

Sor almost all w.
Proof. It suffices to discuss the case n=38. Let M be an arbitrary

3
positive number. Let us put tx=k%, k=1, 2, ... Then & <tz+1, k=1,
2, ..., tr— o and t.—&—0. It is easy to see that

(10) B=Pr{o||zdt, 0©)—2(0, w)| <M, 1=1,2,8 for some t with
be St tear)

_g P’l"(w I | oc,-(tk, w)—x,-((), w)l < 2M, ’L=1, 2, 3}
+3 8 Prie It max | 2;(t, w)—x(te, w)| > M}
1

<t<t

RSESt

2w g \3 4 o Ty
g( 1_75 e kdu) +3ﬁms e  FUE gy
- 1/271'tk -2M '1/27T(tk+1-‘tk) M

am e, 12 (C-F
S( ) + e du
— 1/27rtk V 27‘[ S M
Vi1~

and further that >1%-18x << . The last fact follows from (10) by

1
using the inequality (4) and the relation t.1—&=0(k"4). From this
follows, by Borel-Cantelli’s theorem, that for almost all « there exists
an integer ky=/ky(») such that max | 2:(t, w)— 240, w)| > M for ¢t > t,

3
=ky4. Since M is arbitrary, this proves our theorem.
5. Theorem 3. Let S=S(x°, r) be a sphere in RS, with a center

1
x°=(af, 23, 2)) and a radius r. Denote by p=(3.,|2}|%)2 the distance
of x° from the origin of R:. Then the probability

11) r=Pr{w]|x(t, »)—x(0, w) e S(x°, r) for some ¢ > 0}
=Pr{w| | 0, ©)— 240, 0) —a2 > <7 for some ¢ > 0},
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which s clearly® a function of pfr, tends to 0 as p/r — oo,

Remark. By appealing to the theory of potential functions in R?,
it may be shown® that r=1if p<r and r=7r/p if p>r.

Proof of Theorem 3. Without the loss of generahty we may
assume that al=p, 2}=uf=0 and r=1. Put ;= k4 k=1,2,... as in
the proof of Theorem 2. Then in the same way as in above

12) 7.=Pr{e|x(t, ©)—x(0, w)eS(x° 1) for some t with
e St <t

= Prio| |at, 0) =20, 0)—p | <1, | 2:(t, 0) —23(0, 0) | <1,
| 2s(t, @) —5(0, w) | <1 for some t with &, <t < tri}

é Pfr{w l l xl(tk’ w)_'xl(os w) —p l < 2’ ] xZ(tk’ (')) "902(0, w) I < 2’
| @a(t, 0) —25(0, 0) | < 2}
+E@_1Pr{w| max |z(t, @) =adt, o)| > 1}

SISty
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=(ar e > S " au)
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and consequently

13 r= Pr{w loggt};(wl(t, w)—x,(0, w)) > P—1}+Z7:-kork

< R S | (R S G WP
= Vzng e, i k°{<1/27rtk )+ . ™

vE t
tko T+1" %k

for any positive integer k.

Let now p>n% and take k=% Then it is easy to see that the
right hand side of (13) tends to 0 as m— . This shows that y —0
as p— oo, completing the proof of Theorem 3.

6. Theorem 4. In the Brownian motion in R™n=3), almost
all paths constitute a mowhere dense set in R".

Proof. It suffices to show this for n=38. Let x°=(a}, 3, 2) be an
arbitrary point in R® different from the origin of R’ It suffices to
show that for almost all « there exists an r=r(w) such that

1) This follows from the homogeneity property of the Brownian motion.
2) This will be discussed in a forthcoming paper. Here we shall give a direct
proof,
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(14) x(t, @) —x(0, 0) € S(x°, 7(w))
for no t> 0, or equivalently

(15) Sl 2lt, 0) — 20, 0)—ad 2> (r(w)
for any ¢> 0.

In order to show this, let #,>0 be a sufficiently small number
such that

(16) Pr{w| x(t, o) —x(0, w) e S(x°, 7,) for some t> 0} <27™,

The existence of such an 7, follows from Theorem 8. Our proposition
then follows from this immediately by using Borel-Cantelli’s theorem.



