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1. Introduction. We consider the n-th order functional differ-
ential equation
(A) Lx(t) /f(t, x(g(t)))--0,
where the differential operator L is recursively defined by

Lx(t)=x’(t), Lx(t)=(p_(t)L_xx(t))’, 2<_i<_n.

The ollowing ssumptions are made without urther mention:
(a) Each p(t) is continuous and positive on [a, c), and

d<c, 1<i<n--1;_
p(t)

(b) g(t) is continuous on [a, c) and lim g(t)= c

(c) f(t, x) is continuous on [a, c) (--c, c) and If(t, x)]<=(t, Ixl)
for (t, x) e [a, ) (-c, ), where 0(t, r) is continuous on [a, c)

[0, c) and nondecreasing in r.

We note that g(t) is a general deviating argument, that is, it is allowed
to be advanced (g(t) >= t) or retarded (g(t) <= t) or otherwise.

Equation (A) is called superlinear or sublinear according to whether
(o(t, r)/r is nondecreasing or nonincreasing in r or r>0.

In what follows we restrict our attention to solutions x(t)of (A)
which exist on some half-line [T, c) and are nontrivial on any infinite
subintervals o [T, c). Such a solution is said to be oscillatory if it
has arbitrarily large zeros; otherwise it is said to be nonoscillatory.

Our purpose here is to study the asymptotic behavior of solutions
of equation (A), attempting to determine the rate o growth or decay
of nonoscillatory solutions as well as of oscillatory solutions. Our re-
sults extend some of the results of [2] or the second order case.

It would be of interest to observe that there is a kind of duality
betweea the results of this paper and those of the paper [3] in which
equations of the orm (A) satisfying the condition

; dt =c, l<i<n--X
p(t)

are discussed.
2. Possible behavior of all solutions. We need the ollowing

notation"



No. 2] Asymptotic Properties of Functional Differential Equations 33

,(t, S) 1, 0 _< i_<n-- 1,

,s(t, s)=: ds+ :’+ ds+ [ + :- ds

Oi<]n-1,
(t)=l0,(t, )[, p(t)=,,_(,t), Oign--1,

(t)= (t) ()=max 1,
(t)#(t)_,(t)

g*(t) =max {g(t), t}, g,(t)=min {g(t), t},
h*(t)=sup g*(s), h,($)-inf g.(s).

ast st

The possible behavior of all solutions of (A)is described in the fol-
lowing theorem.

Theorem 1. Suppose that either (A) is superlinear and

( 1 ) (,(t))(t)o(t)(t, e_((t)))gt<

( ) (,(t)) (t)o(t)(t, e((t)))dt<
((t)

for all c> 0 and i with 1i n-- 1.
If x(t) is a solution of (A), then one of the following cases holds"
( I ) lim sup ]x(t)[=

( II There exists an integer k, 0 kn-- 1, and a nonzero hum-

ber c such that

(III) lim x(t) =0.
z_(t)

A key to the proof o Theorem 1 is the ollowing
Lemma 1. Let 1 <= k <_n-- 1 and suppose that

a(g,(t))(t)p(t)o(t, c_l(g(t)))dt

if (A) is superlinear and that

(g*(t)) (t)p(t)(t, (g(t)))dt< c
(g(t))

if (A) is sublinear.
If x(t) is a solution of (A) such that x(t)=o@_(t)) as t-c, then

x(t)=O@(t)) as
We say that condition (G*) [resp. (G,)] is satisfied if there is a se-

quence {t}E such that t-c as ,--,c and h*(t)=t [resp. h,(t)=t]
for =1, 2, ..

With the aid of these additional conditions on g(t) it is possible to
rule out Case (I) and/or Case (III) from the possibilities listed in
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Theorem 1.
Lemma 2. Suppose that (A) is superlinear and (G.) is satisfied.

If
(o($, _(g(t)))dt

then every solution x(t) of (A) satisfies
lim sup Ix(t)] 0.

_()
Lemma :. Suppose that (A) is sublinear and (G*) is satisfied. If

po(t)(t, ,1)dr

then every solution x(t) of (A) is bounded.
]. Behavior of nonoscillatory solutions. As easily verified,

{=(t)’0kn-1} is a fundamental set of solutions of Lx(t)=O on

[a, ). A sufficient condition for (A) to have a nonoscillatory solution
such that lim x(t)/z(t)=const.O is given in the following theorem

which is an extension of a result of Granata [1].
Theorem 2. Let 0 k n-- 1 and suppose that

The (A) h oltio z(t), (t) eh that

lim (t)_e lim g(t)
(t) 2’ u(t) 2

For example, the required solution x(t) is obtained as a solution of
the integral equation

x(t) (t)+x(),

where

and T is a sufficiently large constant.
Suppose that (A) is either superlinear or sublinear. Then the as-

sumptions o Theorem 1 implies that (3) holds or all c0 and k with

0gkn-- 1. Therefore, under the assumptions of Theorem 1 equation

(A) actually possesses or each k, 0 gkgn-- 1, nonoscillatory solutions

which are asymptotic to u(t) as t.
It can be shown that in certain cases all nonoscillatory solutions of

(A) all into the class (II) of Theorem 1, that is, they behave like the

solutions of the equation Lx(t)=O.
Theorem . Let n be even and xf(t, x)O on [a, )x (--, ).
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Suppose that the hypotheses of Theorem 1 are satisfied.
Then, any nonoscillatory solution of (A) behaves as in Case (II) of

Theorem 1.
Theorem 4. Let n be odd. Suppose that
(i) (A) is superlinear, xf(t, x) >__0 on [a, c) (-- c, c), (G.) is

satisfied and (1) holds for all cO and every i, l<=i<=n-1, or
(ii) (A) is sublinear, xf(t,x)_O on [a, c)(--, ), (G*) is

satisfied and (2) holds for all c0 and every i, 1 <=i <=n--1.
Then, any nonoscillatory solution of (A) behaves as in Case (II) of

Theorem 1.
4. BehaviOr o oscillatory solutions. With regard to the

asymptotic behavior of oscillatory solutions of (A) we have the follow-
ing information.

Theorem 5. (i) Assume that (A)is superlinear and (G,) is sat-
isfied. If (1) holds for all cO and every i, l<=ign--1, then every
oscillatory solution x(t) of (A) has the property

lim sup Ix(t)[= c.

(ii) Assume that (A) is sublinear and (G*) is satisfied. If (2) holds

for all c0 and every i, 1 <_i<_n--1, then every oscillatory solution of
(A) has the property

lim x(t) =0.- _(t)
As a consequence of Theorem 5 we have the following nonoscilla-

tion theorem for almost linear equations of the form (A).
Theorem 6. Suppose that

Jf(t,x)J_q(t)lx] for (t,x) e [a, oo) X (-- oo, oo),
where q(t) is continuous and positive on [a, oo). Suppose in addition
that both (G*) and (G,) are satisfied. If

a(g,(t))fl(t)z_(g(t))p(t)q(t)dt< oo for l<_i<_n--1,

then all solutions of (A) are nonoscillatory.
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