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Abstract:

For every rational function of degree more than one, there exists a transcen-

dental meromorphic solution of the Schréder equation. By Yanagihara and Eremenko-Sodin, it is
known that the Valiron, Nevanlinna and Picard exceptional sets of this solution are all same.

As an analogue of this result, we show that all the Valiron, Nevanlinna and Picard exceptional
sets of iterations of a rational function of degree more than one are also same. As a corollary, the
equidistribution theorem in complex dynamics follows.
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Let f be a rational func-
tion, i.e., a holomorphic endomorphism of the Rie-
mann sphere C = CU{oo}. Assume that the degree
d := deg f is more than one, and denote the k times
iteration of f by f* for k € N. We call a € Ca
Picard exceptional value of {f*}ren if

# | F ) < .
keN
The Picard exceptional set E({f*}) is defined by
that of all such points. It is well known that every
point of E({f*}) is periodic of period at most two
and critical of order d — 1. In particular, E({f*})
contains at most two points (cf. [7]).

1. Introduction.

It is well known that for some n € N and some
A € C with |A| > 1, the Schrider equation

(1) hol=f"oh

has a transcendental meromorphic solution A with
K’ (0) # 0. The value distribution of the solution h is
studied by many authors. For example,
Theorem 1.1 (Yanagihara [10],
Sodin [2]). For the above solution h,

E({f*}) = Ep(h) = Ex(h) = Ev(h),

where Ep(h), En(h) and Evy(h) are the Picard,
Nevanlinna, and Valiron exceptional sets of the tran-
scendental meromorphic solution h (cf. [8]) respec-

Eremenko-
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tively.

Remark. See also Ishizaki-Yanagihara’s gen-
eralization of it ([4]). They also studied the value
distribution of & in angular domains, and determined
the Borel and Julia directions of h ([5]).

We note that f also acts on the space of all regu-
lar measures ((1, 1)-currents of order 0) on C as the
pullback operator f*. In particular, for the Dirac
measure 0, at the value a € C, f*6a/d characterizes
the averaged distribution of roots of the equation f =

a. The mean prozimity of f with respect to a € C
is defined by

1
m(a, f) .:/élogm

where o is the spherical area measure on C normal-
ized as 0(C) = 1 and [z, w] the chordal distance be-
tween z,w € C normalized as [0,00] = 1. For a
sequence {f }ren of rational functions with increas-
ing degrees dj, := deg fx, the Valiron and Nevanlinna

defects are defined as

do(w),

v (a; {fx}) ::thupM and
k—o0 dp
on(a; {fr}) ::1ini£f%;jw

respectively, and the Valiron and Nevanlinna excep-
tional sets Ev({fx}) and Ex({fx}) by those of all
points with non-zero Valiron and Nevanlinna defects
respectively.
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Theorem 1.2 (Sodin [9]). For every regular
probability measure p with no atom in By ({fx}),

lim (fx)" (0 —p)

L a0 =0 (weak).

In [9], Sodin also estimates the Hausdorff mea-
sures of Ey ({fx}).

Focusing on {f*}, we now state our result in
this paper, which is an analogue of Theorem 1.1:

Theorem (All exceptional sets are same.).

Let f be a rational function of degree more than one.
Then

E{f*}) = En({S*) = Bv({f*)).

In particular, they consist of at most two points.

From Theorem 1.2 and Theorem, the following
holds:

Corollary 1.1 ([1], [6], and [3]). There ex-
ists a regular probability measure py such that
for every regular probability measure p on C with

WE{f*}) =0,

@) i L)

Jm =g (weak).

2. Proof of Theorem. Let g be a mero-
morphic function on C. The Picard exceptional set
Ep(g) is defined by that of all such points a € C as

#(97"(a)) < oo

The (Shimizu-Ahlfors) characteristic function is
defined by

Tt
T(r,g) ::/ 7/ ) g'do (r>0),
0 {z€C;|z|<t}

and for a € C, the prozimity function and the count-
ing function are defined by

rag)i= [ tog L%
)= J R e 2

T j—
N(r,a, ) ::/ n(t.a,9) = n(0,a,9) .
0

and

t

+n(0,a,g)logr (r>0)

respectively, where n(t,a,g) := f{zeC;|z|§t} g*o, for
t>0.

The Valiron and Nevanlinna defects of g at the
value a € C are defined by

m(r,a,g)

and
T(r,g)

dv (a; g) :=lim sup

T—00

[Vol. 81(A),

m(r, a, g)
T(r.g)

respectively, and the Valiron and Nevanlinna excep-
tional sets Ey(g) and En(g) by those of all points
with non-zero Valiron and Nevanlinna defects respec-
tively.

The first main theorem in the Shimizu-Ahlfors
form [8] is the following:

(3) m(r,a,9)+ N(r,a,9) — T(r,9) = Ca(g)
|Z|n(07a,g)

[9(2), a]

Let f be a rational function of the degree d > 1.
Without loss of generality, we assume that (1) has a
transcendental meromorphic solution h for some \ €
C with |[A] > 1 and n = 1.

Let D, := {z € C;|z| < r} and my = dzdy the
planer area measure. The following is a corollary of
the Bottcher theorem (cf. [7]):

Lemma 2.1. For an a € E({f*}) fived by f,
there exists a conformal map z = ¢p(w) from D, (r €
(0,1)) into C such that $(0) = a and f(p(w)) =
d(w?) on D,, hence f¥(p(w)) = qb(wdk) there for
every k € N.

Corollary 2.1. E({f*}) c Ex({f*}).

