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Abstrect. Sufflcient conditions are established for the oscilations of

partial differential equation with functional arguments of the form

$\frac{\partial}{\partial\ell}(p(t)\frac{\partial}{\partial\ell}u(x, t))=a(t)\Delta u(x, t)+\sum_{l=1}^{\prime}a_{l}(t)\Delta u(oe,\rho_{1}(t))-q(x, t)u(x, t)$

$-\sum_{i=1}^{m}q_{j}(x, t)u(ae, \sigma_{j}(t)),$ $(x, t)\in\Omega x[0, \infty)\equiv G$ ,

where $\Omega$ is a bounded domain in $R^{n}$ with a piecewise smooth boundary

$\partial\Omega$ and $\Delta$ is the Laplacian in Euclidean n-space $R^{\hslash}$ .
Keywords: oscilation, partial differential equation, functional argu-

ments
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1 Introduction

Recently, the $u\dot{\mathfrak{a}}lation$ problem for the partial functional differential equation

has been studied by many authors. We refer the reader to [1,2,3] for parabolic

equations and to [$ 4,5,6,\eta$ for hyperbolic equations.

In this paper, we study the oscillation of solutions of partial differential equations

with functional arguments of the form

(1) $\frac{\partial}{\partial t}(At)\frac{\partial}{\partial t}u(x, t))=a(t)\Delta u(x, t)+\sum_{1=1}^{\prime}a_{1}(t)\Delta u(x, \rho_{l}(t))-q(x, t)u(x, t)$
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$-\sum_{j=1}^{m}q_{j}(\epsilon, \ell)u(\varpi,\sigma_{j}(t)),$ $(r,\ell)\in\Omega x[0, \infty)\equiv G$ ,

where $\Omega$ is a bounded domain in $R^{\hslash}$ with a piecewise smooth boundary $\partial\Omega$ , and
$\Delta u(\epsilon,\ell)=\sum_{r=1}^{l}\frac{\partial^{2}u(x,t)}{\partial x_{r}^{2}}$ .

Suppose that the following conditions hold:

(A1) $p\in C^{1}([0, \infty);(0, \infty)),\lim_{l\rightarrow\infty}\int_{t_{1}\prod^{1}s}^{l}ds=+\infty,$ to $>0$;

(A2) $q,q_{j}\in C(\overline{G};[0, \infty)),\alpha t)=\inf_{\epsilon\pi}\alpha\$,t)$, and $ q_{j}(’)=\inf_{\Leftrightarrow\epsilon\pi}qi(\epsilon,\ell),j\in$

$I_{m}=\{1,2, \ldots,m\}$ ;

(A3) $a,a\iota\in C([0, \infty);[0, \infty)),k\in I_{1}=\{1,2, \ldots, s\}$ ;

(A4) $\sigma_{j},\rho_{l}\in C([0,\infty);R),\sigma_{j}(t)\leq t,\rho_{l}(t)\leq t,$
$\sigma_{j},\rho_{l}$ are nondecreasing func-

tions and $hm_{\rightarrow\infty}\sigma_{j}(\ell)=\lim_{\ell\rightarrow\infty}\rho_{l}(\ell)=\infty,j\in I_{n},k\in I_{s}$ .
We consider two kinds of boundary conditions:

(2) $\frac{\partial r(x,t)}{\partial N}+Xr,t$ )$\epsilon(r, t)=0,(\epsilon,t)\in\partial\Omega x[0, \infty)$,

where $N$ is the unit exterior normal vector to $\partial\Omega$ and $g(ae,t)$ is a nonnegative con-
tinuous function on $\partial\Omega x[0, \infty$ ), $gd$

