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Valiron, Nevanlinna and Picard exceptional sets of iterations

of rational functions
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Abstract: For every rational function of degree more than one, there exists a transcen-
dental meromorphic solution of the Schröder equation. By Yanagihara and Eremenko-Sodin, it is
known that the Valiron, Nevanlinna and Picard exceptional sets of this solution are all same.

As an analogue of this result, we show that all the Valiron, Nevanlinna and Picard exceptional
sets of iterations of a rational function of degree more than one are also same. As a corollary, the
equidistribution theorem in complex dynamics follows.
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1. Introduction. Let f be a rational func-
tion, i.e., a holomorphic endomorphism of the Rie-
mann sphere Ĉ = C∪{∞}. Assume that the degree
d := deg f is more than one, and denote the k times
iteration of f by fk for k ∈ N. We call a ∈ Ĉ a
Picard exceptional value of {fk}k∈N if

#
⋃

k∈N

f−k(a) < ∞.

The Picard exceptional set E({fk}) is defined by
that of all such points. It is well known that every
point of E({fk}) is periodic of period at most two
and critical of order d − 1. In particular, E({fk})
contains at most two points (cf. [7]).

It is well known that for some n ∈ N and some
λ ∈ C with |λ| > 1, the Schröder equation

(1) h ◦ λ = fn ◦ h

has a transcendental meromorphic solution h with
h′(0) �= 0. The value distribution of the solution h is
studied by many authors. For example,

Theorem 1.1 (Yanagihara [10], Eremenko-
Sodin [2]). For the above solution h,

E({fk}) = EP (h) = EN (h) = EV (h),

where EP (h), EN(h) and EV (h) are the Picard,
Nevanlinna, and Valiron exceptional sets of the tran-
scendental meromorphic solution h (cf. [8]) respec-
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tively.

Remark. See also Ishizaki-Yanagihara’s gen-
eralization of it ([4]). They also studied the value
distribution of h in angular domains, and determined
the Borel and Julia directions of h ([5]).

We note that f also acts on the space of all regu-
lar measures ((1, 1)-currents of order 0) on Ĉ as the
pullback operator f∗. In particular, for the Dirac
measure δa at the value a ∈ Ĉ, f∗δa/d characterizes
the averaged distribution of roots of the equation f =
a. The mean proximity of f with respect to a ∈ Ĉ
is defined by

m(a, f) :=
∫
Ĉ

log
1

[a, f(w)]
dσ(w),

where σ is the spherical area measure on Ĉ normal-
ized as σ(Ĉ) = 1 and [z, w] the chordal distance be-
tween z, w ∈ Ĉ normalized as [0,∞] = 1. For a
sequence {fk}k∈N of rational functions with increas-
ing degrees dk := deg fk, the Valiron and Nevanlinna
defects are defined as

δV (a; {fk}) := lim sup
k→∞

m(a, fk)
dk

and

δN (a; {fk}) := lim inf
k→∞

m(a, fk)
dk

respectively, and the Valiron and Nevanlinna excep-
tional sets EV ({fk}) and EN({fk}) by those of all
points with non-zero Valiron and Nevanlinna defects
respectively.
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Theorem 1.2 (Sodin [9]). For every regular
probability measure µ with no atom in EV ({fk}),

lim
k→∞

(fk)∗(σ − µ)
dk

= 0 (weak ).

In [9], Sodin also estimates the Hausdorff mea-
sures of EV ({fk}).

Focusing on {fk}, we now state our result in
this paper, which is an analogue of Theorem 1.1:

Theorem (All exceptional sets are same.).
Let f be a rational function of degree more than one.
Then

E({fk}) = EN({fk}) = EV ({fk}).
In particular, they consist of at most two points.
From Theorem 1.2 and Theorem, the following

holds:
Corollary 1.1 ([1], [6], and [3]). There ex-

ists a regular probability measure µf such that
for every regular probability measure µ on Ĉ with
µ(E({fk})) = 0,

(2) lim
k→∞

(fk)∗µ
dk

= µf (weak ).

2. Proof of Theorem. Let g be a mero-
morphic function on C. The Picard exceptional set
EP (g) is defined by that of all such points a ∈ Ĉ as

#(g−1(a)) < ∞.

The (Shimizu-Ahlfors) characteristic function is
defined by

T (r, g) :=
∫ r

0

dt

t

∫
{z∈Ĉ;|z|≤t}

g∗dσ (r ≥ 0),

and for a ∈ Ĉ, the proximity function and the count-
ing function are defined by

m(r, a, g) :=
∫ 2π

0

log
1

[a, g(reiθ)]
dθ

2π
, and

N(r, a, g) :=
∫ r

0

n(t, a, g)− n(0, a, g)
t

dt

+ n(0, a, g) logr (r ≥ 0)

respectively, where n(t, a, g) :=
∫
{z∈C;|z|≤t} g∗δa for

t ≥ 0.
The Valiron and Nevanlinna defects of g at the

value a ∈ Ĉ are defined by

δV (a; g) := lim sup
r→∞

m(r, a, g)
T (r, g)

and

δN (a; g) := lim inf
r→∞

m(r, a, g)
T (r, g)

respectively, and the Valiron and Nevanlinna excep-
tional sets EV (g) and EN(g) by those of all points
with non-zero Valiron and Nevanlinna defects respec-
tively.

