No. 2] 145

32, On Banach Theorem on Contraction Mappings

By Kiyoshi ISEKI
(Comm. by Kinjiré6 KUNUGI, M.J.A,, 12, 1965)

In this short note, we shall generalize the well known theorem
on a contraction mapping by S. Banach to general metric spaces. As
was proved in [1], any topological semifield contains a topological
field isomorphic with the real line. These elements are denoted by
the Greek letter & and follow the rules of operations on real num-
bers.

Let X be a sequential complete metric space over a topological
semifield R, f(x) a mapping on X such that

o(f(@), fy) < ap(z, v),
where « is a positive number less than 1, and < denotes the order
in R. Then there is a fixed element 2’ of the mapping f, i.e.
Jh)=x'.

The result is a slight generalization of the theorem of S. Banach.

To prove it, take an element x, of X, then by a recursive
way, we define a sequence {z,} by #,..= f(z,)(n=0,1,2,..:). For
the sequence {x,}, we have

(s, )= 0( f(2,), f(,)) L ap(,, 2,),
0(,, )= P(f (), [(2.)) L aP(%,, x,)
La?o(ay, f(0)),
and, in general

0, ,10) LA™ O(8,, f(220)).
Hence, we have
Ao(xm xn+m)<<40(wm w,,,_(.l)-i— e +p(xn+m—-17 wn+m)
L(@"+arti+ oo Famm o, f(2)
= XA, F)
1""“ 0y 0//°

By the hypothesis a<1, we have
O B ) € 75— (50, F(a)-

Therefore {»,} is a Cauchy sequence. X is sequential complete, so
{«,} has a limit 2’ in X. To prove f(«')=2', consider the following
inequality,
o', f@) Lo, ,)+ o, f(a')
=p(x', )+ P(f(@,-), f(&"))
<<lo(x,’ wn)+ap(x” xn—l)'
This shows p(«’, f(¢'))=0. Hence &’ is a fixed element of f(x). The
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element 2’ is uniquely determined. Suppose that 2" is also a fixed
element of f(x). Then we have
pa’, &'")=p(f(a), f(z"))
<Lap(', ).
« is a positive number less than 1, so we have o(x’, 2")=0.
As easily seen, we can not replace a positive number « into an
element ¢ such that e<1.
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