(3) $r(r,t)=0,(\epsilon,t)\in\partial\Omega x[0, \infty)$ .
Deflnition 1. $l$ . $I\hslash e$ solution $t\in C^{2}(\theta;R)$ of the problem (1), $(l)$ (or (1), (3))

is said to be oscillatory in $\ell he$ domain $ G=\Omega x[0, \infty$ ) if for any positive number $\mu$

there $e\dot{\alpha}\iota ts$ a point $(x_{0},t_{0})\in\Omega x[\mu, \infty)such$ that $u(x_{0}, t_{0})=0$ holds.
In the following two sections sufficient conditions are $obt\dot{u}ned$ for the oscillation

of the solutions of the problem (1),(2) and (1),(3) in the domain $G$ . We note that
condition $s$ for the oscillation of the solutions for $\mu\ell$) $=1$ has been obtained in the
works of Lalli, Yu and Cui [4], and for $Xt$ ) $=1,\sigma_{j}(t)=t-\mu_{J},\mu j=const$ . $\geq 0$ has
been obtained in the works of Cui, $Yu$ and Lin [5].

2 $O8cillation$ of the problem (1),(2)

Theorem 2. $l.$ ff there essists some $j_{0}\in I_{n}\bullet ueh\ell ha\ell\sigma_{j1}(\ell)|\geq 0,$ $q_{j_{0}}(\ell)>0,$ $\ell\geq$

$\ell 0>0$ , and
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(4) $\int_{l_{1}}^{\infty}q_{j},(t)dt=\infty$ .

Then every solution $u(x, t)$ of problem (1), $(B)$ is oscillatory in $G$ .
Proof. Suppose to the contrary that there is a nonoscillatory solution $u(x,t)$ of

the problem (1),(2) which has no zero in $\Omega x[t_{0}, \infty$ ) for some $t_{0}>0$ . Without loss

of generality we may assume that $u(x, t)>0,$ $u(x, \rho_{1}(t))>0$, and $u(x, \sigma_{j}(\ell))>0$ in

$\Omega x[t_{1}, \infty),$ $t_{1}\geq t_{0},$ $k\in I_{1},j\in I_{m}$ .
Integrating (1) with respect to $g$ over the domain $\Omega$ , we have

(5) $\frac{d}{d\ell}(dt)\frac{d}{d\ell}\int_{\Omega}u(x, t)dx)=a(t)\int_{\Omega}\Delta u(x, t)dx+\sum_{l=1}^{1}a_{l}(\ell)\int_{\Omega}\Delta u(x,\rho_{l}(t)M\$ $

$-\int_{\Omega}q(x,\ell)u(x, t)\&-\sum_{j=1}^{m}\int_{\Omega}q_{j}(x,\ell)u(x, \sigma_{j}(\ell))$&, $t\geq\ell_{1}$ .

From Green’s formula and boundary condition (2), it follows that

(6) $\int_{\Omega}\Delta u(r,$ $t\psi=\int_{\delta\Omega}\frac{\partial u(x,t)}{\partial N}dS=-\int_{\theta\Omega}g(r,t)u(\epsilon,t)dS\leq 0$,

and

(7) $\int_{\Omega}\Delta u(r,\rho_{l}(t)\times x=\int_{\theta\Omega}\frac{\partial u(x,\rho_{l}(t))}{\partial N}dS$

$=-\int_{\alpha)}g(x, \rho_{l}(t)k(x,\rho_{1}(\ell))dS\leq 0,t\geq t_{1},k\in I_{1}$ ,

where $dS$ is the surface element on $\partial\Omega$ .
Noting that condition (A2), combining (5)$-(7)$ , we get

(8) $\frac{d}{dt}(p(t)\frac{d}{dt}\int_{\Omega}u(x, t)dx)\leq-/_{\Omega}q(t)u(x, t)dx-\sum_{j=1}^{m}\int_{\Omega}qj(t)u(x, \sigma I(t)k,$ $t\geq t_{1}$ .

Set $V(t)=\int_{\Omega}u(x, t)k,$ $t\geq t_{1},$ $kom(8)$ we have

(9) [$Xt$ )$V^{\iota}(t)\iota+q(t)V(t)+\sum_{j=1}^{m}q_{j}(t)\gamma(\sigma I(t))\leq 0,$ $t\geq t_{1}$ .