The first main theorem in the Shimizu-Ahlfors
form [8] is the following:

m(r, a, g) + N(r, a, g)− T (r, g) = Ca(g)(3)

:= lim
z→0

log
|z|n(0,a,g)

[g(z), a]
< ∞ (a ∈ Ĉ, r ≥ 0).

Let f be a rational function of the degree d > 1.
Without loss of generality, we assume that (1) has a
transcendental meromorphic solution h for some λ ∈
C with |λ| > 1 and n = 1.

Let Dr := {z ∈ Ĉ; |z| < r} and m2 = dxdy the
planer area measure. The following is a corollary of
the Böttcher theorem (cf. [7]):

Lemma 2.1. For an a ∈ E({fk}) fixed by f,
there exists a conformal map z = φ(w) from Dr (r ∈
(0, 1)) into Ĉ such that φ(0) = a and f(φ(w)) =
φ(wd) on Dr, hence fk(φ(w)) = φ(wdk

) there for
every k ∈ N.

Corollary 2.1. E({fk}) ⊂ EN({fk}).
Proof. Let a ∈ E({fk}). Without loss of gen-

erality, we assume that a is fixed by f . Choose such
a conformal map z = φ(w) on Dr as in Lemma 2.1.
By a uniform distortion of φ on Dr/2 by the Koebe
theorem,

1
dk

∫
φ(Dr/2)

log
1

[fk(z), a]
dσ(z)

≥ M

∫
Dr/2

log
1
|w| dm2(w) + o(1),

where M := infDr/2(φ
∗σ/m2) > 0. Hence

δN (a; {fk}) > 0.
Without loss of generality, we assume that

h(0) = 0, which also implies f(0) = 0.
Lemma 2.2. There exists a C > 0 such that

for every k ∈ N and every t > 0, T (|λ|kt, h) ≤
dk(T (t, h) + C).

Proof. Let π : C2 − O → Ĉ be the canonical
projection which maps Z = (z0, z1) to z1/z0 when
z0 �= 0. Here O is the origin in C2. There exists a
homogeneous polynomial map F = (F0, F1) : C2 →
C2 of degree d such that F (Z) = 0 if and only if
Z = O, and π ◦ F = f ◦ π on C2 − O.
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Let ‖ · ‖ be the Euclidean norm on C2. Since
f(0) = 0, it follows that F1(1, 0) = 0 and ‖F (1, 0)‖ =
|F0(1, 0)|. There exist C1, C2 > 0 such that on {Z ∈
C2; ‖Z‖ = 1}, it holds that C1 ≤ ‖F ‖ ≤ C2. With-
out loss of generality, we assume C2 = 1. Then it
holds that on {Z ∈ C2; ‖Z‖ = 1},
(4) C

1/(d−1)
1 ≤ ‖F k‖1/dk ≤ 1.

For i = 0, 1, define a φi : Ĉ → C as

φi(z) :=

{
Fi((1, h(z))/‖(1, h(z))‖) if h(z) �= ∞,

Fi((0, 1)) otherwise.

Then f ◦ h(z) = φ1(z)/φ0(z).
Put d = ∂+∂ and dc = (i/(2π))(∂−∂). It holds

that

ddc log |φ0| = (f ◦ h)∗δ∞ − d · h∗σ

as currents. Hence for every t ≥ 0, it follows that

N(t,∞, f ◦ h) − dT (t, h)

=
∫ 2π

0

log |φ0(teiθ)|dθ

2π
− log |φ0(0)|

(by n(0,∞, f ◦ h) = 0 and the Jensen formula)

≤ −
∫ 2π

0

log+ |φ1(teiθ)|
|φ0(teiθ)|

dθ

2π
− log ‖F (1, 0)‖

(by |φi| ≤ 1 and |φ0(0)| = |F0(1, 0)| = ‖F (1, 0)‖)
≤ −(m(t,∞, f ◦ h) − log

√
2) − log ‖F (1, 0)‖

by f◦h(z) = φ1(z)/φ0(z) and log
√

1 + x2 ≤ log+ x+
log

√
2 for x ≥ 0. Hence, since C∞(f ◦ h) =

log(1/[(f ◦ h)(0),∞]) = log(1/[0,∞]) = 0, (3) im-
plies that

T (|λ|t, h) = T (t, h ◦ λ) = T (t, f ◦ h)

≤ dT (t, h) + log
√

2
‖F (1, 0)‖

= d

(
T (t, h) + log

√
2
1/d

‖F (1, 0)‖1/d

)
.