Proof. Let a € E({f*}). Without loss of gen-
erality, we assume that a is fixed by f. Choose such
a conformal map z = ¢(w) on D, as in Lemma 2.1.
By a uniform distortion of ¢ on D,/ by the Koebe

dn(a;g) :=liminf

T—00

:= lim log <oo (a€C, r>0).

z—0

theorem,

1 1
d* /¢(Dr/2) tog [f*(2), a] do(z)

> M/ 10gidm2(w)+o(1),
D, /s |w]

where M := infp ,(¢*0/m2) > 0. Hence

(s {1+}) > 0. 0

Without loss of generality, we assume that
h(0) = 0, which also implies f(0) = 0.

Lemma 2.2. There exists a C > 0 such that
for every k € N and every t > 0, T(|\[*t,h) <
d*(T(t,h) + C).

Proof. Letm:C? -0 — C be the canonical
projection which maps Z = (zp,21) to 2z1/2p when
29 # 0. Here O is the origin in C2. There exists a
homogeneous polynomial map F = (Fp, Fy) : C? —
C? of degree d such that F(Z) = 0 if and only if
Z=0,andmoF = foron C?—- 0.



No. 2]

Let || - || be the Euclidean norm on C?. Since
f(0) =0, it follows that F1(1,0) = 0 and || F(1,0)] =
|Fo(1,0)]. There exist Cq,C2 > 0 such that on {Z €
C?;||Z|| = 1}, it holds that C; < ||F|| < Cy. With-

out loss of generality, we assume Co = 1. Then it
holds that on {Z € C?;||Z]|| = 1},
(4) GV < IFFYT < 1
For i = 0,1, define a ¢, : C — C as
bi2) = Fi((1,h(2)) /(L h(2))I) if h(2) # oo,
’ F;((0,1)) otherwise.
Then f o h(z) = ¢1(2)/¢o(2)

Putd = a+a and d¢ = (i/(27))(0—9). It holds
that

ddlog|¢o| = (f o h)" 0 —d - h¥c

as currents. Hence for every ¢ > 0, it follows that

N(t, 00, foh) —dT(t,h)

o 0y, 40
= | tozientte )57 tox o0(0)
(by n(0, 00, f o h) = 0 and the Jensen formula)
< [ L 0
0 |o(te)| 27
(by [¢s] <1 and |¢o(0)] = [Fo(1,0)] = [|F(1,0)])

—log || F(1, 0)]]

—(m(t, 00, f o h) —log V2) —log || F(1,0)||
by foh(z) = ¢1(2)/¢o(z) and log V1 + 22 < logt z+

10g\/_ for z > 0.
log(1/[(f © h)(0), oc])

Hence, since Coo(f o h) =
= log(1/[0,00]) = 0, (3) im-

plies that
T(I\t,h) = T(t,ho X) = T(t, f o h)
<dT(t,h)+log ——
( TE0)]
\/51/(1
=d|T(t, h log ———m8 | .
( (1) + loe T oy

Applying the above argument and (4) to f* (and F¥)
for each k£ € N, we have

\/51/(1’“

T(|A"t, h) < d¥ — D
G

T(t,h) + log
|

Lemma 2.3. Ey({f*}) C Ev(h).

Proof. Let a € C — Ey(h). When E({f*})
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is empty, put U = 0. Otherwise, Lemma 2.1 im-
plies that there exists an open neighborhood U of

E({f*})(= Ev(h) = Ep(h)) such that U c C —
{a} and f(U) C U. Choosing such an r > 0 that
h(D,) D C —U, we have:

1 1
dk/log[f ]da

(] L)t

1 1
[ R log ———h*
s g logy ,a] dk/ 8 Tk o a7
1 1 1 1
<1 — | log—— M,
S gk og [U,a]+dk /Dr Og[ho)\k,a] dms
(by (1))
1 T m(|)\k|t, a, h)
<1 M, [ A9
= og U, 4] + /0 o tdt

(by the Fubini theorem),

where M, := supp, (h*o/m2) < co. By Lemma 2.2,
for every ¢ € [0, 7], it follows that

k
0 < limsup XL a:h),
k—o0 d
. m(|\k[t, a, h)
<limsup —————
R PUTA
< v (a;h)(T(t,h)+ C)t =0.
Furthermore, by (3) and Lemma 2.2, it holds that
m(|\k[t, a, h)
dk
T(NJt, k) + Ca(h) — (0, ) log(N*]0),
dk
<tT'(t,h)+ C) +|Ca(h

which is independent of k¥ € N and integrable on
[0, 7]. Hence by the dominated convergence theorem,
0 <6dv(a; {f*}) <0+M,-0=0. O

Gathering Lemmas 2.1 and 2.3 and Theo-
rem 1.1, we conclude that

E{f*}) ¢ Exn({f*}) € Bv({f*}) € Ev(h)
= BE({f*}).

Now completed is the proof of Theorem. |
3. A proof of Corollary 1.1. It is enough
to show the weak convergence of {(f*)*c/d"*}, which
is well known. For reader’s convenience, we include
a proof which is based on Theorem.
Fix a € C — E({f*}), which equals C —
Ev({f*}) by Theorem. Let p; be any limit point

(T(t, h) + CO)t

0< t

)|t +n(0,a, h)tlog™ (1/1),
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of the sequence of {(f*)*d,/d*}. For every smooth
function ¢ on C,

® [ (7@*(6;“ =)

1 . 1
d_k/ ¢dd <1°g " 1>‘

1 1
< C¢d—k/10gm do,
where Cy := supg(|dd®¢|/o) < oo. Then (5) con-
verges to 0 as k — oo, which in fact implies that
(f¥)*o/d* — py as k — oo weakly. O
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