The inequality (9) shows that $ut$)$V^{l}(t)]^{l}<0$ for $t\geq t_{1}$ . Hence $At$)$V^{l}(t)$ is a

decreasing function in the interval $[t_{1}, \infty$ ). We can claim that $V^{\iota}(\ell)>0$ for $\ell\geq\ell_{1}$ .
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In fact, if $V^{\iota}(t)\leq 0$ for $\ell\geq t_{1}$ , then there exists a $T>\ell_{1}$ such that $\times T$)$V^{\iota}(T)<0$ .
This implies that

$V^{\prime}(\ell)\leq\frac{\times T)V^{1}(T)}{\times\ell)}$ for $t\geq T$.

Hence
$\gamma(\ell)-V(T)\leq AT)\gamma^{\iota}(T)\int_{T}^{t}\frac{ds}{Xs)},$ $\ell\geq T$.

Therefore,

$\lim_{t\rightarrow\infty}V(\ell)=-\infty$ ,

which contradicts the fact that $V(\ell)=\int_{\Omega}u(x, \ell)k>0$ .
From (9) we obtain that there exists $s$ome $j_{0}\in I_{n}$ such that

(10) $\ltimes t$)$V^{\iota}(\ell)I+q_{j_{0}}(\ell)V(\sigma_{j},(t))\leq 0,$ $t\geq\ell_{1}$ .

Integrating the inequality (10), we have

(11) $Xt$)$V^{\iota}(\ell)-\mu\ell_{1})V^{2}(t_{1})+\int_{l_{1}}^{l}q_{j_{0}}(s)V(\sigma_{j_{0}}(\iota))ds\leq 0,\ell\geq t_{1}$ .
Then we obtrin

(12) $\int_{\ell_{1}}^{l}q_{j_{0}}(s)V(\sigma_{j_{0}}(s))ds\leq-p(\ell)V^{\iota}(t)+X^{\ell_{1})V^{\iota}(\ell_{1}),\ell\geq t_{1}}$ .

Hence

(13) $\int_{l_{1}}^{\ell}q_{j_{1}}(\iota)ds\leq\frac{1}{V(\sigma_{j_{1}}(\ell_{1}))}[-p(t)V^{\prime}(t)+X\ell_{1})V’(\ell_{1})]\leq\frac{\aleph^{\ell_{\iota})V^{1}(\ell_{1})}}{V(\sigma_{j_{0}}(t_{1}))},t\geq\ell_{1}$ ,

which contradicts the condition (4).

If $u(r, t)<0$ for $(x, \ell)\in\Omega x[t_{1}, \infty)$ , then $-u(x, t)>0$ is a positive solution of
the problem (1), (2). This completes the proof of the Theorem 2.1.

Theorem 2.2. If $q(\ell)>0$ and

(14) $\int^{\infty}q(\ell)d\ell=\infty$ ,

then every solution $u(x, \ell)$ of the problem (1), $(l)$ oscillates in $G$ .
Proof. As in the proof of Theorem 2.1, we obtain (9). Therefore,

(15) $\ltimes\ell$ )$V^{\iota}(t)\int+q(\ell)V(\ell)\leq 0,$ $\ell\geq\ell_{1}$ .
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The remainder of the proof is similar to that of Theorem 2.1 and we omit it.

Corollary 2.1. If the inequality (9) has no eventually positive solution, then

every solution $u(x, \ell)$ of the problem (1), $(Z)$ is oscillatory in $G$ .

3 Oscillation of the problem (1),(3)

In the domain $\Omega$ we consider the following Dirichlet problem

$(*)\left\{\begin{array}{l}\Delta\omega(ae)+\alpha\omega(x)=0\Omega\\\omega(x)=0\partial\Omega\end{array}\right.$

where $\alpha$ is a constant. It is well known that the least eigenvalue $\alpha 0$ of the problem

$(*)$ is positive and the corresponding eigenfunction $\varphi(x)$ is poSitive in $\Omega$ .