Applying the above argument and (4) to fk (and F k)
for each k ∈ N, we have

T (|λ|kt, h) ≤ dk

T (t, h) + log
√

2
1/dk

C
1/(d−1)
1

 .

Lemma 2.3. EV ({fk}) ⊂ EV (h).
Proof. Let a ∈ Ĉ − EV (h). When E({fk})

is empty, put U = ∅. Otherwise, Lemma 2.1 im-
plies that there exists an open neighborhood U of
E({fk})(= EV (h) = EP (h)) such that U ⊂ Ĉ −
{a} and f(U) ⊂ U . Choosing such an r > 0 that
h(Dr) ⊃ Ĉ − U , we have:

1
dk

∫
Ĉ

log
1

[fk, a]
dσ

≤ 1
dk

(∫
U

+
∫

h(Dr)

)
log

1
[fk, a]

dσ

≤ 1
dk

log
1

[U, a]
+

1
dk

∫
Dr

log
1

[fk ◦ h, a]
h∗dσ

≤ 1
dk

log
1

[U, a]
+

1
dk

∫
Dr

log
1

[h ◦ λk, a]
Mrdm2

(by (1))

≤ 1
dk

log
1

[U, a]
+ Mr

∫ r

0

m(|λk|t, a, h)
dk

tdt

(by the Fubini theorem),

where Mr := supDr
(h∗σ/m2) < ∞. By Lemma 2.2,

for every t ∈ [0, r], it follows that

0 ≤ lim sup
k→∞

m(|λk|t, a, h)
dk

t

≤ lim sup
k→∞

m(|λk|t, a, h)
T (|λk|t, h)

(T (t, h) + C)t

≤ δV (a; h)(T (t, h) + C)t = 0.

Furthermore, by (3) and Lemma 2.2, it holds that

0 ≤ m(|λk|t, a, h)
dk

t

≤ T (|λk|t, h) + Ca(h) − n(0, a, h) log(|λk|t)
dk

t

≤ t(T (t, h) + C) + |Ca(h)|t + n(0, a, h)t log+(1/t),

which is independent of k ∈ N and integrable on
[0, r]. Hence by the dominated convergence theorem,
0 ≤ δV (a; {fk}) ≤ 0 + Mr · 0 = 0.

Gathering Lemmas 2.1 and 2.3 and Theo-
rem 1.1, we conclude that

E({fk}) ⊂ EN({fk}) ⊂ EV ({fk}) ⊂ EV (h)

= E({fk}).
Now completed is the proof of Theorem.

3. A proof of Corollary 1.1. It is enough
to show the weak convergence of {(fk)∗σ/dk}, which
is well known. For reader’s convenience, we include
a proof which is based on Theorem.

Fix a ∈ Ĉ − E({fk}), which equals Ĉ −
EV ({fk}) by Theorem. Let µf be any limit point
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of the sequence of {(fk)∗δa/dk}. For every smooth
function φ on Ĉ,∣∣∣∣∫ φd

(
(fk)∗(δa − σ)

dk

)∣∣∣∣(5)

=
∣∣∣∣ 1
dk

∫
φddc

(
log

1
[fk, a]

)∣∣∣∣
≤ Cφ

1
dk

∫
log

1
[fk, a]

dσ,

where Cφ := supĈ(|ddcφ|/σ) < ∞. Then (5) con-
verges to 0 as k → ∞, which in fact implies that
(fk)∗σ/dk → µf as k → ∞ weakly.
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measure for rational maps, Bol. Soc. Brasil. Mat.
14 (1983), no. 1, 45–62.

[ 4 ] K. Ishizaki and N. Yanagihara, Deficiency for
meromorphic solutions of Schröder equations,
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Math. Proc. Camb. Phil. Soc. (To appear).

[ 6 ] M. Ju. Ljubich, Entropy properties of rational en-
domorphisms of the Riemann sphere, Ergodic
Theory Dynam. Systems 3 (1983), no. 3, 351–
385.

[ 7 ] S. Morosawa, Y. Nishimura, M. Taniguchi and
T. Ueda, Holomorphic dynamics, Translated
from the 1995 Japanese original and revised by
the authors, Cambridge Studies in Advanced
Mathematics, 66, Cambridge Univ. Press, Cam-
bridge, 2000.

[ 8 ] R. Nevanlinna, Analytic functions, Translated
from the second German edition by Phillip
Emig. Die Grundlehren der mathematischen Wis-
senschaften, 162, Springer, New York, 1970.

[ 9 ] M. Sodin, Value distribution of sequences of ratio-
nal functions, in Entire and subharmonic func-
tions, Adv. Soviet Math., 11, Amer. Math. Soc.,
Providence, RI, 1992, pp. 7–20.

[ 10 ] N. Yanagihara, Exceptional values for meromor-
phic solutions of some difference equations, J.
Math. Soc. Japan 34 (1982), no. 3, 489–499.