Theorem 3.1. If $\ell he’ r\infty s\ell s$ some $k_{0}\in I_{1}$ such that $\rho_{l_{0}}(\ell)|\geq 0,$ $a\iota_{0}(\ell)>0$ ,

and

(16) $\int^{\infty}a_{l_{0}}(t)dt=\infty$ ,

th en $ev\epsilon ry$ solution $u(x,\ell)$ of the problem (1),(3) oscillates in $G$ .
Proof. Suppose to the contrary that there is a nonoscilatory solution $u(x,t)$ of

the problem (1),(3) which has no zero in $\Omega x[t_{0}, \infty$ ) for some $\ell_{0}>0$ . Without loss

of generality we may assume that $u(x, t)>0,$ $u(r, \rho\iota(t))>0$, and $u(ae, \sigma j(\ell))>0$ in
$\Omega x[\ell_{1}, \infty),$ $t_{1}\geq\ell_{0},k\in I_{s},j\in I_{m}$ .

Multiplying both sides of (1) by $\varphi(x)>0$ and integrating with respect to $x$ over

the domain $\Omega$ , we have

(17) $\frac{d}{d\ell}(p(\ell)\frac{d}{d\ell}\int_{\Omega}u(x, t)\varphi(x)h)$

$=a(t)\int_{\Omega}\Delta u(x, \ell)\varphi(x)\&+\sum_{1=1}^{\iota}a\iota(\ell)\int_{\Omega}\Delta u(x,\rho\iota(\ell))\varphi(x)\&$

$-\int_{\Omega}q(x, \ell)u(x, t)\varphi(x)dx-\sum_{j=1}^{m}\int_{\Omega}q_{j}(x, \ell)u(x,\sigma_{j}(t))\varphi(x)dx,$ $t\geq t_{1}$ .

Green’s formula and boundary (3) yield

(18) $\int_{\Omega}\Delta u(\epsilon, t)\varphi(x)dr=\int_{\Omega}u(x, \ell)\Delta\varphi(x)doe=-\alpha_{0}\int_{\Omega}u(x, \ell)\varphi(x)dx,t\geq\ell_{1}$ ,
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and

(19) $\int_{\Omega}\Delta u(x,\rho\iota(\ell))\varphi(x)\&=\int_{\Omega}u(ae,\rho\iota(t))\Delta\varphi(x)\&=-\alpha_{0}\int_{\Omega}u(x,\rho_{l}(\ell))\varphi(x)\&$ ,

$\ell\geq\ell_{1},$ $k\in I_{1}$ .

Then, we have

(00) $\frac{d}{dt}(\mu t)\frac{d}{d\ell}\int_{\Omega}u(r,\ell)\varphi(x)k)$

$\leq-\alpha_{0}a(\ell)\int_{\Omega}u(r,t)\varphi(xw-a_{0}\sum_{l=1}^{1}a\iota(\ell)\int_{\Omega}u(r,\rho\iota(\ell))d\#)\&$

$-q(t)\int_{\Omega}u(x,\ell)\varphi(\$\times x-\sum_{j=1}^{n}q_{j}(\ell)\int_{\Omega}u(\epsilon,\sigma_{j}(\ell))\propto\Leftrightarrow w,$ $t\geq\ell_{1}$ .

Set $V(\ell)=\int_{\Omega}u(x, \ell)dxw,$ $\ell\geq t_{1},$ $hom(20)$ we have

(21) $\ltimes\ell$) $V^{\iota}(\ell)\int+[\alpha_{0}a(\ell)+q(\ell)]V(\ell)$

$+\alpha_{0}\sum_{l=1}^{\iota}a\iota(t)V(\rho\iota(\ell))+\sum_{j=1}^{n}q_{j}(\ell)V(\sigma_{j}(t))\leq 0,\ell\geq\ell_{1}$ .

It follows that there exists some $k_{0}\in\{1,2, \ldots, s\}$ such that

(22) $M^{\ell)V^{l}(\ell)J+\alpha_{0}a_{10}(t)V(\rho_{l},(\ell))\leq 0,\ell\geq\ell_{1}}$ .
It is easy to see that

$\gamma(\ell)>0,$ $\ltimes t$)$V^{\iota}(\ell)]^{1}<0,V^{\iota}(t)>0,t\geq t_{1}$ .
Integrating the inequality (22) we obtain

$\mu_{\ell)V^{l}(\ell)-p(\ell_{1})V^{l}(\ell_{1})+\alpha_{0}V(\rho_{l},(t_{1}))\int_{\ell_{1}}^{l}a_{l_{0}}(s)ds\leq 0}$ ,

which contradicts the condition (16). This completes the proof of Theorem 3.1.

CoroUnry 3.1. If the differential ineqtsality $(Zl)$ has no eventually positive

solution, then every solution $u(x.t)$ of the problem (1) (3) oscillates in $G$ .
It is not difficult to prove the following theorems.

Theorem 3.2. ff all conditions of $\pi eorem\rho.1$ hold, $\ell hen$ every solution of $\ell he$

pmbkm (1), (3) is oscillatory in $G$ .
Theorem S.3. If the eondition of $2beonml.l$ hold, then every solution of the

problem (1), $(S)$ is oscillatory in $G$ .
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4 Examples

Example 4.1. Consider the partial differential equation

(23) $u_{u}(x, t)=u_{rx}(x, t)+u_{zx}(x, t-\pi)-2u(x, \ell)-u(x, t-3\pi)$ ,

with boundary condition

(24) $r_{s}(0,\ell)=u_{s}(\pi, t)=0,\ell\geq 0$ .

$(x,\ell)\in(0,\pi)x[0, \infty)$ ,

Here $ s=1,m=1,\mu\ell$ ) $=1,4\ell$ ) $=1,a_{1}(\ell)=1,\rho_{1}(\ell)=\ell-\pi,q(ae,t)=$

$ 2,q_{1}(r,\ell)=1,\sigma_{1}(t)=\ell-3\pi$ . It is easy to check that the condition of Theorem

2.2 is satisfied. Therefore, eeery solution of the problem (23), (24) is oscillatory in
$(0,\pi)x[0, \infty)$ . In $hct,$ $u(r, \ell)=\cos x$ sin $\ell$ is such a solution.

Exunplo 4.2. Consider the partial differential equation

(25) $\frac{\partial}{\theta t}[t\frac{\partial}{\theta\ell}u(a,\ell)]=e^{l}u_{*}(v,\ell)+2u_{ss}(ae,\ell-\frac{l\pi}{2})-\ell u(\rho\ell)-3u(v,\ell-\frac{\pi}{2})-\epsilon^{l}u(gt-\pi)$ ,

with boundary condition

(26) $u(O, \ell)=u(\pi, \ell)=0,$ $\ell\geq 0$.

$(g)\in(0,\pi)x[0, \infty)$ ,

Here $ s=1,m=2,\times\ell$ ) $=\ell,a(\ell)=e^{l},a_{1}(\ell)=2,\rho_{1}(\ell)=\ell-\frac{3\sim}{2},q(x,\ell)=$

$t,$ $q_{1}(x,t)=3,\sigma_{1}(t)=\ell-\frac{l}{2},\alpha(x,t)=e^{l},$ $\sigma_{2}(t)=t-\pi$ . It is euy to see that the

condition of Theorem 3.3 $i\epsilon$ verified. Thus every solution of the problem (25), (26)

oscillates in $(0,\pi)x[0, \infty)$ . In fact, $u(x, t)=\sin x$ cos $\ell$ is such a solution.
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